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Dynamics of multiple-junction stacked flux-flow oscillators:
Comparison between theory and experiment

Shigeki Sakai
Electrotechnical Laboratory, 1-1-4 Umezono, Tsukuba-shi, Ibaraki 305, Japan

Alexey V. Ustinov
Physikalisches Institut 1ll, Universite&Erlangen-Nunberg, D-91058 Erlangen, Germany

Norbert Thyssen and Hermann Kohlstedt
Institute of Thin Film and lon Technology, ForschungszentrufitluD-52425 Jlich, Germany
(Received 11 February 1998

Flux-flow dynamics in longN-layered Nb/AI-AIQ,/Nb Josephson tunnel junctions is investigated experi-
mentally and by numerical simulations. Magnetic-field-dependent current-voltage characteristics show the
collective flow of Josephson vortices in the experiments With 7 and N=9. In order to interpret the
observed characteristics we performed numerical analysis using a finite difference method. The structure of
cavitylike resonances displayed in th&/ characteristics is accounted for by the characteristic frequencies
calculated using the coupled sine-Gordon equations model. A dtdticurve obtained numerically for a
seven-junction stack shows voltage-locked flux-flow motion among the inner five junctions. The numbers of
vortices in the top and bottom junction is found to be larger than those of the inner junctions because of the
thicker top and bottom Nb electrodes. Numerical data show very good overall agreement with the experiment.
[S0163-182698)02533-9

I. INTRODUCTION the supercurrents flowing in its electrodes formed by &vo
layers. Therefore, the spatial derivative of the Josephson

Long Josephson junctions operated in the flux-flow modephase difference depends not only on the magnetic field in its
are presently being successfully used as local oscillators imsulating layer but also on the fields in the adjacent two
integrated submillimeter-wave receivérddutually phase- insulating layers.
locked oscillators increase the output power and decrease the Using the modef, detailed quantitative comparison of its
linewidth, which improves the performance of such devicespredictions with experimental data for two- and three-fold
Vertical stacking of Josephson junctions appears as naturatacks was made and good agreement was féaecently,
realization of such oscillators. The coupling effects betweerexperimental results of flux flow in B&r,CaCyOg,

junctions appear if the superconducting layer thickness in 88SCCQ has also been successfully explaifiddetailed ex-

stack is equal or smaller than the London penetration depttperiments with multilayer stack& showed rather complex
In comparison with planar oscillator arrays, the mutual in-

ductive coupling in stacks can be by several orders of mag-
nitude stronger. In addition, the impedance of a stack is
higher than that of a single-layer junction. Studies of twofold
stackg have already shown promising phase-locking behav-
ior with possible in-phase and out-of-phase oscillations in
the two junctions.

The theoretical model developed for stacked Josephsol
junctions is proved to be a very useful tool for understand-
ing the dynamics of stacks. In this model the stacked systen
is represented by a set of coupled sine-Gordon equation
with quasiparticle tunneling loss and bias current terms. The
coupling occurs “nductively” in the following sense. The
supercurrent in a superconducting lay8&rléyen is induced
by a magnetic field in an insulating layer adjacent to one side
of the S layer so that it shields the magnetic-field penetration
inside theS layer. If the thickness of th& layer is equal or
|eSS than the LOﬂdOI’l penetration depth, th|S Sh|e|d|ng current FIG. 1. Stack of |ong Josephson junctions of the Over|ap geom-
does not decay to the opposite side of B@yer, to which  etry. In a typical experiment the magnetic figtdis applied in the
another insulating layer is connected. The spatial derivativ@lane of the tunnel barriers and the bias currgnfflows across
of the phase difference in a Josephson junction of a stack iem. The “dummy junction” layer is the essential part of the
governed by the magnetic field in its insulating barrier andtechnological procedure described in Sec. Ill.
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dynamics which needs to be interpreted using detailed nuaating superconducting and isolating layers. In a magnetic

merical modeling of these systems. field H applied parallel to the layers, fluxons penetrate into
different Josephson junctions and, under the influence of the
Il. MODEL AND NUMERICAL PROCEDURE bias currentz may move coherently due to the interaction of

their screening currents flowing in the inner superconducting
layers. The system of equations which describes the Joseph-
son phase dynamics in the stack can be written in the follow-
ing form?

A Josephson-junction stack consisting Nf junctions
(i=1,...N) containsN+1 superconducting layer&um-
beredi=0,...N). Such a multiple-junction stack of the
overlap geometry is sketched in Fig. 1. It consists of alter
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where ¢; is the superconducting phase difference on thdor i=1,2,...N. In order to avoid confusion of using nor-

junction numbelj and®,, is the magnetic flux quantum. The malized units for a variety of wave propagation cases of a

coupling is determined by the parameters: stacked system, we adopted true physical units in the simu-
lation scheme.

A IntroducingF as the inverse matrix of the matrix in Eq.

, ti—1 t — —
di =di+ A gcothe—+Ajcoth™ and  &=ra sy (1) we obtain
2

DoCi Py Dy Iy S
27TRi W_lB_JC,iS”’]((ﬁi)

whered; is the tunnel barrier thickness between supercon-

ducting layers andi—1, t; and\; are the thickness of the 27 52
superconducting layer numberand its London penetration N
depth, respectively. The sum of current components across (ON azqu
the junction is +277M0]Zl EaPwY ®
ra ®4C; f9z¢i+ Dy F7_¢i+. | 0 3 fori=1,2,...N.
P27 g2 2@R; ot Je,isiN(bi) — . In our program code, the matrix elemé; is calculated

in analytical forms forN<6, but for arbitraryN we use a
HereC;, R;, jc;, andlg are the junction capacitance, resis- syproutineLsGrRrin the numerical librarymsL.® The finite-
tance, critical current, and bias current densities, respegifference procedure in our code is a natural extension to
tively. We will consider the case of individual junction volt- those that have been utilized for solving fluxon dynamics in
ages being much smaller than the gap voltage correspondingngle-barrier long Josephson junctions. In order to avoid
to the superconducting energy gap, thus we assRime be  spurious oscillations, the second derivative with respeat to
constants. Also, for simplicity in E¢(3) we ignore the loss  jn Eq. (5) was replaced by a finite-difference form using five
term (B term) which accounts for dissipative high-frequency spatial points instead of three poiffsvirtual points outside
currents in superconducting electrodes. the two edges were introduced in order to satisfy the bound-
Numerical simulations were made by solving the systemyry conditions at every time step. A CRAY computer has
of equationg1) by a finite-difference method. The boundary peen used for long-time simulations b curves. In order
conditions for the applied magnetic field are given by to visualize the dynamics of stacked junctions, real time
simulations with a personal computer have been performed.

d; 2 uoH
—ﬁ = o (Si,1+d-’+si)
IX (O !
x=0L lll. EXPERIMENTAL DATA
:27T,LL0H . tam‘( ti_, ) FOR SEVEN-JUNCTION STACKS
d, Pl 2N Stacked Nb/AI-AIQ/Nb long Josephson junctions of

overlap geometry were prepared using the modified SNAP
+)\itan)‘( t_'” (4) tgchnology. As we already reporteq earfiatirect fabrica-
2\ tion of the bottom Josephson junction of a stack on a rela-
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FIG. 3. Measured-V characteristics of seven-fold stack; mag-
netic field is varied from 8 to 12 Oe with 0.2 Oe increment. Planar
dimensions of the stack atex W=350x 20 um?.

FIG. 2. Flux-flow behavior of thé-V characteristics of a seven-
fold stack in the varying magnetic field. Planar dimensions of the
stack ard. X W=450x10 un?.

tively thick (e.g., 100 nmbottom Nb electrode always leads ber of junctions participating in the flux—_flow state which
to a significantly higher critical current than that of the upperturned to be close to the number of layers in the stack. In Fig.
junctions fabricated on thinner Nb layers. This fact appear€ One can see that the largest measured flux-flow voltage of
due to the increase of the surface roughness with film thickihe lowest branch marked as “FF1” reaches about 6 mV.
ness. In order to obtain a small parameter spread between tA&iS is by a factor of about 5 larger than the maximum flux-
junctions, we kept constant the oxidation parameters for aflow branch voltage of a single-barrier Nb/Al-A{ONb Jo-
junctions and used an Al or Al-AlQdummy layer in the Sephson junction. _
base electrodt: as shown schematically in Fig. 1. This A more detailed region of current-voltagé-¥) curves
dummy junction served to compensate the roughness of tHF seven-junction i X W=350x20 um?) stacks taken in
thicker base Nb layer. The critical current of the dummythe magnetic-field interval from 8 to 12 Oe is shown in Fig.
layer is much larger than that of the other tunnel barriers ang- At low fields thel -V curve is rather smooth, resembling a
it does not influence the measurements. Using this procesiisplaced linear slope behavior of a single long Josephson
the difference in critical currents is reduced to less than 4%junction’? With increasing H, there appear resonant
The base electrode consisted of a trilayer formed byPranches with characteristic voltage spacitly of about
102-nm Nb, a thermally oxidized 5-nm Al layéfdummy 110 uV. Similar resonances were observed in stacks of
junction”) and a 78-nm thick Nb film. Thus, the total thick- other dimensions and the characteristic voltage spacing be-
ness of the base electrode of the stack was 185-nm. TH@een them scaled approximately las*. These resonances
stacked AI-AIQ/Nb junctions were formed on top of the have too large voltage spacing to be explained by the Fiske
base electrode and consisted of 78 nm Nb layers witiesonances of individual junctions. Since stacked junctions
Al-AlO, barriers. The highest Al-AlQlayer was covered by are measured in a series, it is not possible to determine indi-
a 600-nm thick top superconducting electrode. The averagédual junction voltages in this experiment. Numerical simu-
critical current densityj. of the junctions was about lations presented in the following section were performed in
380 Alcnt, which corresponds to the Josephson penetraﬁoﬁrder to understa_nd the nature of Fhe resonances and to in-
depthh ;~20 wm calculated for a single-layer junction with terpret the collective fluxon dynamics associated with mea-
thick electrodes. Six different junction sizes were producedured!-V characteristics.
on the same wafer. Further details on the fabrication of simi-
lar multilayer Nb/AI-AIOQ,/Nb junctions and their prelimi-
nary measurements have been reported in Refs. 7,8.
Below we mainly focus on the data obtained with=7
stacked junction wafer. Measurements were performed at 4.2 We performed numerical simulations using the made!
K. I-V curves were collected using a digital storage oscillo-with parameters chosen according to the experiment. The
scope in the external magnetic fiditl varied from 0 to 40 simulation results were obtained without any additional fit-
Oe. An example of-V curves stored during continuolts  ting by taking directly the experimental values of the layer
sweep is shown in Fig. 2. With increasind, flux-flow  thicknesses stated above, junction length 350 um, and
branches appear starting frosh=0 and from various gap assuming the London penetration depth=100 nm for all
voltage branches. In Fig. 2 the individual junction gapthe layers. We used the quasiparticle conductaize
branches are seen at the voltages of abqut2.7 mV,V, =6x10* Q lcm 2, the capacitanceC=8.85 uF cm 2,
=2V,;~5.5 mV,V;=3V;~8.2 mV, and so on. Atany gap and the critical current density,=380 A cm 2 for all the
branch some of the junctions in the stack are biased at thejunctions. Typical time of the bias current ramp during the
gap voltage while the rest of the junctions remains at zeraalculation of ond-V curve was about 200 ns in the units of
voltage state. With increasing the magnetic field the latteEq. (5).
junctions show flux-flow behavior: the flux-flow voltage in-  Figure 4 shows the simulated-V curves for the
creases with increasinlg. By measuring the flux-flow volt- magnetic-field interval between 8 and 12 Oe. The presented
ageV;; dependence oH one can roughly evaluate the num- dc voltage is calculated as the sum of dc voltages of the

IV. COMPARISON BETWEEN EXPERIMENT AND
NUMERICAL SIMULATIONS
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FIG. 4. Numerically simulated-V characteristics; magnetic
field changed between 7.6 and 11 Oe with increment 0.2 Oe.

individual junctions in the stack. One can see that, without
any additional fitting, the numerically obtained voltage range
of the 1-V characteristics is in remarkably good agreement
with the experimental data of Fig. 3. Moreover, the obtained
characteristic voltage spacing of about 1@/ between
rather well pronounced steps in numerically simulated curves
is close to the experimental value/~110 uV.

A numerical procedure allows us to determine the contri-
bution of every junction to the total voltage on the stack. The
dc voltages on the individual junctions as functions of the
bias current are presented in Figabfor a fixed magnetic
field of 10.4 Oe. The sum voltadeV curve is shown in Fig.
5(b). One can see that, in addition to the smooth flux-flow
dynamics(at low bias current the individual junction volt-
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FIG. 5. Simulated -V characteristics for the seven-fold stack:

() individual junction voltages(b) total voltage on the stack.

FIG. 6. Snapshots of the simulated flux-flow state in the seven-
fold stack. Horizontal scale is the spatial coordinate inside the
stack; junctions of different layers are indicated by numbers. Circles
correspond to the centers of fluxons defined as the points where the
phase difference is equal to+ 27 m with m being an integer. The
curves account for the supercurrent distribution ¢gix). Bias
points correspond to thé-V curves shown in Fig. 5:(a) J
=0A/cn? ; (b) J=13A/cn?; (c) J=37 Alcn?.

ages show clear resonant structure of thé curves. In the

bias range of these resonances, approximately between 30
and 50 Acm?, the top and bottom junctions numbered 1
and 7 have larger voltages than the inner junctions numbered
from 2 to 6. The reason for this behavior is due to the much
thicker top (600 nm and bottom(185 nm) electrodes in
comparison with the intermediate Nb lay€R8 nm).

A detailed analysis of the junction phases simulated at
different bias currents for the fixed magnetic field of 10.4 Oe
is presented in Fig. 6. This figure shows the snapshots of the
supercurrent distribution sif(x): the horizontal scale is the
spatial coordinate inside the stack, junctions of different lay-
ers are indicated by numbers. Circles correspond to the
“centers of mass” of fluxons defined as the points where the
phase differencep; is equal tor+ 27 m with m being an
integer. One can see that at zero-bias current fluxons pen-
etrate all the stacked Josephson layers. The number of flux-
ons (N;) in junctions 1, 2—6, and 7 are about 20, 12, and 24,
respectively. In the inner junctions 2—6 fluxons form a trian-
gular lattice(checkered pattejn At larger bias currents the
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voltage-locked resonant steps calculated numerically for the inner

5 junctions of the stack. The straight line corresponds to the Fiske

6 step voltage spacing for the individual junction taken /R€rg
=12.3 uV.

7

In Fig. 5@ one can see that, with increasing the bias
> current from zero, the inner junctions 2—-6 of the stack simul-
x taneously lock to several resonant voltage steps at about 147,
198, 258, and 295uV. These voltages turn out to be very

FIG. 7. Simulated dynamic states in the seven-fold stack. Hori- ; i _
zontal scale is the spatial coordinate inside the stack; junctions oﬁlose to be multiple of the expected Fiske step voltage spac

different layers are indicated by numbers. The curves account fol"d AVes=®qC7/(2L)~12.3 nV of an individual junction

the spatial distribution of the instantaneous voltayes) ~ ¢;(x) ~ Of the stack, calculated using the electromagnetic wave

taken at some arbitrary chosen time. Bias points correspond to theropagation velocityc; mentioned above. Figure 8 shows

I-V curve atH=10.8 Oe(a) J=31A/cn? ; (b) J=44A/cn?. Fiske step numbens versus the numerically calculated step
voltagesVg, for two values of the magnetic field. The

fluxon lattice moves as a whole and its motion generates getraight line indicates the theoretically expected slope given
voltage on every junction. by m=Vge/AVes. From this nearly perfect fit we can con-

By using these values df;, the calculated dc voltages clude that, for this broad velocity range, the flux-flow dy-
V,, the junction length L and the equation:V; namics in the inner junctions is characterized by cavity reso-
=®y(N;/L)u; for i=1—7, the evaluated fluxon velocities nancesFiske stepsof the lowest velocity mode;.

u; are in the range of (4.050.06)x 10° ms? for all the The out-of-phase oscillations in the neighboring junctions
junctions. This value is very close to tsenallestcharacter- leads to a very small sum voltage which develops on the
istic electromagnetic wave veIocityE=4.16>< 1 ms !  Wwhole stack. In Fig. 9, the total voltage at the stack boundary
calculated in Refs. 13,4. To illustrate the type of the dynamidS Plotted together with the voltage of one of the junctions.
mode of the stack, two voltage patterns taken at two bias

current levels are shown in Fig. 7. These plots display the 0.005 (=7 T
spatial distribution of the instantaneous voltagedx)

x ¢;(X) taken at some arbitrary chosen time. One can see ;L ﬁ n
that among every other junction the positions giving the volt- 0.000 H | M Lo b bt

oo TR
bty d

each other. This checkered pattern is the characteristic of the
-0.010 - sum of all junction voltages

0 L

junction no. 5

lowest velocity modec; mentioned above. Thus, the flux-
flow dynamics in this regime is accompanied by electromag-
netic resonances that are characterized by the lowest charac-
teristic velocity of the seven-fold stack.

However, it is still in question why all junctions are si-
multaneously locked to some resonant states in spite of the
fact that fluxon numbers in junctions 1 and 7 are different
from that in junctions 2—6. The number of fluxons in junc-
tion 7 is about twice that in junctions 2—6. The fluxon num-
ber in junction 1 is close to that of junction 7 but still clearly  FIG. 9. Simulated time dependence of the voltages at the bias
different. J=45A/cn? and magnetic fieldd=10.8 Oe.
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The amplitude of the ac voltage on the whole stack is clearly Obviously, stacks operated in the out-of-phase oscillation
very small, even smaller than the individual junction volt- state are of no use for oscillator applications. We note, how-
ages. ever, that the stability of other dynamics modes of a stack
should depend on actual parameters such as coupling
V. DISCUSSION strength, magnetic field, damping, etc., and, in general, one

) . ] may not exclude the possibility of existing stable oscillation

Fluxons in coupled long junctions have recently becomgegimes in other modes including the in-phase one. Explor-
the subject of intensive theoretical and experimental investimg the parameter space in order to find such regimes is a

gations. The discovery of the intrinsic Josephson effect inchajlenging and important task for the future numerical and
some high-temperature superconductors such as BSCC&perimental investigations.

convincingly showed that these materials are essentially

natural superlattices of Josephson junctions formed on the
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