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Superconducting condensation energy and an antiferromagnetic
exchange-based pairing mechanism
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For the traditional low-Tc superconductors, the superconducting condensation energy is proportional to the
change in energy of the ionic lattice between the normal and superconducting state, providing a clear link
between pairing and the electron-ion interaction. Here, for thet-J model, we discuss an analogous relationship
between the superconducting condensation energy and the change in the exchange energy between the normal
and superconducting states. We point out the possibility of measuring this using neutron scattering and note
that such a measurement, while certainly difficult, could provide important evidence for an exchange
interaction-based pairing mechanism.@S0163-1829~98!07638-3#
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During the past several years, a variety of experime
ranging from NMR~Refs. 1,2! and penetration depth3 studies
to angle-resolved photoemission spectroscopy4,5 and Joseph-
son phase interference measurements6,7 have provided clear
evidence fordx22y2 pairing in the high-Tc cuprates. This
type of pairing was in fact predicted from a variety of the
retical studies on Hubbard andt-J models in which a short-
range Coulomb potential leads to a near-neighbor excha
interaction and short-range antiferromagnetic correlatio8

Thus, in spite of the differences in the interpretations
some of these calculations, one might have concluded
the basic mechanism which is responsible for pairing in
cuprates arises from the antiferromagnetic exchange inte
tion and the short-range exchange correlations. Howe
there is far from a consensus on this, and a variety of dif
ent basic models and pairing mechanisms have b
proposed.9

In the traditional low-temperature superconductors o
could see an image of the phonon density of statesF(v) in
the frequency dependence of the gapD(v).10 One also had a
clear isotope effect in some of the simpler materials a
Chester11 showed that in this case the superconducting c
densation energy could be related to the change in the
kinetic energy. Thus, while the kinetic energy of the ele
trons is increased in the superconducting state relative to
normal state, the decrease in the ion lattice energy is s
cient to give the condensation energy. This provided a
ther link between the electron lattice interaction and the p
ing mechanism in the traditional superconductors.

Now, in the high-Tc cuprates, we believe that one can s
the image of thek dependence of the interaction inD(k) and
that this supports the Hubbard andt-J pictures.12,13 How-
ever, as noted, this remains an open question and it woul
useful to look for the analogue of the decrease in latt
energy and the condensation energy. From density ma
renormalization group studies of thet-J model,13 we know
that while the kinetic energy of a pair of holes is increas
relative to having two separate holes, the exchange ener
PRB 580163-1829/98/58~13!/8222~3!/$15.00
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reduced. Thus, if the short-range antiferromagnetic sp
lattice correlations play a similar role to the ion lattice in t
traditional low-temperature superconductors, the conden
tion energy would be proportional to the change in the
change energy between the normal and superconduc
states.

Here we examine this and look for its possible experim
tal consequences. Unfortunately, just as in the case of
traditional electron-phonon systems where the fractio
change in the lattice energy between the normal and su
conducting ground states is small, of orderTc

2/mFvD , and
hence hard to detect, here we find that the fractional cha
in the exchange energy, of orderTc

2/mFJ, will also be diffi-
cult to observe. Nevertheless, on a formal level it is intere
ing to contrast the relationship between the superconduc
condensation energy and the change in the exchange en
with a recent proposal by Leggett14 in which he argues tha
the condensation energy arises from a change in the lo
wavelength Coulomb energy associated with the midinfra
dielectric response.

Our basic idea originated from the results of numeri
density matrix renormalization-group calculations13 for the
t-J model. Thet-J Hamiltonian in the subspace in whic
there are no doubly occupied sites is given by

H52t (
^ i j &s

~cis
† cjs1H.c.!1J(̂

i j &
S Si•Sj2

ninj

4 D . ~1!

Here i j are near-neighbor sites,s is a spin index,SW i

5(cis
† sW ss8cis8)/2, andci ,s

† are electron spin and creation op
erators, andni5ci↑

† ci↑1ci↓
† ci↓ . The near-neighbor hopping

and exchange interactions aret and J. We have calculated
the ground-state energy of Eq.~1! for zero (E0), one (E1),
and two (E2) holes. ForJ/t50.35 we find, for an 838
system, that the binding energy of a pair of holes is
8222 © 1998 The American Physical Society
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DB52E12~E21E0!50.23J. ~2!

We also find that the dominant contribution to this bindi
comes from the change in the exchange energy

2K J(̂
i j &

SW i•SW j L
1

2S K J(̂
i j &

SW i•SW j L
2

1K J(̂
i j &

SW i•SW j L
0
D .

~3!

Here 0, 1, and 2 refer to the number of holes in the grou
state.

The pair binding energy can be used in a simple estim
of Tc : if we relate the superconducting gap to the bindi
energy via 2D5DB , and assume that 2D/kTc'6, we find
Tc'0.04J/k. Taking J51500 K, this givesTc'60 K, a
quite reasonable value. Now, it is clear that superconduc
ity in the cuprates is a much more complicated phenom
than this simple picture of pair binding. For example, even
the t-J model, we find that with a finite concentration o
holes, domain walls form, rather than pairs.15 However, the
formation of domain walls in thet-J model is also driven
largely by the exchange energy. Therefore, it is reasonab
assume that whatever the precise mechanism of super
ductivity in the cuprates, energetically it is driven by th
exchange interaction.

Based upon this and in analogy with the electron phon
case, we suggest that if the basic interaction which is resp
sible for pairing in the high-Tc cuprates is the antiferromag
netic exchange, the condensation energy will be proportio
to the change in the exchange energy between the no
and superconducting phases

aHc
2~T!V0

8p
5J~^SW i•SW i 1x1SW i•SW i 1y&N

2^SW i•SW i 1x1SW i•SW i 1y&S!. ~4!

Here Hc(T) is the thermodynamic critical field at temper
ture T, V0 is the unit-cell volume per CuO2, and a is a
factor of order 1. Note that both expectation values in Eq.~4!
are also taken at temperatureT with the subscriptN referring
to a nominal normal state andS to the superconducting state
Thus one needs to be able to extrapolate the normal-s
data to temperaturesT,Tc .

For thet-J model we have16

^SW i•SW j&53E d2q

~2p!2E0

` dv

p
Im x~q,v!cos@qW •~ iW2 jW !#, ~5!

wherex(q,v) is the magnetic susceptibility at temperatu
T. For iW equal to jW we have the sum rule

~12x!S~S11!53E d2q

~2p!2E0

`dv

p
Im x~q,v! ~6!

with S51/2, andx the hole doping. Using Eqs.~5! and ~6!,
we can write Eq.~4! in the form
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aHc
2~T!V0

8p
53JE d2q

~2p!2E0

` dv

p
@ Im xS~q,v!

2Im xN~q,v!#~22cosqx2cosqy!. ~7!

In Eq. ~7!, we have added a constant 2 using the sum rule
~6!. The form factor 22cosqx2cosqy favors large momen-
tum transfersqx;qy;p and the energy scale is set b
v&J.

For the optimally or possibly the overdoped materials
may be that ImxN(q,v) has reached its ‘‘low-temperatur
normal form’’ at temperatures aboveTc . In this case, one
could extract it from neutron-scattering data forT.Tc .
Then, using low-temperatureT!Tc data for ImxS(q,v) in
Eq. ~7!, one would obtain the condensation energy. Beca
Hc

2(0)V0/8pJ;1023, it will require extremely careful
neutron-scattering measurements to check Eq.~7!. Further-
more, one will have to be satisfied that the normal-state m
surements taken at temperatures aboveTc can be extrapo-
lated to a temperature which is low compared toTc . Clearly,
this will be difficult. However, on a formal level, it is inter
esting to contrast the content of Eq.~7! with the recent pro-
posal by Leggett.14 He takes the point of view that the pai
ing mechanism is associated with the long-wavelen
Coulomb energy and relates the condensation energy
change in the dielectric function between the normal a
superconducting state. He then argues that the important
tributions are associated with momentum transfers which
small compared top and energy transfers in the midinfrare
region, 0.1–1.5 eV.

Now, it is certainly true that if one goes all the way bac
the Coulomb energy is responsible for the exchange inte
tion we have focused on. However, having integrated out
short-range part of the Coulomb interaction to arrive at
exchange interactionJ;4t2/U, we conclude from Eq.~7!
that the important part of the pairing interaction is associa
with large momentum transfersq;(p/a,p/a) and energies
less than or of orderJ;0.1 eV. Thus, contrary to Ref. 14
where one seeks to find a relationship between the con
sation energy and the change in thedielectric response be-
tween the normal and superconducting state in the small
mentum and higher energy 0.1–1.5 eV regime, we sugg
that the condensation energy is related to changes in
magneticspin response at large momentum transfer and
ergiesv&J.

Thus, it would be very interesting if it were possible
confirm or contradict the relationship of the change

^SW i•SW i 1 x̂& between the normal and superconducting sta
and the superconducting condensation energy given by
~4! and ~7!.
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