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Ion-electron correlations in liquid metals from orbital-free ab initio molecular dynamics

J. A. Anta, B. J. Jesson, and P. A. Madden
Physical and Theoretical Chemistry Laboratory, Oxford University, South Parks Road, Oxford OX1 3QZ, United Kingdom

~Received 23 December 1997!

Extensiveab initio molecular-dynamics~AIMD ! simulations have been performed for liquid Na, Mg, and
Al, three metals having the same core of 10 electrons but with a different number of valence electrons. The
calculations have been carried out with the orbital-free version of the Car-Parrinello technique. Results were
obtained for the functions that describe the ion-ion and ion-electron correlations. Comparison of these with
results of those from standard Kohn-Sham AIMD confirms the ability of the orbital-free scheme to provide
correct properties from first principles at a reasonable computational cost. The results presented here demon-
strate that the overall ion-electron correlations predicted by simulation differ substantially from the experimen-
tal data so far reported for this property. This observation is closely related to the fact that, according to the
theory, the difference between x-ray and neutron-diffraction structure factors should be much smaller than that
encountered in the experiments.@S0163-1829~98!04834-6#
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I. INTRODUCTION

A liquid metal can be regarded as a mixture of positive
charged ions and nearly-free electrons, an intuitive pict
that has been extensively exploited in many theoret
works.1–7 As first pointed out by Egelstaff, March, an
McGill,2 the existence of electrons that are not attached
the ions leads to the structure factors measured by neut
x-ray-, and electron-diffraction experiments being sligh
different from each other. From this analysis, it is conclud
that it should be possible, in principle, to extract the io
electron partial structure factor from the comparison of va
ous types of diffraction data. A more rigorous treatment th
that of Egelstaff, which involved just neutron and x-ray d
fraction, has been discussed by Chihara.4 His work has been
followed by several efforts to assess the magnitude
shape of the ion-electron correlation from experimen
measurements.8–10

The first theoretical attempts to determine the ion-elect
correlation were undertaken in the framework of line
response theory~LRT!.5,11 The ion-electron partial structur
factor can be related to the ion-ion structure factor via
screening density function that is in turn related to the diel
tric or linear-response function. The case of Na~and other
alkalis11! is particularly well studied. Linear-response-bas
predictions for this system give results that depend on
assumed form of the pseudopotential.5,11 Ion-ion and ion-
electron correlations in Na~Ref. 6! and Al ~Ref. 7! have also
been studied by means of the Quantal hypernetted c
equation. In this case theory and experiment evince c
disagreement, even for the ion-ion structure factor.

Ab initio molecular-dynamics methods,12,13 based on
density-functional theory~DFT!,14 provide a direct method
to calculate ion-ion, ion-electron, and electron-electron c
relations since they contain an explicit representation of
valence electron density. A first attempt of this type w
made by de Wijset al.,15 who performed Kohn-Sham Car
Parrinello molecular-dynamics~KS-AIMD ! simulations for
liquid Mg and Bi. They reported results for the ion-ion an
ion-electron microscopic structure of these metals. Th
PRB 580163-1829/98/58~10!/6124~9!/$15.00
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comparison with experiment, although excellent with rega
to the ion-ion structure factor and pair-correlation functio
brought out a striking discrepancy for the functions that d
scribe the ion-electron correlation. Due to the pseudopo
tial approximation, the electronic structural data provided
the AIMD simulations are not accurate at distances close
the atomic nuclei. Nevertheless, as already stressed b
Wijs et al.,15 this does not affect the region in which th
discrepancy between experiment and simulation for the i
electron correlation is most pronounced.

An alternative to the KS formulation of the Car-Parrinel
method, the so-called orbital-free~OF! ab initio molecular-
dynamics~OF-AIMD!,16–19 offers an attractive approach t
the problem. By dispensing with the orbitals of the Koh
Sham formulation, the OF-AIMD method takes full adva
tage of the Hohenberg-Kohn theorem and provides a si
lation method that scales almost linearly with system siz18

It therefore becomes possible to perform simulations w
larger numbers of particles and to carry out longer runs t
for KS-AIMD, thereby achieving greater statistical precisio
The OF-AIMD method has already been used to obtain
ion-ion structure factor of liquid sodium.18 It has also been
shown to describe correctly static and dynamic properties
solid Na ~Ref. 16! and Al.19 Recently, Watsonet al.20 have
devised a method for producingab initio local pseudopoten-
tials for application in OF-AIMD. The basic idea is to con
struct pseudopotentials that render, when introduced wi
the OF scheme, the same results for the electron densit
those of KS calculations withab initionon-localpseudopo-
tentials in an appropriate reference state. This method,
gether with the OF-AIMD simulation itself, affords a fully
first-principles procedure suitable for studying metallic sy
tems. We will discuss this point thoroughly when analyzi
our results.

In this paper we have used the OF-AIMD method and
pseudopotential generation scheme to simulate liquid
Mg, and Al near their melting points. Following Taked
et al.,10 we have chosen these metals since they posses
same core of 10 electrons, but have one, two, and three
lence electrons, respectively. This should lead to a syst
6124 © 1998 The American Physical Society
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PRB 58 6125ION-ELECTRON CORRELATIONS IN LIQUID METALS . . .
atic variation in the ion-electron correlations as we mo
from Na to Al. The purpose of our calculations is twofol
On the one hand, we attempt to test the ability of the sim
lation method itself to provide correct structural data in t
liquid state as an alternative to the computationally m
expensive KS-AIMD scheme. In this regard, the most s
nificant comparison is with the results of de Wijset al. for
Mg. However, we are also interested in the comparison w
the ion-electron structure factor predicted by linear-respo
theory, to which our results would be expected to agree
actly if the pseudopotentials in these metals were sufficie
weak. We will show that the calculated ion-electron struct
factor evolves in a readily interpretable way from Na to A
On the other hand, we will compare the results yielded
the simulations with the available experimental data in or
to clarify the actual significance of the ion-electron structu
factors derived so far from scattering measurements. In
regard, the route that we have used is complementary to
experimental one. Starting from the calculated partial str
ture factors, we have evaluated a theoretical estimate of
difference between the x-ray- and neutron-diffraction str
ture factors, which may be directly compared with the e
perimentally obtained difference from which the ion-electr
correlations are extracted. By these means, we expose
importance of the treatment of the incoherent x-ray scat
ing by the valence electrons and the requirements on
experimental resolution in the two experiments in order
extract the desired quantity.

II. THEORETICAL BACKGROUND

A. The Ashcroft-Langreth partial structure factors

As mentioned in the Introduction, a metal can be trea
as a mixture of ions and electrons. Under this assumptio
convenient method of describing all correlations occurring
the system is in terms of Ashcroft-Langreth~AL ! partial
structure factors1

Si j ~k!5d i j 1ANiNjE @gi j ~r !21#eik•rdr , ~1!

whereNi andNj are, respectively, the number of particles
speciesi and j , andgi j is the pair distribution function. This
expression can be shown to be equivalent to21

Si j ~k!5
1

ANiNj

^r i~k!r j~2k!&, ~2!

where r i(k) is the kth Fourier component of the numbe
density of speciesi and ^•••& denotes averaging over th
positions of ionsand electrons. If the system is homoge
neous, both the structure factors and the pair distribu
functions depend only on the modulus ofk and r , respec-
tively. Equation~2! is computationally more convenient i
the context of AIMD, as we will see below. Our task w
then be to evaluate the three structure factorsSII (k), SIe(k),
and See(k) ~describing, respectively, ion-ion, ion-electro
and electron-electron correlations!, as well as their corre-
sponding distribution functionsgII (r ), gIe(r ), andgee(r ).

To simulate a real system, we use a small number
particles confined in a cubic cell that is periodically rep
e
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cated in all directions. As a consequence of this, the elec
density of the conduction electronsre(r ) is a periodic func-
tion and, therefore, can be expanded in a Fourier series

re~r !5(
k

re~k!eik•r ~3!

with

k5
2p

L
~m,n,l !; k2,Kcut

2 , ~4!

whereL is the side length of the simulation box,m,n,l are
integers, andKcut is the sphericalcutoff in the plane-wave
expansion. In addition, the following constraint is impl
mented:

re~0!5
Ne

V
, ~5!

whereNe is the total number of valence electrons andV is
the volume of the system. In AIMD the Fourier coefficien
of the number density of the ions@r I(k)# and of the valence
electron density that minimizes the electronic energy fu
tional at each ionic configuration~the ‘‘adiabatic electron
density’’! are directly available and can be used in the c
culation of these structure factors.

B. Neutron- and x-ray-diffraction structure factors

X-rays are scattered by electrons and the scattering
plitude is related to the number density of electronsr(r ) via4

I X~k!5^r~k!r~2k!&, ~6!

where^•••& refers to a thermal~and quantal! average over
the positions of ionsand electrons. The x-ray-diffraction
structure factor is conventionally defined as

SX~k!5
I X

coh~k!

N fA
2~k!

, ~7!

f A(k) andN being the form factor of the isolated atom an
the total number of atoms, respectively. Thus,SX(k) is ob-
tained by eliminating the incoherent part from the expe
mental data. We now consider how, following Chihara,4 this
is achieved for a metal in a two-step procedure.

We first separate the contribution of the ionic cores. W
write

r~k!5 f I~k!r I~k!1re~k!, ~8!

wherere(k) is the valence electron density andf I(k) is the
ionic form factor, i.e., the Fourier transform of the groun
state ionic electron density. However, we must recogn
that in replacing the instantaneous core density by its ave
value, we are ignoring the incoherent scattering by the co
due to Compton effects, and these must be reintroduce
the expression for the total scattering. Using Eq.~8!, the total
scattering function~6! can be split up into several terms in
volving partial AL structure factors and the incoherent co
scattering4
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I X~k!/N5 f I
2~k!SII ~k!12Az fI~k!SIe~k!

1zSee~k!1~Z2z!Sinc
I ~k!; kÞ0. ~9!

Here Z is the atomic number,z is the number of valence
electrons, andSinc

I (k) stands for the incoherent scattering
the core electrons.

We next separate the part of the valence densityre(k)
that is correlated with the ion positions

re~k!5
^re~k!r I~2k!&

^r I~k!r I~2k!&
r I~k!1dre~k!

[n~k!r I~k!1dre~k!. ~10!

The correlated part of the valence density is the adiab
average electron density anddre(k) is the part of the instan
taneous valence electron density not correlated with the
positions. We can rewrite Eq.~10! in real space as

re~r !5(
I 51

N

n~r2RI !1dre~r !. ~11!

n(r ) is the so-calledscreening density,5 which represents, on
average, the fraction of valence electron density that s
rounds each ion relative to the uniform background. If
introduce Eq.~10! in the definition of the partial structur
factors involving the valence electron density, we arrive

SIe~k!5
1

Az
n~k!SII ~k!, ~12!

See~k!5
1

z
n~k!SII ~k!1^dre~k!dre~2k!&. ~13!

The last term in Eq.~13! corresponds to the structure fact
of the uniform electron gas, sincedre(k) is explicitly inde-
pendent of the ionic positions. According to Chihara,4 this
contribution leads~at kÞ0) to incoherent scattering and
therefore, should be subtracted in the expressions abov
estimate the correct x-ray-diffraction structure factor. Be
ing this in mind, thecoherentscattering function is

I X
coh~k!/N5u f I~k!1n~k!u2SII ~k!, ~14!

where we have used Eqs.~12! and ~13!. The x-ray structure
factor is then

SX~k!5
u f I~k!1n~k!u2

u f A~k!u2
SII ~k!. ~15!

In contrast to x-rays, neutrons are scattered by nucle
the center of ions, and for that reason, the correspond
diffraction intensity is related to the number density of io

I N~k!5b2K (
ab

e2 ik•~Ra2Rb!L 5b2^r I~k!r I~2k!&

5Nb2SII ~k!, ~16!

whereb is the scattering length of the nuclei. The neutro
diffraction structure factor is now defined as
ic

n

r-
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-
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SN~k!5
I N~k!

Nb2
5SII ~k!. ~17!

In conclusion, the availability of the partial structure fa
tors SII , SIe , and See, from AIMD makes it possible to
estimate, theoretically, the x-ray- and neutron-diffracti
structure factors as well as their difference.

C. Orbital-free AIMD

In the OF-AIMD method,16–19 the coefficientsre(k) oc-
curring in Eq.~3! are taken to be virtual dynamic variable
associated with ‘‘fake’’ massesmk . These coefficients
evolve in time coupled with the ionic movement in acco
dance with the following equations of motion:16,18

mkr̈e~k!52
dE~re ;$RI%!

dre~k!
, ~18!

M R̈I52¹ IE~re ;$RI%!2¹ IVII ; I 51,2, . . . ,N.
~19!

In the expressions above,VII is the potential energy of the
ion-ion interaction,N is the total number of ions, andE is
the electronic energy for a given configuration of ions$RI%.
According to the basic theorem of DFT,14 E is a functional
of the electron densityre . In the context of the OF formu-
lation, such a functional is expressed without the introd
tion of orbitals,16 in contrast to the more standard KS form
lation that employs monoelectronic or bielectronic wa
functions ~orbitals! to represent the kinetic-energy func
tional. OF kinetic-energy functionals have been devised t
reproduce the energetics of metals like Na and Al with
accuracy of KS calculations.16,19 This treatment makes th
electronic part of the computation formally of orderN ln N
and, because it is possible to ‘‘precondition’’16 the AIMD
fake dynamics, the whole dynamics scales linearly with
number of particles.

A crucial point in the evaluation of the electronic ener
functional is the ion-electron interaction. Unless we perfo
a computationally very expensive all-electron calculatio
this interaction must be described via apseudopotentialthat
is, in principle,nonlocal.1,22 Unfortunately, the OF method
does not allow for the use of nonlocal pseudopotentials a
is based purely on the electron density. As already m
tioned in the Introduction, this drawback can be surmoun
by means of the method recently proposed by Watsonet al.20

By using their procedure, it is possible to obtain loc
pseudopotentials from first principles that can be readily
lized in OF-AIMD simulations. The methodology adopted
generate a local pseudopotential suitable for OF-AIM
simulations consists basically of three stages:~1! all-electron
KS calculation in a single atom and subsequentpseudisation
to obtain an initialnonlocal pseudopotential,~2! extensive
KS calculations in the solid23 phase using this nonloca
pseudopotential,~3! inversion of the solid-phase KS electro
density by means of the OF functional in order to extract
local pseudopotential to be used in the molecular-dynam
calculations.

In AIMD, we simulate only theadiabaticvalence electron
density, so, comparing with the discussion of the experim
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tal situation in Sec. II B, the termdre(k) in Eq. ~10! does
not occur in the simulations. Furthermore, since the Fou
coefficients occurring in Eq.~3! play a central role in the
simulation process, the calculation of the partial AL structu
factors by means of Eq.~2! is straightforward and does no
increase the computational cost. Thus, we calculate a co
bution to the averages@Eq. ~2!# at each MD time step. All of
the structure factors reach their asymptotic limits byk
5Kcut so that we may obtain the corresponding real-sp
distribution functions by back transformation@Eq. ~1!#. To
perform all Fourier transformations involved in this wor
we have used a grid size ofdk50.02 a.u. and 16 384 points
The functions ink space were averaged over wave vectors
the same magnitude and fitted using splines in order to in
polate onto the grid. From the maximum value availa
from the simulation up to the cutoff of 16 384 points, a
structure factors were set equal to their longk limits. We
found that direct calculation and back Fourier transformat
from partial structure factors lead to the same results for
pair distribution functions.

III. SIMULATIONS AND ION-ION STRUCTURE

A. Pseudopotentials and simulation details

Three localab initio pseudopotentials20 were produced for
the metals considered in this work. The electron configu
tions used in the initial all-electron calculations of the no
local ab initio pseudopotential weres1p0 for Na ands2p0 for

FIG. 1. Local pseudopotentials inr space utilized in this work.
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Mg. For Al, a hybrid scheme was employed, in which thel
50 and l 51 pseudopotential components derived from
s2p1d0 atomic configuration were combined with thel 52
component of ans2p0d1 configuration. KS solid-phase ca
culations~bcc lattice for Na, fcc for Mg and Al! were carried
out using theCASTEP program.13 Finally, the OF functional
that describes the correct linear and quadratic response o
electron gas19 was included in the OF computation. The rea
space pseudopotentials so generated, and subsequently
in the dynamics, are shown in Fig. 1.

Details of the OF-AIMD simulations performed can b
found in Table I. The three metals were simulated using
aforementioned kinetic-energy functional~including qua-
dratic response! and the time-step to integrate the equatio
of motion was set equal to 20 a.u.~0.4836 fs! in all cases.
The parameters employed were found to be appropriat
achieve an efficient minimization of the electronic energy
quenched configurations and a good conservation of the
energy in the dynamics. Simulations were initiated from s
idlike configurations that were heated, cooled down, a
equilibrated in approx. 10 000 steps~5 ps!. Once equilibra-
tion was finished, long production runs of 20 000 ste
~around 10 ps! were executed in order to determine the p
tial structure factors via Eq.~2!. The required thermal aver
age was computed by sampling over the same numbe
configurations. Both ion and electron movements were th
mostated using Nose´-Hoover chains.24 The production runs
of 20 000 steps lasted 49–57, 52, and 200 h on a Sili
Graphics R10000 for Na, Mg, and Al, respectively.

Na and Al were simulated at two different set of cond
tions. In runs 1, 3, and 5 the density was fixed to the exp
mental value of the metal at the simulation temperature
was close to the melting point. On the contrary, runs 2 an
were carried out at a density slightly lower~by 5% in Na,
and 6% in Al!. We performed a single long run for Mg
setting the density to its melting point value but with th
temperature at 1000 K, since these are the parameters
lized by Wijs et al.15

B. Ion-ion structure factors and the thermodynamic state

Figure 2 shows results forSII (k) calculated directly from
the averages over the Fourier components of the ion den
at each of thek points used in the simulation. No smoothin
or further averaging over these values has been perform
The figure also shows experimental results for the struc
factors.25 Apart from a slight mismatch at the principal pea
of the structure factor, which we will discuss below, th
agreement between the experimental and AIMD results at
experimental densities~i.e., run 1 for Na, 5 for Al, and 4 for
TABLE I. Simulation parameters for Na, Mg, and Al.

Run N Kcut /Å T/K r/Å23 ^P&/a.u.

Na 1 128 7.9 400 0.0241 22.4431025

Na 2 128 7.8 400 0.0230 22.5231025

Na 3 88 6.5 400 0.0241 22.1831025

Mg 4 108 9.7 1000 0.0371 22.4231025

Al 5 115 14.6 933 0.0533 9.6631025

Al 6 115 14.2 1000 0.0497 7.4831027
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Mg! is extremely good. Excellent agreement is also found
the corresponding real-space comparison shown in Fig
~despite the slight mismatch!. That the agreement is not ac
cidental is confirmed by comparing the experimental str
ture factors~or radial distribution functions! at the melting
density for Na and Al with simulation results at densiti

FIG. 2. Ion-ion partial structure factors of Na, Mg, and Al o
tained from OF-AIMD~solid lines: runs 3, 4, and 5; dashed line
runs 2 and 6; dotted line: run 1! and x-ray-diffraction experiments
~Ref. 25! at 383, 953, and 943 K, respectively~solid circles!. The
structure factors are plotted against the reduced wave ve
k/kmax, wherekmax is the position of the first peak inSII (K) for
that system.

FIG. 3. Ion-ion pair distribution functions of Na, Mg, and A
Solid lines correspond to runs 1, 4, and 5, respectively, wherea
dashed lines represent the results from runs 2 and 6 for Na an
The black circles are the experimental data~Ref. 25!.
n
3

-

lower by 5%~runs 2 and 5, respectively!. The small change
in the mean interionic separation results in very noticea
discrepancies between the experimental and simula
curves. Table I shows the pressures of the MD runs at
experimental densities. Since these correspond to orthob
conditions, these pressures should ideally be zero. The p
sures obtained are small~by the usual standard of compute
simulations! and are very similar to the pressures that need
be applied in simulations of the zero-temperature crysta
bring the calculated lattice constant into agreement with
experimental one. The lattice constants calculated with
OF-AIMD method are very similar to those obtained in t
KS-AIMD calculations used in pseudopotenti
construction.20 Overall, we conclude that the OF-AIMD
scheme is giving an excellent description of the local io
structure and effective interionic interactions in these met

As already reported in Ref. 18, we find the height of t
mean peak in the partial structure factors is extremely se
tive to small variations in the simulation conditions when t
calculation is performed in the proximity of the meltin
point. This behavior is clearly seen in the Na simulation
the experimental melting density~run 1!, where the first peak
reaches a value above the Verlet-Hansen26 limit of 2.8. At a
slightly lower density~run 2!, this sort of effect in the struc-
ture factors does not occur. A similar behavior was obser
in Al, where the run at the experimental melting density a
temperature~run 5! led to excellent results for the ion-io
structure factor, save in the region of the main peak. Wh
the density is decreased~run 6! the first peak is substantially
reduced in height. We believe that the additional order,
sponsible for this enhancement, is induced by the perio
boundary conditions and exacerbated in these materials
the fact that the liquid and solid densities at melting are qu
close ~less than 2% for Na!. The periodic boundary condi
tions may be thought to induce an additional exter
potential,27 which tends to induce crystalline order an
whose effect is particularly pronounced at the peak of
structure factor, where the fluid’s susceptibility to period
external potentials is largest. The problem seems to b
general one~and not an aspect of AIMD!, at least when the
liquid and solid densities are very similar, since, in lo
simulations of liquid sodium with an effective pa
potential,28 a similar effect is found. As shown in the data fo
run 3, we can reduce the effect by working with a number
atoms that is well away from the ‘‘magic’’ numbers fo
which the system may form a cubic crystalline structu
commensurate with the periodic boundary conditions~simu-
lations are normally done with such a number to facilitate
startup!. In run 3, 88 atoms are used at the experimen
melting density. The anomalous enhancement of the
peak seems not to occur. In the calculations reported h
the effect is associated with only a very small change in
actual fluid structure, as witnessed by the excellent ag
ment of the radial distribution functions with experiment.

IV. ION-ELECTRON CORRELATIONS

A. Results for SIe and comparison with KS-AIMD results

Figure 4 shows the ion-electron structure factors cal
lated from the various OF-AIMD runs via Eq.~2!. A system-
atic change in shape ofSIe(k) in the series Na-Mg-Al is

or

he
Al.
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noticeable; as we shall show below, the change of shap
readily interpreted as a consequence of the increasing n
ber of valence electrons. From the height of the main pea
the structure factor, we infer an increasing strength in
ion-electron correlation along the series. This follows na
rally from the fact that the pseudopotentials generated
these systems have deeper energy wells for the ions
higher charges. The progressive enhancement in the stre
of correlation may also be seen in real space. Figure 5 sh
the ion-electron radial distribution functions in the vario

FIG. 4. Ion-electron structure factors from runs 1, 4, and 5~solid
lines! and 2 and 6~dashed lines!. The crosses denote the KS-C
results of Wijset al. ~Ref. 15! kmax is the position of the first peak
in SII (K).

FIG. 5. Ion-electron pair distribution functions from runs 1,
and 5~solid lines! and 2 and 6~dashed lines! in Table I. The crosses
represent the KS-CP results of Wijset al. ~Ref. 15!.
is
m-
in
e
-
r

ith
gth
ws

runs. The reduction in the effective atomic radii with increa
ing valence charge is clearly evident from this figure. The
figures also show an increase in the strength of the i
electron correlation as the fluid density is lowered. In vie
ing this figure it should be recalled that the true valen
electron density has been replaced by apseudodensitythat
only matches the true density outside the core region. H
ever, in calculations on the isolated atom, with the pseu
potentials in use here, the pseudodensity agrees closely
the true density down to distances of order 0.7 Å, so th
within the range ofr values spanned, the figure should
giving a reliable representation of the true ion-electron rad
distribution function.

Figures 4 and 5 also show the data for Mg obtained by
Wijs et al.15 using the KS-AIMD method at the same dens
and temperature. Excellent agreement between the two
of data is evident. This is an important result in the valid
tion of the OF-AIMD procedure. The better statistical pre
sion of our results is apparent at lowk.

B. The screening density and the predictions
of linear-response-theory

By using Eq.~12! we can extract results for the effectiv
screening densityn of the valence electrons around the io
cores. Results for this quantity are shown in Fig. 6. T
screening density, in reciprocal space, may be regarde
the effective form factor for the valence electrons, as see
Eq. ~14!. As such, it may be usefully contrasted with th
valence form factor for the free atom, which may be calc
lated from the Fourier transform of the densities of the v
lence orbitals. These densities are obtained from the
electron KS calculations used in the pseudopoten
generation procedure. This is shown by the dotted line in
figure. Figure 7 shows the screening density in real sp
compared with the free atom valence electron density. T
comparison shows that the limitations imposed by the use

FIG. 6. Screening densitiesn(k) obtained from runs 1, 4, and 5
in Table I ~solid lines!. The dashed lines represent the prediction
the linear-response theory including exchange-correlation eff
~see text! and the dotted lines correspond to the valence elec
density of an isolated atom.
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the pseudodensity are not large. Figure 7 also indicates
when the atom is immersed in the sea of conduction e
trons in the metal there is an enhancement of the vale
electron density close to the nucleus~i.e., in the range of the
main peak in the density! and a reduction of the density a
slightly longer range: the displacement of the screening d
sity is more marked the higher is the ionic charge. At larg
distances the screening density oscillates about the ave
electron density of the metal; this is responsible for the
cillatory character of the effective interionic pair potentia
of metals.1 Very similar behavior has been predicted
means of the quantal hypernetted chain theory.6,7

The consistentshapeof the screening density in recipro
cal space~Fig. 6! for Na, Mg, and Al, enables us to interpre
the evolution of the ion-electron structure factorSIe(k) ~Fig.
4! passing from Na to Al, i.e., with an increasing number
valence electrons.29 As seen from Eq.~12!, SIe(k) is the
product ofn(k) andSII (k) and the latter has a very simila
shape in all the metals, thek scale being set by the positio
of the first peak of the structure factorkmax ~Fig. 2!. Since,
n(k) is positive at smallk and first passes through zero at
value k0 that steadily increases with the density of valen
electrons, the shape ofSIe(k) can be seen to be determine
by the relationship ofkmax to k0. For Na, kmax is signifi-
cantly greater thank0, and the main peak ofSII (k) appears
as a negative feature inSIe(k). In Mg kmax is slightly smaller
thank0, and some of the main peak occurs in a region wh
n(k) is positive, whereas for the higherk part it is negative,
leading to a derivative shape. The derivative shape is
more pronounced in Al wherekmax;k0. As expected from
linear-response theory~see below!, the value ofk0 is close to
twice the Fermi wave vector of the valence electrons in
metal @kF5(9p/4)1/3/r s , wherer s is the radius of the free

FIG. 7. Spherically integrated screening densities in real sp
The lines have the same meaning as in Fig. 6.
at
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e

electron sphere#. Values for the ratiok0/2kF were found to
be 0.991~Na!, 0.858~Mg!, and 0.804~Al !. Hence, the shape o
SIe(k) is primarily determined by the relationship betwe
the mean interatomic and interelectron separations.

It is very interesting to contrast the results emerging fro
the OF-AIMD simulations for the ion-electron correlation
with those predicted by linear-response theory. On the
hand, the LRT results~as we shall see! provide a ready in-
terpretation of the shape ofn(k), and hence of the shape o
SIe(k). On the other hand, the construction of the orbital-fr
kinetic-energy functional16,18 is heavily based on results o
response theory and guarantees correct linear resp
~within the local-density approximation of DFT!. It is of in-
terest to see to what extent the higher-than-linear respons
the electron gas influences the results for the ion-elec
correlations.

Within the framework of linear-response theory, the effe
of each ionic core on the valence electron charge distribu
can be considered independently and calculated from the
sponse of an uniform electron gas at the density of the c
duction electrons to the presence of the ion-elect
potential:1,30

nLRT~k!5x0~k!VIe~k!, ~20!

wherex0(k) is theexternalresponse function or susceptibi
ity of the ~interacting! electron gas andVIe(k) is the ion-
electron potential.x0(k) is normally expressed in terms o
the random phase approximation for the screened resp
function xL ~the Lindhard function31!

x0~k!5
xL~k!

11~4p/k2!xL~k!@G~k!21#
, ~21!

whereG(k) is a ‘‘local-field factor,’’ which accounts for the
exchange-correlation effects.1 Wax, Jakse, and Bretonnet11

calculated the ion-electron structure factor for the alkali e
ments using this formalism, the Ichimaru-Utsumi32 local-
field factor and the Shaw pseudopotentials33 and obtained
results in good accord with ours for Na.

We have calculated the LRT predictions for the screen
density in Na, Mg, and Al by using the Ichimaru-Utsum
local-field factor inx0(k).32 We have previously shown tha
the effective linear-response function within our orbital-fr
calculations is very similar to this theoretical result f
x0(k). We have used the same local OF pseudopoten
obtained from theab initio KS nonlocal potential, as used i
the OF calculations. It should be noted that the pseudopo
tials normally used in LRT-based calculations of the effe
tive interionic interactions in metals are substantially sof
in the core region than suchab initio-based potentials; this is
true of the Shaw potentials used by Wax, Jakse,
Bretonnet,11 for example. As stressed by Hafner,1 they are
potentials appropriate to the application of LRT and wou
not ~in general! reproduce the actual valence orbitals of
atom in the way that KS pseudopotentials do. The result
Figs. 6 and 7 show that theab initio-based potentials are to
strong for their effect to be described by LRT, even, as no
previously,16 in the case of Na.@The discrepancy in the re
ciprocal space function would be more noticeable were we
plot k2n(k)#. In Fig. 7 we see that the screening dens
becomes negative inside the ionic cores, and that the o

e.
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lations at longer range are too large. The discrepancy
tween the OF results and the LRT ones becomes more
nounced along the series Na-Mg-Al. Conversely, th
results show that theab initio KS-based pseudopotentia
induce significant higher-order responses in the electron d
sity and, recalling the excellent correspondence between
OF and KS results for Mg, that the OF method is captur
these higher-order effects successfully. This is an impor
conclusion sinceab initio KS-based pseudopotentials shou
be transferableto different phases of the metal and its alloy

Nevertheless, the LRT calculated screening densi
show qualitatively many of the features present in the
OF calculations. In particular, the shape ofn(k) and the
position of the first zero crossingk0, invoked in the discus-
sion of the behavior ofSIe(k) above, are very similar. This
therefore enables us to trace the shape ofSIe(k) back to the
response function. Thek dependence ofx0(k), the scale of
which is set bykF , is what determines the characteris
shape of the screening density seen in Fig. 6.

C. Comparison with experimental results
for the ion-electron correlation

Takedaet al.10 have obtained experimental results for t
ion-electron correlations in Na, Mg, and Al by combining t
x-ray- and neutron-scattering data. They present results
the ion-electron structure factor that may be directly co
pared with ours appearing in Fig. 4. We find that the exp
mental results differ markedly from ours. If we focus on N
the experimental results have a similar shape to ours;
main dip appears at;1.9 Å21, in good agreement, but it i
considerably deeper than we find;0.25 vs;0.15. For Mg,
even the shape of the experimental function differs subs
tially from ours ~which, as noted above, is fully consiste
with the KS-AIMD results of de Wijs15!. For Al there are
again substantial discrepancies with the shape of the func
resembling that obtained for Na, with no positive first pe
and a dip very much greater than the amplitude of our fu
tion. The experimental results therefore do not show the s
tematic trend from Na-Mg-Al which, as explained above,
qualitatively described by response theory. Overall, the
periments suggest a stronger ion-electron correlation tha
predicted from theory and simulation.

In order to cast some light on the origin of these disagr
ments, we have calculated an estimate of what the differe
between the x-ray- and neutron-diffraction structure fact
should be. In order to do this, we make use of Eq.~15! for
the x-ray structure factor. We obtain the form factorsf I(k)
and f A(k) required in Eq.~15! by means of all-electron KS
calculations in the isolated ion/atom and subsequent Fou
transform of the total ionic/atomic charge density. Our
sults for the difference between the coherent x-ray and n
tron structure factors are plotted in the lower part of Fig.
In the upper panels of this figure we show the experime
results10 for the difference between the coherent x-ray a
neutron-scattering structure factors.

The most striking features of the curves are in the vicin
of the principal peak of the ion-ion structure factor. The a
plitudes of the experimental results in this re´gime are an
order of magnitude above their theoretical counterparts
fact, the functions extracted from our calculations are alm
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within the reported experimental uncertainty@;0.02 ~Ref.
10!# for the structure factorsSX(k) and SN(k). We further
note the progressive evolution of the shape of this featur
the theoretical results, as the number of valence electron
increased, in contrast to the unsystematic evolution of
experimental quantities. Another notable difference betw
two sets of data is that our results for the difference die aw
to zero very slowly with increasingk, so slowly, in fact, that
the ultimate decay has not been approached within the w
dow shown in the figure. The reason for this slow decay l
entirely in the ratio between the ionic and atomic form fa
tors at these values ofk. Both form factors approach zer
asymptotically, but we have not reached this asymptotic
gion atk510 Å21. We should stress that this finding is n
affected by the pseudopotential approximation, since the
culated form factors are obtained from all-electron calcu
tions. Our results for these form factors agree well with t
normally tabulated34 results, but are not affected by havin
been fit to standard functional forms.

According to ourab initio calculations, the difference be
tween x-ray and neutron structure factors should be m
smaller than so far observed in the diffraction measureme
This conclusion is in accord with the findings of a number
previous works for individual examples from the Na, Mg, A
set.7,11 The finding that the difference is small is not surpr
ing when it is realized that the valence charge density d
predominantly behave as a screening density, which sim
follows the ions as they move around in the fluid, and th
this screening density is quite similar to the free atom

FIG. 8. Difference between x-ray- (SX) and neutron- (SN) dif-
fraction structure factors from scattering measurements~Ref. 10!
~upper panels! and as derived from runs 1, 4, and 5 in Table
~lower panel!.
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lence density. The effective ionic form factor in the liquid
therefore similar to that of the free atom. This viewpoint h
previously been expressed by Chihara and Kambaya7

Hence, the only mechanism that could lead to a signific
difference between x-ray and neutron experiments wo
come from the part of the electron-electron scattering tha
uncorrelated with the nuclear positions. However, as stres
by Chihara,4 this uniform background of electrons genera
incoherentscattering and, therefore, must not be included
the experimentalSX(k).

V. CONCLUSIONS

We have carried out a comprehensive study by mean
orbital-free-AIMD simulation of the ionic and electroni
structure of three typical liquid metals. The calculated io
structure factors and radial distribution functions are in
cellent agreement with experiment. Comparison of the O
AIMD results with Kohn-Sham AIMD results for Mg hav
shown that the OF technique is capable of reproducing
Kohn-Sham results for the ionic and electronic structure
this system at a small fraction of the computational co
Analysis of the screening density of the valence electr
around the ionic cores shows that, even in sodium, this is
accurately described as thelinear response of a uniform se
of electrons whenab initio ~Kohn-Sham! pseudopotentials
are used, and that the OF-AIMD does recapture the beyo
S
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linear effects. Nevertheless, the linear-response calcula
does reproduce the main features of the screening densit
particular, the period of the Friedel oscillations. This the
fore enables an interpretation of the shape of the ion-elec
structure factor and of its evolution with the number of v
lence electrons in the series Na-Mg-Al. The ion-electr
structure factor can, in principle, be extracted from a co
parison of the x-ray and neutron structure factors. We h
calculated the difference between the predicted x-ray
neutron structure factors and find it to be significan
smaller than has so far been found in experimental stu
for these metals. It is clear that the extraction of reliab
information on the ion-electron correlations in these liqu
places very strong demands on the treatments of incohe
contributions to the x-ray scattering and of the different re
lutions of the x-ray and neutron methods.
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