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Critical temperature of an anisotropic superconductor containing both nonmagnetic
and magnetic impurities
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Moscow State Engineering Physics Institute (Technical University), 115409 Moscow, Russia
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The combined effect of both nonmagnetic and magnetic impurities on the superconducting transition tem-
perature is studied theoretically within the BCS model. An expression for the critical temperature as a function
of potential and spin-flip scattering rates is derived for a two-dimensional superconductor with arbitrary
in-plane anisotropy of the superconducting order parameter, ranging from isotropics wave tod wave~or any
pairing state with nonzero angular momentum! and including anisotropics wave and mixed (d1s) wave as
particular cases. This expression generalizes the well-known Abrikosov-Gor’kov formula for the critical tem-
perature of impure superconductors. The effect of defects and impurities in high-temperature superconductors
is discussed.@S0163-1829~98!10037-1#
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I. INTRODUCTION

The mechanism of high-Tc superconductivity still remains
unknown. It is generally believed that elucidation of t
symmetry of the superconducting order parameterD~p! in
high-Tc superconductors~HTSCs! could narrow the list of
pairing mechanisms debated. Since the CuO2 layers are
thought to be responsible for the superconducting pairing
HTSCs, the in-plane symmetry ofD~p! is of primary interest.
However, in spite of strong evidence provided fordx22y2

in-plane symmetry ofD~p!, experimental data are somewh
controversial1–16 ~though the recent research seems to
solve the contradiction in favor of adx22y2 wave17!. The
situation is complicated by orthorhombic distortion of CuO2

layers in some HTSCs, resulting in probable admixture
the s-wave component to otherwise pured wave D~p!.18,19

Since HTSCs differ structurally, the form ofD~p! may ap-
pear to be material dependent.

One indirect way to distinguish a pured wave from a
highly anisotropics wave or a mixed (d1s) wave is to
study the response of HTSCs to intentionally incorpora
impurities or radiation-induced defects. Depending on
symmetry of D~p!, clear differences are predicted for th
variation of experimentally accessible characteristics suc
the critical temperatureTc , the superfluid density, etc.20–32

For example, the rate ofTc degradation by defects and im
purities in a two-dimensional superconductor is determin
by the value of the Fermi surface~FS! average^D(p)&FS
~Ref. 20! and should be different ind-wave superconductor
with ^D(p)&FS50 and anisotropic s-wave or mixed
(d1s)-wave ones witĥ D(p)&FSÞ0, the specific value of
^D(p)&FS being dictated by the degree ofD~p! anisotropy or
by the relative contributions ofd-wave ands-wave compo-
nents toD~p!.

Numerous experimental studies give evidence forTc deg-
radation by impurity doping33–48 or radiation damage49–58

of HTSCs, the two effects being remarkably analogous if
dependence ofTc on the in-plane residual resistivityr0 is
considered.59 Impurity-induced scattering of charge carrie
in doped HTSCs and their scattering by displaced host at
PRB 580163-1829/98/58~14!/9468~11!/$15.00
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in irradiated HTSCs are believed to be the main reasons
the suppression of superconductivity and the increase
r0 .35,36,44,45,51,52,54,55

The comparison of experimental curvesTc(r0) with the-
oretical ones reveals that the observed reduction ofTc

by impurities and radiation defects is more gradu
than predicted theoretically for d-wave super-
conductors.31,50,53,56,57,59–61A critical value of r0

c at which
Tc50 ranges from 200 to 1500mV cm depending on the
type of disorder and the kind of HTSC
material,34,40,42,44,47,52,53,55,57–59while for a d-wave super-
conductor with Tc'100 K the theory gives r0

c

'50 mV cm.31,59–61To reconcile the experimental finding
with the d-wave symmetry ofD~p! in HTSCs, a number of
suggestions have been made, including the anisotropy of
purity scattering in the momentum space,62,63 an ‘‘interme-
diate’’ ~between Cooper pairs and local bosons! state of
paired electrons,64 a depletion of the hole density due to th
oxygen vacancies in the CuO2 planes,65 an anomalously
small value of the plasma frequency,56,58 the spatial varia-
tion of the order parameter,66 etc.67

Another way is to abandon thed-wave hypothesis in fa-
vor of anisotropic s-wave or mixed (d1s)-wave
models27,28,30,31,68~it must be emphasized that if the relativ
weight of the isotropics-wave component in the mixed (d
1s)-waveD~p! is large, then the symmetry of such an ord
parameter can in fact be viewed as the anisotropics-wave
one53!. However, while the initial slope of an experimen
ally observedTc(r0) curve in HTSCs can actually be ex
plained by anisotropics-wave symmetry ofD~p!,31,53,57 the
theory faces problems when explaining the complete s
pression of superconductivity at a finite value ofr0 . Indeed,
the theory predicts20,27,30,31that Tc of a non-d-wave aniso-
tropic two-dimensional superconductor does not vanish
a certain critical value ofr0

c @as it does in the case of pur
d-wave symmetry ofD~p!#, but instead asymptotically goe
to zero as r0 increases. This contradicts the expe
ments mentioned above. Besides, the experimentally
served form of theTc(r0) curve is usually close to
linear,42,44,47,52,53,55,57–59while the theory predicts a positiv
9468 © 1998 The American Physical Society
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curvature of theTc(r0) curve in a non-d-wave supercon-
ductor.

Note, however, that experimentally determined values
r0 reflect the contribution from different scattering channe
while a theoretical analysis ofTc degradation by defect
and impurities in HTSCs is usually made for th
specific case of spin-independent scatter
potential.20,23,25,27–32,53,55,57,60–62,64–67Meanwhile a lot of ex-
periments give evidence for the presence of magnetic s
terers ~along with nonmagnetic ones! in nonstoichiometric
HTSCs, e.g., in oxygen-deficient, doped, or irradia
samples.36,45,69–78For example, the oxygen vacancies or e
cess oxygen atoms carry or induce local magnetic mom
and hence play a role of paramagnetic centers.69–71 Further-
more, doping by Zn induces local magnetic moments re
ing probably on the nearest-neighbor Cu sites.72–78 This is
supported by studies of nonmagnetic impurities in Heis
berg antiferromagnets79–81 and by numerical calculation
within the two-dimensionalt-J model.82 Besides, there are
intrinsic ~host! magnetic atoms in some stoichiometr
HTSCs, e.g., in GdBa2Cu3O7.

83

Though the estimated moment-carrier exchange energJ
may appear to be too small to solely account for suppres
of superconductivity in disordered HTSCs,84 an intriguing
possibility of the magnetic pair-breaking scattering as
common origin of the significant decrease inTc remains.85

Moreover, it is suggested86 that interaction between Coope
pairs and localized magnetic moments in ‘‘optimally’’ dope
HTSCs leads to a depression ofTc relative to its ‘‘intrinsic’’
value. Hence, among other things, the understanding of
role of magnetic scattering in HTSCs is important from t
viewpoint of search for new materials with higherTc .

Since, first, there exist two channels of carrier scatter
by magnetic impurities~potential and spin-flip ones! and,
second, in general, both magnetic and nonmagnetic scatt
are present in HTSCs, there is a need for a theoretical m
that could describe the effects of nonmagnetic and magn
scattering on equal footing. For an isotropics-wave super-
conductor this is the Abrikosov-Gor’kov theory87 that pre-
dicts a rapidTc suppression by magnetic impurities and i
sensitivity of Tc to nonmagnetic scattering, in accordan
with the Anderson theorem88 ~a discussion about the validit
of the Abrikosov-Gor’kov approach89,90seems to be resolve
in favor of the standard Green’s functions technique!. How-
ever, the Abrikosov-Gor’kov formula forTc versus scatter-
ing rate is not applicable to anisotropic superconductors
matter what the specific symmetry ofD~p! is @d wave, (d
1s) wave, anisotropics wave, or something else#. Hence,
this formula cannot be used to describe impurity effects
HTSCs. On the other hand, theoretical considerations of
purity scattering in anisotropic superconductors are co
monly restricted to nonmagnetic scattere
only.20,21,23–25,27–32,60,62,64Such a status of the theory of im
pure superconductors results in situations when the exp
ments on theTc reduction by impurities or radiation-induce
defects in HTSCs are compared witheither the Abrikosov-
Gor’kov formula for Tc of an isotropic s-wave supercon-
ductor containingmagneticimpurities38,47,51,70or the formula
for Tc of ananisotropicsuperconductor, that, however, co
tainsnonmagneticimpurities only.41,51,53–55In the latter case
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an a priori suggestion is often made about the pured-wave
symmetry ofD~p!.50,56,58

In a recent study,91 the Abrikosov-Gor’kov theory has
been generalized to the case of a multiband supercondu
with arbitrary anisotropy of the interband order parame
and arbitrary strength of magnetic and/or nonmagnetic im
rity scattering. Note, however, that the concept of multiba
superconductivity~arising, e.g., from CuO2 plains and Cu-O
chains! is hardly probable to be applicable to HTSCs. A
though it was argued in Ref. 91 that the mathematical f
malism had been proven to be the same for a multib
superconductor and a superconductor with a general ang
anisotropy of the order parameter,92 an explicit formula for
the critical temperature of a one-band anisotropic superc
ductor containing both nonmagnetic and magnetic impuri
was not offered in Ref. 91.

The goal of this paper is to work out a theoretical fram
work for a description of thecombinedeffect of nonmagnetic
and magnetic scatterers on theTc of a two-dimensional su-
perconductor with anisotropicD~p! ~preliminary results have
been presented in Ref. 93!. We seek to obtain a rather simp
~free from needless theoretical complications! Abrikosov-
Gor’kov-like formula forTc that included physically mean
ingful parameters and could be compared with available
perimental data. Within the weak-coupling limit of the BC
model and without specifying the microscopic mechanism
superconducting pairing, we derive the expression that
latesTc to relaxation rates of charge carriers by nonmagne
and magnetic scatterers, as well as to the numerical co
cient x512^D(p)&FS

2 /^D2(p)&FS , which is a measure o
the degree of in-plane anisotropy ofD~p! on the FS. The
range 0<x<1 covers the cases of isotropics-wave (x
50), d-wave (x51), anisotropics-wave (0,x,1), and
mixed (d1s)-wave (0,x,1) symmetries ofD~p!. In two
particular cases of~i! both nonmagnetic and magnetic sca
tering in an isotropics-wave superconductor (x50) and~ii !
nonmagnetic scattering only in a superconductor with a
trary anisotropy ofD~p! (0<x<1), our expression forTc
reduces to the well-known formulas.20,87

The paper is organized as follows. The BCS model for
impure anisotropic superconductor containing both nonm
netic and magnetic scatterers is described in Sec. II al
with the theoretical formalism. The expression for the critic
temperature as a function of potential and spin-flip relaxat
times of charge carriers is derived in Sec. III for a superc
ductor with an arbitrary degree of the order parameter ani
ropy. The results obtained are discussed in Sec. IV. In Se
concluding remarks are given.

II. MODEL AND FORMALISM

Within the framework of the BCS model, the Hamiltonia
of a superconductor containing both nonmagnetic and m
netic impurities is as follows:

Ĥ5(
p,s

j~p!âps
1 âps1 (

p,p8,s,s8
U~p,s;p8,s8!âps

1 âp8s8

1(
p,p8

V~p,p8!âp↑
1 â2p↓

1 â2p8↓âp8↑ , ~1!
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where the operatorâps
1 (âps) creates~annihilates! an electron

with the quasimomentump and the spin projection on thez
axis s5↑ or ↓, j(p)5e(p)2m is the ~spin-independent!
quasiparticle energy measured from the chemical poten
m, U(p,s;p8,s8) is the matrix element for electron scatte
ing by randomly distributed impurities~defects! from the
state (p8,s8) to the state~p,s!, andV(p,p8) is the BCS pair
potential.

Let the following sum,

U~r !5Un~r !1Um~r !, ~2!

be the total interaction between a conduction electron a
point r and all impurities present in the sample,Un(r ) and
Um(r ) being the interaction components due to nonmagn
and magnetic impurities, respectively:

Un~r !5(
a

un~r2Ra!, Um~r !5(
b

um~r2Rb!, ~3!

whereun(r2Ra) is the interaction between an electron ar
and a nonmagnetic impurity atRa , while um(r2Rb) is the
interaction between an electron atr and a magnetic impurity
at Rb . Since, in general, magnetic impurities give rise
both potential and exchange scattering,87 one has

um~r2Rb!5um
pot~r2Rb!1um

ex~r2Rb!, ~4!

whereum
pot(r2Rb) is the spin-independent potential comp

nent, and

um
ex~r2Rb!5J~r2Rb!sSb ~5!

is the exchange interaction. HereJ(r2Rb) is the exchange
energy,Sb is the spin of magnetic impurity located atRb ,
and s5s/2 is the operator of electron spin~the three com-
ponents ofs are the Pauli matricessx , sy , sz). We shall
assume that orientations of the paramagnetic spinsSb are
fixed and remain unchanged upon electron scattering~taking
into account dynamic transitions of the impurity spin b
tween 2S11 magnetic sublevels have little effect on th
results94!.

The electron interactionsun(r2Ra) and um
pot(r2Rb)

with nonmagnetic and magnetic impurities, respectively,
spin-independent and hence contribute to the scattering
trix elementsU(p,s;p8,s) only. In their turn, exchange in
teractions of electron with magnetic impurities,um

ex(r
2Rb), result in both spin-conserving and spin-flip scatteri
events and hence contribute toU(p,s;p8,s) as well as to
U(p,s;p8,2s). Let us write down the matrix elemen
U(p,s;p8,s8) as

U~p,s;p8,s8!5U1~p,p8,s!ds,s81U2~p,p8,s!ds,2s8 ,
~6!

where
al

a

ic

-

e
a-

U1~p,p8,s!5un~p,p8!(
a

e2 i ~p2p8!Ra

1um
pot~p,p8!(

b
e2 i ~p2p8!Rb

1
1

2
J~p,p8!gs(

b
e2 i ~p2p8!RbSb

z ,

~7!

U2~p,p8,s!5
1

2
J~p,p8!(

b
e2 i ~p2p8!Rb~Sb

x 2 igsSb
y !.

Hereun(p,p8), um
pot(p,p8), andJ(p,p8) are the components

of the matrix element for electron scattering by an isola
impurity; gs511 and21 for s5↑ and↓, respectively. We
do not consider the direct effect of nonmagnetic disorder
the magnetic pair breaking~this effect has been studied i
Refs. 94 and 95 for the case of an isotropics-wave pairing!.

In order to account for anisotropy of the superconduct
state, we assume a factorizable phenomenological pairing
teractionV(p,p8) of the form ~see, e.g., Ref. 20!

V~p,p8!52V0f~n!f~n8!, ~8!

whereV0 is the pairing energy;n5p/p is a unit vector along
the momentum. Then the order parameterD~p! is20

D~p!52(
p8

V~p,p8!^â2p8↓âp8↑&5D0f~n!, ~9!

where D0 depends on the temperature. The functionf~n!
specifies the anisotropy ofD~p! in the momentum space
@e.g.,f(n)[1 for isotropics-wave pairing#. We assume tha
f~n! is temperature independent.

The self-consistent equation forD~p! can be derived by
means of Green’s functions technique~see, e.g., Ref. 96!.
We define the normal and anomalous temperature Gre
functions

G~p,s;p8,s8;t!52^Ttâps~t!âp8s8
1

~0!&,

F~p,s;p8,s8;t!5^Ttâ2p2s
1 ~t!âp8s8

1
~0!&,

~10!

G̃~p,s;p8,s8;t!52^Ttâ2p2s
1 ~t!â2p82s8~0!&,

F̃~p,s;p8,s8;t!5^Ttâps~t!â2p82s8~0!&,

and their Fourier transforms G(p,s;p8,s8;v),
F(p,s;p8,s8;v), G̃(p,s;p8,s8;v), F̃(p,s;p8,s8;v),
where angular brackets stand for the statistical averag
with the Hamiltonian~1!, the symbolTt denotes the time
ordering,t is the imaginary time, andv5pT(2n11) are
Matsubara frequencies~we set\5kB51 throughout the pa-
per!.

It is convenient to introduce the matrix Green’s functio
Ĝ(p,s;p8,s8;v) in the Nambu representation:
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Ĝ~p,s;p8,s8;v!

5S G~p,s;p8,s8;v! 2F̃~p,s;p8,s8;v!

2F~p,s;p8,s8;v! G̃~p,s;p8,s8;v!
D .

~11!

We stress thatĜ(p,s;p8,s8;v) is nondiagonal in spin spac
~since there is spin-flip scattering of electrons on magn
impurities! as well as in momentum space~until averaged
over impurities coordinates!. The matrix equation for
Ĝ(p,s;p8,s8;v) can be written as

Ĝ0
21~p,s;k,l;v!Ĝ~k,l;p8,s8;v!

2Û~p,s;k,l!Ĝ~k,l;p8,s8;v!51̂dp,p8ds,s8 ,

~12!

whereĜ0(p,s;k,l;v)5Ĝ0(p,s,v)dp,kds,l is the Green’s
function of a clean sample,

Ĝ0~p,s,v!52
1

v21j~p!21uD~p!u2

3S iv1j~p! gsD~p!

gsD* ~p! iv2j~p!
D , ~13!
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1̂ is the unit matrix 232, and the matrixÛ(p,s;k,l) that
describes the effect of impurity scattering has the form

Û~p,s;k,l!5S U~p,s;k,l! 0

0 2U~p,2l;k,2s!
D .

~14!

The summation over repeated indices in Eq.~12! and below
is implied. We note thatĜ0(p,s,v) depends ons through
gs .

In order to avoid needless mathematical complicatio
and to express the final results in terms of as few parame
as possible, we make several simplifying assumptions:~i! we
consider the short-range scattering potentials, so that the
trix elementsun(p,p8), um

pot(p,p8), J(p,p8) are momentum
independent and equal toun , um

pot , J, respectively (s-wave
impurity scattering!; ~ii ! we treat the impurity scattering in
the Born limit; ~iii ! we restrict the momenta of the electro
self-energy and BCS pair potential to the FS.

After averaging Eq.~12! over impurity configurations and
directions of impurity spins one has

^Ĝ~p,s;p8,s8;v!& imp5Ĝ~p,s,v!dp,p8ds,s8 , ~15!

where

Ĝ21~p,s,v!5Ĝ0
21~p,s,v!2M̂ ~p,s,v!, ~16!
M̂ ~p,s,v!5^Û~p,s;k,l!Ĝ~k,l,v!Û~k,l;p,s!& imp

5S ~cnuunu21cmuum
potu21cmuum

exu2!(
k

G~k,s,v! ~cnuunu21cmuum
potu22cmuum

exu2!(
k

F̃~k,s,v!

~cnuunu21cmuum
potu22cmuum

exu2!(
k

F~k,s,v! ~cnuunu21cmuum
potu21cmuum

exu2!(
k

G̃~k,s,v!
D .

~17!
the
Here cn and cm are the concentrations of nonmagnetic a
magnetic impurities, respectively, and we have designa
uum

exu25uJu2S(S11)/4. Note thatuum
exu2 includes contribu-

tions from both spin-flip and spin-conserving scattering
electrons due to their exchange interaction with magn
impurities, Eq.~5!. This is because the matrix element of t
spin-conserving exchange scattering depends on the orie
tion of electron spin throughgs ; see Eq.~7!. The coefficient
cmuum

exu2 in Eq. ~17! enters into the factors at the normal a
anomalous Green’s functions with opposite signs, while
coefficientscnuunu2 andcmuum

potu2, which are due to the scat
tering by nonmagnetic impurities and the potential com
nent of the scattering by magnetic impurities, respective
appear in Eq.~17! with the same signs.

Making use of Eqs.~13!, ~16!, and~17!, we obtain

Ĝ~p,s,v,D!5Ĝ0~p,s,v8,Dv!, ~18!

where
d

f
ic

ta-

e

-
,

v85v2 i ~cnuunu21cmuum
potu21cmuum

exu2!

3(
k

iv81j~k!

v821j2~k!1uDv~k!u2 , ~19!

Dv~p!5D~p!1~cnuunu21cmuum
potu22cmuum

exu2!

3(
k

Dv~k!

v821j2~k!1uDv~k!u2
. ~20!

Then one has from Eq.~9!,

D~p!52T(
v

(
p8

V~p,p8!
Dv~p8!

v821j2~p8!1uDv~p8!u2 .

~21!

For further considerations it is convenient to express
coefficientscnuunu2, cmuum

potu2, andcmuum
exu2 in terms of elec-

tron relaxation timestn , tm
pot , andtm

ex for scattering by non-
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magnetic impurities, potential scattering by magnetic imp
rities, and exchange scattering by magnetic impurit
respectively:

1

tn
52pcnuunu2N~0!,

1

tm
pot 52pcmuum

potu2N~0!,

~22!1

tm
ex52pcmuum

exu2N~0!,

where N(0) is the density of electron states at the Fer
level. The electron relaxation timetm due to magnetic im-
purities is given by the expression

1

tm
5

1

tm
pot 1

1

tm
ex , ~23!

while the total electron relaxation timet due to all impurities
present in the sample can be found as

1

t
5

1

tn
1

1

tm
5

1

tn
1

1

tm
pot 1

1

tm
ex . ~24!

We note that Eqs.~22! allow one to express the final resul
in terms of three relaxation times (tn , tm

pot , tm
ex) instead of a

large number of unknown parameters such as impurity c
centrations and scattering matrix elements. Besides, the
laxation times are associated with the residual resistiv
This facilitates a comparison between the theory and exp
ment.

III. CRITICAL TEMPERATURE OF AN IMPURE
ANISOTROPIC SUPERCONDUCTOR

The critical temperatureTc can be found from Eqs.~19!,
~20!, and~21! as the temperature at which the order para
eter goes to zero, i.e.,D0→0 in Eq. ~9!. Setting uDv(k)u2

50 in the denominators of Eqs.~19! and ~20! and taking
Eqs.~22! into account, we have atT→Tc ,

v85v1
1

2
~1/tn11/tm

pot11/tm
ex!sgn~v!, ~25!

Dv~p!5D~p!1
1

2uv8u
(1/tn11/tm

pot21/tm
ex)^Dv~p!&FS ,

~26!

where the angular brackets^ . . . &FS stand for a FS average

^ . . . &FS5E
FS

~ . . . !
dVp

u]j~p!/]puY E
FS

dVp

u]j~p!/]pu
.

~27!

Substituting Eqs.~25! and ~26! in Eq. ~21!, setting
uDv(p8)u250 in the denominator of Eq.~21!, and taking
Eqs.~8! and ~9! into account, we have
-
,

i

n-
re-
.

ri-

-

1

l
5pTc(

v

1

uvu1 1
2 ~1/tn11/tm

pot11/tm
ex!

3F ^f2~n!&FS1^f~n!&FS
2

1/tn11/tm
pot21/tm

ex

2~ uvu11/tm
ex! G ,

~28!

wherel5V0N(0) is the electron-boson coupling constan
The equation for the critical temperatureTc0 in the absence
of impurities ~i.e., at 1/tn51/tm

pot51/tm
ex50) reads

1

l
5pTc0^f

2~n!&FS(
v

1

uvu
. ~29!

Following the standard procedure, we obtain from Eqs.~28!
and ~29! the equation for the critical temperatureTc as

lnS Tc0

Tc
D5pTc(

v

1

uvu1 1
2 ~1/tn11/tm

pot11/tm
ex!

3F 1

2uvu ~1/tn11/tm
pot11/tm

ex!

2
^f~n!&FS

2

^f2~n!&FS

1/tn11/tm
pot21/tm

ex

2~ uvu11/tm
ex! G . ~30!

At this stage it is convenient to introduce the coefficienx
of anisotropy of the order parameter on the FS~Refs. 20 and
31!

x512
^f~n!&FS

2

^f2~n!&FS
512

^D~p!&FS
2

^D2~p!&FS
. ~31!

For isotropics-wave pairing we haveD(p)[const on the
FS; therefore,̂ D(p)&FS

2 5^D2(p)&FS , andx50. For a two-
dimensional superconductor withd-wave pairing we have
x51 since^D(p)&FS50. The range 0,x,1 corresponds to
anisotropics-wave or mixed (d1s)-wave in-plane pairing.
The higher the in-plane anisotropy ofD~p! ~e.g., the greater
the partial weight of ad-wave in the case of mixed pairing!,
the closer to unity is the value ofx.

Note that x51 holds not only for thed-wave pairing
state, but also for any pairing state with angular moment
l .0, e.g., forp-wave state (l 51), see Eq.~31!. In its turn,
the range 0,x,1 generally corresponds to mixing o
s-wave state with some higher angular harmonic sta
Hence, while this paper focuses primarily ons-wave,
d-wave, and (d1s)-wave states, one should keep in min
that the results obtained are more general and may be ap
to superconductors with other symmetries of the order
rameter.

Making use of the definition~31! and the formula97

(
k50

` S 1

k1x
2

1

k1yD5C~y!2C~x!, ~32!

whereC is the digamma function, we obtain from Eq.~30!,
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lnS Tc0

Tc
D5~12x!FCS 1

2
1

1

2pTctm
exD 2CS 1

2D G
1xH CF1

2
1

1

4pTc
S 1

tn
1

1

tm
pot 1

1

tm
exD G2CS 1

2D J .

~33!

In two particular cases of~i! both nonmagnetic and magnet
scattering in an isotropics-wave superconductor (x50) and
~ii ! nonmagnetic scattering only in a superconductor w
arbitrary in-plane anisotropy ofD~p! (1/tm

ex51/tm
pot50, 0

<x<1), Eq. ~33! reduces to the well-known
expressions87,20

lnS Tc0

Tc
D5CS 1

2
1

1

2pTctm
exD 2CS 1

2D ~34!

and

lnS Tc0

Tc
D5xFCS 1

2
1

1

4pTctn
D2CS 1

2D G , ~35!

respectively.
Now let us consider the limiting cases of low and hi

impurity concentration (Tc02Tc!Tc0 and Tc→0, respec-
tively!. At 1/4pTc0tn!1, 1/4pTc0tm

pot!1, and 1/4pTc0tm
ex

!1 ~low impurity concentration! one has from Eq.~33!,

Tc02Tc'
p

4 Fx

2 S 1

tn
1

1

tm
potD 1

12x/2

tm
ex G . ~36!

In particular cases~i! and ~ii ! considered above, Eq.~36!
reduces to the expressions87,20

Tc02Tc'
p

4tm
ex ~37!

and

Tc02Tc'
px

8tn
~38!

for initial Tc suppression by magnetic~at x50) or nonmag-
netic ~at arbitrary value ofx! scatterers, respectively.

As to the high impurity concentration, we recall that
the BCS theory, nonmagnetic scattering alone is insuffic
for the non-d-wave two-dimensional superconductivity (
<x,1) to be destroyed completely;20 at 1/tm

ex50, the value
of Tc asymptotically goes to zero as 1/tn increases. On the
other hand,Tc of a d-wave superconductor withx51 van-
ishes at a critical value 1/tn,c5pTc0 /g'1.764Tc0 , with g
5eC'1.781, whereC is the Euler constant. In its turn, mag
netic scattering in the absence of nonmagnetic scatte
(1/tn50) is known to suppress the isotropics-wave super-
conductivity with x50 at a critical value 1/tm,c

ex 5pTc0/2g
'0.882Tc0 ~Ref. 87!.

On the basis of Eq.~33!, it is straightforward to derive the
general condition for impurity~defect! suppression ofTc for
a superconductor having an arbitrary in-plane anisotropy
efficient x and containing both nonmagnetic and magne
scatterers:
h

nt

g

o-
c

1

te f f,c
5

p

g
2x21Tc0 , ~39!

wherete f f,c is the critical value of the effective relaxatio
time te f f , defined as

1

te f f
5S 1

tm
exD 12xS 1

tn
1

1

tm
pot 1

1

tm
exD x

. ~40!

From Eqs.~39! and~40! one can see that 1/te f f,c increases
monotonically with 1/tn , 1/tm

pot , and 1/tm
ex at any value ofx,

with the exception of the casex50, where 1/te f f,c does not
depend on 1/tn and 1/tm

pot ; see Eq.~40!. If x is close to unity
@D~p! with strong in-plane anisotropy#, then 1/te f f'1/tn

11/tm
pot11/tm

ex , i.e., the contribution of nonmagnetic an
magnetic scattering to pair breaking is about the same.x
!1 @almost isotropicD~p!#, then 1/te f f'1/tm

ex , i.e., te f f is
determined primarily by magnetic scattering. The higher
anisotropy coefficientx, the greater is the relative contribu
tion of nonmagnetic scatterers toTc suppression as com
pared to magnetic scatterers.

We note however that while the concept of the effect
relaxation timete f f can be used for evaluation of thecritical
levelof nonmagnetic and magnetic disorder, it is not possi
to expressTc in terms of te f f in the whole range0<Tc
<Tc0 ; see Eq.~33!. In other words, the combined effect o
nonmagnetic and magnetic scattering onTc cannot be de-
scribed by a single universal parameter depending on
values oftn , tm

pot , tm
ex , andx; see Ref. 93 for more details

Hence, while the quantity 1/te f f,c characterizes the critica
strength of impurity scattering corresponding toTc50, the
quantity 1/te f f ~when it is less than 1/te f f,c) does not deter-
mine the value ofTc unequivocally.

Based on Eqs.~39! and ~40!, it is possible to derive the
following expression for the critical value of 1/tn in the pres-
ence of magnetic scattering:

1

tn,c
5

1

tm
ex F2S pTc0tm

ex

2g D 1/x

21G2
1

tm
pot . ~41!

This expression is valid as long as its right-hand side is p
tive, since otherwise the superconductivity is complet
suppressed solely by magnetic impurities. The value
1/tn,c decreases as 1/tm

pot and 1/tm
ex increase at constantx or

asx increases at constant 1/tm
pot and 1/tm

ex .
To conclude this section, it is interesting to note thatTc

does not depend onx provided that 1/tm
ex51/tn11/tm

pot ; see
Eq. ~33!.

IV. DISCUSSION

Equation~33! is obviously more general than Eqs.~34!
and ~35!, which are commonly used for the analysis of e
perimental data onTc suppression by defects and impuritie
in HTSCs; see references in the Introduction. In fact, mak
use of Eq.~34! or Eq. ~35! one assumesa priori that either
~i! the order parameter in HTSCs is isotropic in moment
space, or~ii ! magnetic scatterers are completely absent
HTSCs. In our opinion, the experimental dependencies oTc
versus impurity concentration or radiation dose should
analyzed within the framework of the theory present



f
y
c
u

pe

-
e
la
ti

l-

ua

m

re
b
a
et

ri
rin
y

n-

ti

m
es
ri

of

f
-
la-

y
ir-

ic

er-

tic

ce of

ure
-

.

9474 PRB 58LEONID A. OPENOV
above; see Eq.~33!. One should notguessas to the degree o
in-plane anisotropy ofD~p! and the type of scatterers, but tr
to determinethe value ofx and relative weights of magneti
and nonmagnetic components in electron scattering thro
comparison of theoretical predictions with available or s
cially performed experiments.

We recall that Eq.~33! has been derived within the weak
coupling limit of the BCS model. Note however that th
exact solution of the Eliashberg equations for a particu
case of ad-wave superconductor containing nonmagne
impurities only indicates60 that the analyticalTc /Tc0 versus
1/tn curve falls near the numerically calculatedTc /Tc0 ver-
sus 1/tn* curve, where 1/tn* is the scattering rate renorma
ized by the strong-coupling effects~it is 1/tn* that enters the
formula for the experimentally determined in-plane resid
electrical resistivityr0). We believe therefore that Eq.~33!
is also valid beyond the weak-coupling approximation i
plying thattn , tm

pot , andtm
ex in Eq. ~33! are therenormalized

relaxation times that govern the experimentally measu
physical quantities. It would be interesting to check this
direct numerical solution of the Eliashberg equations for
anisotropic superconductor with nonmagnetic and magn
impurities.

In order to compare the predictions of theory with expe
ment, it is convenient to represent the electron scatte
time, Eq. ~24!, in terms of the in-plane residual resistivit
r0 . Following Radtkeet al.,60 we have

1

tn
1

1

tm
pot 1

1

tm
ex5

vpl
2

4p
r0 , ~42!

where vpl is the plasma frequency. Note that spi
independent (1/tn11/tm

pot) and spin-dependent (1/tm
ex) scat-

tering rates variously appear in Eqs.~33! and ~42! for the
critical temperature and residual resistivity. Hence, for
given degree of anisotropy of the order parameter~i.e., for a
given value ofx!, theuniversaldependence ofTc /Tc0 on r0
cannot be obtained, as opposed to the case of ad-wave or
anisotropics-wave superconductor containing nonmagne
impurities only.60,31

Let us expressr0 as

r05r0
nm1r0

ex, ~43!

wherer0
nm is due to electron scattering by nonmagnetic i

purities and potential scattering by magnetic impuriti
while r0

ex is due to exchange scattering by magnetic impu
ties:

1

tn
1

1

tm
pot 5

vpl
2

4p
r0

nm , ~44!

1

tm
ex5

vpl
2

4p
r0

ex . ~45!

From Eqs.~22! and ~42!–~45! we have

r0
nm5~12a!r0 , r0

ex5ar0 , ~46!

where
gh
-

r
c

l

-

d
y
n
ic

-
g

a

c

-
,
-

a5
uum

exu2

~cn /cm!uunu21uum
potu21uum

exu2 . ~47!

The value ofa depends, first, on the scattering strengths
individual nonmagnetic and magnetic impurities~through
matrix elementsun , um

pot , um
ex) and, second, on the ratio o

impurity concentrationscn /cm . The latter is expected to re
main constant under doping or irradiation, at least at re
tively low ~but sufficient to destroy the superconductivit!
doping level or radiation dose. For example, low-energy
radiation of Yba2Cu3O72x was found to induce nonmagnet
defects only,50 i.e., cm /cn50, and hencea50.

Thus the dependence ofTc /Tc0 on r0 for a given value of
x is specified by the material-dependent and ‘‘disord
dependent’’ dimensionless coefficienta. The greater is the
relative contribution from exchange scattering by magne
impurities tor0 , the higher is the value ofa ~a ranges from
0 in the absence of exchange scattering to 1 in the absen
non-spin-flip scattering!. Substituting Eqs.~44! and ~45! in
Eq. ~33! and taking Eqs.~46! into account, we have

lnS Tc0

Tc
D5~12x!FCS 1

2
1a

vpl
2

8p2Tc
r0D 2CS 1

2D G
1xFCS 1

2
1

vpl
2

16p2Tc
r0D 2CS 1

2D G . ~48!

Figures 1–4 show the plot ofTc /Tc0 versusr0 in a su-

FIG. 1. Dependence of the normalized critical temperat
Tc /Tc0 on the residual resistivityr0 due to nonmagnetic and mag
netic impurities in a superconductor withTc05100 K andx50
~isotropic s-wave pairing! for different values of the coefficienta
specifying the relative contribution tor0 from exchange scattering
a50 ~solid curve!, 0.04 ~long-dashed curve!, 0.5 ~short-dashed
curve!, 1 ~dot-dashed curve!. The critical valuer0

c51.42 mV cm
for a50.04. The plasma frequency is taken to bevpl51 eV. One
can go to the other values ofTc0 andvpl through replacingr0 by
r0(Tc0/100)vpl

22 , whereTc0 is measured in K, andvpl is measured
in eV.
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perconductor withTc05100 K andvpl51 eV for different
values ofx anda ranging from 0 to 1. The choice ofTc0 and
vpl is, to some extent, arbitrary~though these values ofTc0
and vpl are typical for HTSCs, e.g., for YBa2Cu3O7). In
order to go to the other values ofTc0 andvpl one should just
replacer0 in Figs. 1–4 byr0(Tc0/100)vpl

22 , whereTc0 is
measured in K, andvpl is measured in eV.

From Figs. 1–4 one can see that atx,1 the rate ofTc
decrease with increase inr0 becomes higher asa increases
from 0 to 1, i.e., as the relative contribution of exchan
scattering tor0 increases. Atx50 ~isotropic s-wave pair-
ing! the value ofTc does not depend onr0 for a50, while

FIG. 2. Same as in Fig. 1 forx50.5 @a specific case of aniso
tropic s-wave or (d1s)-wave in-plane pairing#.

FIG. 3. Same as in Fig. 1 forx50.8 @a specific case of aniso
tropic s-wave or (d1s)-wave in-plane pairing#.
the superconductivity is completely suppressed (Tc50) at a
critical value of r0

c51.42 mV cm, 113 mV cm, and 56.5
mV cm for a50.04, 0.5, and 1, respectively; see Fig. 1.
x50.5 ~a specific case of anisotropics-wave or mixed (d
1s)-wave in-plane pairing! the value ofTc monotonously
goes to zero asr0 increases for a50, while r0

c

5401mV cm, 113mV cm, and 80mV cm for a50.04, 0.5,
and 1, respectively; see Fig. 2. Atx50.8 ~strongly aniso-
tropic s-wave or mixed (d1s)-wave in-plane pairing with a
predominance of thed-wave component! one has r0

c

5188mV cm, 113mV cm, and 99mV cm for a50.04, 0.5,
and 1, respectively; see Fig. 3. The curvesTc(r0) for differ-
enta come closer together as the coefficientx increases, i.e.,
as the order parameter becomes more anisotropic. Atx51
~d-wave in-plane pairing! all curvesTc(r0) merge together
~see Fig. 4!, i.e., the value ofTc /Tc0 at a givenr0 does not
depend ona, in accordance with Eq.~48!, the critical value
of r0

c being equal to 113mV cm at anya. Note that fora
50.5 the curvesTc(r0) are the same at any value ofx; see
Figs. 1–4 and Eq.~48!.

Magnetic scatterers in a non-d-wave superconductor
even if they are present in a small proportion (a!1), result
in r0

c decrease as compared withr0
c of a sample containing

nonmagnetic impurities only. The decrease inr0
c with a is

more pronounced at low values ofx, i.e., in superconductors
having weakly anisotropic order parameter; see Figs. 1–3
x as high as 0.8, i.e., in a superconductor having stron
anisotropic~but different from a pured wave! order param-
eter, the value ofr0

c for a51 is less than twice as low as tha
for a50.04; see Fig. 3. In such a superconductor, the role
a small amount of magnetic impurities is to suppress
superconductivity at a finite value ofr0

c as opposed to the
case when exchange scattering is absent (a50), though the
curvesTc(r0) at a50 and 0.04 almost coincide in a ver
broad range ofTc /Tc0 ; see Fig. 3.

FIG. 4. Same as in Fig. 1 forx51 (d-wave in-plane pairing!. In
this case the value ofTc /Tc0 at a givenr0 does not depend ona;
see Eq.~48!.
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In our opinion, an argument in favor of other than pu
d-wave in-plane symmetry of the order parameter in HTS
~at least in some of them! is as follows. A pured-wave
two-dimensional superconductor withx51 is characterized
by theuniversaldependence ofTc on r0 that is the same a
any value ofa, i.e., at any relative contribution of exchang
scattering to the total value ofr0 ; see Eq.~48! and Fig. 4.
Meanwhile, Tc versusr0 curves and the values ofr0

c in
HTSCs are material-dependent and disord
dependent.34,40,42,44,47,52,53,55,57–59This fact attests that the
value ofx varies~though, may be, slightly! from one HTSC
to another, while the value ofa depends both on the kind o
HTSC material and on the type of impurities or radiatio
induced defects.

Besides, the experimentally observed form ofTc(r0)
curve in HTSCs is usually close to linear in a very bro
range of critical temperatures.42,44,47,52,53,55,57–59The theoret-
ical curveTc(r0) has such a form ifx is close to unity~but
xÞ1) anda is much less than unity, e.g., atx50.8 anda
50.04; see Fig. 3. In contrast, the theory predicts the ne
tive curvature ofTc(r0) curve for a pured-wave supercon-
ductor ~no matter how great is the contribution of exchan
scattering tor0) ~see Fig. 4! as well as for a non-d-wave
superconductor with strong exchange scattering, and
positive curvature ofTc(r0) curve for a non-d-wave super-
conductor containing nonmagnetic impurities only; see F
1–3. So, we expect that the majority of HTSCs have
mixed (d1s)-wave order parameter with the predominan
of a d-wave component (12x!1) and that exchange sca
tering by magnetic impurities or radiation-induced defe
contributes tor0 , though quite insignificantly (a!1).

The admixture ofs-wave component to ad-wave order
parameter, e.g.,D(p)5Dd(cospx2cospy)1Ds, may be a
consequence of orthorhombic distortion of CuO2 planes in
some HTSCs.17–19The value of the coefficientx contains the
information about the partial weight of that component in t
order parameter, i.e., about the value ofDs /Dd . So, having
determined the value ofx from experimental data on
radiation-induced and impurity-induced reduction of t
critical temperature, one can deduce the value ofDs /Dd
making use of Eq.~31!.

Besides, it should be stressed that (d1s)-wave symmetry
is only one of possible candidates for the symmetry of
isotropic pairing state in HTSCs. It is likely to occur i
orthorhombic HTSCs. In what concerns purely tetrago
HTSCs, one may expect mixing of an isotropics-wave state
with the state having some higher even angular harmo
e.g., with ag-wave state. Such a mixed (g1s)-wave state,
just as a (d1s)-wave state, is also characterized byx values
in the range from 0 to 1, depending on the partial weights
s-wave andg-wave components in the order parameter.
the results obtained in this paper are therefore applicabl
the case of (g1s) pairing, as well as to the case of any oth
in-plane symmetry of the order parameter.

To conclude this section, we note that an assump
about the constancy of the parametera ~i.e., an assumption
about the constancy of the ratio of the concentrations of n
magnetic to magnetic scatterers! under doping or irradiation
must be checked before detailed comparison of the the
presented in this paper to experimental data. If this assu
s
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tion appears to be incorrect, Eq.~33! for the critical tempera-
ture can still be used, the scattering times being given
Eqs.~44! and~45!. In that case, however, one faces an ad
tional complication concerning the evaluation of contrib
tions to the residual resistivityr0 from magnetic and non-
magnetic scatterersr0

ex andr0
nm , respectively.

V. SUMMARY

The combined effect of nonmagnetic and magnetic
fects and impurities on the critical temperatures of superc
ductors with different gap anisotropies was studied theor
cally within the weak-coupling limit of the BCS model. Fo
the case of short-range scattering potentials, an expres
was derived that relates the critical temperature to the re
ation rates of charge carriers on nonmagnetic and magn
scatterers as well as to the coefficient of in-plane anisotr
of the superconducting order parameter on the Fermi surf

We note that the results obtained in this paper can
modified to include the effects of anisotropic~momentum-
dependent! impurity scattering. For example, in the case
significant overlap between the anisotropy functions of sc
tering potential and that of the pair potential, the anisotro
superconductivity has been proven to become less sens
to nonmagnetic impurities.62,63,98However, it is not clear if
there is such an overlap in HTSCs.

Besides, numerical calculations within an extended H
bard model point to the spatial variation of the order para
eter in the vicinity of impurities in anisotropic
superconductors.66 As a result, suppression ofTc is signifi-
cantly weaker than that predicted by the Abrikosov-Gor’ko
type theory. This effect presumably is especially pronoun
in superconductors with short coherence length. Howeve
complete theory of such an effect remains to be develop

It is worth noting that impurity doping and irradiatio
generally result not only in a structural disorder but also
creation or annihilation of charge carriers. Thus the effects
carrier and impurity concentrations onTc of HTSCs should
be considered on equal footing.99 Moreover, since high-
temperature superconductivity appears upon doping of
ent insulators, a description of those effects should form
basis for the future theory of HTSCs.

In conclusion, the results obtained provide a basis
evaluation of the degree of anisotropy of the supercond
ing order parameter~e.g., for an estimate of the partia
weight of ans wave in a mixed (d1s)-wave order param-
eter! as well as the ratio between nonmagnetic and magn
scattering rates in high-Tc superconductors through caref
comparison of theoretical predictions with the experime
on impurity-induced and radiation-induced reduction of t
critical temperature. We hope that the present paper
serve as a stimulus for further experiments on the combi
effect of nonmagnetic and magnetic scattering in the copp
oxide superconductors.
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