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One or two transition temperatures in high-Tc cuprates: Real or complex hybrid pairings
at low temperature

M. T. Béal-Monod
Physique des Solides, Universite´ Paris-sud, 91400 Orsay, France

~Received 16 April 1998!

We explore the number of superconducting temperatures which may be expected in high-Tc cuprates,
depending on the possible attractive parts in the pairing interaction and the presence or absence of anisotropy.
We also study the subsequent gap shape at 0 K. The possibility of a complex hybrid pairing (d1 is), at T
50 K, while a real one (d1s) occurs nearTc , is examined for the bulk of the material and also in connection
with recent experiments at the surface.@S0163-1829~98!05237-0#
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I. INTRODUCTION

Twelve years after the discovery of high-temperatu
superconductivity1 a somewhat general consensus h
emerged, based on a variety of experiments, that the su
conductivity in most of these compounds is a singlet one
essentially ofd-wave type,2 although the very source of tha
superconductivity is not yet completely clarified. A natur
form for the pairing interaction thus consists in an expans
in terms of partial waves~d ands wave at least!. A mixture
of both d and s waves has been shown to be possible
group-symmetry arguments.3 It has been suggested that th
anisotropic structure of these layered compounds yields
anisotropy in the pairing interaction.4,5 However, the super-
conductivity is believed to reside within the CuO2 planes and
to propagate along thec direction by Josephson tunneling
But even within the CuO2 planes, some of these compoun
are structurally anisotropic, the archetype being the ort
rhombic YBCO~123! and YBCO~124!, for which a two-
dimensionald1s model has been proposed5 with a gap
shape of the form

D~k!5D@cos~2f!1r #, ~1!

wheref is the angle between the momentumk and the ref-
erence axis.r 50 leads to the pured-wave case studied, fo
instance, in Ref. 6;r represents a small amount ofs-wave
admixture in thed1s model, assuming that no other high
order partial wave contributes. The gap shape~1! is a four
leaf clover~whenur u,1), as in the pured-wave one, but the
size of the leaves in one direction is different from the size
the leaves in the perpendicular direction so that the no
occur at angles slightly different from the diagonal dire
tions. Thed1s model proposed in Ref. 5 followed from
two-dimensional anisotropic pairing interaction containi
an attractive part in thed channel

V~k,k8!5~1/N0!$22l@cos~2f!cos~2f8!

1g„cos~2f!1cos~2f8!…#1m%. ~2!

f andf8 are the azimuthal angles of, respectively,k andk8.
m is the Coulomb repulsion in thes channel,N0 is the den-
sity of states in the normal phase, supposed to be cons
~later on, a more elaborate anisotropic density of states
PRB 580163-1829/98/58~13!/8830~7!/$15.00
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considered in Refs. 7!. g measures the degree of anisotrop
supposed to be small; its sign may be positive or negativ

The above interaction induces a hybridd1s pairing with
a unique transition temperature. The existence of only oneTc

follows straightforwardly since only one kind of attractiv
potential is considered in Eq.~2! in the d channel (22l
,0). On the other hand, the anisotropy automatically i
plies a mixed pairing, as was clear from Ref. 4. Howev
recent experiments8,9 seemed to detect the presence of a s
ond transition below the observedTc in YBCO compounds,
possibly attributable to the chains. It is not yet clear whet
these results prove the existence of a second supercondu
transition or whether this is due to possible inhomogenei
or sample preparation dependence.10 Our aim here is not to
prove or disprove a separate superconductivity due to
chains in YBCO; we have presented earlier5~b! a discussion
of various scenarios concerning that matter, from which o
can only conclude that the role of the chains is still not
solved.

The purpose of this paper is rather, given an interact
more general than Eq.~2!, containing or not an anisotrop
and possibly more than one attractive source, to study h
many transition temperatures can be expected and w
would be the subsequent gap shape at the transition temp
ture~s! and at 0 K. This is analogous to finding what is the
K multicomponent order parameter of a ferrimagnetic ma
rial or of crystals which are altogether ferroelectric and f
romagnetic. Note that the two superfluid transitions found
liquid 3He ~Ref. 11! at elevated pressure are different fro
what we wish to discuss here. In contrast, our discuss
may be relevant for the two superconducting transitio
found in UPt3 in zero magnetic fields.12 We will, in particu-
lar, emphasize the fact that the presence of twoTc is only
governed by the presence of two attractive potentials of
ferent symmetries. In other words, the existence of a mi
pairing does not necessarily implies two transition tempe
tures. An anisotropy in the interaction potential is sufficie
to induce a mixed pairing in the whole superconducti
phase, even in the cases where only oneTc occurs.4,5 In
contrast, in the absence of anisotropy in the interaction an
two Tc arise, one will get a mixed pairing only below th
lower Tc . We will also examine the possibility of having
8830 © 1998 The American Physical Society
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PRB 58 8831ONE OR TWO TRANSITION TEMPERATURES IN HIGH- . . .
complex hybrid pairing (d1 is or s1 id) at T50 K in cases
for which, nearTc the pairing is real (d1s or s1d).

II. THE MODEL INTERACTION

We consider, in two dimensions, an interaction of t
form

V~k,k8!52V$a cos~2f!cos~2f8!

1b@cos~2f!1cos~2f8!#1c%, ~3!

whereV is a positive constant;a, b, andc are constants o
arbitrary signs,~while, in Eq.~2!, a was.0 andc was,0!.
Then, in the simplest weak-coupling BCS-type formalis
Tc can be obtained from the normal phase, looking for
poles in the infinite ladder particle-particle correlation fun
tion

G~k,k8!5G~0!~k,k8!1G~1!~k,k8!1•••, ~4!

where G (0)(k,k8)[V(k,k8) represents one line of interac
tion in the ladder,G (1)(k,k8) contains two lines of interac
tion, etc. The integrals over the one-electron Green’s fu
tions kinetic energies and over the angles can be decoupl
uku5uk8u5kF , the Fermi momentum. Then the above ser
~4! can be exactly summed by elementary algebra and
finds

G~k,k8!52V$A cos~2f!cos~2f8!

1B@cos~2f!1cos~2f8!#1C%. ~5!

A, B, and C are solutions of the following set of couple
equations:
q
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-
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A5@a1bYB#/@12~aY/2!#,

B5b@11~YB/2!#/@12cY#[b@11YC#/@12~aY/2!#,
~6!

C5@c1~bYB/2!#/@12cY#.

Y5N0V ln@1.134v0 /T#, whereT is the temperature;v0 is
an energy cutoff, andN0 is the normal phase density of stat
~see the remarks below!. The system of Eqs.~6! is easily
solved as

A5
1

D Fa1~b22ac!Y1

Y2Y1
2

a1~b22ac!Y2

Y2Y2
G ,

B5
b

D F 1

Y2Y1
2

1

Y2Y2
G , ~7!

C5
1

D Fc1~b22ac!Y1/2

Y2Y1
2

c1~b22ac!Y1/2

Y2Y2
G ,

where Y1,2 are solutions of the equation@(a/2)2b2#Y2

2@(a/2)1c#Y1150 and read

Y1,25
~a/2!1c6D

ac2b2
~8!

with

D5$@~a/2!2c#212b2%1/2. ~9!

One can then write Eq.~5! as
G~k,k8!52
V

D H ~a/2!2c2D

Y2Y1
@cos~2f!1r 1#@cos~2f8!1r 1#2

~a/2!2c1D

Y2Y2
@cos~2f!1r 2#@cos~2f8!1r 2#J ~10!
ion
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with r 1,2 given by

r 1,25
b

~a/2!2c7D
5

1

2b Fc2
a

2
7D G . ~11!

The polesY5Y1 andY5Y2 will give 2, 1, or 0 transition
temperatures depending whetherY1 andY2 are both positive
or just one of them is, or none of them. It is clear from E
~8! that the correspondingTc1 andTc2 contain mixed contri-
butions of the different symmetries.~In the case where both
poles contribute, the temperature where superconduct
will first appear will, of course, be given by the highest on!.
The gap shapes are given by the numerators in Eq.~10!; they
are of the form~1! with, close toTc , the value ofr, r 1,2
~corresponding to the polesY1,2, respectively!, given by Eq.
~11!.

Two remarks must take place here. WhenT decreases
below the first encounteredTc , sayTc1 , the superconducting
.

ty

gap which develops belowTc1 induces a modification in the
density of states. Therefore, in principle, the next transit
temperatureTc2 should be expressed in terms of this mod
fied density of states and notN0 . However one can check
that only minor changes would result so that we will take t
same density of statesN0 in the expressions of bothTc1 and
Tc2 . Moreover the question of a common cutoffv0 in Y1

andY2 may also be questioned. Indeed if two attractive p
tentials of different symmetries are present, they may invo
different characteristic energies, sayv08 and v09 . However,
since, as clear from Eq.~8!, Tc1 andTc2 result from a com-
bined effect of these two sources of attractive interactions
different symmetries, one can reasonably choose a com
average cutoffv0 .

On the other hand, one can also calculate analytically
gap atT50 K. Separating again the integrals over the on
electron kinetic energy and the angular ones,5~a! one gets
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D~k!5D@cos~2f!1r #

5N0VE
0

2p df8

2p
@a cos~2f!cos~2f8!1b„cos~2f!

1cos~2f8!…1c#D@cos~2f8!

1r # lnS 2v0

D~r 1cos 2f8! D , ~12!

which yields the set of two coupled equations

15S ā

2
1b̄r D J01~ ār 1b̄!J11

ā

2
J2 , ~13a!

r 5S b̄

2
1 c̄r D J01~ b̄r 1 c̄ !J11

b̄

2
J2 , ~13b!

with

N0Va5ā, N0Vb5b̄, N0Vc5 c̄ ~14!

and

Jn5E
0

2p dc

2p
cos~nc!lnS 2v0

D~r 1cosc! D ,

c52f, n51,2,3 . . . . ~15!

The integralsJn have been computed5~a! ~supposing thatr is
a real quantity!, and their analytical expressions depe
whetheruru is smaller or larger than 1. For convenience,
recall these expressions here: for 0,ur u,1, J0

5 ln„4v0 /D(T50)…, J152r , J25r 221/2; for ur u.1, J0

5 ln$@4v0 /D(T50)#@uru2Ar 221#%, J152sgnr$uru2Ar 221%;
J25@1/2#$ur u2Ar 221%2. Solving the system of equation
~13! givesr and@v0 /D(T50)#, at T50 K. We now exam-
ine specific cases.

III. RESULTS

A. In the absence of anisotropy

This is the case of tetragonal cuprates which are isotro
within the CuO2 planes. No anisotropy meansb50; it then
follows from Eq. ~6! that B50 and the system reduces
two decoupled equations:A5a/@12(aY/2)#, C5c/@1
2cY#. We then get three possible cases~we discard the case
wherea,0 andc,0 for which the denominators ofA andC
cannot vanish so that no superconductivity is induced!.

(1) a,0, c.0. Only the last term in Eq.~5! is negative
corresponding to the standards-wave BCS superconductivity
whereTcs is given by

1/c̄5 ln~1.134v0 /Tcs! ~16!

and the gap is a constantD(k)5c.
(2) a.0, c,0. The first term in Eq.~5! is the only nega-

tive one corresponding to pured-wave superconductivity
with Tcd given by

2/ā5 ln~1.134v0 /Tcd! ~17!

and the gap has the formD(k)5a cos(2f) with r 50. This is
the case studied, for instance, in Ref. 6.
ic

In this case, atT50 K, one gets, from Eq.~17! and Eq.
~13a! ~with b̄50, J150 and J2521/2), @D(T50)/Tcd#
52.139, in agreement with formula~3! in Ref. 6. Since in
the s-wave BCS case one has@D(T50)/Tcs#BCS51.76, one
gets here by comparison,D(T50)/Tcd51.215@D(T
50)/Tcs#BCS.13

We emphasize that in both cases~1! and ~2!, only one
attractive contribution, of a given symmetry, to the pairi
potential is involved either in thes or thed channel resulting
into only one transition temperature.

(3) a.0, c.0. This case is new. One has two attracti
contributions, of different symmetries, in the pairing pote
tial, one in thed channel and another one in thes channel.
Then two transition temperatures follow given by

1/c̄5 ln~1.134v0 /Tcs!,

s-wave gap nearTc , D~k!5c, ~18a!

2/ā5 ln~1.134v0 /Tcd!,

d-wave gap nearTc , D~k!5a cos~2f!. ~18b!

Depending whetherc̄ is larger or smaller than (ā/2), Tcs
or Tcd is first encountered whenT decreases. Between th
higherTc and the lower one, one has thus only one type
superconductivity and thus either a purelys or a purelyd
type of gap. But below the lowerTc , one will have a mixture
of the two types of superconductivity, with a gap of th
general shape~1!, in particular atT50 K. The above cases
are summarized in Fig. 1.

We next examine theT50 K region, with the gap of the
form D(k)5D(T50) @cos(2f)1r(T50)# wherer (T50) is
finite.

~i! Let us first assume that the superconductivity is mai
of d-wave type with a smalls-wave component so thatur u
,1. Then ~with the help of the corresponding values
J0 , J1 , andJ2 given above!, Eq. ~13! reads

FIG. 1. In the absence of anisotropy (b50), the number of the
expectedTc in the various regions of the (a/2,b) plane @see Eq.
~3!#, near the transition temperature.
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2/ā5J02r 221/2, ~19a!

1/c̄5J021 ~19b!

with J05 ln@4v0 /D(T50)# @noting thatr 50 is excluded here
so that Eq.~13b! simplifies to yield Eq.~19b!#. Then, from
Eq. ~19!, and using Eq.~18!, it follows that

r 2~T50!5 ln~1.649 Tcd /Tcs!,

with D~T50!/Tcs51.298. ~20!

Here @D(T50)/Tcs#50.737@D(T50)/Tcs#BCS. On the
other hand, since we used to start with theJn corresponding
to 0,ur u,1, then, this implies that 0.606,(Tcd /Tcs)
,1.649. More precisely, within this range, and subtract
Eq. ~19a! from Eq. ~19b!, one finds

0,r 2~T50!,1/2 for 0.606,Tcd /Tcs,1, ~21a!

1/2,r 2~T50!,1 for 1,Tcd /Tcs,1.649 ~21b!

@in the particular case whereTcd5Tcs , then r 2(T50)
51/2].

When (Tcd /Tcs),0.606,r 2(T50),0, r(T50) is purely
imaginary and one obtains atT50 K, a d1 is pairing with a
gap which cannot vanish. We will come back to this point
Sec. IV with the Appendix.

~ii ! Now let us examine the caseur u.1. Then, here too,
the gap~1! never vanishes. We solve the system~13!, with
b̄50 and the appropriate values of the expressionsJn . We
then find, with the help of Eq.~18!

lnS Tcd

Tcs
D 5@ ur u2Ar 221#H 2r 221

ur u
2

1

2
@ ur u2Ar 221#J ~22!

and

lnS 0.283
D~T50!

Tcs
D 5 ln@ ur u2Ar 221#211

Ar 221

ur u
. ~23!

One verifies, in these equations, thatTcd is indeed larger than
Tcs and one gets@D(T50)/Tcs#,3.533. TheseT50 K re-
sults are summarized in Fig. 2.

To conclude on this particular case~3!, we get two tran-
sition temperatures, a purelys one and a purelyd one, arising
in an order which depends on the ratio 2c/a compared to 1.
But below the lower transition temperature, an hybrid pair
develops and, atT50 K, the gap is a hybridd1s one, of the
form ~1!, with a value ofuru which is smaller or larger than
1/2 depending whetherTcd is smaller or larger thanTcs . In
other words, it is important to note that, atT50 K, a small
s-wave component or a larger one is governed by the na
of the Tc which is the closest to 0 K: 0,r 2,1/2, i.e., a
hybrid d1s pairing with a dominantd-wave component oc
curs atT50 K if Tcd is closer to 0 K thanTcs ; insteadr 2

.1 is accompanied by as1d-wave pairing atT50 K, with
a dominants-wave component, whenTcs arises closer to 0 K
than Tcd and is far from it. Moreover, when 2c/a@1, i.e.,
Tcs is much higher thanTcd , r (T50) is imaginary and one
could expect, at T50 K, a complex d1 is pairing.
g

g

re

However, to better explore this region, one should recons
the integrals~15! whenr is a complex quantity~see the dis-
cussion in Sec. IV!.

B. In the presence of anisotropy

This is the case of orthorhombic cuprates or, more gen
ally, those compounds which exhibit an anisotropy with
the CuO2 planes. In this case,bÞ0 andBÞ0; theTc’s are
given by the polesY5Y1,2 in Eq. ~10!, i.e., one does no
have a purelyd- or purelys-wave superconductivity, the an
isotropy always yields a mixed pairing.4 It may appear con-
venient to rewrite Eq.~3! as

V~k,k8!52V$a@cos~2f!1b/a#@cos~2f8!1b/a#

1@ac2b2#/a%, ~24!

where the last term represents an ‘‘effective’’ interaction
the s channel.

Here too we examine various cases.~We discard the un-
physical case of an anisotropy so strong thatubu.uau and
ubu.ucu).

(1) a,0 and c,0 or, equivalently, a,0 and
(ac2b2)/a,0. We have no attractive contribution to the pa
ing interaction and thus noTc .

(2) a,0 and c.0 with (ac2b2/a.0. There is one attrac-
tive contribution~in the s channel! and thus one transition
temperature.

(3) a.0 and c,0 with (ac2b2)/a,0. Here one has one
attractive contribution~in the d channel! and thus one tran-
sition temperature. This is the case studied in Refs. 5.

(4) a.0 and c.0 or, equivalently, a.0 and
(ac2b2)/a.0. We have two attractive parts in the pairin
interaction, one in thed channel and one in thes channel.
We therefore get two possible transition temperatures.

The above four cases are illustrated in Fig. 3 which se
rates, in the (a/2,c) plane, the various regions with the
pairing symmetries and the number of correspondingTc .
Note that the first bissectrix corresponds to the separa
wherea/25c and r 251/2, which separates the regiond1s
where thed wave is dominant from the regions1d where

FIG. 2. In absence of anisotropy (b50) and whena.0, c.0,
in Eq. ~3!, the pairing symmetries expected atT50 K in the
@r 2(T50), Tcd /Tcs# plane, indicating also the presence or absen
of nodes in the gap.
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the s wave is dominant. One can indeed easily verify th
when the anisotropyb decreases toward 0,r 2 decreases in
the first region with a tendency to pured-wave behavior,
while it increases in the latter one toward a pures-wave one.
However let us repeat here that, in all these various regi
we have hybrid pairings and that the corresponding transi
temperatures reflect this mixture.

Now, atT50 K, one gets a mixed pairing of the form~1!;
solving Eq.~13!, we find

b̄~122r 2!12S c̄2
ā

2D r 1~ āc̄2b̄2!@~122r 2!J12rJ2#50,

~25!

whereJ1 andJ2 are functions ofr. Equation~25! will give r
as a function of the three parametersā, b̄, andc̄. In any case
r will be finite, in general, and thus the gap shape will be
the form~1!; we will always have a mixed pairing both at th
transition temperature and at 0 K. However, in this case, w
the superconductivity first appearing atTc1 , there may be
some sign of the existence ofTc2 , at a temperature lowe
than Tc1 , with some accident in theT dependence of the
physical properties. This may be the case, for instance, if
problem contains one main source of attraction in thed chan-
nel, possibly due to antiferromagnetic spin fluctuations14 and
another one in thes channel, possibly coming from the sta
dard electron-phonon origin, but weaker, so that the co
sponding transition temperature occurs below the latter o
We do not pretend that this is the case in the cuprates;
purpose is just to show what are the consequences of su
possibility, which remains to be checked by the experime

One last remark: Equation~25! becomes an equation o
the third degree inr if J1 and J2 are computed forur u,1.
Such an equation is known to possibly exhibit complex ro
depending on the values of the parameters. However, in s
a case~as in the last section!, one should recompute theJn’s,
assuming, to start with, thatr is a complex quantity~see the
Appendix!. This would allow us to better explore the poss
bility of getting a hybrid complex pairing of thed1 is type,

FIG. 3. In the presence of anisotropy (bÞ0) and in the (a/2,c)
plane @see Eq.~3!#, the expected various pairing symmetries ne
the transition temperature and the corresponding numbers ofTc .
,

s,
n

f

h

e

-
e.
ur
h a
s.

s
ch

for instance, atT50 K, although, as seen above, the hybr
pairing is always real and of thed1s type nearTc , whatever
the sign of the parameters.

IV. DISCUSSION

To conclude, with a pairing interaction expanded in ter
of s andd components, containing or not an anisotropy,
have analyzed a number of situations depending on the s
of the involved parameters. We have recovered some kn
results and studied new ones. The number of transition t
peratures is intimately linked to the number of fermio
fermion attractive parts of different symmetries involved
the pairing potential. In the presence of anisotropy, one
ways get a mixed pairing in the whole temperature range
the superconducting phase, independently of the numbe
attractions. In the absence of anisotropy and if more than
attractive interaction is involved, one also has a mixed p
ing but only starting below the lowerTc ; between this one
and the highest one, one gets either a pures- or a pured-
wave gap shape. In other words, the presence of anisotro
a sufficient condition to get a hybrid pairing in the who
superconducting phase, but it is not a necessary one.
existence of two transition temperatures, in the absenc
any anisotropy, also imposes a hybrid pairing, although o
at very low temperature, below the lowestTc . Note that the
value of r varies betweenT50 K and Tc and may even
possibly change nature as will be discussed now.

We have found, in this paper, that the calculated para
eter r nearTc is always real, resulting in a hybrid pairingd
1s or s1d which is a real quantity, and the correspondi
gap exhibits four nodes~if ur u,1). However, at lower tem-
peratures and, in particular atT50 K, r may either remain
real or become complex; in such a case, one ends up w
complex gap of the typed1 is or s1 id with no nodes. At
first sight this does not apply to the hole-doped cupra
where the gap has been shown, experimentally, to exh
nodes;15,16 however, this has been shown to be so only
finite T and in the bulk of the material. We now elabora
more on these two restrictions.

Indeed it has very recently been demonstrated17 that a gap
with nodes~inducing a linearT dependence in the magnet
penetration depth of the clean cuprates as experimen
observed18! contradicts the third law of thermodynamics;
was then suggested in Ref. 17 that a reald type of pairing, at
finite temperature, may switch to a complex one nearT
50 K. This suggestion would be in agreement with the p
sibility that we have encountered above. Such a cha
could then be checked through experiments like those
Refs. 15 and 16, performed both nearTc where four nodes
have already been revealed, but also nearT50 K where the
same experiments should not detect any node.

On the other hand, one could ask whether our find
could be related to thed1 is pairing observed, at low tem
perature, at the surface of a high-Tc compound having an
otherwised or d1s pairing in the bulk, like YBCO.19 We
quote here a sentence of Ref. 19: ‘‘Andreev scattering n
the surface of adx22y2 superconductor causes strong p
breaking. The quasiparticles may then be paired by a s
dominant pairing interaction that is less sensitive to surf
pair breaking than the dominantd-wave one.’’ We also quote

r



e
e.
r
e
in

e
r
u

te

fa

e

f
h

g
s

-
o

e
is

lle
a

ha

ng

tive
ne

-
f the
eri-

PRB 58 8835ONE OR TWO TRANSITION TEMPERATURES IN HIGH- . . .
a sentence of Ref. 20: ‘‘The surface state of anydx22y2 su-
perconductor will exhibit a spontaneously broken tim
reversal symmetry phase at sufficiently low temperatur
Given these claims based on earlier theoretical works
ferred to in Refs. 19 and 20 and based also on the exp
mental work of Ref. 19, we have shown here that, start
with a d1s pairing nearTc , we may end up atT50 K, with
possibly, ad1 is pairing depending on the values of th
parameters. Modifications in these values could thus occu
the surface of the compound, compared to the bulk, beca
of the pair-breaking reason invoked in Ref. 19 and quo
above.

One can also wonder whether the cuprates which, so
do not exhibit nodes in the gap at finiteT, like the electron-
doped Nd compounds,21 might correspond to some of th
cases studied here, where, in addition to a possibled-wave
component, ans-wave one is dominant@ur u.1 in Eq. ~1! so
that D(k) never vanishes#. This could occur, for instance, i
the following picture could be valid for this compound whic
is known to be highly disordered.21~b! It has been shown in
Ref. 5~a!, within thed1s model corresponding to the pairin
~2!, that a sufficient amount of nonmagnetic impuritie
which are pair breaking ford and d1s-wave superconduc
tivity, yields the opening of a gap and a strong increase
the effective value ofr at T50 K; in that case the balanc
between thed and s components changes drastically. Th
occurs for an impurity concentration close to, but sma
than, the one whereTc vanishes and one must remember th
the Tc in the Nd compound is about four times lower21~a!

~;21–22 K! than those of the hole-doped cuprates, so t
the above scenario may possibly apply.

Finally also, if in the future, one gets experimental stro
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evidence that, for instance, two different sources of attrac
potential play a role, then according to our results, o
should expect, below the highestTc , some signs of the ex
istence of a lower one in the temperature dependence o
physical properties. Whether this is the case in the exp
ments of Refs. 8 and 9 is still an open question.

APPENDIX: THE INTEGRALS J1 AND J2

WHEN THE PARAMETER r IS COMPLEX

One can easily show that these integrals are given by

J152r 1~r 221!K, J2521/21r 22r ~r 221!K,
~A1!

where

K5
1

2p E
0

2p dc

r 2cosc
with r 5r 81 ir 9. ~A2!

K can be computed22 and reads

K5
1

Ar 221
5

1

X11 iX2
~A3!

with

X1,25
1

&
$A@r 921r 8221#214r 927~r 922r 8211!%1/2.

~A4!

With the above ingredients, one can solve Eq.~25! which
gives two coupled equations yieldingr 8 and r 9 as functions
of the parametersa, b, andc.
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