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Theoretical temperature-electric-field phase diagram for betaine calcium chloride dihydrate

D. G. Sannikov* and G. Schaack
Physikalisches Institut der Universita¨t Würzburg, Am Hubland, 97074 Wu¨rzburg, Federal Republic of Germany

~Received 22 January 1998; revised manuscript received 6 April 1998!

Theoretical phase diagrams for betaine calcium chloride dihydrate in the presence of an external electric
field are calculated. A phenomenological approach applied earlier by the present authors@J. Phys.: Condens.
Matter10, 1803~1998!# for the construction of the temperature-pressure phase diagram, which is in agreement
with the experimental diagram, is used. Expressions for thermodynamic potentials of different phases and for
boundaries between these phases are given in an explicit or parametric form. The theoretical temperature-
electric-field phase diagram is plotted and is compared with the experimental diagram.
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I. INTRODUCTION

BCCD, ~CH3!3NCH2COO•CaCl2•2H2O, is well known
for its sequence of incommensurate~IC! and many commen
surate (Cm/ l) phases. The experimental temperatu
(T)-electric-field (Ey) phase diagram was determined r
cently at different values of pressureP from dielectric
measurements.1 It is shown schematically in Fig. 1 forP
50. The main specific feature of this diagram is that t
regions of existence of commensurate phases, which ha
spontaneous polarizationPy ~along the field direction! in-
crease asEy grows. TheseCm/ l phases withPyÞ0 are char-
acterized by the dimensionless wave numberq5qm/ l5m/ l
52/7, 2/9, 2/11, 0/1; theC0/1 phase is the low-temperatur
phase withq50.

Several research groups have investigated the influenc
Ey in BCCD and in partially and fully deuterated BCCD.2–7

Dielectric3,4,6 and pyroelectric2,4 methods and elastic neutro
scattering5–7 were used and similar results for the extens
of the polarCm/ l phases were obtained. It was also observ
that the fieldEy can induce newCm/ l phases with largel
values. The experimentalT-E phase diagram was con
structed in Ref. 6 for the values 0, 2, and 4 kV cm21 of the
field Ey .

If the standard settingabc for the space groupD2h
16 is

used, then the space groups arePnma for the C phase and
Pn21a (C2v

9 ) for the C0/1 phase. The possible space grou
of otherCm/ l phases are tabulated in Ref. 8. The wave vec
of the IC phase iskz5qc* . Note, that forEyÞ0 the sym-
metry of the initialC andC0/1 phases becomes identical, s
that both phases merge into oneC phase.

The main idea of the phenomenological approach as
cussed in Ref. 8 is the following. Two different approach
for the description of the IC phase transitions are applied
us. One provides thermodynamic potentials for theC and IC
phases, the other gives the potentials for theCm/ l and the IC
phases. Both approaches have to provide precisely the s
expressions for the IC phase potential. Thus the thermo
namic potentials for all possible phases are obtained w
self-consistent coefficients.

The aim of this paper is to construct theoretical pha
diagrams for BCCD, starting from the phenomenological
PRB 580163-1829/98/58~13!/8313~10!/$15.00
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proach and considering the effect of an electric fieldEy .
First we construct the phase diagram in dimensionless c
ficients D and A of thermodynamic potentials~see below!.
Assuming a linear dependence ofD andA on T andP, we
then construct theT-E phase diagram atP50 and compare
it with the experimental diagram1 ~Fig. 1!.

II. THERMODYNAMIC POTENTIALS

Expressions for thermodynamic potentials of all possi
phases in BCCD have been derived in Ref. 8. Here we
the same notations as in Ref. 8. The potential of theC and
C0/1 phases has the form

FC5aPy
21 2

3 bPy
42PyEy , ~2.1!

where Py is a homogeneous component of a polarizat
vector, provided the external field is assumed to be homo
neous, i.e., independent ofz.

For the IC phase we use a single harmonic approximat

Py~z!5p1&r cos~qc* z1c!, ~2.2!

where the amplituder, phasec, and wave numberq are
independent ofz, while p is induced by the external field
Ey . Then the potential of the IC phase has the form

F IC5a~q!r21br41ap21 2
3 bp414br2p22pEy ,

~2.3!

where

FIG. 1. ExperimentalT-Ey phase diagram for BCCD from
Ref. 1.
8313 © 1998 The American Physical Society
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a~q!5a2dq21kq4 ~2.4!

and it is necessary to assumeb.0,k.0, and alsod.0.
The form of the potentials of theCm/ l phases depends on them/ l value considered, i.e., whetherm or l is even~1! or odd

~2!:

Fm2 / l 1
5a~qm2 / l 1

!R21bR42ã2l8 R2lcos 2lw2b5uzxR
lcos lw1c5uzx

2 2b1PxR
lsin lw1c1Px

21aPy
21

2

3
bPy

4

14bR2Py
22PyEy , ~2.5!

Fm2 / l 2
5a~qm2 / l 2

!R21bR42ã2l8 R2lcos 2lw2b6uxyR
lsin lw1c6uxy

2 1aPy
21

2

3
bPy

414bR2Py
22PyEy , ~2.6!

Fm1 / l 2
5a~qm1 / l 2

!R21bR42ã2l8 R2lcos 2lw2b2PyR
lcos lw2b4uyzR

lsin lw1c4uyz
2 1aPy

21
2

3
bPy

414bR2Py
22PyEy .

~2.7!
n

us
ic
e -

l

ext.
ed

d

n-
Here R and w are polar coordinates of a two-compone
order parameter. We assume that only one external forceEy
is nonzero.

III. PARTIALLY MINIMIZED POTENTIALS

We now minimize the potentials given in the previo
section with respect to those variables, for which the expl
expressions can be obtained, and thus partially simplify th
potentials. Minimizing potential Eq.~2.3! with Eq. ~2.4! of
the IC phase with respect toq we obtain the equilibrium
values ofq:

q25d/2k[q0
2 , a0[d2/4k5kq0

4 , ~3.1!

where the notationa0 is introduced, which will be used in
the following. Substituting Eq.~3.1! into Eqs.~2.3! and~2.4!,
we get

a~q0!5a2a0 . ~3.2!

Minimizing the potentials~2.5!–~2.7! of the Cm/ l phases
with respect to the variablesuzx and Px in Eq. ~2.5!, uxy in
Eq. ~2.6!, anduyz in Eq. ~2.7! we obtain

uzx5~b5/2c5!Rlcos lw, Px5~b1/2c1!Rlsin lw,
~3.3!

uxy5~b6/2c6!Rlsin lw, uyz5~b4/2c4!Rlsin lw.

Substituting Eq.~3.3! into Eqs.~2.5!–~2.7!, we get

Fm2 / l 6
5a~qm2 / l 6

!R21bR42a2l8 R2lcos 2lw1aPy
2

1
2

3
bPy

414bR2Py
22PyEy , ~3.4!

Fm1 / l 2
5a~qm1 / l 2

!R21bR42a2l8 R2lcos 2lw

2b2PyR
lcos lw1aPy

21
2

3
bPy

414bR2Py
2

2PyEy , ~3.5!
t

it
se

where

a2l8 5ã2l8 1b5
2/8c52b1

2/8c1 ,

a2l8 5ã2l8 2b6
2/8c6 , ~3.6!

a2l8 5ã2l8 2b4
2/8c4

for Fm2 / l 1
, Fm2 / l 2

, andFm1 / l 2
, respectively. The expres

sions for the potentials of theCm2 / l 1
andCm2 / l 2

phases are
joined in one because of their similar form.

Minimizing the potentials~3.4! with respect tow, we ob-
tain for two possible phasesc1 andc2 of eachCm/ l phase the
solutions

cos 2lw51, cos 2lw521 ~3.7!

for c1 andc2 , respectively. The phasesc1 andc2 are stable
at a2l8 .0 and a2l8 ,0, respectively. Minimizing potentia
~3.5! with respect tow, we obtain for phasec1 the solution

sin lw50, coslw5b2 /ub2u. ~3.8!

At Ey50 phasec1 is stable ata2l8 .0, so that we assume
a2l8 .0 to be valid in this case. The solution for phasec2 is
more complicated and we do not use it in the present cont
The point is that allCm1 / l 2

phases that have been observ

in experiment are polar (PyÞ0). This is established beyon
doubt for the phases withm/ l 52/7, 2/9, 2/11, 2/13~see Ref.
1!, and 4/15~see Refs. 3 and 4! and is also evident for 6/23
~see Refs. 3 and 10!. As a consequence, we shall only co
sider phasec1 of the Cm1 / l 2

phases.

By using Eqs.~3.7! and ~3.8!, solutions~3.3! for Pi and
ui j take the form

c1 : uzx56~b5/2c5!Rl , Px50,

c2 : Px56~b1/2c1!Rl , uzx50;
~3.9!

c1 : uxy50, c2 : uxy56~b6/2c6!Rl ;

c1 : uyz50
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for Cm2 / l 1
, Cm2 / l 2

, andCm1 / l 2
phases, respectively. Th

signs6 relate to different domains. In all casesPyÞ0 ~see
below!. Substituting Eq.~3.7! into Eq. ~3.4!, and Eq.~3.8!
into Eq. ~3.5!, we arrive at the expression

Fm/ l5a~qm/ l !R
21bR42ua2l8 uR2l2ub2uPyR

l1aPy
2

1
2

3
bPy

414bR2Py
22PyEy , ~3.10!

where we join the potentials for allCm/ l phases in one ex
pression, thus lowering the number of expressions to be c
sidered. We have to bear in mind that the coefficientb2Þ0
only for Cm1 / l 2

phases, while forCm2 / l 1
and Cm2 / l 2

phasesb250.

IV. SET OF EQUATIONS

In the previous section we have partially simplified t
expressions for the thermodynamic potentials: Eq.~2.1! of
the C5C0/1 phase, Eqs.~2.3! and~3.2! of the IC phase, and
Eq. ~3.10! of the Cm/ l phases. It is convenient to introduc
dimensionless variables and coefficients which bring th
potentials into the following form:

fC52~A2D2!P0
21

2

3
P0

42P0E, ~4.1!

f IC52AR21R42~A2D2!P21
2

3
P414R2P22PE,

~4.2!

fm/ l52ARl
21Rl

42~A2D2!Pl
21

2

3
Pl

414Rl
2Pl

22PlE

1$~D2qm/ l
2 !2Rl

22~2Al !
l 21Rl

2l2~2Bl !
l /221Rl

l Pl%,

~4.3!

where

FC,IC,m/ l5fC,IC,m/ lF0 , Ey5EE0 ,

Py ,p,r,R,Py5~P0 ,P,R,Rl ,Pl ,!R0 ,
~4.4!

F0[
k2

b
, E0

2[
k3

b
, R0

2[
k

b
, D[

d

2k
, A[

a02a

k
,

Al[
k

2b S ua2l8 u
k D 1/~ l 21!

, Bl[
k

2b S b2
2

kb D 1/~ l 22!

.

for C, IC, andCm/ l phases, respectively.
A somewhat different phenomenological approach for

description of theC, IC, Cm/ l phase transition sequence in a
applied electric fieldE was used earlier in Ref. 6. The a
sumptionPy(z)5R cosqz is made by the authors of Ref.
when deriving potentials of theCm/ l phases, which is no
consistent with the requirement that the polarization has
be independent of the coordinates in theCm/ l phases. Under
such an assumption the improper polarization, the polar
tion induced by the external electric fieldE, and the interac-
tion of these constant components ofP with E are neglected.
n-

e

e

to

a-

In addition, in Ref. 6,ua2l8 uR2l andub2uRl have been approxi-
mated byae f f8 R4 and be f fR

4, respectively. A constantP
induced byE and the interaction energy ofP with E have
also been neglected when deriving the potential of the
phase~see above!. Moreover, besides the usual temperatu
dependence ofa also the coefficientd @Eq. ~3.1!# depends on
T but with an even strongerT dependence@see Fig. 2~a!#,
which has not been taken into account in Ref. 6.

Nevertheless, the theoreticalT-E phase diagram con
structed in Ref. 6 has some similarity with theT-E diagram
as presented here in Fig. 3. Unfortunately, no informat
can be found in Ref. 6 on the construction of the diagram
the phase sequence atE50 and the temperature interva
were taken from the experiment, then a specific choice of
potentials will only affect the form of the boundaries b
tween neighboring phases. It is just the form of the ph
boundaries that makes the difference between Fig. 12 in
6 and Fig. 3.

Minimizing now potentials~4.1!, ~4.2!, and~4.3! with re-
spect to the corresponding variables, we obtain the se
equations that determines equilibrium values of these v
ables:

]fC /]P0522~A2D2!P01
8

3
P0

32E50, ~4.5!

]f IC /]P522~A2D2!P1
8

3
P318PR22E50,

~4.6!

]f IC /]R52R~2A12R214P2!50, ~4.7!

]fm/ l /]Rl52RlF2A12Rl
214Pl

21H ~D2qm/ l
2 !2

2 l ~2AlRl
2! l 212

l

2
~2BlRl

2! l /221Pl J G50,

~4.8!

]fm/ l /]Pl522~A2D2!Pl1
8
3 Pl

318PlRl
22E

2$~2BlRl
2! l /221Rl

2%50. ~4.9!

By solving this set of equations~4.5!–~4.8! together with
the equations for the boundaries between different pha
we can construct the phase diagram in theD-A plane at fixed
values ofE and give values of the parametersAl and Bl ,
while the value ofqm/ l is known in every case. Only on
parameterAl for m2 / l 1 andm2 / l 2 and two parametersAl
andBl for m1 / l 2 describe eachCm/ l phase and have to b
chosen in such a way as to provide the best agreemen
tween theoretical and experimental phase diagrams.

V. C-IC BOUNDARY

We consider the set of equations~4.5!–~4.7! together with
an equation for the boundary betweenC and IC phases:

fC5f IC , ~5.1!

wherefC andf IC are taken from Eqs.~4.1! and ~4.2!.
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FIG. 2. D-A phase diagram for different values ofE ~in units of 1026!. ~a! E50, ~b! E55, ~c! E510, ~d! E520, ~e! E530, ~f! E
540, ~g! E550 ~see text!.
It follows from Eq. ~4.7! that

R25A/222P2. ~5.2!

From Eqs.~4.5! and ~4.6!, excluding R2 according to Eq.
~5.2!, we obtain the expressions

A2D25
4

3
P0

22
E

2P0
, A1D25

20

3
P21

E

2P
, ~5.3!
which can be evidently resolved with respect toD2 and A.
Substituting Eqs.~5.2! and ~5.3! into Eq. ~5.1!, we arrive at
the equation

~24PP0!22~P2P0!2@320P2P0
2~P1P0!2

148PP0~5P2P0!E29E2#50. ~5.4!

We consider the first rootP5P0 of this equation. Substi-
tuting it into Eq.~5.3!, we obtain the relation
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D25
2

3
A1A21/2E. ~5.5!

This is the explicit expression for theC-IC boundary at con-
stant EÞ0. This boundary is a line of second-order pha
transitions, since on this boundaryR50, which follows from
Eqs.~5.2! and~5.3! at P5P0 . The line~5.5! asymptotically
approaches theC-IC boundaryA50 at E50 according to
the relationA5E2/D4.

The line of second-order phase transitions, as determ
by Eq. ~5.5!, terminates in the tricritical point~t point!,
where it changes to a line of first-order phase transitions
order to find the coordinates of thet point, we substitute the
root P5P0 into the square brackets of Eq.~5.4!. As a result
we obtain by using Eq.~5.3!

At5~3E/10!2/3, Dt
254At , P0

25P25 1
4 At , R50,

~5.6!

where the values ofP0 , P, and R in this point are also
presented.

We also find the coordinates of the point at which t
tangent to theC-IC boundary is parallel to theA axis in the
D-A plane. We call it them point. Taking the full derivative
of Eq. ~5.1! with respect toA, and using Eqs.~4.5!–~4.7! and
the conditiondD/dA50, which determines them point, we
arrive at P0

25R21P2. It follows from here and from Eqs
~5.2! and ~5.4!, that

Am5
25

4
~3E/14!2/3, Dm

2 5
14

25
Am , ~5.7!

FIG. 2. ~Continued!.
e

ed

In

P0
25

49

100
Am , P25

1

100
Am , R25

12

25
Am ,

where the values ofP0 , P, and R in this point are also
given.

The line of first-order phase transitions, unlike the line
second-order phase transitions, has a parametric repres
tion: it is given by Eq.~5.4! in square brackets. In order t
plot this line in theD-A plane at constantEÞ0, we select a
value of P and obtain the corresponding value ofP0 from
Eq. ~5.4!. The values ofD andA are then obtained from Eq
~5.3!. TheC-IC boundary plotted point by point and also b
using formulas~5.5!–~5.7! is shown in Fig. 2. It is given for
several values of the fieldE. It is also possible to obtain the
explicit expression for the first-orderC-IC phase transition
line, which is asymptotically valid at large values ofA and
D, i.e., far from them point in the form

A5cD22A2~c21!E/D, c[~12A2/3!21'5.45.
~5.8!

It can also be regarded as the expansion of a more pre
expression in a power series inE with taking into account
only the first term linear inE. The explicit expression for the
C-IC boundary atE50 follows from Eq. ~5.8!: A5cD2.
Evidently this can also be obtained from Eqs.~5.3! and~5.4!.

VI. IC- Cm/ l BOUNDARIES

We consider the set of equations~4.6!–~4.9! together with
an equation for the boundary between the IC andCm/ l
phases:

f IC5fm/ l , ~6.1!

wheref IC andfm/ l are determined by Eqs.~4.2! and ~4.3!.
Comparing potentials~4.2! and~4.3!, it becomes evident tha
they differ by the terms in curly brackets. These terms
comparatively small~see below! and we use this fact to de
rive the IC-Cm/ l boundaries.

Solutions of Eqs.~4.6! and ~4.7! for P and R can be
obtained in the form of power series in the fieldE. Solutions
of Eqs. ~4.8! and ~4.9! can be obtained assuming that th
terms in curly brackets are small, and hencePl-P andRl-R
are small quantities. Using these solutions we find from
~6.1! the expression for the IC-Cm/ l boundary in the form
FIG. 3. TheoreticalT-E phase diagram for BCCD.
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~D2qm/ l
2 !25FAl S A2

E2

~A1D2!2D G l 21

1FBl S A2
E2

~A1D2!2D G l /221 E

2~A1D2!

3S 11
5

3

E2

~A1D2!3D1~BlA! l 22
A

8~A1D2!
.

~6.2!

The expressions in square brackets in Eq.~6.2! are not
expanded in a power series inE to prevent the appearance
A in the denominators and thus to get the false impress
that the expansion is invalid at smallA values. In the last
summand of Eq.~6.2! the bulky terms proportional toE2 are
dropped because they are not used here. In the first and
ond summand the terms proportional toE2 are taken into
account mainly in order to demonstrate the conditions
which Eq.~6.2! is valid.

The condition of weak anisotropy implies that the term
in the curly brackets are small as compared to the first t
ARl

2 in Eq. ~4.3!. In the case ofE50 the condition of weak
anisotropy, as it follows from Eq.~6.2!, has the form of two
inequalities:

~AlA! l 21A21!1, ~BlA! l 22@8~A1D2!#21!1. ~6.3!

The first of these inequalities is the condition of we
intrinsic anisotropy, caused by the smallness of the te
ua2l8 uR2l with respect to the terma(qm/ l)R

2 in Eq. ~3.10!.
The second inequality in Eq.~6.3! is connected with the term
ub2uPyR

l in potential~3.10!. The role of this term manifest
itself twice:Py consists of the spontaneous~improper! polar-
ization Ps and the polarizationPE induced by the fieldE. If
Ps is eliminated from the potential atE50, the coefficient
a2l8 is renormalized, i.e., the termb2

2/8(a14bR2) is added
to it. This additional term must be also comparatively sm
as is just expressed by the second inequality in Eq.~6.3!.
@Compare with the argument in Ref. 8, where the sec
inequality in Eq.~6.3! was not considered, since the coef
cientb2 has no independent meaning atE50 and the renor-
malized coefficienta2l8 was considered as an entity witho
dividing it into parts.#

PE and hence the termub2uPERl in potential ~3.10! is
induced by the fieldE. This term has to be small as com
pared to the terma(qm/ l)R

2 in Eq. ~3.10!. This condition is
determined by the first inequality in

~BlA! l /221A21~A1D2!21E!1, E2~A1D2!23!1.
~6.4!
n

ec-

t

m

m

l,

d

HereBl occurs in a combination withE, which is the reason
to give the second inequality separately in Eq.~6.3!. The
second inequality in Eq.~6.4!, which restricts the value ofE,
is the condition of the validity of the expansion ofP andR in
powers ofE ~see above!. The expansion is in fact performe
in terms of the quantity on the left side of the inequality.

It follows from Eq. ~6.2! that the boundaries between th
IC phase and theCm2 / l 1

and Cm2 / l 2
phases (Bl50) are

shifted by the fieldE insignificantly, proportionally toE2.
The shift of the boundaries between the IC phase and
Cm1 / l 2

phases (BlÞ0) is proportional toE and depends

also on the value of the coefficientBl . This shift occurs to
the side of the IC phase so that the area of existence of
Cm1 / l 2

phases increases withE.
The four inequalities~6.3! and ~6.4! determine the range

of validity of formula ~6.2!. Actually, when plotting the
boundary in theD-A phase diagram, we can use the simp
fied expression for the IC-Cm/ l boundaries, where the term
proportional toE2 are omitted:

~D2qm/ l
2 !25~AlA! l 211

1

8
~BlA! l 22

A

A1D2

1
1

2
~BlA! l /221

E

A1D2 . ~6.5!

Note that the denominator inE/(A1D2) is a small quantity
that amplifies the influence of the fieldEy as compared to
other external forces@see Eqs.~2.5!–~2.7!#.

The IC-Cm/ l boundaries plotted by using formula~6.5!
are shown in Fig. 2. The sameE values have been used a
for the plot of theC-IC boundary. The choice of the param
etersAl for theCm/ l phases and ofBl for theCm1 / l 2

phases
is discussed in Sec. IX.

VII. Cm/ l-Cm8/ l 8 BOUNDARIES

We consider the set of equations~4.8! and ~4.9! together
with the equation for the boundaries between differentCm/ l
andCm8/ l 8 phases:

fm/ l5fm8/ l 8 , ~7.1!

wherefm/ l and fm8/ l 8 are taken from Eq.~4.3!. Using the
same method and under the same approximations as in
previous section, when the inequalities~6.3! and ~6.4! are
valid, we obtain the expression for theCm/ l-Cm8/ l 8 bound-
aries in the form
D5
1

2
~qm/ l

2 1qm8/ l 8
2

!2
1

2
~qm/ l

2 1qm8/ l 8
2

!21S FAl S A2
E2

~A1D2!2D G l 21

2FAl 8S A2
E2

~A1D2!2D G l 821

1H FBl S A2
E2

~A1D2!2D G l /221

2FBl 8S A2
E2

~A1D2!2D G l 8/221J E

2~A1D2! S 11
5

3

E2

~A1D2!3D
1@~BlA! l 222~Bl 8A! l 822#

A

8~A1D2!
D . ~7.2!
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When plotting the boundaries in theD-A phase diagram, we can actually use the simplified expression

D5 1
2 ~qm/ l

2 1qm8/ l 8
2

!2
1

2
~qm/ l

2 2qm8/ l 8
2

!21

3$~AlA! l 212~Al 8A! l 8211 1
2 @~BlA! l /2212~Bl 8A! l 8/221#E~A1D2!211 1

8 @~BlA! l 222~Bl 8A! l 822#A~A1D2!21%

~7.3!
,
ie

g
-

tly

g

l
to
-

-
g
w

ag
al
a
n
th
t
m

re

effi-

s.

ture
instead of Eq.~7.2!, where terms proportional toE2 are ne-
glected, as was done in Eq.~6.5! in comparison with Eq.
~6.2!. Note that the boundaries IC-Cm/ l , IC-Cm8/ l 8 @Eq.
~6.5!#, andCm/ l-Cm8/ l 8 @Eq. ~7.3!# intersect at a single point
as they should. The same is valid for the boundar
Cm8/ l 8-Cm/ l , Cm/ l-Cm9/ l 9 , and Cm8/ l 8-Cm9/ l 9 as well. The
boundaries between differentCm/ l phases, plotted accordin
to Eq. ~7.3!, are given in Fig. 2. The choice of the coeffi
cientsAl ,Bl ,Al 8 ,Bl 8 is discussed below in Sec. IX.

In the following, some notes about theC-Cm/ l boundaries
are made. AtE50 eachCm/ l phase borders theC phase at a
point with the coordinatesA50,D5qm/ l

2 . It can border the
C0/1 phase along a line that usually differs insignifican
from theC0/1-IC boundary.

At EÞ0 and at small values ofA the Cm/ l phase borders
the C phase also at one point~the same as forE50!. This
point lies on the line of second-order phase transitionsC-IC.
Its coordinates areD5qm/ l

2 andA is determined by Eq.~5.5!.
This is valid for values ofE that satisfyDt,qm/ l

2 @see Eq.
~5.6!#, i.e., if the point is on the right of thet point. At higher
fieldsE, whenqm/ l

2 ,Dt , theCm/ l phase borders theC phase
along a line that is the shorter the nearer it lies to thet point.

At large values ofA(EÞ0) theCm/ l phase borders theC
phase also along a line. At higher values of the fieldE the
two boundaries of theCm/ l phase with theC phase~at small
A and at largeA! can merge into a single boundary includin
the m point. Consequently, theCm/ l phase borders the IC
phase at the right and theC phase at the left side. At stil
higher values of the field theCm/ l phase disappears due
the shift of theC-IC boundary toward the right with increas
ing E ~see Fig. 2!.

We suppose that theC-Cm/ l boundary does not signifi
cantly differ from theC-IC boundary and when constructin
theD-A diagram we neglected this difference. Therefore
do not derive expressions for theC-Cm/ l boundaries here.

VIII. ESTIMATE OF COEFFICIENTS
OF THERMODYNAMIC POTENTIALS

In order to construct theT-E phase diagram from the
D-A diagram it is necessary to have information on the m
nitude of some coefficients of the thermodynamic potenti
They can be estimated by a comparison of the theoretical
the experimentalT-E phase diagrams, since the latter co
tains a large amount of information. It is also possible for
evaluation of the coefficients to use additional experimen
data. We begin by following this second path and give so
formulas.

Two coefficients of the thermodynamic potential a
anomalously small: these area and d, see ~2.4!, since a
s

e

-
s.
nd
-
e
al
e

vanishes at the Curie pointT5Q, while d determines the
square of the equilibrium wave number@see Eq. ~3.1!#,
which is also small. Hence the dependence of these co
cients onT and P is essential~see also Ref. 9!. The other
coefficientsk,b,a2l8 ,b2 have in general normal magnitude
It is therefore possible to neglect their dependence onT and
P, regarding them as constants. The dependence ofd anda
on T andP is supposed to be linear:

d~T,P!5d i1dT~T2Ti !2dPP,

a~T,P!5a i1aT~T2Ti !2aPP, ~8.1!

a i5aT~Ti2Q!,

where Q is the Curie temperature atP50 and Ti is the
temperature of theC-IC phase transition atP50.

It follows from Eq. ~8.1! and from Eqs.~3.1! and ~3.2!,
that

qi
2[q0

2uT5Ti ,P505
d i

2k
,

~8.2!

a i[a0uT5Ti ,P505
d i

2

4k
5kqi

4 .

From Eqs.~8.1! and ~3.1! we find

qm/ l
2 5qi

22
dT

2k
~Ti2Tm/ l !, ~8.3!

whereTm/ l is an average temperature of theCm/ l phase under
the condition, that this phase exists in a narrow tempera
interval. It also follows from Eqs.~8.1! and ~3.1!, that

]

]T
q0

2U
T5Ti ,P50

5
dT

2k
,

]

]P
q0

2U
T5Ti ,P50

52
dP

2k
.

~8.4!

For the dielectric permittivityx5dPy /dEy in the C
phase and for the spontaneous polarizationPs in the C0/1
phase atEy50, we obtain from Eq.~2.1! the expressions

x2152a, x21uP5052aT~T2Q!, Ps
253~2a!/4b,

~8.5!
Ps

2uT5TC ,P5053aT~Q2TC!/4b,

where Tc is the temperature of the transition into theC0/1
phase.

For the jump of the specific heat DC
52T]2F IC /]T2uT5Ti ,P50 at Ey50 we obtain from Eq.
~2.3! and, by taking Eq.~3.2! into account, the expression
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DC5~Ti /2b!~aT2qi
2dT!2. ~8.6!

Taking the total derivative with respect toP of the equa-
tion a5a0 , which is valid atT[Ti(P), we obtain as the
result

dTi~P!

dP U
P50

5
aP2qi

2dP

aT2qi
2dT

. ~8.7!

Now we make use of experimental data. Some valu
which have been given in many papers, are

Ti5164 K, Tc546 K, qi50.32,
~8.8!

r51.46 g cm23, M5264.2 g mol21,

wherer is the density,M is the molecular weight of BCCD
Using formula~8.2! for qi

2 and the value ofqi @Eq. ~8.8!#,
we obtain an estimate

qi
25d i /2k50.10. ~8.9!

Using formula ~8.4! we find from the temperature depe
dence ofq0(T) given in Ref. 10 the estimate

dT/2k5731024 K21. ~8.10!

The magnitude ofdT/2k can be estimated also by using fo
mula ~8.3! for qm/ l52/7, the average value ofT2/75126 K
~Refs. 10 and 11!, the value ofTi @Eq. ~8.8!#, and the value
qi50.33, which follows from the diagram ofq0(T) given in
Ref. 10. We obtain the same estimate as in Eq.~8.10!.

Data of the dielectric constant are given in Ref. 12:

eb~T!2e`5C/~T2T0!, C51400 K, T05130 K.
~8.11!

Using formula~8.5! for x we get from Eq.~8.11!

aT52p/C54.531023 K21, Q5T05130 K.
~8.12!

Using formula~8.1! for a i , and values from Eq.~8.8! of
Ti , together with values ofaT and Q from Eq. ~8.12!, we
obtain

a i50.15. ~8.13!

We now have to find estimates fork and b, which are
very important since they determine the value ofE0 @see Eq.
~4.4!#. Using formula~8.2! for a i , the values~8.8! of qi and
~8.13! of a i , we find

k515. ~8.14!

For the jump of the specific heat the value

DCP512.0 J mol21 K2150.663106 dyn cm22 K21

~8.15!

is given in Ref. 13. The last value ofDCP is obtained by
using values@Eq. ~8.8!# of r and M . Using formula~8.6!,
values ofTi andqi @Eq. ~8.8!#, of dT/2k @Eq. ~8.10!#, of aT
@Eq. ~8.12!#, and ofk @Eq. ~8.14!#, we arrive at
s,

b57310210 dyn21 cm25831029 cm2 kV22.
~8.16!

Another estimate ofb can be obtained by using formul
~8.5! for Ps . Different values ofPs are found in the litera-
ture:

Ps52.1, 2.3, 2.4mC cm22, ~8.17!

respectively, in Refs. 1, 14, and 15. Taking values ofTc @Eq.
~8.8!#, of Q andaT @Eq. ~8.12!#, we find the estimate

b5831028, 731028, 631028 cm2 kV22,
~8.18!

which are markedly inconsistent with Eq.~8.16!.
For E0 @see Eq.~4.4!#, using values ofk @Eq. ~8.14!# and

of b @Eq. ~8.16! or Eq. ~8.18!#, we obtain, respectively,

E0573105, 23105 kV cm21. ~8.19!

Unfortunately no experimental data on the dependenc
q0 on P near T5Ti are known. Therefore no estimate o
dP /2k using Eq.~8.4! is possible. We might try to use Eq
~8.7!. The values

dTi

dP U
P50

50.177, 0.176 K MPa21 ~8.20!

are given in tables in Refs. 16–18. However, as the estim
given below will show, the terms in the numerator and d
nominator of Eq.~8.7! are close in magnitude and hence w
cancel. Therefore we cannot use Eqs.~8.7! and ~8.20! for
estimates of the coefficients.

Now we consider the theoretical phase diagram c
structed in Ref. 8, which gives good chances for estimate
the coefficients. Using Eqs.~4.4!, ~8.1!, ~3.1!, and ~8.2! we
obtain

D5qi
22

dT

2k
~Ti2T!2

dP

2k
P,

~8.21!

A5S aT

k
22qi

2 dT

2k D ~Ti2T!1S aP

k
22qi

2 dP

2k D P.

The coordinates of thei point ~T5Ti , P50! on theD-A
diagram were chosen in agreement with the valueqi50.33
@Ref. 10, compare with Eq.~8.8!#. TheD andA coordinates
of thec point ~T5TC , P50! allow us by using Eq.~8.21! to
obtain the estimates

dT /2k5731024 K21, aT /k5231024 K21,
~8.22!

where the first estimate agrees with Eq.~8.10!. From Eq.
~8.22! and from the value ofaT @Eq. ~8.12!# we obtain@com-
pare with Eq.~8.14!#:

k525. ~8.23!

The coordinates of thed point in the experimentalT-P
diagram areT5Ti , P5Pd5360 MPa.1 The D andA coor-
dinates of thed point in theD-A phase diagram8 allow the
following estimates by using Eq.~8.21!:



he

e

o

es
t b
.
t
e

o
he

da

a

e
1
se

a-
nce
ee

-

nd

o-
em-
nt.
IC
re
to
her

in-
ak.
n-

be
ap-

fu-

we

he
ruct

. It
e

aft.

PRB 58 8321THEORETICAL TEMPERATURE-ELECTRIC-FIELD . . .
dP /2k5331024 MPa21, aP /k5631025 MPa21.
~8.24!

Finally, from a comparison of the slope of theC phase
boundary nearT5TC in the experimental~Fig. 1! and the
theoretical phase diagrams~Fig. 3! the estimate

E0563105 kV cm21 ~8.25!

can be derived@compare with the estimates of Eq.~8.19!#.
For the construction of theT-E diagram in Fig. 3 the value
of Eq. ~8.25! is used.19

IX. THEORETICAL D-A AND T-E PHASE DIAGRAMS

We now proceed to the discussion of Fig. 2, where
sequence of fieldsE was chosen for the presentation. T
selected values of the fieldE5(0,5,10,20,30,40,50)31026

according to Eqs.~4.4! and~8.25! correspond to values of th
field Ey5(0,3,6,12,18,24,30)3103 V/cm. On constructing
the boundaries we have chosen the following values of c
stants:

A4530, A5540, A6560, A7570, ~9.1!

respectively, forl /m51/4, 1/5, 1/6, and 1/7, and

B75180, A750, B95160, A950, B115170,
~9.2!

A1150, B155320, A1550,

respectively, forl /m52/7, 2/9, 2/11, and 4/15. These valu
have been determined to obtain an optimum agreemen
tween experimental and theoreticalT-E phase diagrams
Note that the values in Eq.~9.1! are correct up to the firs
digit, the values in Eq.~9.2! up to the second digit, while th
valuesA7,9,11,15are taken equal to zero, since a selection
specific values (Þ0) of these coefficients would exceed t
accuracy of the experiment.1

The position and inclination of theT axis in Fig. 2 are
also chosen for a good agreement with the experimental
@tan(TD̂)50.035, see also Ref. 8, where tan(TD̂)50.038#.

We have transferred points of intersection between ph
boundaries and theT axis at different values ofEy from Fig.
2 to construct Fig. 3. Figure 3 is plotted at the same scal
Fig. 1 for convenience of comparison. Note that in Fig.
unlike Fig. 3, the boundaries between nonpolar pha
u

a

n-

e-

f

ta

se

as
,
s

(C-IC, C1/5-C1/6! do not exist, because they cannot be me
sured by dielectric methods. The most essential differe
between Figs. 1 and 3 is a triple point in Fig. 3, where thr
phasesC1/5, C2/9, andC2/11 meet, while in Fig. 1 one more
phase, the nature of which is not established~see, however,
Ref. 1 for a discussion!, borders at the same point. In gen
eral, however, the agreement with the experimentalT-E
phase diagram appears acceptable.

In conclusion, we enumerate again all approximations a
assumptions made, when constructing the theoreticalD-A
and T-P phase diagrams. Only two coefficients of therm
dynamic potentials were assumed to depend linearly on t
perature; all other coefficients were considered as consta

The single-harmonic approximation was used for the
phase~more exactly, the zeroth and the first harmonics we
considered!. If at least the second harmonic were taken in
account, the results can be improved, especially at hig
field strengthsE.

The weak-anisotropy condition was used for theCm/ l
phases; both the intrinsic anisotropy and the anisotropy
duced by the external electric field were assumed to be we
This condition is the better fulfilled, the smaller are the co
stantsAl , Bl , and 1/l and the variablesA andE. In Figs. 2
and 3 this condition is fairly well fulfilled.

The distinction between theC-IC andCm/ l-C boundaries
was not taken into account. However, this distinction can
important and should be considered in a more elaborate
proach. More precise values of the constantsAl andBl and
also of the slope of theT axis with respect to theD axis
should improve the agreement and may be the object of
ture research.

Despite all of these approximations and assumptions
succeeded in calculating the theoreticalT-E phase diagram
in fairly good agreement with the experimental data. T
phenomenological approach used in this paper to const
theT-E phase diagram and theT-P diagram in Ref. 8 has a
larger range of validity than demonstrated here for BCCD
can be applied to any crystal with a Lifshitz point in th
phase diagram, e.g., to thiourea.
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