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Role of the exchange of carriers in elastic exciton-exciton scattering in quantum wells
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A study of the elastic exciton-exciton Coulomb scattering in a semiconductor quantum well is presented,
including the interexciton exchange of carriers and the spin degrees of freedom. The theoretical results show
that electron-electron and hole-hole exchanges are the dominant mechanisms of interaction, while the classical
direct term is negligible. The density-dependent homogeneous linewidth is calculated within the Born approxi-
mation and good agreement with the existing experimental data is obtained. Owing to the interexciton ex-
change of carriers, collisions lead to spin relaxation as actually observed in recent time-resolved photolumi-
nescence experiments.@S0163-1829~98!06736-8#
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I. INTRODUCTION

The optical spectra of semiconductor quantum wells n
the fundamental absorption edge at low temperatures
moderated excitation densities are dominated by excito
An excitonic resonance is characterized by the energy of
peak, the oscillator strength, and the linewidth. These qu
tities are significantly influenced by the presence of a fin
density of excitons and free carriers. For low temperatu
and for optical excitation resonant with the exciton ener
the population of free carriers can be neglected and there
the density-dependent features are due to exciton-excito
teraction. It is known that with increasing excitation densi
the exciton energy blue-shifts and the oscillator stren
saturates.1 The exciton-exciton scattering also produces
so-called collisional broadening, that is a density-depend
homogeneous linewidth. This effect has been observed in
four wave-mixing experiments in pump and probe config
ration by Honoldet al.2 and in the photoluminescence me
surements under resonant excitation by Deveaudet al.3

The problem of exciton-exciton scattering in quantu
wells has been considered theoretically within tw
dimensional4,5 ~2D! and quasi-2D models.6 These articles,
however, do not provide a complete description of the int
action process. In the paper of Feng and Spector,4 the clas-
sical electrostatic dipole-dipole interaction is the only co
sidered scattering mechanism, while the contribution due
exchange effects is not taken into account. Moreover,
authors study the properties of the scattering matrix e
ments, but they do not calculate the collisional broaden
which is a very significant physical observable. In a rec
paper,6 the previous model is extended to the quasi-2D ca
including also the symmetry effect when two excitons a
identical ~exciton-exciton exchange!, but still neglecting the
inter-exciton exchange of carriers~fermion-fermion ex-
change!. On the other hand, in the article by Manzkeet al.,5

these effects are formally considered, but it is not sho
whether they are significant when compared to the dir
interaction. Furthermore, the dependence of these scatte
matrix elements on exciton wave vectors is not studied
PRB 580163-1829/98/58~12!/7926~8!/$15.00
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the results for the density-dependent homogeneous broa
ing are actually very small compared to the existing expe
mental data.2,3 Finally, in all the above mentioned model
the spin degrees of freedom are not taken into account.

The role of the spin degrees of freedom in an interact
exciton gas has been actually investigated in the recent
periments by Amandet al.7 In particular, they have studied
the time-resolved photoluminescence on a GaAs quan
well for different degrees of elliptical polarization of the e
citing beam. They have shown that the time-resolved sig
is characterized by a very fast decay, followed by a mu
slower one. The initial fast component disappears in the l
iting case of circular polarization or for low excitation de
sity. This interesting feature is explained as a result of
transfer from optically active to optically forbidden excito
states, which correspond to different spin states. Accord
to Ref. 7, the inter-exciton exchange of carriers is the mec
nism responsible for this density-dependent spin-relaxa
process. In order to fit the observed dynamics, they de
kinetic equations by employing an effective phenomenolo
cal spin-spin Hamiltonian.

In this paper, we present a theoretical study of the ela
exciton-exciton scattering due to Coulomb interaction in
two-dimensional system. In the model, the inter-exciton
change of carriers and the spin degrees of freedom are
cluded. The scattering matrix elements deriving from a fo
carrier Hamiltonian are calculated within a two-ban
envelope function formalism. We show that electron-elect
and hole-hole exchange are largely dominant with respec
the classical electrostatic dipole-dipole interaction and
exciton-exciton exchange. We study the behavior of the m
trix elements in momentum space. Within the Born appro
mation, we calculate the collisional broadening, which
found in good agreement with the existing experimen
results.2,3 Owing to the inter-exciton exchange of carrier
Coulomb scattering can lead to spin relaxation. For exam
two interacting excitons in the same elliptically polarize
state can scatter into dark states. We also provide a comp
description of the allowed spin channels for scattering.

The paper is organized as follows. In Sec. II, we descr
7926 © 1998 The American Physical Society
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the two-dimensional theoretical model. In Sec. III the pro
lem of the collisional broadening is considered. Conclusio
are drawn in Sec. IV, while in the Appendix we show a fe
technical details.

II. 2D-THEORETICAL MODEL

A. General remarks

A two-dimensional exciton in the 1s state whose center o
mass has wave vectorQ is described by an envelop
function,8,9 which is the product of terms relating to the ce
ter of mass motion and the internal relative one, respectiv

CQ~re,rh!5
1

AA
exp@ iQ•~bere1bhrh!#

3A2

p

1

l2D
expS 2

ure2rhu
l2D

D , ~1!

wherere andrh are the in-plane position vectors for the ele
tron and the hole respectively, whileA represents the nor
malization area. The coefficientsbe , bh are defined as
be(h)5me(h) /M , whereme(h) is the electron~hole! effective
mass andM5me1mh . Finally, l2D is the two-dimensiona
Bohr radius of the 1s state;l2D5e0\2/(2e2m), wherem is
the reduced mass ande0 the static dielectric constant.

Let us take the growth directionẑ as the quantization axi
for the angular momentum. The conduction band ha
spherical symmetry and therefore the total angu
momentum projection is given just by the spinseP$61/2%.
Concerning the valence bands, we observe that in ordin
III-V quantum wells the heavy-hole/light-hole splitting
comparable or even larger than the exciton binding ene
and therefore the valence-band mixing effects
negligible,7 contrary to the bulk case where the splitting
absent. As if we focus our attention on heavy-hole excito
we can limit ourselves to consider the heavy-hole subsp
only. We remember that heavy-hole states have a t
angular-momentum projectionj hP$63/2%. Therefore, for
heavy-hole excitons, we have the four independent states
dipole-active statesuJz561&5use571/2; j h563/2& and
the dipole-forbidden dark statesuJz562&5use561/2; j h
563/2&.

For a generic exciton stateuS& belonging to the above
mentioned four-dimensional space, we definexS(se , j h)
5^se ; j huS&. For example,xJz515dse ,21/2d j h,3/2. In the case
of excitation by elliptically polarized light, excitons are cr
ated in the elliptic state

uEa&5sin au11&1cosau21&. ~2!

We notice thatuEa1 p/2&5cosau11&2sinau21&. Therefore,
uEa& and uEa1 p/2& are two orthogonal elliptically polarized
states. For particular values ofa, we obtain the limiting
cases of circular and linear polarization, namelyuE0&
5u21&, uEp/2&5u11&, uEp/4&5uy&, uE(3/4)p&5ux&.

In the present paper, we consider the elastic Coulo
scattering of 1s excitons by 1s excitons

~1s,Q,S!1~1s,Q8,S8!→~1s,Q1q,Sf !1~1s,Q82q,Sf8!.
~3!
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As observed in the introduction, we are interested in
experiments of resonant optical excitation at low tempe
tures. In this paper, we limit ourselves to the channel
scribed in Eq.~3!. The justification lies in the assumptio
that, by resonant excitation, excitons are created in thes
state with very small wave vector Q and thus with sm
kinetic energy. The energy of an exciton is given by t
energy of the relative motion plus the kinetic energy of t
center of mass. It is known that the 1s state is the ground
exciton state of the electron-hole motion. In two dimensio
the other bound states (2s,2p, . . . ) arevery close to the
continuum. In fact, the first excited state has a binding
ergy that is only 1/9 of the binding energy of the 1s state.
This means that inelastic scattering channels towards dif
ent relative motion states are strongly suppressed, becau
energy conservation.A priori biexciton bound state could
contribute to the exciton collision broadening. In this pap
we do not consider the channels where biexciton are
volved. By considering only the elastic 1s channel, we ob-
tain good agreement with the experimental results. This
the end, allows us to argue that the other channels pla
marginal role.

Since electrons and holes are fermions, the wave func
of a two-exciton state has to be antisymmetric under
exchange of the two electrons and, separately, under the
change of the two holes. In the present model, we cons
electrons and holes as different quasi-particles, not tak
into account the so-called electron-hole exchange effects
usually done in two-band many-body models.10 The
electron-hole exchange actually produces a very small s
ting ('0.1 meV for a GaAs quantum well!11 between the
dipole-active and the dipole-forbidden states. As we
working in the framework of a two-band model within th
effective mass approximation, we neglect also the effec
the valence-band mixing due to spin-orbit interaction. T
electron-hole exchange and the spin-orbit interaction actu
produce spin-relaxation mechanisms.12–14 However, since
the corresponding spin-flip times are very long~50–100
ps!,20 the above mentioned mechanisms can be reason
neglected in the initial phase of the dynamics, which is dom
nated by the inter-exciton exchange of carriers.7 Therefore,
within the Hartree-Fock approximation, the two-exciton in
tial state in Eq.~3! is described by the following wave func
tion:

FQQ8
SS8 ~re,se ,rh, j h ,re8 ,se8 ,rh8 , j h8!

5
1

&
H 1

&
@CQ~re,rh!xS~se , j h!CQ8~re8 ,rh8!

3xS8~se8 , j h8!1CQ~re8 ,rh8!xS~se8 , j h8!CQ8~re,rh!

3xS8~se , j h!#2
1

&
@CQ~re8 ,rh!xS~se8 , j h!

3CQ8~re,rh8!xS8~se , j h8!1CQ~re,rh8!xS~se , j h8!

3CQ8~re8 ,rh!xS8~se8 , j h!#J . ~4!

We consider the following four-carrier Hamiltonian:
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H52
\2

2me
¹e

22
\2

2mh
¹h

22
\2

2me
¹e8

2

2
\2

2mh
¹h8

2
2V~ ure2rhu!2V~ ure82rh8u!1V~ ure2re8u!

1V~ urh2rh8u!2V~ ure2rh8u!2V~ urh2re8u!, ~5!

where V(r )5e2/(e0r ) is the Coulomb interaction energy
screened by the static dielectric constante0 . The scattering
amplitude corresponding to the process in Eq.~3! is given by
the matrix element

H
SS8

SfSf8~Q,Q8,q!

5E d2re(
se

E d2rh(
j h

E d2re8(
se8

E d2rh8

3(
j h8

FQQ8
SS8 !~re,se ,rh, j h ,re8 ,se8 ,rh8 , j h8!

3HF
Q1qQ82q

SfSf8 ~re,se ,rh, j h ,re8 ,se8 ,rh8 , j h8!. ~6!

The approach we have followed to calculate the scatte
amplitude has been suggested in an old paper by Hau15

After some algebra, we find that this matrix element is
sum of four contributions

H
SS8

SfSf8~Q,Q8,q!5^SuSf&^S8uSf8&Hdir~Q,Q8,q!

1^SuSf8&^S8uSf&Hexch
X ~Q,Q8,q!

1S exch
e ~S,S8,Sf ,Sf8!Hexch

e ~Q,Q8,q!

1S exch
h ~S,S8,Sf ,Sf8!Hexch

h ~Q,Q8,q!.

~7!

Hdir is the direct Coulomb term which corresponds to t
classical electrostatic interaction between the two excito
On the other hand,Hexch

X is the term due to the exciton
exciton exchange~simultaneous exchange of the two iden
cal electrons and the two identical holes!. The third term
Hexch

e is the term due to the electron-electron exchange, w
Hexch

h is the analogous contribution arising from the ho
hole exchange. The factorsS exch

e andS exch
h are given by the

following spin-exchange sums

S exch
e ~S,S8,Sf ,Sf8!5(

se
(
j h

(
se8

(
j h8

xS
!~se , j h!

3xS8
!

~se8 , j h8!xSf
~se8 , j h!xS

f8
~se , j h8!,

~8!

S exch
h ~S,S8,Sf ,Sf8!5(

se
(
j h

(
se8

(
j h8

xS
!~se , j h!

3xS8
!

~se8 , j h8!xSf
~se , j h8!xS

f8
~se8 , j h!.

~9!
g
.
e

s.

le
-

The spin-exchange sumsS exch
e andS exch

h satisfy the equali-
ties

S exch
h ~S,S8,Sf ,Sf8!5S exch

e ~S,S8,Sf8 ,Sf !, ~10!

S exch
e~h!~S,S8,Sf ,Sf8!5S exch

e~h!!~Sf ,Sf8 ,S,S8!. ~11!

If excitons are created by elliptically polarized light, then t
spin statesuEa&, uEa1 p/2&, u12& and u22& are the proper
basis to consider. It is crucial to remark that, due to electr
electron and hole-hole exchange, two interacting exciton
the same elliptic stateEa can scatter to different spin state
In particular,S exch

e(h)(Ea ,Ea ,62,72)Þ0. On the other hand
the scattering of two excitons in the same circular state c
not change their spin polarization. A list of the allowed sp
channels and of their corresponding spin-exchange fac
S exch

e andS exch
h is shown in Table I.

The expression for the direct Coulomb integral is

Hdir~Q,Q8,q!5E d2reE d2rhE d2re8E d2rh8

3CQ
! ~re,rh!CQ8

!
~re8 ,rh8!VI~re,rh,re8 ,rh8!

3CQ1q~re,rh!CQ82q~re8 ,rh8!, ~12!

with

VI~re,rh,re8 ,rh8!5V~ ure2re8u!1V~ urh2rh8u!

2V~ ure2rh8u!2V~ urh2re8u!. ~13!

The term corresponding to the exciton-exciton exchang
given by

Hexch
X ~Q,Q8,q!5E d2reE d2rhE d2re8E d2rh8CQ

! ~re,rh!

3CQ8
!

~re8 ,rh8!VI~re,rh,re8 ,rh8!

3CQ1q~re8 ,rh8!CQ82q~re,rh!. ~14!

Hexch
X differs fromHdir because of the simultaneous exchan

re↔re8 and rh↔rh8 in the final state.Hexch
X is related toHdir

by the equality

Hexch
X ~Q,Q8,q!5Hdir~Q,Q8,Q82Q2q!. ~15!

The electron-electron exchange is given by

Hexch
e ~Q,Q8,q!52E d2reE d2rhE d2re8E d2rh8

3CQ
! ~re,rh!CQ8

!
~re8 ,rh8!

3VI~re,rh,re8 ,rh8!CQ1q~re8 ,rh!

3CQ82q~re,rh8!. ~16!

The expression forHexch
e differs from Hdir because of the

exchangere↔re8 in the final state and a minus sign. In a
analogous way,Hexch

h is obtained fromHdir , by exchanging
rh↔rh8 and by changing the sign. We observe that all t
considered Coulomb integralsHdir , Hexch

X , Hexch
e , Hexch

h are
real, because the complex conjugation is equivalent to
transformation Q→2Q, Q8→2Q8, q→2q, which does
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TABLE I. Allowed scattering spin channels and their corresponding spin-exchange factorsS exch
e and

S exch
h , corresponding to electron-electron and hole-hole exchange, respectively.uS& and uS8& are the initial

spin states, which scatter in the final onesuSf&, uSf8&. The considered basis is$uEa&,uEa1p/2&,u12&,
u22&%, whereuEa&, uEa1p/2& are two generic elliptically polarized states, which are orthogonal;u62& are
dipole-inactive dark states. The allowed channels, which are not explicitly indicated in this table, c
obtained by using Eqs.~10! and ~11!.

S S8 Sf Sf8 S exch
e (S,S8,Sf ,Sf8) S exch

h (S,S8,Sf ,Sf8)

Ea Ea Ea Ea sin4a1cos4a sin4a1cos4a
Ea Ea Ea1p/2 Ea1p/2

1
2 sin22a 1

2 sin22a
Ea Ea Ea Ea1p/2 2

1
4 sin 4a 2

1
4 sin 4a

Ea Ea 12 22 1
2 sin 2a 1

2 sin2a

Ea Ea1p/2 Ea Ea1p/2
1
2 sin22a 1

2 sin22a
Ea Ea1p/2 Ea1p/2 Ea1p/2

1
4 sin 4a 1

4 sin 4a
Ea Ea1p/2 12 22 2sin2a cos2a

Ea 12 Ea 12 cos2a sin2a
Ea 12 Ea1p/2 12 2

1
2 sin 2a 1

2 sin 2a

Ea 22 Ea 22 sin2a cos2a
Ea 22 Ea1p/2 22 1

2 sin 2a 2
1
2 sin 2a

62 62 62 62 1 1
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not change the result of the integration. In fact, the terms
are momentum independent~i.e., the relative motion wave
functions and the Coulomb potentials! are even under inver
sion of all spatial coordinates.

We remark that the expression for the fermion-fermi
exchange terms are the same, which have been obtain
Refs. 5 and 16. In this paper, we study in detail the dep
dence of such terms as a function of the exchanged mom
tum. Furthermore, we compare them to the direct term
calculate the collisional broadening. As shown in Appen
A, we have

Hdir~Q,Q8,q!5Hdir~q!. ~17!

Furthermore, owing to symmetryHdiruq5050. Moreover,
when me5mh , Hdir(q)50 for every value ofq. The fact
that the direct term vanishes in the limitq→0 is of crucial
importance, because excitons created by optical excita
have small wave vectors. For the fermion-fermion excha
term, there are rather different properties. We have

Hexch
e ~Q,Q8,q!5Hexch

e ~DQ,q,u!, ~18!

whereDQ5uQ82Qu andu is the angle betweenQ82Q and
q. As explained in Appendix A,Hexch

e does not vanish neithe
for q50 nor forme5mh . The same properties are of cour
valid for Hexch

h .

B. Calculation of matrix elements

The calculation of the direct contributionHdir(q) can be
performed analytically, by changing from variablesre,rh to
the center of mass and relative coordinatesR5bere1bhrh,
r5re2rh. In this way, the multiple integrals in Eq.~12! can
be factorized and the problem is reduced to the calculatio
simple two-dimensional Fourier transforms. The final res
is
at

in
-
n-
d

n
e

of
t

Hdir~q!5
1

A

e2

e0
l2DS 2

p D 2

I dir~q!, ~19!

where

I dir~q!5
p3

2ql2D
H F11S 1

2
beql2DD 2G2 3/2

2F11S 1

2
bhql2DD 2G2 3/2J 2

. ~20!

Notice thatHdir actually vanishes whenq50 or whenme
5mh , as previously discussed. The integralI dir depends
critically on the mass ratiome /mh , as depicted in Fig. 1. For
the exciton-exciton exchange contribution, we have

FIG. 1. The dimensionless direct integralI dir as a function of the
transferred wave vectorq. Solid line: me /mh50.5. Dashed line:
me /mh50. In the caseme /mh51, Idir[0.
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Hexch
X ~DQ,q,u!5

1

A

e2

e0
l2D S 2

p
D 2

3I dir@A~DQ!21q222DQq cosu#.

~21!

For the fermion-fermion exchange termsHexch
e andHexch

h the
involved multiple integrals can not be computed analytica
They can be rewritten in the form

Hexch
e ~DQ,q,u!52

1

A

e2

e0
l2DS 2

p D 2

I exch~DQ,q,u,be!, ~22!

Hexch
h ~DQ,q,u!52

1

A

e2

e0
l2DS 2

p D 2

I exch~DQ,q,u,bh!. ~23!

The quantityI exch is a real number, whose explicit expressi
is given in Appendix B. We have computedI exch by a stan-
dard Monte Carlo integration. In Fig. 2, we show a plot
2I exch(DQ,q,u,be) in the caseDQ50. As it can be seen in
the expression given in Appendix B, forDQ50, the hole-
hole term is equal to the electron-electron one. Furtherm
in this case there is no dependence on the angleu. The
modulus of the fermion-fermion exchange integral has
maximum value atq50, while the direct term vanishes. Th
dependence on the mass ratiome /mh for I exch is not as criti-
cal as forI dir . In fact, in the region of smallq, which is the
most relevant for optical excitation, the matrix elements
weakly influenced byme /mh . The fermion-fermion ex-
change contributions are largely dominant with respect to
direct interaction.

III. COLLISIONAL BROADENING

As far as optical experiments are concerned, the exci
exciton scattering produces the so-called collisional broad
ing, that is a density-dependent homogeneous line wi

FIG. 2. The dimensionless electron-electron exchange inte
2I exch(DQ50,q,u,be) as a function ofq for three different values
of me /mh . Solid line:me /mh50.5, corresponding to a GaAs qua
tum well. Long-dashed line:me /mh50. Dotted line:me /mh51.
Inset: the dimensionless direct integralI dir is shown for comparison
.

f

e,

s

e

e

n-
n-
h.

Starting from a nonequilibrium formalism within the Bor
approximation,10 it is possible to show that the line width o
an exciton with wave vectorQ and in the spin stateuS& obeys
the implicit equation

GQ
S52p(

Q8
(

S8,Sf ,Sf8
NS8~Q8!(

qÞ0
uH

SS8

SfSf8~Q,Q8,q!u2

3L~EQ1EQ82EQ1q2EQ82q ,GQ
S1GQ8

S8

1GQ1q
Sf 1G

Q82q

Sf8 !, ~24!

where EQ5\2Q2/2M is the exciton kinetic energy an
NS8(Q8) is the number of excitons in the state (1s,Q8,S8),
with S8P$Ea ,Ea1 p/2 ,12,22%. The Lorentzian distribu-
tion L is defined as

L~E,g!5
1

p

g/2

E21~g/2!2
. ~25!

The implicit expression for the line width in Eq.~24! reduces
to the usual Born approximation17 in the limit of very small
damping. In fact, forg→0,L(E,g)→d(E). The physical
meaning of Eq.~24! is that, in presence of Coulomb intera
tion, excitons are damped quasi-particles and therefore
energy conservation in the scattering processes is soften18

In a typical experiment under pulsed excitation, the value
the collisional broadening actually depends on the distri
tion of excitons both in momentum and spin space@i.e.,
NS(Q)]. This distribution can be obtained only by conside
ing the dynamics of the exciton gas, which is not the purp
of this paper. At this point we remark that, because of
softened energy conservation, a single exciton-exciton s
tering event may take place between initial and final sta
whose energy separation is of the order of the collisio
broadening. Taking into account the exciton dispersion a
assuming a collisional broadening of the order of 1 meV~as
we will actually find!, then the corresponding in-plane mo
mentum space spanned by the scattering events is such
NS(Q) is significant only well withinl2D

21 . In this range the
value of the fermion-fermion exchange matrix elements
approximately constant. We thus make the approximation
assuming an exciton population in the states withQ50 only.
We consider the two particular cases of excitation by linea
and by circularly polarized light. Let us consider the case
exactly resonant excitation by a linearly polarized las
pulse, which propagates along the growth direction. Initia
excitons are all in the same linear spin state. As we can
from Table I in the casea5 p/4, two interacting excitons in
the same linear polarization can scatter to the orthogo
linear polarization and also to the dark states. Considering
the allowed scattering channels and their relative weight,
realize that in the steady-state case, collisions lead to
equal population of these four spin states~i.e., ux&, uy&,
u12&, u22&). This equal redistribution takes place on

time scale given by the inverse of the broadening. Theref
we assume that Nx(Q)5Ny(Q)5N12(Q)5N22(Q)
5 1

4 NdQ,0 , where N is the total number of excitons. Fo
simplicity, we neglect anyQ dependence ofG, consistently
with previous arguments. Eq.~24! becomes

al
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G5S 2

p D 4S \2

2m D 2

(
S8

1

4
nE

0

`

dq qFxS8~q!

3
1

p

2G

S \2q2

M
D 2

1~2G!2

, ~26!

wheren5N/A is the total density of excitons. The functio
F is defined as

FSS8~q!5 (
Sf ,Sf8

uI
SS8

SfSf8~DQ50,q,u!u2, ~27!

where

I
SS8

SfSf8~DQ,q,u!5^SuSf&^S8uSf8&I dir~q!

1^SuSf8&^S8uSf&

3I dir@A~DQ!21q222DQq cosu#

2S exch
e ~S,S8,Sf ,Sf8!I exch

e ~DQ,q,u,be!

2S exch
h ~S,S8,Sf ,Sf8!I exch

h ~DQ,q,u,bh!.

~28!

In the case of excitation by a circularly polarized puls
the situation is different. As we can deduce from Table I
the casea50, collisions between excitons in the same c
cular polarization do not lead to spin relaxation, beca
only the channel (61,61)→(61,61) is allowed. Thus, ex-
citons remain all in the same circularly polarized states
long as other spin-relaxation mechanisms are negligi
Therefore, if we takeN11(Q)5NdQ,0 , we finally obtain

G5S 2

p
D 4S \2

2m
D 2

nE
0

`

dq qF11~q!
1

p

2G

S \2q2

M
D 2

1~2G!2

.

~29!

In Fig. 3, we show a plot of the dimensionless functi
FSS8(q), defined in Eq.~27!. As shown in Table I, in the
case of scattering of two excitons in the same linearly po
ized state~namely x), the four allowed channels (x,x)
→$(x,x);(y,y);(2,22);(22,2)% have the spin factors suc
that S exch

e 5S exch
h . In particular, uS exch

e u25uS exch
h u25 1

4 . On
the other hand, when the two interacting excitons are in
same circular spin state~namely 11) only the channel
(11,11)→(11,11) is allowed, but with spin factors
S exch

e 5S exch
h 51. Thus, as far as fermion-fermion exchan

is concerned,Fxx and F11 are equal. As depicted in Fig. 3
Fxx andF11 coincide except in the region of largeq where
I dir contributes. In this region the curves do not coinci
because of a different interference between the ferm
fermion exchange terms andI dir . In fact, with respect to
Fxx , I dir appears only in the channel (x,x)→(x,x), where
the spin-exchange factors areS exch

e 5S exch
h 5 1

2 . On the other
hand, in the channel (11,11)→(11,11) these spin-
exchange factors are both equal to 1. ConcerningFxy , we
have the four channels (x,y)→$(x,y);(y,x);(2,22);
,

-
e

s
e.

r-

e

-

(22,2)%. In the first two channelsS exch
e 5S exch

h 5 1
2 , while in

the last twoS exch
e 52S exch

h . Thus, in these two channels
there is destructive interference between the electro
electron and the hole-hole contribution. Therefore, as far
fermion-fermion exchange is concerned,Fxy is one half of
Fxx . The same result holds forFx62 . In Fig. 3, we actually
see that, because fermion-fermion exchange contributio
dominate,Fxy'

1
2 Fxx .

We have solved numerically Eqs.~26! and~29! by a stan-
dard iteration technique. In Fig. 4, the results for the sel
consistent density-dependent homogeneous line width
shown for the two above mentioned situations. The self co
sistency lead to a sublinear behavior of the line width as
function of the total density of excitations. In the casenx

FIG. 3. The dimensionless functionFSS8 as a function ofq for
me /mh50.5 ~GaAs!. Solid line: S and S8 are the same linearly
polarized spin state. Dashed line:S is a linearly polarized state,
while S8 is orthogonal. Dotted line:S andS8 are the same circular
spin state. Inset: the region of largeq is enlarged.

FIG. 4. The self-consistent collisional broadening of an excito
with Q50 as a function of the total exciton density~per unit area!
for two particular situations. Solid line: theux&, uy&, u12&, u22&
states are equally populated. Dashed line: only a circular polariz
tion is populated.
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5ny5n625
1
4n, the collisional broadening is smaller than

the casen15n, becauseFxx'F11, while FxS8'
1
2 F11. To

the authors’ knowledge, the difference in the value of
collisional broadening in the two above mentioned situatio
has never been specifically investigated in experiments.

IV. DISCUSSION AND CONCLUSIONS

In this paper, we have presented a theoretical model of
elastic exciton-exciton scattering in a semiconductor qu
tum well. Within a two-band envelope function formalism
we have calculated the scattering matrix elements, includ
also the exchange terms and the spin degrees of freed
Our results show that the inter-exciton exchange of carr
is the dominant interaction mechanism. In fact, the dir
term and the exciton-exciton exchange are found to be n
ligible compared to the electron-electron and hole-hole
change. Within the Born approximation, we have calcula
the density-dependent homogeneous broadening.

Comparing our results with the existing experimen
data, we find satisfactory agreement. In a photoluminesce
experiment under resonant excitation, Deveaudet al.3 mea-
sured a collisional broadening of nearly 1 meV at the e
mated density of 1010 cm22. The experiment was performe
on a 45 Å GaAs quantum well, by employing linearly pola
ized light. As we can see in Fig. 4, this is in good agreem
with our results. On the other hand, the four-wave-mixi
experiment in pump and probe configuration by Hono
et al.2 gave smaller values for the density-dependent hom
geneous broadening (0.140.2 meV at an estimated densi
of 1010 cm22). The measurement was still performed wi
linearly polarized light, but on a much thicker GaAs qua
tum well ~120 Å!, where the two-dimensional character
weaker. Our calculation is for a purely two-dimension
quantum-well system and therefore form factors for realis
quasi-2D structures are not taken into account. We rem
that for thicker wells the efficiency of Coulomb scattering
expected to be weaker. Furthermore, in the experimen
Honold et al., the probe beam arrived on the sample with
delay of 20 ps after the pump, in order to avoid coher
effects. Theoretical calculations19 and more recent experi
mental studies3,20 have shown that in high-quality quantu
wells, excitons have a radiative lifetime of the order of
420 ps. This should lead in Ref. 2 to an overestimate of
actual density of excitons when the sample is probed
consequently to an underestimate of the broadening.

Our model takes into account also the spin degrees
freedom. Owing to fermion-fermion exchange, collisions c
lead to spin relaxation. We have derived the selection ru
for the allowed scattering spin channels. As already obser
in the introduction, the problem of the spin relaxation of
interacting exciton gas has been very recently investiga
by Amandet al.7 They have performed time-resolved phot
luminescence experiments, under resonant excitation by
liptically polarized light. Their measurements show tha
density-dependent spin relaxation takes place. In particu
they observe a fast decay of the luminescence followed b
much slower one. The fast component disappears in the
excitation regime and in the limiting case of circular pola
ization. According to Amandet al., the fast decay is a con
sequence of the transfer from the optically active states to
e
s

e
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-
d
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e

dipole-forbidden dark ones. They attribute to the inte
exciton exchange of carriers the characteristic features of
observed photoluminescence signal. In order to fit their tim
resolved signal, they consider an effective phenomenolog
spin-spin Hamiltonian. Our model naturally shows how th
spin-relaxation mechanism originates from Coulomb inter
tion, when the antisymmetry under carrier exchange in
two-exciton wave function is correctly included. In partic
lar, two interacting excitons in the same elliptically polariz
state can scatter to the dipole-forbidden dark states. On
other hand, two excitons in the same circularly polariz
state cannot. This spin relaxation mechanism holds beca
of the dominant role of the inter-exciton exchange of carri
in the exciton-exciton Coulomb interaction.
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APPENDIX A: SYMMETRY PROPERTIES
OF MATRIX ELEMENTS

Here we show some peculiarities of the direct integ
Hdir and of the fermion-fermion exchange termsHexch

e and
Hexch

h . As far asHdir is concerned, there are significant sym
metry properties. First of all, inHdir , the product

CQ
! ~re,rh!CQ8

!
~re8 ,rh8!CQ1q~re,rh!CQ82q~re8 ,rh8!

~A1!

does not depend onQ,Q8, as it is clearly obtained from Eq
~1!. Therefore we have

Hdir~Q,Q8,q!5Hdir~q!. ~A2!

The dependence onq of the product~A1! appears through
the factor

exp$ iq•@be~re2re8!1bh~rh2rh8!#%. ~A3!

Hdir(q50) does not depend on the carrier masses (me
Þmh). In particular, if we perform in Eq.~12! the change of
variablesre95rh8 , rh95re8 , we find that

Hdir~q50!52Hdir~q50!⇒Hdir~q50!50. ~A4!

Furthermore, ifme5mh , Hdir(q)50 for every value ofq.
The fermion-fermion exchange integralsHexch

e and Hexch
h

have very different properties. If we consider, for instan
Hexch

e given in Eq.~16!, we have that

CQ
! ~re,rh!CQ8

!
~re8 ,rh8!CQ1q~re8 ,rh!CQ82q~re,rh8!

}exp$ i ~Q82Q!•@be~re2re8!#%

3exp$ iq•@be~re82re!1bh~rh2rh8!#%. ~A5!
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This means that

Hexch
e ~Q,Q8,q!5Hexch

e ~DQ,q,u!, ~A6!

whereDQ5uQ82Qu andu is the angle betweenQ82Q and
q. The exchange of electron coordinates in the final s
breaks the symmetry between electron and hole, whic
instead present inHdir in the caseq50 and, more generally
in the caseme5mh . Thus, we haveHexch

e (DQ50,q50,u)
Þ0 andHexch

e (DQ,q,u)Þ0 also in the caseme5mh . The
same properties are of course valid forHexch

h .
A.

,
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APPENDIX B: FERMION-FERMION
EXCHANGE INTEGRAL

In this appendix, we give the simplified expression f
Hexch

e @see Eq.~22!# after shortly explaining how it is ob-
tained starting from Eq.~16!. Let us defineR5bere1bhrh
and r5re2rh. Changing the variablesre, re8 , rh , rh8 to j
5R2R8, s5$R1R8%/2, r, r8, it is possible to reduce the
dimension of the integration from eight to six; in fact th
integrand does not depend ons and therefore the corre
sponding integration is trivial, giving the factorA, that is the
normalization area. If we again change the variablesj, r, r8
into the new onesy15$j2ber2bhr8%/l2D , y25$j1bhr
1ber8%/l2D , x5r/l2D , we finally obtain Eq.~22!, where
I exch~DQ,q,u,be!5E
0

`

dxE
0

2p

duxE
0

`

dy1E
0

2p

du1E
0

`

dy2E
0

2p

du2 x y1y2cos$DQl2D@bex cos~u2ux!

1bey1cos~u2u1!#1ql2D@2x cosux2bey1cosu11~12be!y2cosu2#%

3exp„2@~y2cosu22y1cosu12x cosux!
21~y2sin u22y1sin u12x sin ux!

2#1/2
…exp~2x!

3exp~2y1!exp~2y2!H 1

Ay1
21x212y1x cos~u12ux!

1
1

Ay2
21x222y2x cos~u22ux!

2
1

y1
2

1

y2
J .

~B1!
nd
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