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Mechanism of the pseudogap and possible 61 meV pseudogap at 300 K
for underdoped Bi2Sr2CaCu2O81d
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Based on the temperature dependence of two-local-spin-mediated interaction for Br2Sr2CaCu2O81d

~B2212!, this paper explains the fourteen features of the pseudogap~PG! in underdoped B2212, and makes
three predictions. The most unusual prediction is the existence of a 61 meV PG at 300 K in the range ofTc

50 for underdoped B2212.@S0163-1829~98!10237-0#
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I. INTRODUCTION

Recently a number of experiments on the underdo
high-Tc cuprates have revealed the opening of a pseudo
~PG! in the excitation spectrum atTc,T,T* .1–20 T* is
well above the superconductive transition temperatureTc .
This paper investigates the following fourteen observed f
tures of the PG. First, all the materials with both single a
double CuO2 planes in one unit cell have PG.1,5,10 Second,
the lower thex, the higher theT* for x.0.056.2,9 The x is
the number of Ops holes in a CuO2 cell. Third, the shift of
T* with pressure,p, is dT* /dp,0.11 Fourth, the dc resis-
tivity at T,T* goes down more quickly than the linear tem
perature relation.9 Fifth, that theT* can be determined by
electronic tunneling,7 resistivity,9 and photoemission2,3

shows that PG might not be in the single spin channel. Si
there is no energy jump of the gap to PG atTc .2 Seventh, the
dependence of PG on temperature might be very comp
However, considering the large error bars in Ref. 2, the d
cannot support any kind of theoretical curves. Eighth,
higher thex, the lower theEg for x>0.08, decreasing to zer
at aboutx50.19.5 Eg is PG atTc . Ninth, 2~gap at 0 K!/Tc
may be much larger than BCS value 3.54. Tenth, PG
creases with increasingTc at 44 K<Tc<93 K.4,9,17 Elev-
enth, PG is of anisotropy, i.e., the node of PG is at the
rection 45° rotating from the Cu-O bond,2–4 and the
maximum PG direction is controversial in experiments.
might be at about 10° from the Cu-O bond,2 or just at the
Cu-O bond direction.3,4 It is very interesting to note that th
observed difference of PG maximum direction also exists
measurements for the gap of the overdoped highTc
cuprates.21–23 Twelfth, absence of isotope effect in PG
YBa2Cu4O8.18 Thirteenth, some high-Tc cuprates such a
LaBa2Cu3Oy have PG for all doped levels.19 Fourteenth,
STM experiment shows that some local regions in the Cu2
plane of B2212 have unusual properties.20 Due to the fact
that the data in Ref. 20 are not clearly given, we state
experimental results in Ref. 20 as follows. In certain cho
0.15 mm range in the CuO2 plane of 83 KTc underdoped
B2212 (x50.125) the gap is nearly temperature independ
PRB 580163-1829/98/58~13!/8812~8!/$15.00
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up toTc , and PG is about 70 meV at 293 K.20 For 74.3 KTc

overdoped B2212 (x50.209) PG is not zero.20

Many theoretical explanations for PG have be
proposed.24–33 Some authors24–27 believe that the spinons
form singlet pairs well aboveTc , with superconductivity set-
ting in only when there is the holon Bose condensation
Tc . Some authors attribute PG to the ordinary band ga28

however, the fourth feature seems to not qualitatively s
port it. Using an assumed local pairing potential, the q
sispin Monte Carlo simulation shows that the uncorrela
bound hole pair can be produced aboveTc ;29 however, its
relation betweenT* andx is opposite to the second featur
According to the SO~5! symmetry theory of superconductiv
ity and antiferromagnetism~AF!, T* is identified with the
temperature at which the superspin amplitude forms.30 How-
ever, whether or not thet-J model, or the single band Hub
bard model, from which the approximate SO~5! symmetry is
derived, can correctly describe the high-Tc superconductivity
has not yet been completely determined.34 The phenomeno-
logical theories proposed in Refs. 31–33, completely in
pendent of any superconductive mechanisms, conclude
there are Cooper pairs without, and with long-range ph
coherence~LRPC! betweenT* and Tc , and belowTc , re-
spectively. However, Ref. 25 thinks that the superconduc
state is destroyed by thermal excitation of just the low lyi
quasiparticles, and believes its scenario is better than
phase coherence scenario in Refs. 31–33.

Based on detailed consideration of the temperature de
dence for TLSMI in Refs. 35–44, and numerical solution
BCS gap equation, this paper explains all the fourteen f
tures, and some explanations are even quantitative.
theory supports the theory in Refs. 31–33, and conclu
that the gaps without and with LRPC are the solutions
different temperature ranges of the same BCS gap equa
This paper gives three predictions. First, the temperature
pendence of the gap at 0,T,T* is of three types, and two
of them deviate from BCS type seriously. Second, the ma
mum value of the gap at 0,T,T* for B2212 is along the
direction about 10° rotating from the Cu-O bond instead
0° in spin fluctuation theory.34,45 Third, there might be a
8812 © 1998 The American Physical Society
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PRB 58 8813MECHANISM OF THE PSEUDOGAP AND POSSIBLE 61 . . .
weak Meissner effect in the range ofTc,T,T* . The most
unusual property in the first prediction is the existence o
61 meV PG at 300 K for the B2212 sample withTc50 and
x50.025.

II. TWO-LOCAL-SPIN-MEDIATED INTERACTION
MECHANISM

Using the extended Abrikosov’s pseudofermion meth
in the Appendix and Refs. 35–37, Liu showed that there
an attractive two-nearest-Cu11-local-spin-mediated interac
tion ~TLSMI! between two Ops holes withk↑ and 2k↓ in
the AF CuO2 plane, and the high-Tc is caused by
TLSMI.38–44 For readers’ convenience we write down t
major formulas in Refs. 38–44. The formula of TLSMI h
been given in Refs. 40 and 44, and is quoted as follows

Ukk852A~T!Fkk8 , ~1!

A~T!5
0.5JJK

2 ~11C!N9/N8w~J/T!

T218JJK
2 (

kp
g~k,p!/$1132p2JK

2 @N~EF!#2 h~q!%

,

~2!

g~k,p!5S 1

2NCu
D 2 f @«~k!2EF#F1~k!F1~p!F5~k!F5~p!

«~k!2«~p!
,

~3!

h~k!5@cos~kxa/2!cos~kya/2!#4, ~4!

Fkk85(
i 51

4

Fi~k!Fi~k8!F5~k!F5~k8!, ~5!

F1~k!5cos~kxa!cos~kya,! ~6!

F2~k!5sin~kxa!sin~kya!, ~7!

F3~k!5sin~kxa!cos~kya!, ~8!

F4~k!5cos~kxa!sin~kya!, ~9!

F5~k!5cos2~kxa!cos2~kya!, ~10!

wherea is the nearest distance between two oxygen atom
the CuO2 plane,NCu is the number of Cu11 in the CuO2
plane,k, p, andq are wave vector in the Brillouin zone o
the oxygen lattice, f~x! is Fermi distribution,«(k) energy of
Ops holes, EF Fermi energy,N(EF) density of states,C
weak tunneling coupling between two CuO2 planes if the
cuprates have two CuO2 planes in a unit cell,J coupling
constant between two nearest neighbor Cu11s, JK cou-
pling constant between local Cu11 spin and mobile Ops hole
spin. The bar represents the average on a Fermi surfaceN9
andN8 are the number of Cu11 pairs in the nearest neighbo
and the total number of Cu11 in a cluster being of AF shor
range order,j, respectively. The curves ofN9/N8 vs j have
been given in Refs. 40 and 44.w(J/T)511 f 1 / f 2 is the
transformation factor in Eq.~A41! of the Appendix.

The BCS equation of the gap function is
a

d
s

in

D8~T,k!52(
k8

Ukk8D8~T,k8!

2m~T,k8!
tanh

m~T,k8!

2T
, ~11!

m~T,k!5A@«~k!2EF#21uD8~T,k!u2. ~12!

The solution of Eq.~11! is a true gap with an undeter
mined phase. Therefore the temperature determined by
zero gap condition is, generally speaking,T* , which is dif-
ferent fromTc . If T<Tc , the gap is of LRPC because th
system is in a superconductive state. IfT* .T.Tc , then the
gap is not of LRPC. As we know, the superconductivity
the high-Tc cuprates needs LRPC besides the gap. The n
zero gap condition is only a necessary condition. Therefo
the reasonable relation betweenT* andTc is T* >Tc . The
main solution of Eq.~11! has already been given in Refs. 4
and 44, and is quoted as follows:

D8~T,k!5D~T!F2~k!F5~k!, ~13!

In the 45°-rotating coordinate system corresponding to
Cu-O bond, F2(k8)5@cos(kx8a8)2cos(ky8a8)#/2, i.e., the
simple d-wave in many high-Tc mechanisms.34,45,30The a8
is the nearest distance between two Cu11’s. Equation~13! is
called a composited-wave gap because of the extraF5(k)
factor. Although all the formulas from Eqs.~1! to ~13! have
been given in Refs. 38–44, our previous calculations igno
two important temperature dependences, i.e., we t
w(J/T)511 f 1 / f 251 in Eq.~2!, andT50 K for the Fermi
distribution in Eq.~3!, and we therefore have not yet ob
tained PG from the solution of the BCS gap equation in Re
38–44. Considering the temperature dependence ofw(J/T)
and the Fermi distribution, this paper not only shows t
existence of PG but also explains all the fourteen feature
PG. The most unusual prediction in this paper is the ex
tence of 61 meV PG at 300 K for underdoped B2212 w
Tc50.

III. THE VALUES OF PARAMETERS

The values of parameters appearing in Eq.~11! can
be determined by experiments basically. The obser
Fermi surface of B2212 withx50.2 is 23.12@cos(kx8a8)
2cos(ky8a8)#5EF520.28 eV.46 Because of using the
B2212 Fermi surface, the quantitative comparison
our theory with experiments for materials other than B22
has only reference value. The dependence ofEF on x can
be determined by the rigid band consideration.J is a func-
tion of x, J(x)5J(0)(121.77x) for x,0.28.47 J(0)
50.12 eV at x50.48 j5a8/Ax if x,0.15.49 j,a8/Ax
if x.0.15.50 C50.1. JK5t2/@1/(Ud2«p1«d22Vo)
11/(«p2«d1Up)#.51–54 «p2«d51.6 eV, Ud512 eV,
Up58.7 eV, Vo53.6 eV, andt51.4 eV,55 and therefore
JK50.78 eV. Many authors use the empirical formula,Tc
5Tc,max@1282.6(x20.16)2#, to estimate experimentalx
from observedTc ,5 and this paper will do so as well.
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IV. EXPLANATIONS
FOR THE FOURTEEN FEATURES OF PG

Based on a great quantity of numerical calculations
Eq. ~11!, many features among the fourteen features can
explained by only one word. Let us explain the fourte
features of PG one by one. The difference between the si
and the double CuO2 planes in one unit cell is only inC
50 or 0.1 in Eq.~2!, thus both the single and the doub
cases should have PG. Figure 1 shows that the lower thx,
the higher theT* for x.0.056. Because the applied pressu
p causes extra holes to be pushed into the CuO2 plane,11 i.e.,
dx/dp.0, we havedT* /dp,0 for x.0.05 from Fig. 1.
Although Cooper pairs betweenT* andTc lose LRPC, and
therefore the global superconductive state, they can still h
short-range phase coherence, and therefore there is supe

FIG. 1. Phase diagram of B2212. The solid line is our theo
ical curve of T* vs x. The dashed line is given byTc593@1
282.6(x20.16)2#. The above two curves coincide betweenx
50.20 and 0.27. The data ofT* vs x are from Ref. 9~solid square!
and Ref. 2~square!. BecauseT* at x50.056 given in Ref. 2 is only
larger than 301 K, we put a question mark for the datum. All
data are for B2212. The states in range 1, 3, and 5 are supe
ductive, normal, and insulating with long-range AF order~Ref. 56!,
respectively. There are Cooper pairs without long-range phase
herence in the range 2. The range 4 is a special insulating sta
which a Coulomb gap appears to add or to subtract a Cooper
from a given domain~Ref. 33!.

FIG. 2. Dependence of PG and the gap onT for B2212.D(T) is
the maximum value of our composited-wave PG and the gap. Th
curves 1, 2, and 3 are forx50.056, 0.125, and 0.188, respectivel
The corresponding data are from Ref. 2.
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ductive state in many small regions, which leads to the
crease of dc resistivity. It is obvious that there is no sepa
tion of charge and spin in our theory; therefore PG is not
single spin channel. The absolute values of the gap and P
Tc are identical because the gap and PG all are the unif
solution with different phases of Eq.~11!; therefore there is
no energy jump of the gap into PG atTc . Our theory can
give complex temperature relation of PG shown in Figs
and 3 because our theory has three new temperature fac
Fermi distribution,w(J/T), andT2 in Eq. ~2!, which do not
exist in the ordinary BCS theory. Figure 4 shows that t
higher thex, the lower theEg for x.0.075, decreasing to
zero atx50.2. Figure 5 shows that 2D(0 K)/Tc580 at x
50.056, which is much larger than the ordinary BCS 3.5
Note that the values of 2D(0 K)/T* is still a little larger
than 3.54. Figure 6 shows that the gap at 0 K decreases with
increasing x, or Tc , at 0.08<x<0.16, or 43.8 K<Tc
<93 K. The data in Fig. 7 indicate that PG is of anisotrop
and, especially, PG has a maximum at about 10° instea

t-

n-

o-
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air

FIG. 3. Dependence of PG onT for B2212. The curves 1, 2, and
3 are forx50.05, 0.025, and 0.01, respectively.

FIG. 4. Dependence of PG atTc , i.e., Eg , on x. The data are
from Ref. 5. The solid circle is for B2212, the circl
YBa2Cu3O72d , the square Tl2Ba2CaCu2O82d , the solid diamond
La22xSrxPCaCu2O6 , the small solid square HgBa2Ca2Cu3O82d ,
and the large square YBa2Cu4O8 .
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PRB 58 8815MECHANISM OF THE PSEUDOGAP AND POSSIBLE 61 . . .
0°. At present the experimental maximum direction of P
has not yet been determined. Some experiments indicate
the maximum is at about 10 °,2,21–23however, other experi-
ments are just at 0°.3,4,23 It is interesting to note that Ref. 2
gave all the two maximum directions for different sample
The absence of isotope effect in PG is obvious because
comes from TLSMI which is independent of the phonon. W
guess that some high-Tc cuprates such as LaBa2Cu3O8 have
PG for overdoped samples because their Fermi surface
some variations in comparison with the nesting structure.
explain the fourteenth feature we have to know an exp
mental fact, i.e., the gap’s values at different locations in
CuO2 plane are different.57–59 This fact has been explaine
by considering that the different locations have different
short-range coherence length, and, therefore, different va
of TLSMI.43 j5a8/Ax5a8/A0.12552.83a8 is only a prob-
able value. In fact, there are some different values ofj in the
CuO2 plane. Ifj52.83a8, thenN9/N851.325 from the dia-
gram ofN9/N8 vs j. Using this value, we obtain the curve
of Fig. 2. However, if a certain range in the CuO2 plane has

FIG. 5. The curve 1 is 2D(0K)/Tc vs x. The circle is from Ref.
17, the solid circle Ref. 9, and the square Ref. 2. The curve
2D(0 K)/T* vs x. The solid square is from Ref. 9, and the so
diamond Ref. 2. All the data are for B2212.

FIG. 6. Dependence of 2D(0 K) on x. The solid circle~Ref. 9!,
the square~Ref. 17!, the solid square~Ref. 4! are for B2212, and the
circle ~Ref. 10! is for Y0.8Ca0.2BaCu3O72d .
hat
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j56.1a8 instead of 2.83a8, then the curve 2 in Fig. 2 be
comes the curve 1 of Fig. 8. The gap in the curve 1 of Fig
has only a little change belowTc583 K. If N9/N851.4 and
JK51.1 eV, then we obtain the curve 2 of Fig. 8 which fi
the experiment in Ref. 20 better than the curve 1. The
can exist at some locations in the CuO2 plane of the over-
doped B2212 samples because the locations can have m
larger value ofj than the probable one. Due to that we d
not know the exact values ofj,J,JK; the above explanation
for the fourteenth feature is only a principle explanatio
Here we should stress that, considering thatj52.83a8 is the
probable value, at most locations in the CuO2 of the 83 KTc
samples used in Ref. 20 the temperature relation should
given by the curve 2 of Fig. 2 rather than the curves of F
8.

V. PREDICTIONS

The curves in Fig. 3 are our predictions. In fact, t
curves in Fig. 2 are also our predictions because of the la
error bars. The values of the curve 1 in Fig. 2 at 50 K an
K are 1.006 and 1, respectively; the values of the curve 1

is
FIG. 7. Anisotropy of PG. The solid line is our theoretical com

posite d-wave curve forx50.125. The dashed line is the simp
d-wave curve in Refs. 34 and 45 forx50.125. The data are fo
B2212 ~Ref. 2!.

FIG. 8. Dependence of PG and the gap onT for certain chosen
locations in the CuO2 of B2212 withx50.125.D(T) is the maxi-
mum value of our composited-wave PG and the gap. The curve
is for j56.1a8 andJK50.78 eV. The curve 2 is forj53.6a8 and
JK51.1 eV.
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Fig. 3 at 50 K and 0 K are 32.65 and 32.26 meV, resp
tively; therefore the curves have two maximums and o
minimum. Therefore, our curves in Figs. 2 and 3 show t
the temperature dependences of the gap at 0,T,T* have
three types, i.e., the curves with two maximums and o
minimum, with one maximum, and without any extrem
value. Figure 3 manifests that PG at 300 K can be 61 m
for the B2212 sample withTc50 andx50.025.

Our theory predicts that the direction of the gap maxim
value for B2212 should be at a direction about 10° rotat
from the Cu-O bond, while the simpled-wave symmetry in
Refs. 34, 45, and 30 just at Cu-O bond direction. At pres
some experiments2,21–23 support the former, and othe
experiments3,4,23 support the latter. The direction of th
maximum gap direction is of extreme importance beca
the symmetry of the order parameter is determined by su
conductive mechanism.

Although there is no LRPC atT.Tc in the range 2 of Fig.
1, the order parameter can have short-range phase coher
There is superconductivity in the regions being of sho
range phase coherence. At present we do not know the
of the small regions being of short-range phase coherenc
the size of the small regions are much larger than the p
etration depth, then a weak Meissner effect should be
served.

VI. DISCUSSIONS

It is interesting to note that our mechanism of pseudo
mainly depends on AF, therefore, in principle, our theo
points out that any AF materials have the possibility of be
the pseudogap. The AF materials, Fe12xS(Tc at 110 K!,60

CuCl2 at high pressure~Meissner effect at 140 K!,61

Rb3C60,
62 are examples. Due to the same reason our the

can also in principle explain the pseudogap in supercond
tive and AF quasi-2D organic systems, (ET)2X,63,64 and
heavy fermion system UPt3 .65

APPENDIX A: EXTENDED ABRIKOSOV’S
PSEUDOFERMION METHOD

In this appendix we extend Abrikosov’s pseudofermi
method to deal with the case of coexistence of both Kon
Hamiltonian and Heisenberg Hamiltonian, and give the
vious transformation factor.

The local spin operatorŜi at sitei is represented in Abri-
kosov’s representation as35

Ŝi5(
ab

Sabdia
1 dib , ~A1!

whereS is spin matrix vector, anddia
1 anddia are creation

and annihilation operator of quasiparticle with spina at site
i . Becausedia

1 anddia satisfy the following anticommutation
rules, the quasiparticle is called pseudo-fermion:

@dia
1 ,dj b#15d i j dab , ~A2!

@dia
1 ,dj b

1 #15@dia ,dj b#150. ~A3!

Let the local spin magnitude be12 . The pseudofermion stat
at sitei can be written as
-
e
t

e

V

g

t

e
r-

nce.
-
ize
. If
n-
b-

p

g

ry
c-

o
-

un& i5un↑n↓& i . ~A4!

The↑ pseudofermion numbern↑50 or 1.n↓50 or 1. u01& i
and u10& i are called physical spin states.u00& i and u11& i are
called false spin states because we deal with the spin stat
site i always having one local spin with a magnitude of1

2 .
The generic form of a Hamiltonian containing local sp

operator is

H5H01HKondo1HHeisenberg, ~A5!

H05(
ka

«kcka
1 cka , ~A6!

HKondo5
JK

Nc
(

ikk8abdg

sW ab•Ŝicka
1 ck8bei „k2k8…–Ri, ~A7!

HHeisenberg5J(
i j

Ŝi•Ŝj , ~A8!

whereH0 is the free carrier Hamiltonian,«(k) the dispersion
relation,sW the Pauli matrix vector, andNc the cell number in
a lattice. In Eq.~A8! only the nearest neighbor interaction
considered.

The statistical operators of noninteracting and interact
system are, respectively,

r05e2~H02mN!/T, ~A9!

r5e2~H2mN!/T, ~A10!

wherem is the chemical potential andN the carrier number
operator. The full average of an operatorR on both the
physical and the false spin states is defined as

^R& f5
Tr f~rR!

Tr f~r!
, ~A11!

^R&0
f 5

Tr f~r0R!

Tr f~r0!
, ~A12!

Tr f~••• !5TrATr ~1!~2! . . . ~••• !, ~A13!

TrA~••• !5(
$A%

^Au•••uA&, ~A14!

Tr ~1!~2! . . . ~••• !5(
$n%

^nu•••un&, ~A15!

whereuA& is the eigenstate ofH0 andun& the spin eigenstate
of the pseudofermion operators at all local spin sites enum
ated by the numbers in the left side of Eq.~A15!. Note that
un& contains both the physical and the false spin states

un&5un&1un&2 . . . , ~A16!

Tr ~1!~••• !51^00u•••u00&111^11u•••u11&111^10u•••u10&1

11^01u•••u01&1 , ~A17!

Tr ~1!8~••• !51^01u•••u01&111^10u•••u10&1 , ~A18!
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PRB 58 8817MECHANISM OF THE PSEUDOGAP AND POSSIBLE 61 . . .
Tr ~1!9~••• !51^00u•••u00&111^11u•••u11&1 , ~A19!

where we use a single prime to represent the physical
states, and a double prime the false spin states. The phy
average ofR, ^R&, should be taken onuA& and the physical
spin states

^R&5
Tr~rR!

Tr~r!
, ~A20!

^R&05
Tr~r0R!

Tr~r0!
, ~A21!

Tr~••• !5(
$A%

^Au(
$n8%

^n8u•••un8&uA&. ~A22!

Becauseun8& is only a subspace of the pseudo-fermion o
erator, i.e., the physical spin state, we cannot use the lin
cluster expansion theorem in the calculation of^R&.

In the following we show

^R&2^R&05w~J/T!~^R& f2^R&0
f !, ~A23!

and derive the expression ofw(J/T). AssumingR is inde-
pendent of the local spin operator, we know from definitio
that ^R&05^R&0

f . ^R& can be rewritten as

^R&5
Tr~rR!

Tr f~rR!

Tr f~r!

Tr~r!
^R& f . ~A24!

All local spin sites are equivalent. At any local spin site the
is the same scattering between carrier and local spin and
same coupling between local spins. Let us choose a conc
local spin site such as 1. We study how to eliminate
effect of the false local spin states on the statistical avera
The Green’s function may also be regarded as the statis
average of a certain operator. From definitions we have

Tr f~r!5TrATr ~2!~3! . . .Tr ~1!9~r!1TrATr ~2!~3! . . .Tr ~1!8~r!.
~A25!

Our aim is to use the pseudo-fermion representation
the local spin operator to study scattering between car
and local spin in magnetic ordering states in the text.
magnetic ordering states single spin flip is prohibited due
the energy minimum principle. Therefore for our aim we c
only consider thez component of the local spin operator
Hamiltonians in Eqs.~A7! and ~A8!. The operations of
(abSab

g dia
1 dib with g5x,y,z on u00& i or u11& i are zero,

which can be verified by direct calculations. From the abo
considerations we can rewrite Eq.~A25! as

Tr f~r!5TrA~r0!2 f 11TrA~r08! f 2 , ~A26!

f 15Tr ~2!~3! . . . ~e2JX!, ~A27!

X5
1

T (
2< i , j

Siaa
z Sj bb

z dia
1 diadj b

1 dj b , ~A28!

where the double subscript means spin summation,

f 25Tr ~2!~3! . . . ~e2JY!, ~A29!
in
cal

-
ed

s

e
he
ete
e
e.
al

r
er
n
o

e

Y5X1
1

2T ( 8
j

Sj aa
z dj a

1 dj a , ~A30!

where the prime means summation ofj only over the neares
neighbors of site 1,

r085e2~H02mN1E!/T1e2~H02mN2E!/T, ~A31!

E5
JK

2Nc
(
kk8

saa
z cka

1 ck8ae2 i ~k2k8!•R1, ~A32!

Tr~r!5TrA~r08! f 3 , ~A33!

f 35Tr ~2!8~3!8 . . . ~e2JY!. ~A34!

After some basic derivations we have

TrA~r08!

TrA~r0!
52. ~A35!

From Eqs.~A26!, ~A33!, and~A35! we have

Tr f~r!

Tr~r!
5

f 11 f 2

f 3
. ~A36!

In analogy with Eqs.~A26! and ~A33! we obtain

Tr f~rR!5TrA~r0R!2 f 11TrA~r08R! f 2 , ~A37!

Tr~rR!5TrA~r08R! f 3 . ~A38!

From Eqs.~A37!, ~A26!, and~A35! we have

TrA~r08R!

TrA~r0!
5

^R& f~2 f 112 f 2!2^R&0
f 2 f 1

f 2
. ~A39!

From Eqs.~A37! and ~A38! we have

FIG. 9. A numbered square lattice. The crossing points of t
lines are the sites of the local spins.
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Tr~rR!

Tr f~rR!
5

f 3

TrA~r08R!

TrA~r0!

2 f 1^R&0
f 1 f 2

TrA~r08R!

TrA~r0!

. ~A40!

Substituting Eqs.~A40!, ~A39!, and ~A35! into Eq. ~A24!,
and considerinĝR&0

f 5^R&0 , we have
2
s

d
p-

H

C

d

,

a-

a-

ica

t-

y,

.

d

J.
ki
^R&2^R&05S 11
f 1

f 2
D ~^R& f2^R&0

f !. ~A41!

f 1 and f 2 are dependent on the distribution of local spins. W
take a square lattice as an example to calculatef 1 and f 2 .
Number the local spins as shown in Fig. 9. Using th
neighbor approximation of site 1, and considering symme
of the square lattice, we obtain
f 15$Tr ~2!~6!~7!~11!@e2~J/T![S2aa
z d2a

1 d2a~S6bb
z d6b

1 d6b1S7bb
z d7b

1 d7b1S11bb
z d11b

1 d11b!] #%4, ~A42!

f 25$Tr ~2!~6!~7!~11!@e2~J/T![S2aa
z d2a

1 d2a
(S6bb

z d6b
1 d6b1S7bb

z d7b
1 d7b1S11bb

z d11b
1 d11b11/2)]#%4. ~A43!

Considering the definition of the trace for the pseudofermion operators in Eqs.~A15!, ~A16!, and~A17!, and completing the
trace operations in Eqs.~A42! and ~A43!, we have

f 15@168130~e2J/4T1eJ/4T!112~e2J/2T1eJ/2T!12~e23J/4T1e3J/4T!#4, ~A44!

f 25@158138~e2J/4T1eJ/4T!14~e2J/2T1eJ/2T!16~e23J/4T1e3J/4T!1e2J/T1eJ/T#4. ~A45!
d

is-

F.
d-
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