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Time-dependent heat diffusion in semiconductors by electrons and phonons

G. Gonza´lez de la Cruz and Yu. G. Gurevich
Departamento de Fı´sica, CINVESTAV-IPN, Apartado Postal 14-740, C.P. 07000 Me´xico, Distrito Federal, Mexico

~Received 31 March 1998!

In this work the electron and phonon temperature distribution functions in semiconductors are calculated.
We consider the time-dependent heat flux at the surface of the sample as a boundary condition for the electron
and phonon systems, and a fixed temperature at the opposite surface. Those boundary conditions reflect the
usual experimental setup in some photothermal experiments where the most common mechanism for produc-
ing interacting ‘‘thermal waves’’ is the absorption of an intensity-modulated light beam by the semiconductor.
The electron and phonon temperature distributions in the sample are given as a function of both, time and
position valid for a wide range of the modulation frequencyv of the incident light. The response of the system
in the limit of high- and low-frequencyv with respect to the characteristic timete(tp) of the electron~phonon!
system is analyzed.@S0163-1829~98!08436-7#
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I. INTRODUCTION

The study of photothermal phenomena has recently de
oped into a very active area of research in applied phys
Photothermal technique has become a valuable tool in m
suring complex parameters of solids and for characteriz
process parameters in the manufacturing of electronic
vices. These techniques are versatile and nondestructive
can be employed in a variety of experimental conditions
determining the physical parameters of solids and biolog
materials. Some of the different contact-type detection te
niques, such as conventional gas-microphone photoaco
detection, photopyroelectric detection, or remote sens
techniques such as photothermal reflection, etc., were rev
in Ref. 1.

Being a photothermal technique, the detected signa
strongly dependent upon how the heat diffusing through
sample allows us to perform both thermal characterization
the sample~i.e., measurements of its thermal properties, s
as thermal diffusivity and thermal conductivity!, and carrier
transport properties.2 In the case of semiconductors, the ph
tothermal signal can provide us with additional informati
regarding the heat-transport properties and electron-pho
energy relaxation by the interacting electron and phonon
tems, a fact that has been recognized since the early theo
heat conduction and hot electrons in semiconductors.3 Quali-
tatively this be may understood as follows: in studies of
behavior of semiconductors heated by electromagn
waves, it is usual to assume that the phonon system rem
in equilibrium, i.e., the phonon temperatureTp is equal to the
temperatureT0 of the ambient medium. However, nonequ
librium carriers in the bulk of the sample can interact a
transfer energy to the phonon system, producing an esse
increase in the average energy of phonons, which can m
conveniently be described in terms of heating of the pho
gas~increase of its temperature!.4

Since photothermal measurements allow one to determ
the diffusion length of carriers, the surface recombinat
velocity, and the bulk lifetime of carriers, Sablikov an
Sandomirskii5 developed a theory of the photoacoustic effe
in semiconductors for the region of fundamental absorpti
PRB 580163-1829/98/58~12!/7768~6!/$15.00
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taking into account the generation of free electrons a
holes, their diffusion, and recombination. However, these
thors only considered a single-temperature approximation
carriers and phonons.

On the other hand, Sasaki, Negishi, and Inoue6 were suc-
cessful in developing a variant of that technique in which
transient thermoelectric effect~TTE! is generated by heating
a sample through absorption of pulsed-laser irradiation. T
absorption of optical energy generates electron-hole pa
increases the energy~heating! of the majority carriers, and
produces a thermal flux of phonon due to the energy in
action between these quasiparticles. The main advantag
the TTE method is that it is based on direct, straightforwa
measurements of the electron temperature as a functio
position and time. Moreover, TTE also allows one to ma
local, instantaneous, practically inertialess measureme
Recently there has been some interest in a study of the
waves in semiconductors. In particular,7 the electronTe and
phononTp temperature distributions were calculated in t
limit when the thickness of the sample is greater than
cooling length, defined as the length at which the aver
energy of the electron system reach equilibrium with t
phonon system.3 For typical values of the heat conductivit
of electrons and phonons in semiconductors, it is possibl
obtain information about physical parameters describing
diffusivity and thermal conductivity of electrons an
phonons as well as the electron-phonon energy interactio
photothermal experiments. On the other hand, the pho
temperature as a function of position can be measured u
a thermocouple in different points on the sample. Moreov8

thermal diffusion of one- and two-layer systems has be
investigated using the heat-diffusion equation in the appro
mation when both the electron and phonon temperature
tributions are equal. This approximation is only valid in th
limit of infinite electron-phonon energy interaction.

In this work we further extend the earlier models to stu
electron and phonon thermal waves in semiconductors
taking into account the finite size of the sample. The gene
tion and recombination of carriers by absorption of light a
the diffusion process of carriers are negligible in our mod
7768 © 1998 The American Physical Society
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This approximation is valid only if any of the following as
sumption is fulfilled.

~i! The sample is optically opaque, i.e., the incident rad
tion is completely absorbed at the surface and converted
heat.

~ii ! Free-carrier absorption of laser light in the semico
ductor, when the photon energy is less that the band-
energy. Therefore, the initial rise in the carrier temperat
due to the excess kinetic energy received during laser e
tation causes a substantial increase in the diffusion heat

~iii ! Strong electron-hole recombination close to the s
face of the semiconductor after photoexcitation of electr
hole pair. The carriers yield energy which is converted in
heat in the sample.

Changes of the electron and phonon concentrations du
the temperature become important only if the variation of
temperature is of the same order as the electron and ph
equilibrium temperature.9 These thermal waves generat
into the material by an incident-beam radiation are analy
in terms of the characteristic response time of the sys
according to the modulation frequency. In Sec. II the el
tron and phonon temperature distributions for semicond
tors is calculated by solving the coupled heat-diffusion eq
tions for both quasiparticle systems. In Sec. III a discuss
of our results is presented, and a comparison to the pre
tions of the existing theories is also made. Finally, in Sec.
we present our conclusions.

II. THEORY

It is well known that heat transport in solids is carried o
by various quasiparticles systems,~electrons, holes, mag
nons, plasmons, etc.!. Frequently the interactions betwee
these quasiparticles systems are such that each of these
tems can have its own temperature, and the physical co
tions at the boundary of the sample can be formulated s
rately for each quasiparticle system.10 Therefore steady-stat
heat conduction in ann-type semiconductor~for example!
can be described by the following system of equations:

div Qe52Pep~Te2Tp!, div QW p5Pep~Te2Tp!. ~1!

The termsPep(Te2Tp) gives the transfer of heat betwee
electrons and phonons. HerePep is a parameter proportiona
to the relaxation energy frequencyne between the electron
and phonon systems~Pep5P.nne , n is electron density and
ne.108– 1011/s!,4 and the heat flux of electronQW e and pho-
non QW p systems are described by the usual relationships

QW e52ke¹Te , QW p52kp¹Tp , ~2!

whereke(kp) is the electron~phonon! thermal conductivity.
So far, Eqs.~1! include only the static contribution of th
heat transport, i.e., the heat flux is independent of time. H
ever, in the photothermal experiments, the incident radia
is modulated in time by the chopper, and in this case i
necessary to consider the dynamic contribution to the h
transport in the electron and phonon systems. Let us ass
a one-dimensional model for the heat flux. Assuming that
sample is optically opaque to the incident light~i.e., all the
-
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incident radiation is absorbed at the surface!, the electron and
phonon temperature distribution functions are the soluti
of7

]2Te~z,t !

]z2 2ke
2@Te~z,t !2Tp~z,t !#5

1

ae

]Te~z,t !

]t
,

~3!

]2Tp~z,t !

]z2 1kp
2@Te~z,t !2Tp~z,t !#5

1

ap

]Tp~z,t !

]t
,

where ke,p
2 5P/ke,p , and ke,p

21 are the electron and phono
cooling lengths.3 The diffusivity for each system is given b
ae,p5ke,p /(rc)e,p , andre(rp) andce(cp) are the electron
~phonon! density and specific heat, respectively.

The temperature fluctuationsTe,p(z,t) should be supple-
mented by boundary conditions at the surface of the se
conductor (z50). In the photothermal experiments, the mo
common mechanism to produce thermal waves is the abs
tion by the sample of an intensity modulated light beam w
frequency modulationv. It is clear that when the intensity o
the radiation is fixed, the light converted into heat at t
surface of the sample can be written in general as

Qe,p~z,t !uz505Qe,p1DQe,peivt, ~4!

where Qe,p is the average over time of the total heat flu
Q(z,t) transmitted to electron and phonon systems at
surface of the sample, and is proportional to the intensity
the incident light. The last termDQe,peivt represents the
modulation of the incident beam; it can be positive or ne
tive. This means that heat flux propagates into the sam
during a half-period of the modulation heat~;1/2v! when
ReDQe,pe

ivt.0, and it propagates toward the surface of t
sample when ReDQe,pe

ivt,0. The heat flux associated wit
the positive half-period of the modulated incident light co
verted into heat at the surface of the samp
(ReDQe,pe

ivt.0), can be described as a decaying solution
Eq. ~3! with increasing distance from the surface. On t
other hand, the growing term ofTe,p with distance of the
dynamical part of Eq.~3! represents the propagation of th
flux in the opposite direction, and is associated with t
negative half of the period ReDQe,pe

ivt,0.
The temperature is not used as a boundary condition

cause it is usually an unknown parameter in the photother
experiments. The general solution of the heat-diffusion eq
tions for this one-layer system of thicknessd is given by

Te,p5A1Bz6
ke,p

2

k2 @C1e2kz1C2ekz#1Qe,p~z,t !, ~5!

where k25ke
21kp

2; k represents the inverse of the coolin
length. In the derivation of Eq.~5!, it is assumed that the
heating modulated light intensity is weak, so that we ha
uTe,p(z,t)2Teu!T0 , and diffusion equations can be consi
ered linear.

In order to obtain the constantsA, B, andC1,2, and the
dynamical contribution to the electron and phonon tempe
ture distributionsQe,p(z,t), it is necessary to specify th
boundary condition atz5d. Because the temperature is
thermodynamic parameter, the one-layer system has to b
contact with a heat reservoir at some temperature, so that
natural to choose a continuity of the temperature distri
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7770 PRB 58G. GONZÁLEZ de la CRUZ AND YU. G. GUREVICH
tions in the sample atz5d, i.e., Te,p(z,t)uz5d5T0 . In the
photothermal experimental setup,T0 represents the ambien
temperature. Using this boundary conditions in Eq.~5! the
constants are given by

A5T01d
1

k2 S Qekp
2

ke
1

Qpke
2

kp
D , ~6a!

B52
1

k2 S Qekp
2

ke
1

Qpke
2

kp
D , ~6b!

C152
1

2k S Qp

kp
2

Qe

ke
D ekd

coshkd
, ~6c!

C25
1

2k S Qp

kp
2

Qe

ke
D e2kd

coshkd
, ~6d!

and the functionQe,p(z,t) satisfies coupled heat-diffusio
equations similar to Eqs.~3! with the following boundary
conditions:

2ke,p

dQe,p

dz U
z50

5DQe,peivt, Qe,p~z,t !uz5d50. ~7!

The electron and phonon temperature distributions in
specimen resulting from the modulated light converted i
heat in the sample are given by

Te~z,t !5T01
1

k2 S kp
2

ke
Qe1

ke
2

kp
QpD ~d2z!

1
1

k S Qe

ke
2

Qp

kp
D ke

2

k2

sinh k~d2z!

coshkd

2F F1

coshs1d
sinh s1~d2z!

1
F2

coshs2d
sinh s2~d2z!Geivt ~8!

and

Tp~z,t !5T01
1

k2 S kp
2

ke
Qe1

ke
2

kp
QpD ~d2z!

2
1

k S Qe

ke
2

Qp

kp
D kp

2

k2

sinh k~d2z!

coshkd

2F G1

coshs1d
sinh s1~d2z!

1
G2

coshs2d
sinh s2~d2z!Geivt,

where

F152
1

s1~s2
22s1

2!
FDQp

kp
ke

21
DQe

ke
~s2

22se
2!G , ~9a!

F25
1

s2~s2
22s1

2!
FDQp

kp
ke

21
DQe

ke
~s1

22se
2!G , ~9b!
e
o

G1,252
s1,2

2 2se
2

ke
2 F1,2, ~9c!

and the values ofs1,2 are given by

s1,2
2 5 1

2 ~se
21sp

2!6 1
2 @~se

22sp
2!214ke

2kp
2#1/2. ~10!

Equation~10! represents the condition for nontrivial solutio
of the coupled electron-phonon differential equations, a
se,p

2 are given by

se,p
2 5

iv

ae,p
1ke,p

2 . ~11!

As can be seen from Eq.~8!, the decreasing exponential ter
associated with the dynamical part in the temperature fl
tuation into the sample attenuates rapidly to zero with
creasing distance from the surface, such that, at a dista
L.max (us1u21,us2u21), this contribution to the dynamica
part of the heat-diffusion equations is effectively damp
out. Physically this represents a propagation of the heat
from the surfacez50 to z5d. Once we know the electron
and phonon temperature distributions in the semiconduc
we can calculate the response of the surrounding med
due to the photothermal heating of the sample using one
the several alternative detection techniques mentioned ab

It is worth mentioning that although the dynamical co
tributions to the temperature distributions in Eqs.~8! have a
sinusoidal dependence through the imaginary part of the
ponential terms, the temperature distributions in the sam
is not like a electromagnetic wave, heat conduction in so
is a diffusive process.7

III. ANALYSIS OF Te AND Tp

We now turn to the discussion of the results obtained
far, and compare them with previous theories on therm
waves. For a nondegenerate semiconductor, the typical
of the heat conductivities of electrons and phonons satis
ke /kp;1023. Under these circumstances, information abo
electron and phonon thermal parameters as well as the
ergy relaxation frequency can be obtained from photother
experiments depending upon the decay length (Res1,2) of
the dynamical component of the electron and phonon te
perature. In this case expressions~8!–~10! are simplified and
take the form

Te~z,t !5Ae~z!2FF1

sinh s1~d2z!

coshs1d

1F2

sinh s2~d2z!

coshs2d Geivt, ~12a!

Tp~z,t !5Ap~z!2G
sinh s2~d2z!

coshs2d
eivt, ~12b!

whereG1.0, s15se , s2
25 iv/ap , and
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Ae~z!5T01
Qe1Qp

kp
~d2z!

1
1

ke
FQe

ke
2

Qp

kp
G sinh ke~d2z!

coshked
,

Ap~z!5T01
Qe1Qp

kp
~d2z!,

F152
1

se
F ke

2

s2
22se

2

DQp

kp
1

DQe

ke
G ,

F25
ke

2

s2~s2
22se

2!

DQp

kp
, G5

21

s2

DQp

kp
.

Because the source of the photothermal signal arise f
the periodic heat flow from the semiconductor, the perio
diffusion process produces a periodic temperature varia
in the semiconductor given by the sinusoidal~ac! component
of Eq. ~12b!; In this case, only information about the phono
physical parameters are obtained from those experime
However, in thermoelectric experiments, the important c
tribution to the signal comes from Eq.~12a! which gives
information about the electron-phonon energy relaxation
electron and phonon thermal parameters through the foll
ing relationships:

l15
2p

Im s1
5

2&p

keF S 11
v2

v0
2D 1/2

21G1/2,

l25
2p

Im s2
52pS 2ap

v D 1/2

,

L15
1

Re s1
5
&

ke

1

F S 11
v2

v0
2D 1/2

11G1/2,

L25
1

Re s2
5S 2ap

v D 1/2

,

where the quantityv05aeke
25@n/(rc)e#ne has the dimen-

sions of frequency, and it coincides withne the electron en-
ergy relaxation frequency in steady state conditions si
(rc)e;n. For various semiconductors v0;ne
;(108– 1011)s21. Let us introduce a characteristic relaxatio
time of the phonon temperature fluctuation by the relati
shiptr5d2/ap , and rewrite the above equations as follow

l152&p l e@A11~vte!
221#1/2, ~13a!

l252&pd~vtp!21/2, ~13b!

L15& l e@A11~vte!
211#1/2, ~13c!

L25&d~vtp!21/2. ~13d!

Here l e5ke
21 is the electron cooling length, andte

5ne
21 is the electron time of energy relaxation. It follow
m
c
n

ts.
-

d
-

e

-
:

from the expressions~13! that characteristic parameters
the excited thermal waves in the electron and phonon s
tems are different, and those for the phonon system dep
only on phonon parameters.

We would like to draw attention to two aspects which,
the final analysis, are important in applications of the th
moelectric and photoacoustic effects. One of these appl
tions is a determination of a profile of the electron or phon
temperature fluctuation with depth from the surface by m
suring the dependence of the voltage or the photoacous
signal on the modulation frequencyv of the intensity of the
incident light. For nondegenerate semiconductors, typ
values of the density and the thermal capacity for the pho
system give that (rc)p;1023 cm23 ~see Ref. 11!, while for
the electron gas (rc)e;n;(101421019) cm23, and, because
ke /kp;1023, then the ratio of the thermal diffusivity o
electrons and phonons is on the orderae /ap;(10– 106);
therefore, from Eqs.~13!, L1@L2 wheneverv@ne . Un-
der this approximation,uF1u@uGu@uF2u, i.e., the time-
dependent component of the phonon temperature in
semiconductor attenuates rapidly to zero with increasing
tance from the surface of the solid as compared with
component of the time-dependent electron temperature
tribution; in this case, information only about the electr
physical parameters are carried out by the electron ther
wave through the coefficientF1 . Hence the thermoelectric
experiments, which detect only the electron thermal wa
give us information about electron thermal parameters.
the other hand, information about the electron and pho
physical parameters can be obtained ifv!(ap /ae)ne ; then
L1!L2 and the amplitudes for the dynamical parts of t
electron and phonon temperature distributions are given

uF1u;
DQe

ke
Fae

ne
G1/2

, uF2u5uGu;
DQp

kp
Fap

v G1/2

.

If, in addition, the chopping angular frequency of the lig
converted into heat satisfiesv!(ap /ae)(ke

2/kp
2)ne , then

uF2u5uGu@uF1u and the time-dependent electron and ph
non temperature fluctuations are the same; this means
phonon physical parameters can be obtained from both t
moelectric and photoacoustic experiments. Finally, for a
termediate chopping frequency i.e. (ap /ae)(ke

2/(kp
2)ne)

!v!(ap /ae)ne , uF1u@uF2u5uGu, and in this limit the sig-
nal produced by the fluctuation of the electron thermal wa
equation ~12b! depends strongly on the thickness of t
sample and the position of the detector. For example, c
sider the case whens2d@1, and the position of the detecto
in the sample is such thats1z!1 and as a consequenceTe
;F1 exp(2s1z)@Tp ; this, in this limit, we obtain only in-
formation about electron thermal parameters through
electron thermal waves. Fors1

21!z!s2
21, Te5Tp

1F2 exp(2s2z), and in this case the contributions of th
fluctuations of the electron and phonon temperature to
photothermal signal are the same. On the other hand, for
thickness of the sample, such thats1d!1:Te@Tp and again,
the signal produced in the experiment is due to the elec
thermal wave. A similar analysis can be done for the int
mediate values of the thickness of the sample, i.e., w
s1

21!d!s2
21 ~see Fig. 1!.
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In the case whenke,p→0 ~electron-phonon interaction
vanishes!, it follows from Eqs.~8! that the electron and pho
non temperatures reduce to

Te,p5T01
Qe,p

ke,p
~d2z!1

DQe,p

ke,pse,p

sinh se,p~d2z!

coshse,pd
eivt,

~14!

i.e., for P→0 we have noninteracting systems of quasipa
cles, and heat transport is carried out by the electrons
phonons independently through the semiconductor. In
limit when use,pud!1 or vte,p!1 ~low frequency! where
te,p5d2/ae,p are the characteristic times at which the ele
tron and phonon systems respond to an external perturba
Eq. ~14! reduces to

Te,p~z,t !5T01
Qe,p

ke,p
~d2z!1

DQe,p

ke,p
~d2z!eivt. ~15!

In this limit the electron and phonon temperature distrib
tions are quasistatic and independent of the diffusivity of
systems; i.e. from any photothermal experiments only inf
mation about electron and phonon thermal conductivity
be obtained. Note that, at low modulation frequency,
thermal diffusion lengthsLe,p5(2ae,p /v)1/2, are large as
compared withd.

On the other hand, in the limit whenuse,pud@1 or
vte,p@1 ~high modulation frequency!, Eq. ~14! reads

Te,p~z,t !5T01
Qe,p

ke,p
~d2z!1

DQe,p

ke,pse,p
eivt2se,pz.

~16!

In this limit the dynamical part of the electron and phon
temperature distributions are smaller than the static contr
tions, i.e.,DQe,p /se,pke,p!Qe,p /ke,p , and they attenuate
rapidly to zero with increasing distance from the surfa
such that, at a distanceL!d, the temperature fluctuation
are effectively damped out. At frequency modulation in t
rangetp

21!v!te
21, the electron system responds quas

FIG. 1. Schematic representation of the spatial distribution
the amplitudes for electron (Te) and phonon (Tp) thermal waves in
the limits uF1u@uF2u and us1u@us2u.
-
nd
e

-
n,

-
e
-
n
e

u-

,

-

tatically to the external perturbation, while the phonon te
perature fluctuation in the sample is small compared with
static contribution.

We now consider the situation represented by the str
coupling between electrons and phonons, i.e.,P→`. In this
case the electron-phonon energy interaction is very effici
Here the solutions of Eq.~10! are given by

s1
2.k2;s2

25
iv

k2 S kp
2

ae
1

ke
2

ap
D 5

iv

ke1kp
@rece1rpcp#,

~17!

and G2.F2 . Therefore, in this limit both temperatures a
the same:

T~z,t !5Te~z,t !5Tp~z,t !5T01
Qe1Qp

ke1kp
~d2z!

1F2

sinh s2~d2z!

coshs2d
eivt,

~18!

F251
1

s2

DQe1DQp

ke1kp
.

Here the thermal waves generated into the semiconducto
the incident beam radiation can be analyzed~for both limits:
high and low modulation frequencies!, and the effective
characteristic time of the total systems is

teff5
d2

ke1kp
Fke

ae
1

kp

ap
G , ~19!

which depends upon the electron and phonon thermal par
eters.

However in general, the analysis of heat flux in the sem
conductor through the electron and phonon temperature
tributions@Eqs.~12!# is very complicated for any modulatio
frequency and finite value of the electron-phonon interacti
An exhaustive study of electron and phonon thermal wa
was made in Ref. 7 in the limit of very large samples.

IV. CONCLUSIONS

In conclusion, a theoretical analysis of thermal waves
been studied. Using the appropriate boundary conditions,
cording to the usual photothermal experiments, we obtain
electron and phonon temperature distributions in the sam
Thermal waves generated into the material by the incide
beam radiation in general can be analyzed as function of
electron and phonon thermal parameters as well as
electron-phonon energy relaxation. In particular, we have
rived exact solutions for electron and phonon temperature
semiconductors in the limit of weak and strong electro
phonon interaction for both high and low modulation fr
quencies of the incident radiation on the sample. The ab
findings tell us that the different responses of the syst
depend on the modulation frequency.
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