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Linear-mixing model for shock-compressed liquid deuterium

Marvin Ross
Lawrence Livermore National Laboratory, Livermore, California 94551

~Received 23 September 1997!

A model has been developed for the equation of state of deuterium that builds in the correct limiting
behavior for the molecular fluid at low pressure and extends smoothly through dissociation to the very high-
density monatomic-metallic fluid. The key assumption is that the Helmholtz free energy of the dissociating
mixture is a function that can be approximated by the composition average of the free energy of the pure
molecular and metallic hydrogen equations of state. The composition is determined by minimizing the free
energy. In comparison to earlier studies this model leads to an enhancement of molecular dissociation and a
lowering of shock temperatures and pressures. Calculations for shock-compressed liquid deuterium are in
agreement with experiments to a pressure of 2.1 Mbar. At about 1 Mbar and 20 000 K liquid deuterium is 90%
dissociated and is a nearly degenerate metal. The model predicts that molecular dissociation will lead to
negative values of (]P/]T)V in the range 4000 to 10 000 K and volumes below 7 cc/mol. This feature suggests
the formation of covalently bonded species in the partially dissociated mixture.@S0163-1829~98!05825-1#
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I. INTRODUCTION

An accurate knowledge of the equation of state~EOS! of
fluid hydrogen at extreme conditions is of considerable s
entific interest, but it is essential for designing deutera
capsules for inertial confinement fusion~ICF! ~Refs. 1 and 2!
and for modeling Jovian planets and brown dwarfs.3,4 Shock
wave experiments have been the most reliable source of
data for hydrogen at such conditions, and deuterium has b
the favored isotope because its higher mass permits th
tainment of higher final pressures and densities.

ICF is a scheme in which hydrogen fusion is realized
impinging an intense laser light on a target to generat
shock wave in a liquid deuterium tritide~DT! sample that
will achieve a density of;103 times solid density at a ther
mal temperature ofkT;10 keV.2 The shock path in an op
timized capsule would first track this Hugoniot and be d
signed to follow an isentropic compression from the point
maximum compression to higher density. By following
isentrope the temperature rise is limited, and this permits
sample to achieve the density and temperature necessar
fusion. Since the efficient performance of deuterated I
capsules relies heavily on achieving a maximum comp
sion, the design of such a capsule depends critically on
accurate EOS for predicting the Hugoniot. Given the co
plexity of the physics, experimental shock data becomes
dispensable for developing an accurate EOS model. W
the isotherm for solid hydrogen has been measured i
diamond-anvil cell5 up to a pressure of 1.2 Mbar at roo
temperature, the considerably higher temperatures achi
by shock compression are more nearly in the range of in
est to ICF and astrophysics.

Shock experiments achieve states at high compres
and temperature by introducing a rapid impulse into a s
stance through the detonation of a high explosive, the imp
of a high-speed projectile propelled by a two-stage gun
the absorption of an intense pulse of radiation as with a h
powered laser. High-speed optical and electronic meth
are necessary to measure certain dynamic variables;
PRB 580163-1829/98/58~2!/669~9!/$15.00
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shock and piston velocities that determine the final press
density, and energy.6 The pressure (P), volume (V) and
energy (E) behind the shock front is related to the initi
conditions (Po ,Vo ,Eo) through the Hugoniot equation:

E2Eo5 1
2 ~P1Po!~Vo2V!. ~1!

The Hugoniot curve is the locus of final states that are atta
able by a series of experiments with different shock inten
ties each starting from the same initial state. The tempera
of the final shocked state cannot be obtained from the Hu
niot equations. It can be measured if the optical emiss
from the shock front is sufficiently high, but it is usuall
obtained from calculations of the Hugoniot using a theore
cal equation of state.

Deuterium starting from the liquid, atVo523.6 cc/mol
and To520.3 K, has been shock compressed using
LLNL two-stage light gas gun to 210 kbar using sing
shocks and to about 850 kbar with reflected~or double!
shocks.7–9 More recently, a series of laser-generated sho
wave experiments have been made to measure the Hug
of liquid deuterium over the pressure range from 0.25 to
Mbar ~Ref. 10! with the maximum compression to 3.85 c
mol, a density of 1.05 g/cc. This is the highest pressure m
sured in a shock experiment with a liquid hydrogen isoto
and greatly extends the data available for examining
equation of state. Prior to these experiments theoretical e
mates of the maximum density were lower by 20 to 40 %

In Sec. II a linear-mixing model is described for den
dissociating hydrogen. The model has built in the corr
limiting behavior for the low-density molecular fluid and th
high-density monatomic-metallic fluid and the equation
state interpolates smoothly between these limits. The ca
lated results are presented in Sec. III. Section IV is c
cerned mainly with interpreting the results in hopes of ga
ing some new insight into the nature of the partia
dissociated fluid. The section also includes a compari
with quantum Monte Carlo calculations. Section V is a su
mary.
669 © 1998 The American Physical Society
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670 PRB 58MARVIN ROSS
II. THE MODEL

A. Theoretical background

A major barrier to the construction of an accurate EOS
deuterium at simultaneously very high pressures and t
peratures is the lack of information describing the chem
structure of the dissociating mixture. For example, it is u
known whether the mixture consists only of molecules a
atoms such as in a dissociating dilute gas or whether m
complex chemically bonded species are present. Molec
bonds may be destroyed by thermally exciting or press
delocalizing electrons to create molecular chains and e
trons may become itinerant as in a metal. One of the few
of information comes from an analysis of the atomic arran
ments found in both quantum Monte Carlo~QMC! ~Ref. 11!
and quantum molecular-dynamics,12 calculations that sug
gests that the structure of the reacting mixture is a com
cated arrangement of molecules and strings of atoms
implies the presence of chemical bonding in the mixture.

In the regime of relatively low shock pressure and te
peratures, up to 210 kbar and about 4500 K, the fraction
molecules dissociated is only a few percent. Up to this pr
sure the Hugoniot has been calculated using fluid pertu
tion theory with the Ross, Ree, and Young~RRY! H2-H2 pair
potential that was fitted to the shock data.13 Calculations of
the solid isotherm and the melting curve made with this
tential are also in good agreement with experiment.
higher pressure and temperature theoretical models m
contend with a rapidly increasing degree of dissociation.
tempts to model the EOS in this regime have been made
Saumon and Chabrier14,15 using the RRY H2-H2 potential
and potentials for the H-H and H-H2 interactions that were
determined from molecular orbital calculations for the is
lated pairs. These potentials are characterized by sh
ranged exponential repulsions. They predict second sh
temperatures near 0.8–0.9 Mbar that are too high by ab
40%.9 The conclusion drawn from these results is that wh
theoretical pair potentials may be useful for modeling
low-density gases, they are apparently too repulsive to a
rately model the interactions present in a dense, parti
dissociated, fluid.

One explanation for the limited usefulness of simple p
potentials for dissociated fluids is the possibility that spec
other than atoms and molecules will be present. For exam
consider the simple H4 system. Much of the interest in thi
system has centered around the H21D2→2HD exchange re-
action studied in shock tube experiments and by quant
mechanical calculations and in H4 as a prototype for the
infinite antiferromagnetic chain and as a crude model
metallic hydrogen. Figure 1 shows the results of calculati
made by full configuration interaction calculations for line
H4 and taken from the tables of Bender and Schaefer.16 In
order to place these calculations more clearly within the c
text of the present discussion, the data has been plotte
terms of the volume occupied by an inner atom of the eq
distant H4 chain for equal linear lengths of H4 and H2-H2.
The ground-state energy of the linear H2-H2 interaction is
repulsive, except for the small van der Waals attraction
low density. In contrast, the energy of the linear equidist
H4 is predicted to have an energy minima at 1.67 Bohr ly
7.1 eV below the exact energy of four atoms but 1.9
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above a pair of H2 molecules. Similar curves exhibiting en
ergy minima have been calculated for H4 squares, rectangles
rhomboids, and tetrahedrons, but these configurations h
higher energies, lying nearer22.1 Ry.17 Energy surfaces for
the ground and excited states of the H3 system also show
energy minima.18

In the case of the solid, hydrogen has been found to
main molecular to at least 2.3 Mbar.19 First-principles total-
energy calculations predict the transition to a monatom
metal at some higher pressure, widely believed to be abo
Mbar.20 Similar results are obtained from predictions ma
with models in which the energy of the molecular so
~lower curve in Fig. 2! is determined by an empirical poten
tial ~such as RRY! obtained by fitting experimental data an
the energy of a monatomic bcc metal~middle curve! calcu-
lated by local-density approximation~LDA ! electron band
theory.21 These two curves in Fig. 2 show a striking rese
blance to the two plotted for H2-H2 and H4 in Fig. 1. In
particular, the energy minimum in the metal and H4 string
occur at about the same interatomic spacing, suggesting
there exists a fundamental relationship between pairs of m
ecules to strings and solids.

FIG. 1. Configuration interaction calculation of the total ener
for H2-H2 and linear H4 taken from the tables of Bender an
Schaefer~Ref. 16!. The data has been plotted in terms of the v
ume approximated as the sphere occupied by an inner atom o
equidistant H4 chain for equal linear lengths of H4 and H2-H2 .

FIG. 2. Energy vs volume/~2H atoms! for lattices of molecular
~lower curve!, metallic~middle curve!, and atomic hydrogen~upper
curve!.
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PRB 58 671LINEAR-MIXING MODEL FOR SHOCK-COMPRESSED . . .
With increasing density the energy of the molecular ph
rises exponentially while the energy of the metallic struct
decreases to a minimum at very nearly the same volume
much higher densities the metallic structure becomes m
stable than the molecular, leading to a first-order insula
metal transition. This is not the case for the uppermost cu
in Fig. 2. This curve represents the energy of a close-pac
lattice in which hydrogen atoms interact by the short ran
H-H potential of Saumon and Chabrier.14,15 This curve
shows no energy minimum.

At low density the energy of the atomic lattice converg
to that of the metal~middle curve! and both are offset from
the molecular energy by the dissociation energy. With
creasing compression, the energy of the atomic lattice pa
lels that of the molecular phase and never crosses into
insulator-metal transition. However, a transition can be c
ated for the dense plasma by adding an attractive polariza
potential to describe interactions in a partially ionized m
ture between charged and neutral species.15

If we naively transfer the theory of chemical equilibriu
for a dissociating gas to that for the dissociation of a shoc
liquid, then we should expect the partially dissociated flu
to be some hybrid mixture made up, principally, of the lo
est energy states; the molecular and metallic phase. Sinc
know that the electrons in H2 are highly localized and the
electrons in the metal are itinerant, it then follows tha
partially dissociated mixture will be characterized by sta
of intermediate energy with intermediate fractions of loc
ized and itinerant bonding. At very high temperature, wh
kT is comparable or greater than the metal Fermi ene
hydrogen will be a dense, partially ionized, plasma of atom
ions, and electrons and outside the scope of the pre
model.

B. The linear mixing approximation

The linear-mixing model assumes that the Helmholtz f
energy of the dissociating mixture is a functional that can
approximated by the composition average of the free ene
of the pure molecular and metallic hydrogen equations
state. The composition is determined by minimizing the f
energy. This approximation has the important practical f
ture that it interpolates the equation of state smoothly fr
the normal molecular liquid to the metallic fluid at extrem
conditions that closely tracks the trajectory of the shock
periments. To quantify the model we write the Helmho
free energy~per two particles! as

F5~12x!Fmol1xFmet2TSmix , ~2!

whereFmol is the free energy of the molecular fluid andFmet
is the free energy of the metallic fluid.x is the fraction of
dissociated molecules and is determined by minimizingF.
Smix , is the entropy of mixing of H2 and H,

Smix52k$~12x!ln@~12x!/~11x!#12x ln@2x/~11x!#%.

For the purpose of equation of state calculations, the ene
of mixing is generally a small term and is neglected. Leng
Monte Carlo simulations for the equation of state of bina
ionic mixture fluids in a uniform negative background sho
e
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that deviations from the linear-mixing rule are small.22 The
pressure and energy of the fluid are obtained by different
ing the free energy:

P5~12x!Pmol1xPmet ~3!

and

E5~12x!Emol1xEmet. ~4!

The linear-mixing approximation does not imply that th
mixture consists of clumps of molecular fluid and clumps
metallic fluid, nor does it assume that atoms and molecu
are homogeneously mixed, but rather that the free energ
the entire system is a functional that can be expressed a
composition average of these two states of the element.
approximation is equivalent to assuming that the energy
interactionf12 between particles 1 and 2 can be written
the average off11 andf22, the interaction between the pa
ticles in the pure components,

f125~f111f22!/2. ~5!

Thus, linear mixing has the attractive feature in that it allo
us to avoid specifically defining the interaction energy b
tween unlike species, which includes the effects of chem
bonding, a subject of which we lack sufficient knowledge
model. In many respects, the present model is similar
Landau’s two-fluid model for liquid4He in which the mix-
ture is presumed to consist of thermal excitations of phon
and rotons.

The free energy of the molecular fluid is calculated us
soft-sphere fluid variational theory,13

Fmol5Fmol
0 1F ref1F int . ~6!

The first term is the free energy of the ideal gas, and inclu
the translational, vibrational, rotational terms, and the dis
ciation energy.F ref is the free energy of the soft-sphere re
erence system andF int is the contribution of the free energ
due to molecular interactions and is calculated using
RRY potential obtained by fitting the theory to the sho
data below 210 kbar. The general equations forFmol andFmet
are summarized here for ease of presentation, but the spe
expressions are given in Holmes and co-workers.9

The free energy of the metallic fluid is written in terms
the liquid metal, nearly free-electron, perturbation theory
ing a one-component plasma~OCP! reference system:23

Fmet5F trans
0 1Ebcc1F thocp1F1 . ~7!

F trans
0 is the H-ion translational free energy.Ebcc is the lattice

energy of bcc metallic hydrogen,21 andF thocp is the thermal
free energy of the OCP.24 F1 is the first-order correction to
the Helmholtz free energy due to electron-ion screening.
expression for this term has been derived by Galam
Hansen,25

F15
NkT

3p E
0

`

S~q!w~q!q2dq,

where S(q) is the structure factor of the ionic fluid, an
w(q) is the perturbation potential due to electron screeni
w(q) is written in terms of the form factor for the electron
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672 PRB 58MARVIN ROSS
ion interaction and the dielectric constant.F1 is negative
definite and acts to lower the free energy.

Experience has shown that for the purpose of calcula
accurate liquid metal properties at high pressure using
turbation theory,w(q) must be fitted to data. Rather tha
attempt to calculateS(q) and fitw(q), we have treatedF1 as
an empirical function and fitted it to the shock temperat
measurements of Holmes and co-workers.9 For simplicity,
we assumed thatF15dekT. The value ofde522.0/atom
was determined by impedance matching the pressure
shock particle velocity (Up) of the model against theP-Up
curve of the LiF or sapphire optical window.de was ad-
justed to fit the shock temperature measurements9 and pre-
dict the final volume and pressure.de was not readjusted to
fit the laser shock compression experiments that were ca
out afterward.10 SinceF1 is linear in T, it is effectively an
entropy or reference free-energy term and does not appe
the pressure or energy. Viewed as an entropy term,F1 can
also be interpreted as a weighting to the density of state
account for the large number of fluctuating chemical co
figurations that appear in the fluid and needs to be prop
included in a statistical counting.

It should be apparent that any attempt to accurately c
acterize the properties of a system as complex as a part
dissociating mixture at extreme conditions will require so
degree of chemical intuition and empirical approximatio
However, by starting with a metalliclike fluid we have
more realistic model and one that simplifies the fitting p
cedure. By fittingF1 to a single data point, we obtain a
effective interatomic potential that is, in effect, the correcti
to the free energy for all the inadequacies of the mod
Other modeling approaches to this problem, such as th
employing H-H2 and H-H repulsive potentials, would find
necessary to fit several parameters to the experimental
in order to obtain an accurate EOS. The calculated value
F1 are comparable to those for the screening correction
the free energy extrapolated to higher density from
Monte Carlo results of Hubbard and Dewitt.26

Minimization of F with respect tox leads to an expres
sion for the fraction dissociated:

x5Aq/~41q!,

where

q5Exp„2~Fmet2Fmol! /kT….

This expression may be written as

q5~QH
2 /QH2!Exp~2De/kT!, ~8!

where the effective dissociation energy is

De5~Ebcc2Emol!T501DF th . ~9!

TheQ’s are the ideal gas translational, rotational, and vib
tional partition functions of the atom and molecule andDF th
is the change of the thermal free energy. AtT50 K, De is
equal to the difference in the energy between the metal
molecular phases.De reduces to the gas phase value at l
density and with increasing density it decreases monot
cally and goes to zero at the insulator metal to metal tra
tion that for this model is near 3.6 Mbar.
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III. RESULTS

The experimental results and model calculations obtai
for shock-compressed deuterium are plotted in Fig. 3.
ease of presentation the data is reviewed in chronolog
order.

~1! Single shock experiments made on the LLNL tw
stage light gas gun,7–9 starting from the liquid, reach fina
pressures up to about 210 kbar. These points are summa
by the black circles. They represent the sampling of a m
larger data set. Up to 210 kbar the fraction of dissociation
small ~2% and less!. The data was fitted using soft-sphe
fluid theory to obtain the RRY H2-H2 pair potential.13 This
model provides the molecular contribution (Fmol) to the free
energy of the linear-mixing model.

~2! Double shock experiments in which the liquid is r
shocked from near 210 kbar to about 0.8–0.9 Mbar.7,8 These
points are represented by a single black circle with an e
bar. Calculations using the soft-sphere theory modified
include H-H2, H-H interactions13–15 are in agreement with
P-V measurements. However, no temperature measurem
were then available with which to validate predictions in t
7000 K range.

~3! The first shock temperature measurements on de
rium were carried out by Holmes and co-workers.9 Measure-
ments were made for single shocks up to 210 kbar and 4
K and reflected shocks to about 0.8–0.9 Mbar. The reflec
shock temperatures were found to be near 5000 K. Thi
lower than predicted by previous models by about 2000
and lead to the development of the linear-mixing model. T
F1 term in the free energy@Eq. ~7!# was determined by im-
pedance matching the theoretical equation of state to

FIG. 3. Summary of shock experiments and linear-mixi
model (L-M ) and Actex calculations for shock-compressed liqu
deuterium. Single shock liquid experiments~Refs. 7–9! made with
the LLNL two-stage gas gun are shown as black circles. The g
gun points plotted are representative of a much larger data
Initial conditions are at atmospheric pressure andVo523.6 cc/mol
and To520.3 K and reach final pressures of up to about 210 k
with reflected shock gas-gun experiments to 0.8 to 0.9 Mbar. La
driven shock experiments~open squares! extend the experimenta
range to 2.1 Mbar~Ref. 10!.
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PRB 58 673LINEAR-MIXING MODEL FOR SHOCK-COMPRESSED . . .
pressure and particle velocity of the reflecting anvils as
scribed in Sec. II B.

~4! Laser shock experiments extended the experime
range to 2.1 Mbar.10 These measurements, shown by er
bars with open circles, are in reasonable agreement
prior predictions made by the linear-mixing model. The su
cess of the model is at least partly due to the fact that
volume of the reflected shock data point of Holmes near 0
Mbar overlaps the volume at maximum compression attai
by the laser generated Hugoniot.

Although the temperature has as yet not been meas
along the portion of the Hugoniot generated by the laser,
calculated values provide some insight to the nature of fl
at these conditions. Figure 4 shows a plot of the Hugon
and the calculated temperatures, dissociated fractionsx),
and Fermi energies at selected pressures. The temper
rises from 4500 K at 0.21 Mbar to 10 000 K near 0.65 Mb
with 68% of the molecules dissociated. In the region of c
culated maximum compression, near 0.9 Mbar, the temp
ture is about 15 000 K with 90% of the molecules disso
ated. The degree of dissociation increases continuousl
about 97% at 2.1 Mbar, the highest pressure achieved ex
mentally. The calculation of the Fermi energy (Ef) is based
on the atom density in the dissociated fluid and leads
values of 11 eV at 0.65 Mbar and 15.7 eV at 1.1 Mbar. Th
energies are an order of magnitude greater thankT. There-
fore, deuterium at these conditions can be considere
nearly fully degenerate liquid metal and thermal correctio
due to electronic excitations can be treated as negligible

At temperatures above 50 000 K~above 2.2 Mbar! the
thermal energy becomes a significant fraction of the Fe
energy and corrections for nondegeneracy and plasma ef
such as charge transfer, highly excited electrons, and elec
shell ionization may all occur. Above this temperature t
validity of the condensed matter approach taken by
linear-mixing model becomes questionable. While the pr
lems associated with dense, high-temperature matter h
not been solved in a comprehensive way, a partial solu

FIG. 4. Experimental laser shock data for deuterium with cal
lated, Hugoniot, shock temperatures, dissociated fractions (x), and
Fermi energies (Ef) at selected pressures.
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can be found in the activity expansion~ACTEX! method
which approximates the quantum-mechanical partition fu
tion of a mixture of atoms, ions and electrons.27 The ACTEX
method is exact in the weakly-coupled plasma limit of hi
temperature, but becomes progressively less accurate a
temperature is lowered and molecular states are formed
the case of deuterium its region of validity extends down
about 60 000 K. Recently, Rogers and Young28 reported the
Hugoniot calculations made with ACTEX shown in Fig.
The agreement between ACTEX and the present mode
good, but mixed. Although the pressures calculated by
two models are in agreement near 2 Mbar, they begin
diverge at higher pressure. Calculated temperatures for
two models agree to within 10% over the pressure range
4 Mbar.

A number of Hugoniot calculations have been made
deuterium using very different models. Some of these
shown in Fig. 5. In addition to the present results, the
include RRY,13 Sesame,29 and the tight-binding molecular
dynamics calculations of Linofsky.30 Saumon and
Chabrier14,15 have examined the EOS of deuterium but w
are not aware of any reported single shock Hugoniot ca
lations to megabar pressures by these workers. However
published results31 place the Saumon and Chabrier Hugon
between the present model and RRY. All the models are
agreement with the Hugoniot data over the pressure rang
to 0.21 Mbar where the fluid is molecular. Above this pre
sure dissociation occurs and the different models dem
strate considerable disagreement. Of these, the tight-bin
Hugoniot differs most dramatically. Starting from 0.2
Mbar, the Hugoniot rises steeply and reaches the perfect
limit ( V/Vo;4) near 0.5 Mbar, indicating complete diss
ciation.

IV. DISCUSSION

Now that comparisons with experimental data have de
onstrated the utility of the model, let us consider some
sights regarding the nature of the fluid that follow directly.
this regard, a very interesting property is (]P/]T)V , the
variation of pressure with temperature. This derivative d
pends sensitively on the temperature dependence of the c
position.

-

FIG. 5. Experimental shock data for deuterium with calculatio
from several models: linear-mixing~Fig. 3!, RRY ~Ref. 13!,
Sesame~Ref. 31!, and tight-binding~TB! ~Ref. 30!.
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674 PRB 58MARVIN ROSS
Figure 6 shows a plot of isochores predicted by the line
mixing model over the range of volume of greatest interes
the present study. The calculations show that the pres
increases with increasing temperature up to about 40
5000 K. Further increases in temperature leads to a ra
increase in dissociation, Fig. 7, accompanied by a lower
of the pressure with values of (]P/]T)V,0. At about 10 000
K the dissociation is 80% completed and above this temp
ture the pressure increases again. This feature has impo
consequences for the Hugoniot, which passes dire
through the range of negative or small values of (]P/]T)V .

In the Grüneisen model, the pressure at some refere
state,T1 ,V, is related to the pressure at a second state,T2 ,V,
by

P~T2 ,V!5P~T1 ,V!1g@E~T2 ,V!2E~T1 ,V!#/V.

The second term is the thermal pressure andg is the Grün-
eisen parameter

g5~V/CV!~]P/]T!V5V~]P/]E!V .

FIG. 6. Calculated isochores and the liquid deuterium Hugon
plotted as pressure vs temperature.

FIG. 7. Calculated fractions ofD2 molecules dissociated vs tem
perature at several volumes.
r-
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Figure 8 shows a plot ofg andCV /Nk, the reduced constan
volume heat capacity, as a function of pressure along
Hugoniot. SinceCV /Nk peaks near 0.5 Mbar and 7500 K
and (]P/]T)V is small or negative, this leads to small o
negative changes in the thermal pressure as illustrated by
Grüneisen model, making the fluid more compressible a
increasing the maximum density to which deuterium can
shocked.

Plotted in Fig. 9 are isochores, at a volume ofV
56 cc/mol, predicted by the linear-mixing model and pa
integral quantum Monte Carlo.11 QMC predicts that, starting
from 5000 K, the pressure decreases with increasing t
perature, reaching a minimum near 10 000 K, and then
creases with increasing temperature. Over this tempera
range, 5000 to 10 000 K, the linear-mixing model predi
that the dissociation fraction rises from 6% to 70%. Unpu
lished QMC~Ref. 32! calculations show the same qualitativ
features persist to higher densities. It is noteworthy that
QMC calculations are unable to converge correctly to

t

FIG. 8. Gruneisen Gamma~g! and reduced heat capacit
(CV /Nk) vs pressure calculated along the Hugoniot.

FIG. 9. Comparison of isochores calculated by the linear-mix
model and quantum Monte Carlo method~Ref. 11! for hydrogen at
V56 cc/mol (r s52.0). Listed at several temperatures are t
linear-mixing predictions for the fraction ofH2 dissociated. The
linear-mixing isochores converge to the low-temperature exp
mental solid isotherm.
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low-temperature limit of the experimental 0 K isotherm. This
points to the fact that QMC is currently in a developmen
stage, and its validity to accurately predict the equation
state for hydrogen has not yet been benchmarked by a c
parison with shock experiments. In addition, we can find
evidence in our calculations for the presence of the crit
point reported by Magro near 11 000 K.11 Over this tempera-
ture range linear-mixing model isotherms cross beca
(]P/]T)V,0. But, van der Waals-like loops in the isotherm
indicative of a critical point, do not appear.

The physical origin for negative values of (]P/]T)V is
described schematically in Fig. 10. The lower solid line
the energy of the molecular solid (x50) calculated with the
RRY potential. The upper solid line is energy of the b
metal obtained by an LDA electron band theory calculat
and which represents the completely dissociated limitx
51). The intermediate curves represent partially dissocia
states with energyE(x), with dissociation fractionx, which
increases in the vertical direction. At temperatures ab
complete dissociation (x51), the increase in energy is th
result of thermal ion motion. For the conditions consider
here, the Fermi energy is sufficiently large compared to
temperature so that the effects of electron excitation are n
ligible.

Since the energy of the molecular curve (x50) is con-
tinually increasing with decreasing volume, its pressure
always positive. In contrast, the binding energy of the me
curve decreases slowly with decreasing volume and rea
a minimum near 4 cc/mol before increasing at smaller v
umes and intersecting the molecular curve near the insula
metal transition. The point of maximum shock compress
is near the minimum of the metal binding energy curv
Since all of the partially dissociated states lying between
molecular and metallic phases are composition avera
they will have intermediate values of the pressure. Si
Pmet,Pmol , then for each molecular fraction (dx) that is

FIG. 10. Schematic description of the energy states of the lin
mixing model. The lower solid line is the energy of the molecu
solid (x50). The upper solid line is energy of the bcc metal o
tained by an LDA electron band theory calculation (x51). The
difference in energy between the two curves at any volume is
effective dissociation energy,De at T50 K. The intermediate
curves represent energies for states with a dissociation fractiox,
with x increasing in the vertical direction. Shock wave experime
extend down to about 3.8 cc/mol near the minimum energy of
metal.
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dissociated at constant volume a negative contribution,dP
5(Pmet2Pmol)dx, is made to the total pressure, an
dP/dT;(]P/]T)V .

Further evidence that dissociation is accompanied b
decrease in pressure, can be drawn from an LDA calcula
of the total energy of an hcp static lattice of hydrogen m
ecules in which the intramolecular bond distance is var
while the volume is held constant.33 The results of the cal-
culation are shown in Fig. 11. They were made at 4 cc/m
This is near the maximum compression of the Hugoniot a
represents a vertical cut in Fig. 10 at this volume. As the2
bond length is shortened from the position of minimum
bron energy, the pressure and energy of the lattice incre
However, expansion of the bond leads to an increase in
energy that flattens near the cell boundary as the met
state is reached, but the pressure decreases continuous
near zero at the cell boundary. The decrease in pressur
flects the change in electron bonding in going from a loc
ized state in the molecule to an itinerant one in the me
with an accompanying decrease in the electron kinetic
ergy. It takes only a small leap of intuition to identify th
increase in bond distance in going from the molecular
metallic state with the increase in the composition avera
atom-atom separations in the dissociating mixture.

This interpretation is consistent with QMC results11 that
show that, like the pressure, the total electron kinetic ene
decreases with increasing temperature and reaches a
mum near 10 000 K before rising again near 60 000 K. T
rise is likely due to thermal excitation of conduction ele
trons in the metal phase. The initial reduction of kinetic e
ergy indicates that in a dense dissociating fluid the electr
are shared by a larger grouping of atoms, thereby extend
their wave function in space and lowering the kinetic ener
If a molecule dissociated directly to atoms in the repuls
3Su state, the electron kinetic energy would rise, and
drop. This is the origin of the repulsive H-H interatom
potential.34

In contrast to QMC and the present work, Linofsky30 find
that the tight binding EOS is smooth and featureless, and
particular, (]P/]T)V is positive everywhere. Their use of
limited basis set of a single 1s orbital on each atom exclude

r-
r

e

s
e

FIG. 11. LDA calculation of the total energy and pressure of
hcp lattice of hydrogen molecules at 0 K~Ref. 33! as the intramo-
lecular bond distance is varied at a constant volume of 4 cc/mo
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the additional bound states that can act as a thermal sin
absorb some of the shock energy. These additional st
limit the temperature rise and reduce the dissociation.
stead, the molecules dissociate into the repulsive3Su state
and the Hugoniot rises rapidly to the monatomic gas lim
Such a model is consistent with the stiff, relatively incom
pressible, Hugoniot~TB! they calculated, as is shown in Fig
5.

While the present model differs from other approaches
hydrogen it is consistent with our current understanding
matter at extreme conditions. For example, local-density
culations for solid nitrogen predict the presence of a num
of polymeric structures with total energies intermediate
tween the molecular and metallic crystal35 and the presence
of such states in the dissociating mixture are believed to
responsible for the softening of the liquid Hugoniot a
shock cooling.36,37 Thermal pressure effects analogous
those found in hydrogen, but due instead to electron exc
tion, are also known to occur in the shock-compressed i
gas liquids. For example, in the case of argon38 and xenon,39

the energy of the highest filledp-like valence band increase
with compression and intersects the emptyd-like conduction
band resulting in an insulator to metal transition at mega
pressures. Schematically, the inert gas electron energy
gram is similar to Fig. 10. The filled valence band is t
analog of the rapidly rising molecular curve and the em
d-like conduction band is the analog of the nearly flat me
lic binding curve. The electron band gap, which is analog
to the dissociation energy, decreases with decreasing
ume, leading to enhanced thermal excitation and introduc
negative contribution to the pressure. This results in a c
siderable softening of the liquid inert gas Hugoniot.

V. SUMMARY

The linear-mixing model is based on the assumption t
the thermodynamic properties of the dissociating mixture
be described by the free energy of the composition aver
of the molecular and metallic hydrogen phases. This an
builds in the correct limiting behavior for the molecul
phase at normal liquid density and interpolates smoothly
the monatomic-metallic fluid at high density. Model calcu
tions are in agreement with all the available shock meas
ro
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ments for liquid deuterium. Recent measurements of
Hugoniot and sound speed of deuterium up to 276 kbar
ther confirm the predictions of the model.40

There are several reasons for the success of the mode
these involve some mixture of theory and phenomenolo
First, the model leads to negative values of (]P/]T)V in the
range 5000 to 10 000 K. This implies that it does in fa
mimic some of the changes in chemical bonding descri
by the fully quantum mechanically based QMC method.

The quantitative success is at least partially due to the
that the reflected shock data points of Holmes and
workers near 0.8–0.9 Mbar and about 5000 K, which
used to fit theF1 term in the free energy, is at the volume
the maximum compression attained by the laser gener
shock experiment. This point overlaps both the gun and la
experiments. The good agreement of the theory with b
data sets argues for the consistency of the two experime
methods. Another reason for the practical success of
model is that molecular dissociation along the Hugoniot
curs over a relatively narrow range of conditions and line
mixing provides a reasonable interpolation scheme.

Finally, the combined results of the linear-mixing mod
and QMC calculations suggests the following picture
shock-compressed deuterium. In the temperature range
low 10 000 K, partial dissociation leads to the formation
strings and clusters of atoms characterized by a decreas
the electron kinetic energy resulting in a small or negat
(]P/]T)V . With increasing temperature, above 1 Mbar, t
clusters, strings, etc., are dissociated to form a nearly de
erate monatomic-metallic fluid. At about 2.5 Mbar an
60 000 K, the temperature is a substantial fraction of
Fermi energy and thermal excitation of electrons leads t
rise in the electron kinetic energy and an approach to
dense plasma regime.
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