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Ferromagnetic Kondo model for manganites: Phase diagram, charge segregation,
and influence of quantum localized spins
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The phase diagram of the ferromagnetic Kondo model for manganites was recently investigated using
computational techniques by Yunokiet al. @Phys. Rev. Lett.80, 845 ~1998!#. In dimensions 1, 2, and̀ and
using classical localized spins, this study suggested a rich low-temperature phase diagram with three dominant
regions:~i! a ferromagnetic phase,~ii ! phase separation between hole-undoped antiferromagnetic and hole-rich
ferromagnetic domains, and~iii ! a phase with incommensurate spin correlations. The purpose of the present
paper is twofold:~a! First, a variety of computational results is here provided to substantiate and supplement
the previous results by Yunokiet al., investigating a complementary region of couplings and densities;~b!
second, studies using the Lanczos algorithm and the density matrix renormalization group method applied to
chains with localized spin 1/2~with and without Coulombic repulsion for the mobile electrons! and spin 3/2
degrees of freedom are discussed. The overall conclusion is that using fully quantum mechanical localized
spins in one-dimensional systems, the phase diagram of the model is similar to the result obtained using
classicalt2g spins. This result provides support of the use of classical localized spins in more complicated
problems, such as in dimensions larger than 1 and/or including phononic and orbital degrees of freedom, where
the use of classical spins is crucial to simplify the complexity of the problem.@S0163-1829~98!06034-2#
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I. INTRODUCTION AND MAIN RESULTS

Materials that present ‘‘colossal’’ magnetoresistance
currently under much experimental investigation. Typic
compounds that have this phenomenon are ferrom
netic~FM! metallic oxides of the formR12xXxMn O3 ~where
R5La,Pr,Nd; X5Sr,Ca,Ba,Pb).1,2 As an example, a de
crease in resistivity of several orders of magnitude has b
reported in thin films of Nd0.7 Sr0.3 MnO3 at magnetic fields
of 8 T.3 The relative changes in resistance for the mangan
can be as large asDR/R;100 000%, while in magnetic su
perlattices Co/Cu/Co the enhancement is about 100%.
result suggests that manganites have a technological po
tial since large changes in resistance can be obtained at
temperature upon the application of magnetic fields, open
an alternative route for next generation magnetic storage
vices. However, since the development of La-manganite s
sors is still at a very early stage, a more fundamental
proach to the study of manganites is appropriate and, t
theoretical guidance is needed. The existence of correla
effects in the fairly dramatic magnetic, transport, and m
netotransport properties of doped La manganites reinfo
this notion.

Early theoretical studies of models for manganites c
centrated their efforts on the existence of ferromagneti
The so-called ‘‘double exchange’’~DE! model4,5 explained
how carriers improve their kinetic energy by forcing the l
calized spins to become ferromagnetically ordered~this phe-
nomenon is quite reminiscent of the Nagaoka phase
PRB 580163-1829/98/58~10!/6414~14!/$15.00
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cussed in models for cuprates!. However, in spite of this
successful explanation of the existence of ferromagnetism
low temperature several features of the experimental ph
diagram of manganites remain unclear, and they are lik
beyond the DE model. Actually, the phase diagram
La12xCaxMnO3 is very rich with not only ferromagnetic
phases, but also regions with charge-ordering and antife
magnetic correlations atx.0.5 ~Ref. 6! and a poorly under-
stood ‘‘normal’’ state above the critical temperature for fe
romagnetism,Tc

FM , which has insulating characteristics
x;0.33. Finding an insulator aboveTc

FM is a surprising re-
sult since it would have been more natural to have a stand
metallic phase in that regime which could smoothly beco
a ferromagnetic metal as the temperature is reduced. S
theories for manganites propose that the insulating reg
aboveTc

FM is caused by a strong correlation between el
tronic and phononic degrees of freedom.7 Other proposals
include the presence of Berry phases in the DE model
may lead to electronic localization.8 On the other hand, the
regime of charge ordering has received little theoretical
tention and its features remain mostly unexplored. To co
plicate matters further, recent experiments testing the
namical response of manganites have reported anoma
results in the ferromagnetic phase using neutron scatteri9

while in photoemission experiments10 the possible existence
of a pseudogap above the critical temperature was repor

The rich phase diagram of the manganites descri
above, plus the several experimental indications of stro
6414 © 1998 The American Physical Society
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correlations in the system, deserves a systematic theore
study using state-of-the-art computational techniques. Th
methods are unbiased and can provide useful information
models for manganites in a regime of couplings that can
be handled perturbatively or exactly. However, the la
number of degrees of freedom and associated couplings
full Hamiltonian model for manganites makes this approa
quite cumbersome. In principle the twoeg active orbitals per
Mn ion must be included, in addition to thet2g electrons.
Also phonons should be incorporated to fully describe th
materials. However, as a first step towards a theoretical
derstanding of the behavior of models for manganites, in
paper and in our previous short publication11 it was decided
to work only in the electronic sector~i.e., leaving aside
phonons! and with just one orbital per site~i.e., keeping only
one eg orbital of the two available, which in practic
amounts to assuming a static Jahn-Teller distortion!. In ad-
dition, the t2g degrees of freedom are here assumed to
localized; i.e., no mobility is given to these electrons. Th
basically provide a spin background in which theeg elec-
trons move, with a Hund term that couples all active el
trons per Mn ion. Under these assumptions a rich phase
gram was obtained, as explained in detail in the rest of
paper. Analysis of the influence of phonons and orbital
generacy into the rather complicated phase diagrams
ported here is left for future work.

The main result of the current effort is illustrated in Fig.
where the phase diagram of the ferromagnetic Kondo mo
using classical spins to represent thet2g spins, is presented in
one dimension. Although this figure was reported in our p
vious publication,11 it is here reproduced to facilitate th
reader in understanding the present paper. In Fig. 1 th
dominant regimes have been identified:~1! a ferromagnetic
region in agreement with the DE mechanism,~2! phase sepa
ration between hole-rich ferromagnetic and hole-undo
antiferromagnetic regions, and~3! an intermediate phas
with short-range incommensurate spin correlations. The
gime of phase separation was previously conjectured to e
in this model from studies of Hamiltonians for manganites
large Hund coupling in one dimension.12 It is important to
remark that phase separation is currently widely discusse

FIG. 1. Phase diagram of the ferromagnetic Kondo model in
dimension obtained with Monte Carlo techniques in the limit wh
the localized spins are classical, reproduced from Ref. 11 to fa
tate the understanding of the present paper. PS, FM, and IC de
regions with phase separation, ferromagnetism, and incomme
rate spin correlations. For details see the text.
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the context of high-temperature superconductors since m
els for the cuprates, such as thet-J model in two dimensions,
present densities that cannot be uniformly stabilized in
given volume by suitably selecting a chemical potential.13–15

After the introduction of 1/r Coulombic interactions the re
sulting hole-rich regions become unstable against the for
tion of ‘‘stripe’’ configurations.16,17If the tendencies towards
phase separation reported in this paper are realized in
manganites, a similar phenomenon may likely occur; i
neutron scattering experiments could reveal evidence
stripe configurations in compounds such as La12xCaxMnO3
as occurs in the cuprates.18 The pseudogap features found
photoemission10 could also be related to this phenomenon

The main goal of the present paper is twofold:~i! First, a
variety of computational results is presented here t
supplements the information briefly reported in Ref. 11,
cluding an analysis of ferromagnetism and phase separa
for several couplings and densities, as well as evidence
incommensurate correlations in the small Hund coupling
gime; ~ii ! second, in the present paper it is shown that
main features of the phase diagram of Fig. 1 obtained w
classical localized spins remain the same when fully qu
tum mechanicalt2g spins are used in one-dimensional~1D!
systems. This result provides extra support to the notion
the localized spins behave as classical spins, an approx
tion which is necessary for further progress in dimensio
larger than 1 and including phononic degrees of freedom
addition, the influence of Coulomb interactionsU/t among
the eg electrons is studied. Clear indications of ferroma
netism appear in the large-U/t phase diagram. Experimenta
consequences of our results are also discussed, espe
those related to the existence of phase separation. There
clear underlying qualitative universality between results o
tained on lattices with a different coordination number a
using different algorithms and models. This universal
leads us to believe that the results reported here conta
least the dominant main features of the phase diagram
responding to realistic electronic models for manganites
have been widely discussed before in the literature,
which were not systematically studied using computatio
methods.

II. MODEL, SYMMETRIES, AND ALGORITHM

The ferromagnetic Kondo Hamiltonian4,19 is defined as

H52t (
^ ij &s

~cis
† cjs1H.c.!2JH(

iab
cia

† sabcib•Si , ~1!

wherecis are destruction operators for electrons at sitei with
spin s, andSi is the total spin of thet2g electrons, assumed
localized. The first term is the electron transfer betwe
nearest-neighbor Mn ions,JH.0 is the ferromagnetic Hund
coupling, the number of sites isL, and the rest of the nota
tion is standard. The boundary conditions used in the pre
study are important for some results, and they will be d
cussed later in the text. The electronic density ofeg elec-
trons, denoted bŷn&, is adjusted using a chemical potenti
m. In several of the results shown below the spinSi will be
considered classical~with uSiu51). In 1D both classical and
quantum mechanicalt2g spins will be studied, the latter hav
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6416 PRB 58E. DAGOTTOet al.
ing a realistic spin 3/2 but also considering spin 1/2 for co
parison. PhenomenologicallyJH@t, but hereJH /t was con-
sidered an arbitrary parameter; i.e., both large and sm
values forJH /t were studied. Below some calculations a
also carried out including a large on-site Coulombic rep
sion among the mobile electrons.

For a one-dimensional chain~open ends! or for a one-
dimensional ring withL even and periodic or antiperiodi
boundary conditions~PBC’s and APBC’s, respectively! the
model is particle-hole symmetric with respect to^n&51 by
simply transformingci↑

†→(21)ici↓ andci↓
†→2(21)ici↑ for

the mobile electrons. In this case the density is transform
as^n&→22^n&. Similar transformations can be deduced f
clusters of dimension larger than 1. Then, here it is suffici
to study densitieŝn&<1.

The FM Kondo model, Eq.~1!, with classical spins can b
substantially simplified if the limitJH→` is also considered
In this situation at every site only the spin component of
mobile electrons which is parallel to the classical spin i
relevant degree of freedom. The best way to make this
duction in the Hilbert space is by rotating thecis operators
into new operatorsdia using a 232 rotation matrix such tha
the transformed spinors point in the direction of the class
spin. Explicitly, the actual transformation is

ci↑5cos~u i/2!di↑2sin~u i/2!e2 if idi↓ , ~2a!

ci↓5sin~u i/2!eif idi↑1cos~u i/2!di↓. ~2b!

The anglesu i andf i define the direction of the classical sp
at site i. After this transformation the new Hamiltonian b
comes

HJH5`52 (
^m,n&

~ tm,ndm↑
† dn↑1H.c.!, ~3!

where the down component of the new operators has b
discarded since theJH→` limit is considered. The effective
hopping is

tm,n5t @cos~um/2!cos~un/2!

1sin~um/2!sin~un/2!e2 i ~fm2fn!#; ~4!

i.e., it is complex and dependent on the direction of the c
sical spins at sitesm,n.8 In the limit JH5` the band for the
transformed spinors with up spin has itself a particle-h
symmetry, which exists for any arbitrary configuration
classical spins. This can be shown by transformingdi↑

†→
(21)idi↑ and noticing that after this transformation the r
sulting Hamiltonian matrix is simply the conjugate of th
original. Then, the eigenvalues are unchanged, but^di↑

† di↑&
→12^di↑

† di↑&.
The partition function of the FM Kondo model with clas

sical spins can be written as

Z5)
i

L S E
0

p

du isin u iE
0

2p

df iD trc~e2bH!. ~5!

For a fixed configuration of angles$u i ,f i% the Hamiltonian
amounts to noninteracting electrons moving in an exter
field. This problem can be diagonalized exactly since
Hamiltonian is quadratic in the fermionic variables. This d
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agonalization is performed simply by calling up a libra
subroutine in a computer program. If the 2L eigenvalues are
denoted byel , the resulting partition function becomes

Z5)
i

L S E
0

p

du isin u iE
0

2p

df iD )
l51

2L

~11e2bel!. ~6!

The integrand in Eq.~6! is positive and, thus, a Monte Carl
simulation can be performed on the classical spin ang
without ‘‘sign’’ problems. This was the procedure followe
in our study below. The number of sweeps through the lat
needed to obtain good statistics varied widely depending
the temperature, densities, and couplings. In some ca
such as in the vicinity of phase separation regimes, up to6

sweeps were needed to collect good statistics. Measurem
of equal-time spin and charge correlations for the mob
electrons were performed by transforming the operators
volved using the basis that diagonalizes the Hamiltonian
a fixed configuration of classical spins. Dynamical studies
the optical conductivitys(v) and the one-particle spectra
functionA(p,v) could also be performed following a simila
procedure, but their detailed study is postponed for a fut
publication. The analysis of the FM Kondo model in the ca
of quantum mechanicalt2g degrees of freedom was pe
formed at zero temperature using standard Lanczos14,20 and
density matrix renormalization group~DMRG! ~Ref. 21!
techniques. The study at infinite dimension was carried
with the dynamical mean-field approach.19

III. RESULTS IN D51 WITH CLASSICAL
LOCALIZED SPINS

In this section several computational results that led us
propose Fig. 1 in Ref. 11 as the phase diagram of the
Kondo model in one dimension using classical spins are p
sented. All the information reported here is original and
supplements, but does not overlap with, the results alre
given in Ref. 11. In particular, the discussion about inco
mensurate spin correlations, as well as the influence o
direct coupling between the localized spins, has not appe
in previous literature in any form.

A. Ferromagnetism

The boundary of the ferromagnetic region in Fig. 1 w
obtained by studying the spin-spin correlations~between the
classical spins! defined in momentum space asS(q)
5(1/L)( j ,mei ( j 2m)•q^Sj•Sm&, using a standard notation, a
the particular value of zero momentum.L is the number of
sites. The analysis was performed for couplingsJH /t
51, 2, 3, 4, 8, 12, and 18. For the last four~strong! cou-
plings and in the region of densities that were found to
stable~see next section for a discussion! the real space spin
spin correlationŝ Sj•Sm& have a robust tail that extends t
the largest distances available on the clusters studied h
This is obviously correlated with the presence of a large p
in S(q) at zero momentum. Figure 2 shows representa
results atJH /t512 using open boundary conditions~OBC’s!
andL524. A robust ferromagnetic correlation is clearly o
served even at large distances. The strength of the tail
creases aŝn& increases in the region̂n&>0.5, and it tends
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to vanish at a density;0.78 which corresponds to th
boundary of the ferromagnetic region in Fig. 1. A simil
behavior is observed for smaller values of the coupling. I
interesting to note that the maximum strength of the sp
spin correlation tail appears at^n&'0.50. This result is com-
patible with the behavior expected atJH5` where large and
small densities are exactly related by symmetry~as discussed
in Sec. II! and, thus, the ferromagnetic correlations sho
peak at exactlŷn&50.50. Working atJH /t<8 this qualita-
tive behavior is washed out and in this regime the corre
tions at densitieŝn&<0.50 are very similar.

Special care must be taken with the boundary conditi
~BC’s!. Closed shell BC’s or open BC’s are needed to sta
lize a ferromagnetic spin arrangement. If other BC’s a
used, the spin correlations at short distances are still stro
FM ~if working at couplings where ferromagnetism is dom
nant!, but not at large distances where they become nega
since a kink appears separating two regions of opposite
spin, with each region having all spins aligned in the sa
direction. This well-known effect was observed before in
similar context12,22 and it does not present a problem eith
in the analysis of Ref. 11 or in the study shown below. A
tually results using other boundary conditions and latt
lengths up to 60 sites are compatible with the data of Fig
In particular it can be shown that the ferromagnetic corre
tions persist when the lattice size is increased. In Ref.
S(q50) versus temperature for several lattice sizes w
shown. At small temperature the sum over sites of the c
relations grows withL, showing that the FM correlation
length is larger than the size of the chains used here. H
ever, in 1D the Mermin-Wagner theorem forbids the ex
tence of a finite critical temperature and, thus, eventu
S(q50) must tend to saturate at any fixed finite temperat
T asL increases. In spite of this subtle detail, using clos
shell boundary conditions the numerical data presented
this subsection support the presence of strong ferromagn
correlations in the one-dimensional FM Kondo model, an

FIG. 2. Spin-spin correlations among the localized spins~as-
sumed classical! obtained with the Monte Carlo method working o
a 1D system and at the coupling, temperature, densities, and la
size shown. Open boundary conditions were used. Clear strong
romagnetic correlations are observed.
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is reasonable to expect that at zero temperature the mod
the bulk will develop a finite magnetization in the groun
state.

Figure 3 contains the spin-spin correlations vs dista
parametric with temperature. They show that even at re
tively high temperatures, the correlations atshort distances
are clearly ferromagnetic, an effect that should have an
fluence on transport properties since carriers will re
mainly to the local environment in which they are immerse
Figure 4 contains information that illustrates the formation
ferromagnetic spin polarons at relatively high temperatur
Figure 4~a! shows the spin correlations at low electronic de
sity. At T5t/10 and distance 1, the correlation is only abo
15% of the maximum. However, if this correlation
measured in the immediate vicinity of a carrier usi
^ni

eSi•Si 1 l&, where ni
e5(snis(12ni 2s) and nis is the

number operator foreg electrons at sitei and with spin pro-
jection s, then the correlation is enhanced to 40%@Fig.
4~b!#. Thus, it is clear that FM correlations develop in th
vicinity of the carrier.23 This spin polaron apparently has
size of three to four lattice spacings in our studies.

B. Phase separation

The main result of our previous publication11 was the re-
port of the existence of phase separation in the FM Kon

ice
er-

FIG. 3. Spin-spin correlations of the one-dimensional F
Kondo model using classical spins and the Monte Carlo metho
density^n&50.7, on a ten-site chain, with PBC’s, andJH /t58.0.
The temperatures are indicated.

FIG. 4. ~a! Spin-spin correlations at̂n&50.1 using a chain of
ten sites with PBC’s. The Hund coupling isJH /t58.0. ~b! Similar
as~a! but measuring the spin correlations near a conduction elec
using ^ni

eSi•Si 1 l&, whereni
e is defined in the text.
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6418 PRB 58E. DAGOTTOet al.
model. In this subsection a variety of numerical eviden
supporting this claim is provided. These results were
shown in Ref. 11 for lack of space, but they are needed
illustrate the robustness of this phenomenon. To study ph
separation in the grand-canonical ensemble, where
Monte Carlo simulations are performed, it is convenient
analyzê n& versusm. If ^n&(m) is discontinuous, then ther
are densities that cannot be estabilized, regardless of
value of m. The results shown in Fig. 5 obtained atJH /t
512 clearly show that indeed phase separation occurs in
FM Kondo model~results forJH /t58 can be found in Ref.
11!. The discontinuity is between a density corresponding
the antiferromagnetic regimên&51.0 and;0.77 where fer-
romagnetic correlations start developing, as shown befor
Fig. 2. In the case of the canonical ensemble these results
be rephrased as follows: if the system is initially set up w
a density in the forbidden band, it will spontaneously se
rate into two regions having~i! antiferromagnetic~AF! cor-
relations and no holes and~ii ! FM correlations and most o
the holes.

The existence of phase separation can also be ded
from the actual Monte Carlo runs since they require la
amounts of CPU time for convergence in the vicinity of t
critical chemical potentialmc . The reason is that in this re
gime there are two states in strong competition. Qualitativ
this effect can be visualized analyzingn as a function of
Monte Carlo time. Figure 6 shows such a time evoluti
when the chemical potential is fine tuned to its critical va
mc;26.698 12t at JH /t58. Wild fluctuations inn are ob-
served with frequent tunneling events covering a large ra
of densities. A change inm as small as 0.001 or even small
reduces drastically the frequency of the tunneling events,
makes the results more stable, although certainly strong fl
tuations remain in a finite window nearmc . Figure 7 illus-
trates this effect showing a histogram that counts the num
of times that a density in a given window of density
reached in the simulation. Asm crosses its critical value th
histograms change rapidly from having a large peak clos

FIG. 5. Electronic densitŷn& vs the chemical potentialm ob-
tained with the Monte Carlo technique applied to the on
dimensional FM Kondo model with classical spins. Coupling, te
perature, lattice sizes, and boundary conditions are indicated.
discontinuity suggests that some densities are unstable, sign
the presence of phase separation. The inset shows the spin
correlations at the two densities observed at the ‘‘critical’’m ~i.e.,
at the discontinuity!.
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^n&;1 to a large peak at̂n&;0.75. At densities that are
stable away from the phase separation region these h
grams present just one robust peak.

The qualitative behavior exemplified in Fig. 5 was al
observed at other values ofJH /t. For instance, Fig. 8~a!
contains results forJH /t54 which are very similar to those
found at a larger coupling. In a weaker coupling regime
discontinuity is reduced and now the competition is betwe

-
-
he
ing
pin

FIG. 6. Monte Carlo time evolution of the densityn at the
particular value ofm where the discontinuity takes place working
JH /t58, T5t/75, usingL520 sites and PBC’s. Frequent tunne
ing events are observed showing the competition between
states as in a first-order phase transition.

FIG. 7. Histogram for the total number of electrons obtained
JH /t58, T5t/75, using periodic boundary conditions on a 20-s
chain. The chemical potentials are shown.~a! corresponds to a cas
where the average density is close to^n&51, ~b! is at the critical
chemical potential, and at~c! the electronic density is close to 0.77
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the AF state and a state with incommensurate correlat
rather than ferromagnetism. As example, Fig. 8~b! contains
results forJH /t52. The discontinuity is located nearmc;
21.35t and the two states competing in this regime actua
have very similar properties. Analyzing, for instance, ju
S(q) would have not provided an indication of a sharp d
continuity in the density, unlike the case of a large Hu
coupling where the peak in the spin structure factor jum
rapidly from q5p to 0 at the critical chemical potential.

C. Incommensurate correlations

The tendency to develop a spin pattern with incomm
surate characteristics can be easily studied in our calculat
observing the behavior ofS(q) as couplings and densitie
are varied. While at largeJH /t the spin structure factor is
peaked only at the momenta compatible with ferromagn
or antiferromagnetic order, a different result is obtained
JH /t is reduced. Figure 9 showsS(q) at JH /t51.0 for a
variety of densities. The AF peak close to^n&51 smoothly

FIG. 8. Electronic density vsm for the FM Kondo model with
classical spins in one dimension using Monte Carlo methods
clear discontinuity signals the existence of phase separation~a!
corresponds toJH /t54, while ~b! is for JH /t52. Temperatures
chain sizes, and boundary conditions are indicated. The appa
second discontinuity located atm/t;21.55 in~b! is expected to be
just a rapid crossover.

FIG. 9. S(q) ~Fourier transform of the spin-spin correlation
between classical spins! at JH5t andT5t/75, on a chain with 30
sites and PBC’s. The densities are indicated. The positions of
peaks indicate the tendency to have incommensurate correlatio
the FM Kondo model.
ns
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evolves into a substantially weaker peak which moves aw
from q5p in the range 0.5<^n&<1.0. The peak position is
close to 2kF5^n&, and since the spin-spin correlations f
the mobile electrons show a similar behavior, this is comp
ible with Luttinger liquids predictions.24 In this density
range, and for the lattice sizes and temperatures used
the peak inS(q) is broad and, thus, it cannot be taken as
indication of long-range incommensurate~IC! correlations
but rather of the presence of IC spin arrangements at s
distances. In the region of low densities^n&<0.4, S(q) is
now peaked at zero momentum which is compatible with
presence of robust ferromagnetic spin-spin correlations at
largest distances available in the studied clusters. The tra
tion from one regime to the other in the intermediate sm
window 0.4<^n&<0.5 is very fast and was not studied
detail here, but for a second-order phase transition it is
pected to be continuous. In Fig. 10 results for a sligh
larger couplingJH /t52 are shown. Here the pattern is mo
complicated since apparently the AF peak does not evo
smoothly into the peak atq;p/2 observed at̂ n&50.73,
suggesting an interesting interplay between spin and cha

Note that the presence of IC correlations in models
manganites was predicted theoretically using a Hartree-F
approximation.25 Our results are compatible with these pr
dictions although, once again, it is not clear if the IC patte
corresponds to long-range order or simply short-distance
relations. More work is needed to clarify these issues. N
ertheless, the present effort is enough to show that the
dency to form IC spin patterns exists in the FM Kond
model at smallJH /t.

D. Influence of a direct coupling among the localized spins

The results of Sec. III B show the presence of phase se
ration near half-filling, but not in the opposite extreme
low-conduction electron density. This is a consequence
the absence of a direct coupling among the localized spin
Eq. ~1!. This coupling may be caused by a small hybridiz
tion between thet2g electrons. If a Heisenberg term
J8(^ i j &Si•Si is added to couple the classical spins, then
^n&50 an antiferromagnetic state is recovered similarly as
^n&51. This term was already considered in the study of
strong-coupling version of the Kondo model.12 Although a
detailed study of the influence ofJ8 on the phase diagram

A

nt

he
in

FIG. 10. Same as Fig. 9, but working atJH52t andT5t/100,
with 30 sites and open boundary conditions.
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Fig. 1 is postponed for a future publication,26 here the effects
of this new coupling into the existence of phase separa
are reported. Following the same procedure described in
III B to obtain unstable densities, the phase diagram sho
in Fig. 11 was found. Note that atJ8Þ0 phase separatio
occurs at largeandsmall electronic densities. In the latter th
separation is between electron-rich ferromagnetic
electron-undoped antiferromagnetic regions. Then, the
perimental search for phase separation discussed belo
Sec. VII should be carried out at both large and small h
densities. More details will be given elsewhere.26

IV. RESULTS IN D51 WITH QUANTUM
LOCALIZED SPINS

One of the most important results of the present pape
the fact that the phase diagram with quantum mechanicat2g
spins is qualitatively similar to the results obtained with cla
sical spins, at least in one-dimensional models. The de
are given in this section.

A. Quantum mechanical t2g S53/2 spins

The use of classical spins to represent thet2g degrees of
freedom is an approximation which has been used since
early days of the study of manganites.4,5 While such an ap-
proach seems reasonable it would be desirable to have s
numerical evidence supporting the idea that using spin
erators of value 3/2~denoted byŜi) the results are similar a
those obtained with classical spins. Although numerical
biased calculations with spins 3/2 are difficult in dimensio
larger than 1, at least this issue can be addressed numer
with 1D chains using the Lanczos and density matrix ren
malization group techniques. The Hamiltonian is the same
in Eq. ~1! but now with quantum mechanical degrees of fre
dom normalized to 1@i.e., replacingSi by Ŝi /(3/2)# to sim-
plify the comparison of results against those obtained us
classical spins. Calculating the ground state energy in s
spaces with a fixed total spin in thez direction, it is possible
to study the tendency to have a ferromagnetic state in

FIG. 11. Phase diagram in the planeJ8/t-^n& obtained studying
the density vsm calculated using the Monte Carlo technique w
classical localized spins. The coupling is fixed toJH /t58 and the
temperature is low. Note that the regime of low density andJ8/t
50 is somewhat difficult to study due to the influence of van Ho
singularities which produce a rapid change of the density withm.
n
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model using the Lanczos technique. The results indicate
there is a robust region of fully saturated ferromagnetism
indicated in Fig. 12. The actual boundary of this regi
agrees accurately with the results obtained using class
spins shown in Fig. 1. This reinforces the belief thatS
53/2 and classical spins produce similar results, at least
garding ferromagnetism. Finite-size effects are appare
small for the chains accessible with the DMRG method,
exemplified in Fig. 13~a! where the ground state energy fo
JH /t56.0 using a variety of chain lengths is presented.

To study other important features of the phase diagra
such as phase separation, the compressibility is needed.
quantity is defined as

k215
Ne

2

L

E~Ne12,L !1E~Ne22,L !22E~Ne ,L !

4
, ~7!

FIG. 12. Phase diagram of the FM Kondo model withS53/2
localized t2g spins obtained with the DMRG and Lanczos tec
niques applied to finite chains as indicated. The notation is a
Fig. 1; i.e., ferromagnetism, incommensurability, and phase sep
tion appear both for classical and quantum mechanical local
spins.

FIG. 13. ~a! Ground state energy per site vs density atJH /t
56.0 for theS53/2 FM Kondo model in 1D using DMRG tech
niques keeping 48 states. Results for a variety of chain lengths
shown.~b! Inverse compressibility vs density for the same mod
and chain lengths as in~a!, calculated using several couplings.
negative 1/k signals an unstable density.
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whereE(Ne ,L) is the ground state energy corresponding
a chain withL sites andNe electrons. Ifk21 becomes nega
tive at some fixed density~remember that here the numeric
study is in the canonical ensemble!, the system is unstabl
and phase separation occurs. The DMRG results for the c
pressibility in Fig. 13~b! for several couplings led us to con
clude that the spin-3/2 model also has phase separation i
ground state near half-filling, similarly as in the case of cl
sical spins. Indeed Fig. 13~b! shows that 1/k becomes nega
tive for densities in the vicinity of̂n&;0.85 and larger, for
the range of couplings shown. Thus, at least qualitativ
there are tendencies to phase separate in the same r
suggested by the simulations using classical localized sp

However, a difference exists between results obtai
with classical and quantum mechanicalt2g degrees of free-
dom: apparently there is a finite window in density betwe
the phase-separated and FM regimes in the phase diagra
Fig. 12. This window could be a finite-size effect, but t
lack of a strong dependence with the chain lengths in
results of Fig. 13~a! led us to believe that it may actuall
exist in the bulk limit. In addition, previous studies using t
strong-JH /t-coupling version of the FM Kondo model hav
also reported an intermediate window between phase sep
tion ~PS! and FM,12 and the analysis below for localize
spins 1/2 suggests a similar result. Studying the spin of
ground state in this intermediate region here and in Ref. 1
has been observed that it isfinite; i.e., apparently partial fer-
romagnetism appears immediately at any finite stable den
in the model with spins 3/2, at least working at intermedi
and large Hund couplings.27 The transition from phase sepa
ration to FM appears to be smooth in the spin quantum n
ber, which is somewhat reminiscent of the results in the c
sical limit where the tail of the spin-spin correlation grow
with continuity from small to large as the density diminish
in the stable region.

Finally, let us analyze whether incommensurate corre
tions exist in the spin-3/2 model as it occurs in the class
model. Figure 14 showsS(q) obtained with the DMRG
method working on a chain of 12 sites. Although moment
is not a good quantum number on a system with OBC
nevertheless, using the same definition of the Fourier tra

FIG. 14. S(q) for the quantum FM Kondo model using loca
ized spins 3/2 on a chain of 12 sites. The technique is DMR
keeping 48 states in the iterations. Densities and coupling are
cated. In the spin correlations used to obtainS(q), full spins 3/2
~i.e., not normalized to 1! were used.
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form of the spin correlation as in the study of the classi
system with PBC’s and APBC’s, qualitative informatio
about the tendency to form incommensurate structures
be gathered. The results of Fig. 14 obtained at very sm
JH /t indeed show that strong IC correlations exist in t
ground state of this model, in agreement with the results
Figs. 9 and 10 for classical spins. Then, it is concluded t
the three dominant features of the phase diagram of Fig
~PS, FM, and IC! have an analog in the case of the spin-3
quantum model. This agreement gives support to the be
that the results presented below in this paper for dimens
larger than 1 using classical spins should be qualitativ
similar to those corresponding to a model with the prop
quantum mechanicalt2g degrees of freedom.

B. Quantum mechanicalt2g S51/2 spins

For completeness, in this paper the special case of lo
ized spins 1/2 in 1D has also been studied. The analysis
relevance not only in the context of manganites but also
recently synthesized one-dimensional materials such
Y22xCaxBaNiO5 which have a mobile and a localized ele
tron per Ni ion. This compound has been studi
experimentally28 and theoretically,29 and upon doping inter-
esting properties have been observed including a me
insulator transition. As discussed below, the conclusion
this subsection will be that the results for localized spins
are qualitatively similar to those obtained with classical a
spin-3/2 degrees of freedom; i.e., ferromagnetism, inco
mensurability, and phase separation appear clearly in
phase diagram. The Hamiltonian used for this study is
defined in Eq.~1! but now with Si replaced by a spin-1/2
operator~not normalized to 1!. The technique used to obtai
ground state properties is the finite-size DMRG method
chains with up to 40 sites, a variety of densities, and typi
truncation errors around 1025. Some calculations were als
performed with the Lanczos algorithm on lattices with up
12 sites. The data obtained with the DMRG and Lancz
methods are qualitatively similar.

The main result is contained in the phase diagram sho
in Fig. 15. Three regimes were identified.30 The region la-
beled FM corresponds to saturated ferromagnetism; i.e.,
ground state spin is the maximum. This regime was fou
using the Lanczos technique simply searching for degen
cies between the lowest-energy states of subspaces with
ferent total spin in thez direction. For the IC regime,S(q)
was calculated using the same definition as in Sec. III A
now with spin-1/2 operators instead of classical spins
length 1. The results shown in Fig. 16 suggest the prese
of incommensurate correlations at smallJH /t, at least at
short distances. Similarly as for the cases of larger locali
spins~Figs. 9 and 14!, the peak in the spin structure facto
moves smoothly fromq5p near^n&51 to q50 in the FM
region. The position of the peak is at 2kF . Our study also
showed that correlated with this behavior the charge str
ture factorN(q) has a cusp at the same position. It is impo
tant to clarify that in the IC regime of Fig. 16 at low tem
peratures, the ground state has a finite spin but it is not f
saturated. Within the accuracy of our study the spin var
smoothly as the couplings and density are changed, reac
its maximum value at the FM boundary.

,
i-
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The tendency to phase separate in this model can be s
ied calculatinĝ n& vs m. In the study of this section, carrie
out in the canonical ensemble where^n& is fixed, the proce-
dure to obtainm involves ~i! the calculation of the ground
state energy for a variety of densities and~ii ! the addition of
2mN̂ to the Hamiltonian, whereN̂ is the total number op-
erator. Asm varies, different density subspaces become
actual global ground state. If there are densities that can
be stabilized for any value ofm, then such a result is com
patible with phase separation in the model~for more details
see Ref. 31!. Results are presented in Figs. 17~a!, 17~b!, and
17~c! for a chain with 20 sites: at smallJH /t51 all densities
are accessible tuningm, and the curvature of the ground sta
energy E0 vs ^n& is positive. However, working atJH /t
530 the densitŷ n&50.9 becomes unstable, and nowE0 vs
^n& has less curvature. Figure 17~d! shows again density v

FIG. 15. Phase diagram of the FM Kondo model withS51/2
localized states obtained with the DMRG and Lanczos metho
The length of the chains is indicated. The notation FM, PS, and
is as in previous figures. Note the similarity with the results of F
12, up to an overall scale.

FIG. 16. S(q) for the quantum FM Kondo model using loca
ized spins 1/2 on a chain of 20 sites. The technique is DMR
keeping up to 60 states in the iterations. Densities and coupling
indicated. In the spin correlations used to obtainS(q), full spins 1/2
~i.e., not normalized to 1! were used.
d-

e
ot

chemical potential but now on a larger chain of 40 sit
Here densities between 1 and 0.8 are unstable, in agree
with Fig. 17~c!. A similar method to calculate the region o
phase separation is to evaluate the inverse compressib
since a negative value for this quantity indicates phase s
ration, as explained in Sec. IV A. Using this procedure on
again a region ofk21,0 was identified, signaling unstabl
densities in the system. From the combination of these ty
of analysis performed for several chains, the boundaries
phase separation were estimated as shown in Fig. 15.
though the error bars are not negligible, the presence
phase separation is a robust feature of the calculation an
is in excellent agreement with the conclusions of previo
sections. Then, irrespective of the actual value of the s
corresponding to thet2g degrees of freedom the phase di
gram presents universal features, especially robust ferrom
netism, unstable densities, and short-range incommensu
spin correlations. Below in Secs. V and VI, it will be show
that this universality can actually be extended to inclu
higher-dimensional clusters.32

C. Influence of an on-site Coulomb repulsion

The on-site Coulombic repulsion among electrons in
conduction band has been neglected thus far. Although
not expected to produce qualitative changes in the phy
described before~since a largeJH /t prevents double occu
pancy!, it would be desirable to have some indications of
quantitative influence on the phase diagrams discusse
previous sections. Unfortunately, the addition of a Hubb
repulsion U complicates substantially the many-body n
merical studies. The Monte Carlo method in the classi
limit can only proceed after the HubbardU term is decou-
pled using Hubbard-Stratonovich~HS! variables. If such a
procedure is followed, the simulation would run over bo
angles and HS degrees of freedom, and likely a ‘‘sign’’ pro

s.
C
.

,
re

FIG. 17. Results for the FM Kondo model withS51/2 localized
spins using the DMRG method.~a! containŝ n& vs m for a chain of
20 sites atJH /t51, showing that all available densities are acce
sible. ~b! Ground state energy per site vs^n& for JH /t51 and 30.
The energies for the latter were divided by 5 to make both curve
comparable magnitude.~c! Same as~a! but for JH /t530. Now
^n&50.90 appears unstable.~d! Results on a 40-site chain atJH /t
528. The densities available between 1.00 and 0.80~i.e., 0.95,
0.90, and 0.85! are unstable.
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lem would occur. Such a cumbersome approach will not
pursued here. Instead the large-U/t limit for the case of lo-
calized spins 1/2 will be investigated using the Lancz
method, which can be applied without major complicatio
to the study of Hubbard-like systems. The study will be lim
ited to chains due to restrictions on the size of the clus
that can be analyzed numerically. In addition, in the stro
coupling limit the Hubbard model becomes thet-J model,
and, thus, the actual Hamiltonian studied here is defined

H5J(
i

@si•si 112~1/4!nini 11#2t(
is

~ ĉis
† ĉi 11s1H.c.!

2JH(
i

si•Si , ~8!

whereĉ is a destruction fermionic operator which includes
projector operator avoiding double occupancy. BothSi andsi
are spin-1/2 operators representing the spin of the local
and mobile degrees of freedom, respectively. The rest of
notation is standard.

Once again studying the energy of the ground state
subspaces with different total spin projection in thez direc-
tion, the existence of ferromagnetism can be studied.
boundary of the region with fully saturared ferromagneti
obtained using clusters with eight and ten sites is shown
Fig. 18~a!. Strong ferromagnetic correlations appear even
small values forJH /t, suggesting that asU/t grows the ten-
dency to favor ferromagnetism increases, as noticed als
Ref. 12. It is interesting to observe that in the region n
labeled as FM in Fig. 18~a! a finite spin exists in the groun
state@see Fig. 18~b!#, in excellent agreement with results fo
the U/t50 case reported in Secs. IV A and IV B for qua
tum mechanicalt2g degrees of freedom~see also Ref. 12!. In
addition, a tendency towards incommensurate correlation
observed in this phase, also in agreement with previous
sults @see Fig. 18~c!#. Regarding the issue of phase sepa
tion, the results of Fig. 15 suggests that this regime sho
appear for densities between^n&51.0 and̂ n&50.90. Unfor-
tunately these densities are not accessible on the clu
studied in this subsection, and, thus, the confirmation of
existence of phase separation at largeU/t will still require
further numerical work.33 Nevertheless, Figs. 15 and 18~a!,
which contain results with and without the Coulomb intera
tion, have clear qualitative common trends. Regarding
quantitative aspects, the Coulomb interaction changes
stantially the scales in the phase diagram especially reg
ing ferromagnetism which now appears at smaller value
JH /t.34

V. RESULTS IN D52

In this section computational results in 2D that supp
ment those previously reported in Ref. 11 are presented.
sults in 2D are particularly important since manganite co
pounds with layered structure have been recen
synthesized.35

A. Ferromagnetism

The search for ferromagnetism in the ground state of
2D clusters was carried out similarly as in 1D for the case
e
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classicalt2g spins. The real-space spin-spin correlation~be-
tween those classical spins! was monitored, as well as it
Fourier transformS(q) at zero momentum. CouplingsJH /t
51, 2, 4, 8, and 16 were particularly analyzed. Typical
sults are presented in Fig. 19 where the spin correlations
presented at a fixed coupling, parametric with the electro
density. It is clear that the tails of the correlations are ve
robust, and the ferromagnetic correlation length exceeds
maximum distancedmax available on the 636 cluster. Plot-
ting the spin correlation atdmax vs ^n&, an estimate of the
critical density for ferromagnetism can be obtained. Comb
ing results from a variety of clusters and boundary con
tions, the FM boundary can be constructed.11 Note that for
this analysis the use of open boundary conditions seem
be the optimal; i.e., using other boundary conditions kept

FIG. 18. Results corresponding to the FM Kondo model w
localized spins 1/2 and using thet-J model for the mobile electrons
@Eq. ~8!#, obtained with the Lanczos method. The boundary con
tions were such that a fully saturated ferromagnetic state is sta
J/t50.2 was used.~a! shows the boundary of the FM region usin
eight and ten sites clusters. IC correlations were observed at s
JH /t in the nonfully saturated ferromagnetic region.~b! The spin of
the ground state as a function ofJH for the case of two holes on th
eight-site cluster.~c! S(q), the Fourier transform of the spin-spi
correlations between the localized spins, vs momentum for the
of a ten-site cluster. The densities and couplings are indicated.
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6424 PRB 58E. DAGOTTOet al.
ferromagnetic character of the system at short distances
modifies the correlations at large distances, as occurs
non-closed-shell BC’s in 1D.

The influence of lattice size can be estimated by study
S(q) vs temperature for several clusters. At low temperat
S(q50) clearly grows with lattice size due to the stron
ferromagnetic correlations. However, as in the case of
the Mermin-Wagner theorem forbids long-range ferrom
netism in 2D at finite temperature and, thus,S(q) should
converge to a finite constant if the lattice sizes are furt
increased beyond those currently accessible, working
fixed finite temperature. Verification of this subtle detail
beyond the scope of this paper, and should not confuse
readers: the presence of very strong ferromagnetic corr
tions at low temperature in the FM Kondo model is clear
the present numerical study and it is likely that small co
plings in the direction perpendicular to the planes would s
bilize ferromagnetic order at a finite temperature.

B. Phase separation

The computational analysis presented in this subsec
will show that the phenomenon of phase separation oc
not only in one dimension but also in two dimensions~and
higher!. This result indicates that the unstable densities fou
in Secs. III and IV are not a pathology of 1D clusters but
existence is generic of the FM Kondo model.

Typical numerical results in 2D clusters at low tempe
ture are shown in Fig. 20 atJH54t ~for results atJH /t58
see Ref. 11!. ^n& is discontinuous, signaling the presence
phase separation in the low-temperature regime of the
Kondo model. Calculating the discontinuity in^n& for sev-
eral couplings the boundary of the phase-separated regim
the 2D phase diagram of Ref. 11 was established. Note
the scales in computer time needed to achieve converg
are very large near the critical chemical potential where
quent tunneling events between the two minima slow do
the simulations. ForJH /t,4, it becomes difficult to distin-

FIG. 19. Spin-spin correlations~among the classical spins! vs
distance obtained atJH /t58, T5t/50, and using periodic boundar
conditions on a 636 cluster. Solid circles, open circles, sol
squares, open squares, and solid triangles correspond to den
^n&50.807, 0.776, 0.750, 0.639, and 0.285, respectively.
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guish between an actual discontinuity in^n& and a very rapid
crossover and, thus, in the 2D phase diagram the bounda
phase separation at small Hund coupling is not sharply
fined @see Fig. 1~b! of Ref. 11#.

C. Incommensurate correlations

The regime of small couplingJH /t is not ferromagnetic,
according to the behavior ofS(q) at zero momentum, and
does not correspond to phase separation since all dens
are stable. It may occur that robust incommensurate s
correlations exist here, as occurs in 1D.S(q) is presented in
Fig. 21 for two representative couplings and a large range
densities. The antiferromagnetic peak at (p,p) is rapidly
suppressed aŝn& decreases, and the position of the ma
mum in S(q) moves along the (p,p)-(p,0) line @and also

ties

FIG. 20. ^n& vs m on a two-dimensional cluster and at temper
tureT5t/50, to illustrate the presence of phase separation in the
ferromagnetic Kondo model with classical spins. The result co
sponds toJH /t54, using a 636 cluster, with both periodic and
open boundary conditions.

FIG. 21. S(q) vs momentum on a 636 cluster and at~a!
JH /t51 andT5t/25 and~b! JH /t52 andT5t/50. In both cases
open boundary conditions were used. The densities are indicat
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along (p,p)-(0,p) by symmetry#. The intensity of the peak
is rapidly reduced as it moves away from (p,p), and the IC
character of the correlations is apparently short range. H
ever, numerical study of IC phases is notoriously affected
lattice sizes, and thus at this stage it can only be claimed
a tendency to form IC spin patterns has been detected in
clusters, without a firm statement regarding their short-
long-range character. Aŝn& is further reduced, the pea
position reaches (p,0) and (0,p) with substantial intensity.
Reducing further the density, a rapid change into the fe
magnetic phase was observed. At a largerJH /t coupling
such as 3, a more complicated IC pattern was detected
regions whereS(q) peaked simultaneously at (p,0)-(0,p)
and (0,0). Further work is needed to clarify the fine deta
of the spin arrangements in this regime, but nevertheless
results given here are enough to support the claim tha
tendency to form incommensurate correlations exists in
ground state of the 2D FM Kondo model.36

VI. RESULTS IN D5`

The existence of phase separation and ferromagnetis
the ground state of the FM Kondo model can also be stud
in the limit of D5`.11 The dynamical mean-field equation19

is solved iteratively starting from a random spin configu
tion, and as a function of temperature and density th
solutions have been observed having AF, FM, and pa
magnetic character. Efforts in Ref. 11 were concentra
on a particular large couplingJH /W54.0, studying the
temperature dependence of the results, whereW is the half-
width of the semicircular density of states,D(e)
5(2/pW)A12(e/W)2 for theeg electrons. The presence o
ferromagnetism at finite doping and antiferromagnetism
half-filling was quite clear in the calculations. Close to ha
filling and at low temperature, the density^n& as a function
of m was found to be discontinuous, in excellent agreem
with the results already reported inD51 and 2.11 Such an
agreement gives us confidence that the phase separatio
fect discussed here and in Ref. 11 is not pathological of
dimensions or induced by approximate algorithms but is
trinsic to the physics of the FM Kondo model and like
exists in dimensionD53 as well.37

For completeness, here a simple argument is prese
that clarifies the reason for the existence of phase sep
tion in the D5` limit. In Fig. 22 the density of state
A(v) for the AF and FM phases is shown atJH /W52 and
T/W50.005~for details of the calculation see Ref. 19!. The

FIG. 22. Density of states in theD5` limit corresponding to
the antiferromagnetic~solid line! and ferromagnetic~dotted line!
solutions, working atJH /W52.0 andT/W50.005. The chemica
potential is tuned to be at its critical valuemc;21.40W.
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critical chemical potential where the AF and FM phases
exist is mc;21.40W. A(v) in Fig. 22 is calculated atm
5mc for both phases. In the two cases the density of sta
splits into upper and lower bands due to the large Hu
coupling. The width of the upper and lower bands is wid
for the FM phase, which causes a narrower gapped reg
centered atv;0. Let us now consider the process of ho
doping starting at̂n&51 and decreasingm. In the AF phase
at m>mc , the chemical potential lies in the gap. However,
m<mc the chemical potential is located already inside t
lower band of the FM phase, since this band is wider than
the AF phase. This suggests that before the lightly doped
phase is realized in the system by decreasingm, the FM
phase is instead stabilized. Thus, the discontinuous cha
from the AF to FM phases atm5mc also causes a jump in
the carrier number. This discontinuity occurs only when t
bandwidth of the AF phase is considerably narrower th
that of the FM phase.

VII. CONCLUSIONS

In this paper the phase diagram of the ferromagne
Kondo model for manganites was investigated using b
classical and quantum localized spins and a variety of co
putational techniques that include Monte Carlo simulatio
and Lanczos and DMRG methods, as well as the dynam
mean-field approach. In agreement with our previous wor11

where only classical spins were used, the phase diagr
were found to contain regions with~i! robust ferromagnetic
correlations,~ii ! phase separation between hole-undoped
tiferromagnetic and hole-rich ferromagnetic domains, a
~iii ! incommensurate spin correlations at small Hund c
pling. The agreement between the results obtained with
ferent computational techniques, approximations, and lat
dimensionality leads us to believe that the conclusions of
paper are robust and they represent the actual physics o
ferromagnetic Kondo model.

The novel regime of phase separation is particularly int
esting, and possible consequences of its existence in ma
nites can be envisioned. Experimentally, phase separa
can be detected using neutron diffraction techniques if
two coexisting phases have different lattice parameters
occurs in La2CuO41d , a Cu oxide with hole-rich and hole
undoped regions.38 NMR and nuclear quadrupole resonan
~NQR! spectra, as well as magnetic susceptibility measu
ments, can also be used to detect phase separation39,40since a
splitting of the signal appears when there are two differ
environments for the ions. Note also that in the regime wh
AF and FM coexistS(q) presents a two-peak structure, on
located at the AF position and the other at zero moment
This also occurs in a canted ferromagnetic state and, t
care must be taken in the analysis of the experimental d
Actually, recent experimental results by Kawanoet al.41 are
in qualitative agreement with the results of the present pa
and Ref. 11 since these authors observed a reentrant s
tural phase transition accompanied by ‘‘canted ferrom
netism’’ below Tc

FM , at 0.10,x,0.17 in La12xSrxMnO3.
In addition, NMR experiments by Allodiet al.42 have been
interpreted as evidence of electronic phase separation~see
also Ref. 43!. Inhomogeneities in lanthanum manganit
were also reported by Lynnet al. using neutron scattering.9
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Recently De Teresaet al.44 using a combination of volume
thermal expansion, magnetic susceptibility, and small-an
neutron scattering measurements found indications of m
netic heterogeneity in these compounds. Goodenough
Zhou describe these results as a new form of ph
segregation.45 Then, a large amount of experimental info
mation suggests that the tendency to form large cluster
ferromagnetically aligned spins in an antiferromagne
background is a real possibility for the manganites.

However, note that phase separation may manifest it
as in ‘‘frustrated phase separation’’ scenarios:15 Since the
Coulombic interaction between holes was not explicitly
cluded, it is possible that in realistic situations phase sep
tion may be replaced by the formation of complex structur
such as the stripes observed in cuprates.16–18 Thus, it is rea-
sonable to speculate that these stripes could also appe
the insulating regime of the manganites and they should
detectable using neutron scattering techniques.

On the theoretical side, future work will be directed to t
analysis of the influence of phonons and orbital degener
ys

io
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into the phase diagram observed in the present paper, e
cially regarding phase separation, as well as the calcula
of dynamical properties for the models investigated he
Work is in progress along these fronts to complete a qu
tative understanding of the phase diagram correspondin
models for the manganites beyond the double-excha
model.46
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