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Elastic anisotropy factors for orthorhombic, tetragonal, and hexagonal crystals
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Elastic anisotropy factors are derived for each of the three modes of propagation from the special in-plane
phonon-focusing considerations arising when wave vectors are constrained to the symmetry planes of ortho-
rhombic, tetragonal, and hexagonal crystals. Elastic anisotropy factors for the pure transverse and quasi-
transverse modes depend upon the symmetry plane, whereas anisotropy factors for the quasilongitudinal mode
depend both upon a symmetry plane and a symmetry axis. These anisotropy factors provide a convenient
measure of in-plane phonon focusif§0163-18208)02134-]

I. INTRODUCTION (Ajj—ps?Sij)u;=0, (1)

Phonon focusing in crystals depends upon the shape dfhereu; are the displacement componend, is the Kro-
the constant-energy surface ik spacet? In the long- hecker deltas is the phase velocity, and is the density.
wavelength limit the constant-energy surfaces ispace are Note that the Einstein convention is us@d., summation
nearly linear ink and thus can be determined entirely from over repeated subscriptsThe Christoffel coefficients are
the second-order elastic constants of the cristdie phase given by
velocity s= w/k is parallel to the wave vectdr, whereas the
group velocityv=dw/dk is normal to the constant-energy Aij = CikjmNiNm 2
surface ink space. In elastically anisotrqpic (_:rystals the where Ciyjm is @ fourth-rank tensor describing the elastic
constant-energy surfaces are nonspherical in the longspnstants and, are the direction cosines of the wave vector
wavelength elastic limit. As a result, the phase and groug contracted Voigt notation is usually employed to repre-
velocities are generally no longer parallel. Energy flow iSgant the elastic tensor as x 6 matrix C.

parallel to the group velocity, but momentum is parallel to  gq)utions for the phase velocityis obtained by equating
the wave vector. The angular deviation between the phasge secular determinant to zero:

and group velocities depends upon the direction of the wave

vector k, the phonon polarization, and the kind of elastic |Aij—P325ij|=0- 3)
anisotropy. Phonon focusing arises whenever the direction of . .

the group velocity varies more slowly over solid angle thanCartesian components of the group velocity can be deter-
for an elastically isotropic solid so that an isotropic distribu-Mined by differentiating the Christoffel equations with re-
tion of wave vectors gives rise to an increased density irSPECt 0N, and multiplying this result by; using the nor-
group-velocity space. Furthermore, for certain ratios betweef’@lizing conditionu;u;=1 to obtain the useful relation

the elastic constants, two or more wave vectors can give the 1 A

same group-velocity direction giving the group-velocity sur- v.=—— —Yyu. (4)

face striking cuspidal featurédsPhonon focusing has been * 2pson,

studied in  cubid*?® hexagonaf, tetragonal®-!?
orthorhombic® trigonal**'* monoclinic!® and triclinic
crystalst® Scatter plots of phonon focusitg? provide the

In the absence of piezoelectricitythese components can be
expressed as

most graphic display of this phenomenon. Color scatter CiimN: Ul
plots'® have also been generated in which the magnitude of vi= J ; . 5)
the group velocity is converted to a full-color spectrum. This p

paper derives anisotropy factors for all three propagating

modes when wave vectors are restricted to symmetry plané§enera| not parallel to the phase velocity. The phase velocity
The _resijlts vyhen ok scatter plots of phonory;q parallel to the wave vectdm, but the group velocity
focqsmgl provide a better understanding of phonon.focus—: dwl dk is normal to the constant-energy surfacdispace.
ing in orthorhombic, tetragonal, hexagonal, and cubic CYSan equidensity of wave vectors in solid angle gives a corre-
tals. sponding but nonuniform density of group-velocity vectors
Il. THEORY for each of the three mod_es of propagation. The_ regulting
scatter plots of group-velocity vectors give a graphic display
Wave propagation in elastic continuum theory is gov-of the phonon-focusing properties of elastically anisotropic
erned by the well-known Christoffel equations crystals.

In elastically anisotropic crystals the group velocity is, in
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The phonon-focusing properties of orthorhombic crystals TABLE I. Values of the generalized elastic constants in sym-
in the long-wavelength limit are determined by the ratiosmetry planes of orthorhombic, tetragonal, hexagonal, and cubic
between the nine second-order elastic constants. One ca&fystals. Angles are measured with respect to 0] axis for the
therefore completely describe and classify such crystals ug010), (100), and (1) planes. Angles are measured with respect
ing a eight-dimensional space of elastic constant ratios. Anto the[100] axis, however, for the (001) plane. Note tleat—a,
other approach considers the special phonon-focusing prop=as—as so that these generalized constants are not all indepen-
erties arising when wave vectors are restricted solely télent. For tetragonal crystals, =Cget+ (C11+Cy1p)/2, whereas for
symmetry planes. In this paper such special phonon-focusingHPic crystalsC, = Cy,+(Cy;+Cy12)/2. Note, however, thaCr
properties will be referred to as in-plane focusing. Wintern-=(C11~ C12)/2 for both tetragonal and cubic crystals.
heimer and McCurd¥’ used this restriction to derive condi- _
tions for cusp-freein-plane focusing and in-plane cuspidal Orthorhombic symmetry planes
onset. Although this is a severe restriction on the direction of 2 (010) (100) (001)
the wave vectors, this method does have the advantage of a, Ces Ces Cus
analytically identifying the origin of some of the cuspidal

. . . a Cas Css Css
features c_ilsplayed_ln t_he phonon-focusing scatter plots. AI— X CitCos Copt Caa Copt Ces
though this restriction is unable to account for all the cuspi-

: : : . 4 Cs3tCss CastCay CutCee
dal features in the group-velocity surface in orthorhombic
; ; ; ; as C11—Css C2—Cyy C2—Cos
crystals, it, nevertheless, will be shown to be useful in deriv-
; i ; ; 6 C33—Css C33=Cas  C11—Cee
ing convenient elastic anisotropy factors for the orthorhom- Cot G s P
bic, tetragonal, and hexagonal lattices. 7 13755 237 a4 127 66
If the wave vectors are confined to a symmetry plane, the Tetragonal symmetry planes
solution for the phase-velocity factors into a pure transverse g, (010) or (100) (110) (001)
mode s, polarized perpendicular to that symmetry plane,
and two mixed(i.e., impuré modess. [a faster mode € ) a Ces Cr Caa
and a slower mode=)] orthogonally polarized in that sym- @2 Caa o Caa
metry plane. Results can be expressed in general fothh as a3 C11tCyq CL+Cu C11+Coes
) _ ay Cs3tCyy CastCay CutCee
pST: als|nz Hk-l- a20082 9k , (6) ag Clli C44 CLf c44 Clli CGG
5 _ ag C33=Cus C33=Cas Cu—Ces
2pS; =agSin 6+ a,cos by a; C13+Cus Ci3tCqs  CyptCes
+[(agsir?6,— agcos 6, )%+ (2a,sinf,cosh,) %] 1/2. Hexagonal symmetry planes Cubic symmetry planes
@) a Containing theg 001] axis {100 {110
Expressions for the generalized elastic constantse listed & Ceo Caa Cr
in Table | for each of the symmetry planes of the orthorhom- &2 Cas Caa Cas
bic, tetragonal, hexagonal, and cubic lattices. No distinction @s C11tCuas CutCas CLt+Cyy
is made between the tetragonal-6 and tetragonal-7 crystal 24 CastCus CutCy CytCy
systems in Table I. When only elastic properties need to be as C11=Cus Ciu=Csu C—Cy
considered(e.g., for cuspidal and focusing propenighe as C33—Cuy C11=Cs Cy—Cy
tetragonal-7 elastic constants can be transformed to a as Ci3+Cys CiotCaq CpatCyy

tetragonal-6 set by a rotatiopp of the coordinate system
about the four-fold axis. The angleg is defined by
axis for the (010), (100), and (D) symmetry planes in
tan 4¢= 4Cy6 ®) Table I. For the (001) symmetry plane, however, the refer-
Ci11— C1o—2Cqs ence axis was chosen as Q] direction. The direction

0, of the group velocity in each of the symmetry planes can
so that the transformedC,; becomes zero. Thus, for be expressed 4

tetragonal-7 systems, the elastic constants to be entered in
Table | are thes#¢ransformedelastic constants, and no fur-
ther distinction needs to be made between the two tetragonal tan6,=v, v, ©)
systems.
Values of the generalized constants in Table | are positiv&vherev = ds/d(cosé) andv, =ds/J(sin 6).
for all known materials with only several exceptions: certain  Using these equations one can calculate the phase- and
cubic manganese-rich Cu-Mn alloys and tetragonaBroup-velocity directions in symmetry planes for each mode.
paratellurite!® In certain Cu-Mn alloysC,,< C,,4 so thatas Note that in elastically anisotropic crystals these velocities
and ag are negative in th¢100 planes, but onlyag<0 in  can be_colllnear for all three _modes only when the wave
the{110} planes. In paratellurite, howeve€qs>C,; so that ~ Vector is parallel or perpgndlcular to the reference axis.
as andag are negative only in the (001) symmetry plane. There is also a_colllnear axis_ for tklg slower mixed mode
The angled, gives the angular direction of the wave vec- S- that is quasitransverse ne@r for
tor k in a symmetry plane with respect to one of the symme-
try axes. This reference axis has been chosen to be00® tan 6_=[(ag+a;)/(as+a;)]*?, (10
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and a collinear axig, for the faster mixed mods, that is a§> aé. (15)

pure longitudinal a®, for'® . _ _
Cusp-free in-plane focusing occurs perpendicular to the ref-

tan 0, =[(ag—a;)/(as—a;)]*% (11)  erence axis in the_ mode wherag>0 if

Note that Eq(11) also gives the axis along that which a pure a§> asag, (16)
longitudinal and two pure transverse waves propagate. ) .

For certain ratios between the elastic constants there aft, if a5<<0, it occurs when
values of6, about a collinear axis that permit more than one a2
corresponding value o, . In these regions the values 6f a7>as. (17
can be double or triple valued and the group velocity exhibitscusp-free in-plane focusing occurs along the axis in the
cuspidal features. Conditions for elastic stabiftyestrict s mode if°
such cuspidal features in nonpiezoelectric materials to the
slower mixed mode(provided the wave vectors are con- az<asag. (18
strained to symmetry plangs Winternheimer and
McCurdy'® have shown that when wave vectors are re- Consider, for example, the (010) plane of orthorhombic
stricted to symmetry planes the corresponding grouperystals wherg 001] is the reference axis. Fag>0 and
velocity locus for each of the three modes is cusp free if from Table | the in-plane focusing condition becomes

doy (C13+Cs5)?>(C11— Cs)(Cz3— Csy). (19

@>0 (12 _ ) _ n _
v Since C,,C33—C73>0 is one of the conditions for elastic

and the locus exhibits special cusp-free in-plane focusing istability;" the inequality{Eq. (19)] can be rewritten as

that same plane whenever: 2
Csd (C11+C13) +(C33t C13)]>C13C33—Ci5. (20

%> 1. (13) An elastic anisotropy factor can be defined for this symmetry
do, plane and reference axis'&3°
Conditions forcusp-freein-plane focusing about collinear Ced (Cirt Coia)+(Cant C
axes have been derived by Winternheimer and McCtitdy, A_(010= 5 (Cuat Cag = 13)], (21)
and from these results phonon amplification factors were de- C11C33—Ci3

rived. Special cusp-free in-plane focusing occurs along the . . .
L : S0 that cusp-free in-plane focusing occurs in the mode
reference axis in the_ mode wherag>0 if

along the[ 001] and[100] axes wherA_(010)>1. This is,

2 however, accompanied by in-plane defocusing in this same
a2>asa 14
7T oe%e A9 oddo along 6_ . WhenA_(010)<1, however, cusp-free
but, if ag<0, it occurs when in-plane focusing occurs in the. modé® along 6_ with

TABLE Il. Anisotropy factorsA _ derived from the phonon-focusing properties of the slower mixed mode
s_ for each of the symmetry planes of orthorhombic, tetragonal, hexagonal, and cubic crystals. For tetragonal
crystalsC, = Cgg+ (Cq1+ C19)/2, whereas for cubic crystals, = C,,+ (Cq1+ C45)/2. Because of the trans-
verse isotropy conditiol©,,=C,;—2Cgq, results for hexagonal crystals are valid for any plane containing
the[001] axis. Note that for cubic symmetry only the entrigs for the (010), (100), and (001) planes for
the orthorhombic and tetragonal lattices reduceAte2C,,/(C1,—C,,). The value ofA_ for the {110
planes of the cubic lattice is not independenfgbut does reduce ta for conditions of elastic isotropy, i.e.,
2C44=Cy;—C4,. See Discussion for special cases.

Symmetry plane Anisotropy factax_
Orthorhombic
(010) Css(C11+2C 15+ Cad)/(C11Ca5— CLa)
(100) CusCagt 2C o5+ C39)/ (CCa3— C59)
(001) Cas(C11t2C 12+ C2)/(C11Co0— CT))
Tetragonal
(010) or (100) Cas(C11+2C 15+ C4d)/(C11Cas— CTa)
(110) C4s(CL+2C 15+ Cq9)/(CLCas— C9
(001) Xe6/(C11—C12)
Hexagonal
Planes containing th001] axis C44(C11+2Cq3+ C39)/(C14Ca3— Cis)
Cubic
{100 2C44/(C11—Cy)

{1109 Cus(CL+2C1+C1)/(C C1y—C3)
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defocusing along001] and[100]. The value of this anisot- TABLE Ill. Anisotropy factorsA, derived from the phonon-
ropy factor thus gives one useful information about the in-focusing properties of the faster mixed mosle for each of the
plane focusing conditions about collinear axes. Anisotropysymmetry axes and symmetry planes of orthorhombic, tetragonal,
factors for thes_ mode are given for each of the symmetry @nd hexagonal crystals. For tetragonal cryst@ls=Cegt(Cyy
planes of orthorhombic, tetragonal, and hexagonal crystals iff C12/2. Because of the transverse isotropy conditiGp;=Cy;
Table Il for the usual case wheeg andag are positive. —_2;:66 results for hexagonal crystals are valid for any plane con-
Certain crystals exhibit unusual in-plane focusing congi-2NNg the[001] axis. Note that for cubic symmetry entfy.. for
tions in one or both of the cusp-fres or s, modes so the[110],(110) reduces to _244/(CL—C_:12) and thus is not inde-
corresponding anisotropy factors are useful for these cases. jfndent ofA. All other entries for cubic symmetry reduce to the

ag>0 then in-plane focusing occurs in tise mode about elastic anisotropy factoA=2C4,/(C4;—Cy,) for cubic crystals.
the reference axis when See Discussion for special cases.

aé>a§, (22) Reference axis and symmetry plane Anisotropy faétor
but, if ag<0, it occurs when 1001,(010) Orthorhombic o l(Cor oy
’ 55 117 1
asag>a3. (23 [001],(010) 2C5/(Ca3—Cia)
In-plane focusing occurs in the,. mode perpendicular to the [83?‘(188) i““;(g”: 223)
reference axis wheas>0 providing %100}2001; 2C44 /EC% sz))
' 66 117 “~1
a§> a%, (29 [010],(001) X6/ (C22—Cy2)
. . Tetragonal
but, if ag<<0, it occurs when [100],(010) or[010],(100) 2C44/(Cy1—Cya)
asag>al. (25) [001],(010) or[001],(100) 2C44/(C33—C1a)
. _ ! _ [110],(110) 2C44/(C —C1a)
In—.pltan_(falgocusmg occurs in tree. mode alongd,. (when this [001],(110) 2C 44/ (Ca3—Cya)
existg i [100],(001) or[010],(001) L6/ (C11~C12)
a§>a5a6_ (26) Hexagonal
[100],(010) 2C44/(C11—Cyy)
Consider again the (010) plane of orthorhombic crystals [001],(010) 2044/ (C33~Cya)

where[ 001] is the reference axis. Faig>0 and from Table

| the in-plane focusing condition becomes
tors: one for each of the two mutually orthogonal symmetry

(C33— Cs5)%>(Cy3+ Csp)?. (27)  planes defining each of the three mutually perpendicular
principal axes. Values of the anisotropy factors for each of
the principal axes and related symmetry planes are listed in
_ Table Il for the usual case whes andag are positive.
Cag~C15>2Css. 28 In-plane focusing occurs for the pure transverse mgde
In analogy with the anisotropy factor of a cubic crystal, i.e.,along the reference axis if
A=2C4,/(C11—Cyy), an elastic anisotropy factor can be de-

This inequality can be rewritten as

fined for this symmetry plane and reference axi$&$ a,>ay (32)
2Css and occurs perpendicular to the reference axis when
A.[001],(010)= ——~—. (29
(C33=C1a) a;>a,. (32

Thus, in-plane defocusing occurs in the mode alond001]  gch phonon-focusing predictions, however, are most rel-

in the (010 plane forag>0 whenA,[001],(010)>1 pro-  gyant for hexagonal crystals that exhibit transverse isotropy
vided C33>Cy3. In a similar manner the anisotropy factor in perpendicular to thes axis. In orthorhombic crystals this

thes, mode along th¢100] axis in the (010) plane is anisotropy factor has little relevance to phonon-focusing
oC scatter plots because of much stronger focusing effects which
A.[100],(010 = o7 (30)  arise when this constant-energy surfacé ispace no longer
(C11—C1a) has wave vectors constrained to the symmetry plane. As a

Thus, in-plane defocusing occurs whén [100], (010)>1 result, entries for orthorhombic crystals are omitted from
provided C,,>C,5. For the rare case whei@,,<C,s or  1aple V. .

C,,<Cys, but Cy;Cas— C§3>0, A, becomes negative and Cons_lder, there_fore, the hexagonal lattice _and any plane
only defocusing is possible along th801] or [100] axes, contatlnlng ;Ehe(t: a>;|s [ti'g" (01?]' One car:r%?}féne a single
respectively, in the (010) plane. Note that in-plane focusinganlso ropy factor for the pure transverse

(or defocusingg must occur along both of these axes if an A~(010)= a5 /8= C ./ C 33
additional collinear axisf, is to exist in this symmetry 1(010=22/21=Caa/ Cec. 33
planel® Finally, note that in-plane focusing information for Thus, whenA;(010)>1, the pure transverse mode exhibits
thes, mode requires a total of six different anisotropy fac-in-plane focusing along tHed01] axis, but in-plane defocus-
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TABLE V. Anisotropy factorsA; derived from the phonon- az=agz. As a result, there is no change in the entries of
focusing properties of the pure transverse megéor t_aach of the  Tables Il and Il wheras=ag<0, and, thus, no change for
symmetry planes of tetragonal, hexagonal, and cubic crystals. Notg,q {100} planes of certain Cu-Mn alloys or for the (001)
that in tetragonal crystals the pure transverse mode is isotropic iBIane of tetragonal paratellurite. TH&10 plane of certain

the (001) plandi.e., Ay=1). Similarly, thes; mode is isotropic in . ) .
cubic crystals in{100 planes. Because of the transverse isotropyc_UbIC Cu-Mn alloys wher@s>0, butas<0, requires spe

condition C;,=C,,— 2Cegresults for hexagonal crystals are valid Cial treatment. Here, the value &f_ for the [00:&(310)
for any plane containing th001] axis. becomes £,,/(C1;—Cy,), A_ for the [110],(110) be-
comes Cyy(C| +2Cqp+C1)/(C .C1;—C2), A, for the

Symmetry plane Anisoopy TRt [001),(110) becomesCyy(Cy +2C1+ C1)/(C Cry—C2),
Tetragonal andA. for the[110],(110) becomes €,,/(C,—Cy,).

(010) or (100) Caal Ceg In-plane cuspidal features can be inferred from the values

(110) 2C4/(C11~Cyp) of A_. Cuspidal features about a principal axis require
Hexagonal to be somewhat greater than unity, whereas cuspidal features

Planes containing thgd01] axis C44/Ces about #_ require values ofA_ to be significantly less than

Cubic unity. The onset and precise shape of these in-plane cuspidal
{110 2C44/(C11—Cy)) features are, however, also determined by two other elastic

constant ratios.

. L ) In-plane focusing for the, mode can be determined di-
ing along[ 100] and all other directions perpendicular to the rectly from the two anisotropy factors. defined for each

¢ axis. Note that the corresponding anisotropy factor for theprincipal axis. Positive values @ less than unity indicate

(110) plane of tetragonal crystalsee Table)lis in-plane focusing, whereas values greater than unity indicate
_ in-plane defocusing about that principal axis. For the rare
A1(110)=ay/a;=2C4/(C1;—Cyp), (34 case wherd\, is negative, however, only in-plane defocus-

and thus is identical to the anisotropy factarfor cubic ~ INg is possible about that principal axis. Note thataexists
crystals. Selected anisotropy factors for the mode are ©Only if in-plane focusing(or defocusing occurs about both

listed for tetragonal, hexagonal, and cubic lattices in Tabld?rincipal axes in the symmetry plane. In-plane focusiog
V. defocusing about either principal axis gives in-plane defo-

cusing(or focusing, respectively, aboué, .

Anisotropy factors are easy to calculate and provide im-
portant in-plane phonon-focusing information. The three an-
Tables Il and Il give useful anisotropy factors for the isotropy factors for thes_ mode and the six anisotropy fac-
usual conditions wher@;>0 and as>0. Note, however, tors for thes, mode, however, provide the most useful

that inequalitieg Eqgs. (15—(17)] are equivalent whenever information for orthorhombic crystals.

[ll. DISCUSSION
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