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Dynamical effects of phonons on soliton binding in spin-Peierls systems
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The role of dynamical magnetoelastic coupling in spin-Peierls chains is investigated by numerical and
analytical techniques. We show that a Heisenberg spin chain coupled to dynamical optical phonons exhibits a
transition towards a spontaneously dimerized state in a wide range of parameter space. The low-energy
excitations are characterized as solitons. No binding between solitons occurs in the isolated spin-phonon chain
and the dynamical spin structure factor shows a broad magnon dispersion. However, elastic interchain coupling
can lead to the formation of bound states.@S0163-1829~98!09438-7#
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Quasi-one-dimensional~quasi-1D! magnetic systems hav
recently received renewed experimental and theoretica
tention with the observation of the spin-Peierls transition
the two inorganic CuGeO3 ~Ref. 1! and NaV2O5 ~Refs. 2–4!
compounds which consist of weakly coupled spin-1

2 chains.5

While such a phenomenon was discovered in orga
materials,6 the new inorganic compounds can be synthesi
as relatively large single crystals allowing for new expe
mental studies.1–4,7–11

The phase transition was inferred from an isotropic d
in the magnetic susceptibility1 at a transition temperatureTSP

signaling a nonmagnetic ground state~GS!. The spin-Peierls
transition is characterized by the opening of a spin gap
has been observed by inelastic neutron scattering7 ~INS! and
NMR spectroscopy,8,3 accompanied by a distortion of th
lattice observed in x-ray diffraction experiments.9

The formation at low temperature of a nonmagnetic
has raised the possibility of observing topological magne
excitations ~solitons! as proposed theoretically in spin-1

2

frustrated Heisenberg spin chains12 ~the so-calledJ1-J2

model, whereJ1 and J25aJ1 are the nearest-neighbor an
next-nearest-neighbor exchange couplings, respectively!. At
the Majumdar-Ghosh~MG! point, a50.5, the GS is doubly
degenerate corresponding to the two simple dimer patt
~called A and B! obtained by a regular succession of disco
nected singlet~valence! bonds. In fact, for alla.ac (ac
'0.241),12–15 the GS was numerically shown to be dime
ized. The elementary excitations in this phase are easily
picted at the MG point: a solitons ~antisolitons̄! consists of
an unpaired spin separating two dimer patterns A~B! and B
~A!.16 These objects carry spin12 and can propagate thereb
acquiring a dispersion. A spin-1 magnon excitation can
viewed as the excitation of a singlet bond into a triplet. Ho
ever, in theJ1-J2 model, such excitations decay into u
bound soliton and antisoliton excitations.

The spin-Peierls materials are widely described in
literature17 in terms of a static 1D antiferromagnetic fru
trated dimerized Heisenberg chain18 which includes, in addi-
tion to the frustrating magneticJ2 coupling, an explicit
PRB 580163-1829/98/58~14!/9110~4!/$15.00
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dimerizationd of J1 .19 Interchain interactions are neglecte
in this description. The values ofJ1 and J2 were estimated
from a fit of the magnetic susceptibility at high temperatu
and the dimerizationd by requiring the model to have th
experimental spin gap. Typical results such asJ15160 K,
a50.36, d50.014 were obtained for CuGeO3 ~Refs. 20 and
14! and J15440 K, a50, d50.048 for NaV2O5 ~Refs. 4
and 21!. The J1-J2-d model successfully predicts22,23 the
experimentally observedss̄bound state.7,10 Indeed, the static
potential of strengthd lifts the degeneracy between the tw
dimer A and B patterns. Therefore the energy cost of cre
ing an A-B-A defect scales approximately as the length
the B structure. A confining force proportional tod and to
the separation betweens ands̄ comes then naturally out.24–26

Besides the spin-1 magnons, this also suggests the exist
of singletss̄ bound states25,27,28which could be seen, e.g., i
Raman spectroscopy.11

The static dimerized model has, nevertheless, some d
backs. It shows no spontaneous symmetry breaking~since
the dimerization is introducedde facto in the model! and
ignores phonon dynamics which are expected to be imp
tant when the phonon frequency and the energy scale of
fluctuations become comparable.

In this paper we investigate adynamical spin-phonon
model which fully incorporates the phonon dynamics.
weak-coupling renormalization-group~RG! treatment29 is
used to argue that this model spontaneously dimerizes e
in the absence of interchain coupling~at T50! for large
enough spin-phonon coupling at all phonon frequen
Complementary numerical calculations are needed for a
trary parameters and show that this spontaneous dimeriza
~accompanied by a simultaneous opening of a gap in the
excitation spectrum! occurs in fact in a wide range of param
eter space. The elementary excitations are characterize
solitons. We show the absence ofss̄ binding for decoupled
chains. However, in the presence of an elastic interchain c
pling sharp spin-1 magnon excitations are recovered in
dynamical structure factor. Therefore we believe that a c
rect description of real materials must include the interch
coupling.30
9110 © 1998 The American Physical Society
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The key ingredient of the model is the magnetoelas
coupling; the exchange integral isdynamicallymodulated by
the relative atomic displacements along the chains. Us
independent phonon creation~destruction! operatorsbi

† (bi)
on each bond (i ,i 11) the model reads31,24

H5J(
i

$@11g~bi1bi
†!#~SW i•SW i 112 1

4 !1a~SW i .SW i 122 1
4 !%

1Hph
0 1H' ,

whereg is the magnetoelastic coupling constant. Here,
assume dispersionless optical phonons of frequencyV, i.e.,
Hph

0 5V( i(bi
†bi1

1
2 ). Presumably a model with on-sit

phonons will lead to similar results, however, the model u
here is probably the more relevant to CuGeO3.

32 The inter-
chain elastic couplingH' will be discussed later.

The numerical results are based on Lanczos ex
diagonalization33 ~ED! of closed rings with up toL514 sites
supplemented by finite-size scaling analysis and a comp
son with Bethe ansatz exact results of the Heisenberg c
and density matrix renormalization-group~DMRG! calcula-
tions of the frustratedJ1-J2 chain. A reliable treatment of the
phonon dynamics is a difficult task. Preliminary studies ha
been carried out by considering a singleq5p phonon
mode.34 However, to investigate thelocal ss̄ interaction it
becomes necessary to consider the complete multim
problem.35 We use here the variational treatment introduc
by Fehrenbacher based on phononic coherent states.
phononic states per site are retained including the vacu
and a phononic coherent state. This approach is nonpe
bative, preserves the full dynamics of the phonons, and
comes exact in the weak- and strong-coupling limits.36

As a first step, we shall consider the case of an isola
spin-phonon chain (H'50). A RG argument similar to the
one proposed in Ref. 29 can be used for this model for sm
g2V/J. Due to the SU~2! symmetry and the absence
charge excitations there is only one instantaneous interac
h, with a positive bare value, which is marginal
irrelevant.24 Integrating out the phonons generates a retar
electron-electron interactionh̃ with a bare valueh̃(0)'
2cg2J/V ~c is a positive constant!. One can then renormal
ize both types of interactions down to energies of the or
of the phonon frequency. Below that scale, all interactio
become essentially instantaneous leading to an effec
Hamiltonian with new instantaneous interactions obtained
adding the retarded renormalized couplingh̃(V) to the in-
stantaneous oneh(V). The RG equations are29 h85h2 and
h̃85 3

2 hh̃1h̃2, involving the derivatives with respect to th
logarithm of the energy scale. If the shift is large enough
change the sign of the instantaneous coupling@i.e., h(V)
1h̃(V),0#, the system is in the spontaneously dimeriz
phase. This scenario always occurs for a large enough
pling such thatcg2.Vh(0)/(2J) in the limit V!J.

We now show numerically the existence of aT50 spon-
taneous symmetry breaking towards a dimerized phase
c
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large region of parameter space. The dimerized phase is
naled, in the thermodynamic limit, by~i! the twofold degen-
eracy of the GS,~ii ! the opening of a spin gap, and~iii ! a
lattice dimerization. The singlet-triplet spin gapD01(L) as
well as the separationD00(L) between the singlet GS in th
K50 andK5p momentum sectors were seen to scale
curately according to exponential laws.28,21The data strongly
suggestD0050, evidence for a symmetry breaking in the G
In addition, a finite extrapolated value of the spin gapD01

was obtained for a wide range of parameters. As shown
Fig. 1, D01 increases strongly with the magnetoelastic co
pling g. Lower-frequency phonons were found even mo
effective in opening the spin gap.

Then, to gain more insight we have computed the str
tural distortion associated to the broken symmetry. The
correlation functionClatt(q)5^u2quq&0 of the Fourier com-
ponentsuq5L21/2( i exp(iqri)ui of the relative lattice dis-
placements (ui5bi1bi

†) exhibits a divergence at momentu
q5p of the form Clatt(p)}L. The dimerizationd* of the
exchange integral is defined by d* 2

5g2 limL→`$L21Clatt(p)%. d* obtained from a finite-size
scaling analysis is shown in Fig. 1 fora50 andV50.3J.
Its g dependence follows closely the behavior of the s
gap. According to the previous RG analysis,d* should be
nonzero above a critical coupling, which is consistent w
numerical results.

We now turn to the characterization of the elementa
magnetic excitations in the dimerized GS. If topological so
tons exist in the spin-phonon model such excitations sho
be created in pairs. However, finite chains with an odd nu
ber of sites cannot accommodate a simple dimerized pat
and the GS of such a system is expected to contain a si
solitonic excitation. Therefore, the energy difference defin
by ES(k)5Eodd

0 (L,k)2Eeven
0 (L), whereEodd

0 (L,k) is the GS
energy of the chain of lengthL52p11 with momentumk
andEeven

0 (L) is the absolute GS energy of even chains int
polated atL52p11, can be considered as the excitati
energy of a spin-12 topological defect propagating with a mo
mentumk along the chain. Note that, consequently solit
energies cannot be computed in models including an exp
translation symmetry breaking, like, e.g., the dimeriz
Heisenberg chain.37 To test the accuracy of this procedur
we have compared our results for the spin-phonon mode
the ones obtained for the purely magneticJ1-J2 chain at the

FIG. 1. Alternation in exchange integrald* ~s!, spin gapD01

~h!, and soliton minimum energyDS ~L! as a function of the
couplingg for a50 and frequencyV50.3J.
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MG point where the spin correlation length is the shortest
both cases, ED of periodic chains show a dispersion wh
can be parametrized asES(k).ADS

21vS
2(k7p/2)2, where

DS is the soliton gap andvS a characteristic velocity. The
lowest excitation in a finite system is then obtained for
momentum which is closest top/2.38 For the spin-phonon
model,DS appears to be finite for a wide region of parame
space@see Fig. 2~a!#. Hence, the spin-1

2 excitation spectrum
is massive indicating the existence of solitons contrary to
case of the Heisenberg chain where spin-1

2 excitations~called
spinons! are gapless,39 as explicitly shown in Fig. 2~a! using
the Bethe ansatz solution fora50.40 The soliton gap should
not depend on boundary conditions, and using DMRG d
for open chains,38 we estimateDS.0.1170(2)J at the MG
point in the absence of a spin-phonon coupling in go
agreement with the estimate in Ref. 16 ofDS.0.125J.

Spin-1 magnons can be considered as ass̄combination in
a triplet state. Consequently, the excitation triplet andsecond
singlet gaps are written asDab.2DS1EB

ab , whereEB
ab ac-

counts for a finite-range spin-dependent interaction betw
s and s̄. EB

ab is finite only if the ss̄ combination forms a

bound state; otherwise it vanishes ands and s̄ separate to
infinity. The latter scenario occurs, for example, in the sp
taneously (a.ac) dimerized frustrated Heisenberg chain24

whereD005D01. However, in the case of spin-phonon mo
els, a direct comparison betweenD00 andD01 requires some
caution: low-energy spin-0 excitations of phononic charac
are likely to exist and are indistinguishable from the ma
netic singletss̄ excitations. The triplet binding energyEB

01

5D0122DS can nevertheless be calculated on closed ri
and ED results are shown in Fig. 2~b!. The data for the spin-
phonon model are very similar to the DMRG data on op
chains at the MG point@also shown in Fig. 2~b!# strongly
suggesting a vanishing binding energy for all paramet
This is consistent with the weak-coupling RG treatment: o
obtains an effective field theory similar to the one describ
the pure spin system~with renormalized coupling constants!
and no bound state is expected.24 We conclude that solitons
and antisolitons are not bound in the 1D spin-phonon mo

Because of the decay of thess̄ pair, we do not expect any

FIG. 2. ~a! Minimum energy of the solitonES as a function of
the inverse square of the chain length 1/L2 for a50, g50 ~s:
Bethe ansatz!, a50.5, g50 ~h: DMRG, j: ED!, and a50, g
50.45, V50.3J ~L, ED!. ~b! Binding energyEB

01 for a50.5, g
50 ~h: DMRG, j: ED!, a50, g50.45, V50.3J ~L!, and a
50.5, g50.4, V50.3J ~n! as a function of 1/L.
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sharpd-function structure in the low-frequency spin structu
factor. The latter which can be experimentally obtained
INS is defined asSzz(q,v)5(nu^FnuSz(q)uF0&u2d(v2En
1E0), whereE0 (En) is ~are! the energy~ies! of the GSF0

~triplet statesFn! andSz(q) is the Fourier transform ofSz
i .

Results for the spin-phonon model on a 12-site chain
shown in Fig. 3~a! for realistic parameters of NaV2O5 ~i.e.,
leading to a spin gapD01.0.2J! and are strikingly different
from those obtained for a static dimerization.21 The main
structure, although reminiscent of the well-known spin
dispersion of the Heisenberg chain@v(q)5(p/2)Jusinqu#,39

is shifted towards higher energies and is much broader. F
thermore, the relative weight of the low-energy peak~e.g., at
q5p/2! decreases for increasing system size. Consis
with the previous analysis, there are no well-defined spi
magnons.

Next, we argue that the interchain coupling is crucial
order to produce well-defined magnon excitations as exp
mentally observed. To test this scenario we have conside
an elastic interchain coupling of the form,24 H'

5K'( i(^g,g8&ui
gui

g8 , where ^g,g8& refers to adjacent
chains. We shall treat this interchain elastic coupling at
mean-field level,31,24while retaining the full dynamics of the
1D phonons. A given chaing will then be elastically coupled

to the static deformation̂ui
g8&05(21)iu0 of the Z neigh-

boring chains. Consequently we get an additionaldynamical
term, H',MF5l( i(21)i(bi1bi

†) wherel5ZK'u0 , which
explicitly doubles the unit cell.

Turning on a small mean-field interchain couplingl in
the absence of frustration could again favor one of the t
lattice distortions and confine solitons into pairs, in whi
case a number ofss̄ stable bound states proportional to 1l
~in the limit l!J! would be expected.24 Although the previ-
ous analysis on soliton binding cannot be done anymore,
give further arguments in favor of soliton binding based
the study of the dynamical structure factor. This one
shown on Fig. 3~b! for parameters relevant to NaV2O5 with a
nonzero value ofl. Qualitatively, the low-energy magno
structure is now much better defined and the magnon dis
sion is clearly apparent. The maximum of the dispersion
curs atv'1.7J, an energy close to the exact value (p/2)J
of the Heisenberg chain.39 At momentum q5p/2 where

FIG. 3. Dynamical spin factor structureSzz(q,v) calculated at
momentaq52pn/L, n50,...,L/2 (L512) ~a! for a50, g50.3,
V50.2J and no interchain coupling;~b! for a50, g50.08, V
50.2J, andl50.1J. High-energy peaks are due to finite-size e
fects. A small broadening«50.04J was used.
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finite-size effects are shown to be quite small,23,21 the aver-
age frequencŷv& and the widthDv of the structure depend
strongly on the presence of an interchain coupling. T
structure clearly gets narrower when the interchain coup
increases. Furthermore, whenlÞ0 the relative weight of the
s

h

e
g

lowest-energy peak increases with the length of the ch
contrary to the case of the isolated chain.
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