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Dynamics of multiple-junction stacked flux-flow oscillators:
Comparison between theory and experiment
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Flux-flow dynamics in longN-layered Nb/Al-AlOx /Nb Josephson tunnel junctions is investigated experi-
mentally and by numerical simulations. Magnetic-field-dependent current-voltage characteristics show the
collective flow of Josephson vortices in the experiments withN57 and N59. In order to interpret the
observed characteristics we performed numerical analysis using a finite difference method. The structure of
cavitylike resonances displayed in theI -V characteristics is accounted for by the characteristic frequencies
calculated using the coupled sine-Gordon equations model. A staticI -V curve obtained numerically for a
seven-junction stack shows voltage-locked flux-flow motion among the inner five junctions. The numbers of
vortices in the top and bottom junction is found to be larger than those of the inner junctions because of the
thicker top and bottom Nb electrodes. Numerical data show very good overall agreement with the experiment.
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I. INTRODUCTION

Long Josephson junctions operated in the flux-flow mo
are presently being successfully used as local oscillator
integrated submillimeter-wave receivers.1 Mutually phase-
locked oscillators increase the output power and decreas
linewidth, which improves the performance of such devic
Vertical stacking of Josephson junctions appears as na
realization of such oscillators. The coupling effects betwe
junctions appear if the superconducting layer thickness
stack is equal or smaller than the London penetration de
In comparison with planar oscillator arrays, the mutual
ductive coupling in stacks can be by several orders of m
nitude stronger. In addition, the impedance of a stack
higher than that of a single-layer junction. Studies of twofo
stacks2 have already shown promising phase-locking beh
ior with possible in-phase and out-of-phase oscillations
the two junctions.

The theoretical model developed for stacked Joseph
junctions3 is proved to be a very useful tool for understan
ing the dynamics of stacks. In this model the stacked sys
is represented by a set of coupled sine-Gordon equat
with quasiparticle tunneling loss and bias current terms. T
coupling occurs ‘‘nductively’’ in the following sense. Th
supercurrent in a superconducting layer (S layer! is induced
by a magnetic field in an insulating layer adjacent to one s
of theS layer so that it shields the magnetic-field penetrat
inside theS layer. If the thickness of theS layer is equal or
less than the London penetration depth, this shielding cur
does not decay to the opposite side of theS layer, to which
another insulating layer is connected. The spatial deriva
of the phase difference in a Josephson junction of a stac
governed by the magnetic field in its insulating barrier a
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the supercurrents flowing in its electrodes formed by twoS
layers. Therefore, the spatial derivative of the Joseph
phase difference depends not only on the magnetic field in
insulating layer but also on the fields in the adjacent t
insulating layers.

Using the model,3 detailed quantitative comparison of it
predictions with experimental data for two- and three-fo
stacks was made and good agreement was found.4,5 Recently,
experimental results of flux flow in Ba2Sr2CaCu2O81y

~BSCCO! has also been successfully explained.6 Detailed ex-
periments with multilayer stacks7,8 showed rather complex

FIG. 1. Stack of long Josephson junctions of the overlap geo
etry. In a typical experiment the magnetic fieldH is applied in the
plane of the tunnel barriers and the bias currentI B flows across
them. The ‘‘dummy junction’’ layer is the essential part of th
technological procedure described in Sec. III.
5777 © 1998 The American Physical Society
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dynamics which needs to be interpreted using detailed
merical modeling of these systems.

II. MODEL AND NUMERICAL PROCEDURE

A Josephson-junction stack consisting ofN junctions
( i 51, . . . ,N) containsN11 superconducting layers~num-
bered i 50, . . . ,N). Such a multiple-junction stack of th
overlap geometry is sketched in Fig. 1. It consists of alt
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e

t-
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nating superconducting and isolating layers. In a magn
field H applied parallel to the layers, fluxons penetrate in
different Josephson junctions and, under the influence of
bias currentI B may move coherently due to the interaction
their screening currents flowing in the inner superconduct
layers. The system of equations which describes the Jos
son phase dynamics in the stack can be written in the follo
ing form:3
F0

2pm0

]2

]x2S f1

A

f i

A

fN

D 53
d18 s1 0 0 0 0 0
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where f i is the superconducting phase difference on
junction numberj andF0 is the magnetic flux quantum. Th
coupling is determined by the parameters:

di85di1l i 21coth
t i 21

l i 21
1l icoth

t i

l i
and si5

2l i

sinh~ t i /l i !
,

~2!

wheredi is the tunnel barrier thickness between superc
ducting layersi and i 21, t i andl i are the thickness of the
superconducting layer numberi and its London penetration
depth, respectively. The sum of current components ac
the junction is

Ji
Z5

F0Ci

2p

]2f i

]t2
1

F0

2pRi

]f i

]t
1 j c,isin~f i !2I B. ~3!

HereCi , Ri , j c,i , andI B are the junction capacitance, resi
tance, critical current, and bias current densities, resp
tively. We will consider the case of individual junction vol
ages being much smaller than the gap voltage correspon
to the superconducting energy gap, thus we assumeRi to be
constants. Also, for simplicity in Eq.~3! we ignore the loss
term (b term! which accounts for dissipative high-frequen
currents in superconducting electrodes.

Numerical simulations were made by solving the syst
of equations~1! by a finite-difference method. The bounda
conditions for the applied magnetic field are given by

2
]f i

]x U
x50,L

5
2pm0H

F0
~si 211di81si !

5
2pm0H

F0
Fdi1l i 21tanhS t i 21

2l i 21
D

1l i tanhS t i

2l i
D G , ~4!
e

-

ss

c-

ng

for i 51,2, . . . ,N. In order to avoid confusion of using nor
malized units for a variety of wave propagation cases o
stacked system, we adopted true physical units in the si
lation scheme.

IntroducingF as the inverse matrix of the matrix in Eq
~1!, we obtain

F0Ci

2p

]2f i

]t2
1

F0

2pRi

]f i

]t
5I B2 j c,isin~f i !

1
F0

2pm0
(
j 51

N

Fi , j

]2f j

]x2
~5!

for i 51,2, . . . ,N.
In our program code, the matrix elementFi , j is calculated

in analytical forms forN,6, but for arbitraryN we use a
subroutineLSGRR in the numerical libraryIMSL.9 The finite-
difference procedure in our code is a natural extension
those that have been utilized for solving fluxon dynamics
single-barrier long Josephson junctions. In order to av
spurious oscillations, the second derivative with respect tx
in Eq. ~5! was replaced by a finite-difference form using fiv
spatial points instead of three points.10 Virtual points outside
the two edges were introduced in order to satisfy the bou
ary conditions at every time step. A CRAY computer h
been used for long-time simulations ofI -V curves. In order
to visualize the dynamics of stacked junctions, real tim
simulations with a personal computer have been perform

III. EXPERIMENTAL DATA
FOR SEVEN-JUNCTION STACKS

Stacked Nb/Al-AlOx /Nb long Josephson junctions o
overlap geometry were prepared using the modified SN
technology. As we already reported earlier,7 direct fabrica-
tion of the bottom Josephson junction of a stack on a re
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tively thick ~e.g., 100 nm! bottom Nb electrode always lead
to a significantly higher critical current than that of the upp
junctions fabricated on thinner Nb layers. This fact appe
due to the increase of the surface roughness with film th
ness. In order to obtain a small parameter spread betwee
junctions, we kept constant the oxidation parameters for
junctions and used an Al or Al-AlOx dummy layer in the
base electrode,11 as shown schematically in Fig. 1. Th
dummy junction served to compensate the roughness of
thicker base Nb layer. The critical current of the dumm
layer is much larger than that of the other tunnel barriers
it does not influence the measurements. Using this pro
the difference in critical currents is reduced to less than 4

The base electrode consisted of a trilayer formed
102-nm Nb, a thermally oxidized 5-nm Al layer~‘‘dummy
junction’’! and a 78-nm thick Nb film. Thus, the total thick
ness of the base electrode of the stack was 185-nm.
stacked Al-AlOx /Nb junctions were formed on top of th
base electrode and consisted of 78 nm Nb layers w
Al-AlO x barriers. The highest Al-AlOx layer was covered by
a 600-nm thick top superconducting electrode. The aver
critical current density j c of the junctions was abou
380 A/cm2, which corresponds to the Josephson penetra
depthlJ'20 mm calculated for a single-layer junction wit
thick electrodes. Six different junction sizes were produc
on the same wafer. Further details on the fabrication of si
lar multilayer Nb/Al-AlOx /Nb junctions and their prelimi-
nary measurements have been reported in Refs. 7,8.

Below we mainly focus on the data obtained withN57
stacked junction wafer. Measurements were performed a
K. I -V curves were collected using a digital storage osci
scope in the external magnetic fieldH varied from 0 to 40
Oe. An example ofI -V curves stored during continuousH
sweep is shown in Fig. 2. With increasingH, flux-flow
branches appear starting fromV50 and from various gap
voltage branches. In Fig. 2 the individual junction g
branches are seen at the voltages of aboutV1'2.7 mV, V2
52V1'5.5 mV,V353V1'8.2 mV, and so on. At any gap
branch some of the junctions in the stack are biased at t
gap voltage while the rest of the junctions remains at z
voltage state. With increasing the magnetic field the la
junctions show flux-flow behavior: the flux-flow voltage in
creases with increasingH. By measuring the flux-flow volt-
ageVf f dependence onH one can roughly evaluate the num

FIG. 2. Flux-flow behavior of theI -V characteristics of a seven
fold stack in the varying magnetic fieldH. Planar dimensions of the
stack areL3W5450310 mm2.
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ber of junctions participating in the flux-flow state whic
turned to be close to the number of layers in the stack. In F
2 one can see that the largest measured flux-flow voltag
the lowest branch marked as ‘‘FF1’’ reaches about 6 m
This is by a factor of about 5 larger than the maximum flu
flow branch voltage of a single-barrier Nb/Al-AlOx /Nb Jo-
sephson junction.

A more detailed region of current-voltage (I -V) curves
for seven-junction (L3W5350320 mm2) stacks taken in
the magnetic-field interval from 8 to 12 Oe is shown in F
3. At low fields theI -V curve is rather smooth, resembling
displaced linear slope behavior of a single long Joseph
junction.12 With increasing H, there appear resonan
branches with characteristic voltage spacingDV of about
110 mV. Similar resonances were observed in stacks
other dimensions and the characteristic voltage spacing
tween them scaled approximately asL21. These resonance
have too large voltage spacing to be explained by the F
resonances of individual junctions. Since stacked juncti
are measured in a series, it is not possible to determine i
vidual junction voltages in this experiment. Numerical sim
lations presented in the following section were performed
order to understand the nature of the resonances and t
terpret the collective fluxon dynamics associated with m
suredI -V characteristics.

IV. COMPARISON BETWEEN EXPERIMENT AND
NUMERICAL SIMULATIONS

We performed numerical simulations using the model~1!
with parameters chosen according to the experiment.
simulation results were obtained without any additional
ting by taking directly the experimental values of the lay
thicknesses stated above, junction lengthL5350 mm, and
assuming the London penetration depthlL5100 nm for all
the layers. We used the quasiparticle conductanceG
563104 V21cm22, the capacitanceC58.85 mF cm22,
and the critical current densityj c5380 A cm22 for all the
junctions. Typical time of the bias current ramp during t
calculation of oneI -V curve was about 200 ns in the units
Eq. ~5!.

Figure 4 shows the simulatedI -V curves for the
magnetic-field interval between 8 and 12 Oe. The presen
dc voltage is calculated as the sum of dc voltages of

FIG. 3. MeasuredI -V characteristics of seven-fold stack; ma
netic field is varied from 8 to 12 Oe with 0.2 Oe increment. Plan
dimensions of the stack areL3W5350320 mm2.
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individual junctions in the stack. One can see that, with
any additional fitting, the numerically obtained voltage ran
of the I -V characteristics is in remarkably good agreem
with the experimental data of Fig. 3. Moreover, the obtain
characteristic voltage spacing of about 100mV between
rather well pronounced steps in numerically simulated cur
is close to the experimental valueDV'110 mV.

A numerical procedure allows us to determine the con
bution of every junction to the total voltage on the stack. T
dc voltages on the individual junctions as functions of t
bias current are presented in Fig. 5~a! for a fixed magnetic
field of 10.4 Oe. The sum voltageI -V curve is shown in Fig.
5~b!. One can see that, in addition to the smooth flux-fl
dynamics~at low bias current!, the individual junction volt-

FIG. 4. Numerically simulatedI -V characteristics; magneti
field changed between 7.6 and 11 Oe with increment 0.2 Oe.

FIG. 5. SimulatedI -V characteristics for the seven-fold stac
~a! individual junction voltages;~b! total voltage on the stack.
t
e
t
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ages show clear resonant structure of theI -V curves. In the
bias range of these resonances, approximately betwee
and 50 A cm22, the top and bottom junctions numbered
and 7 have larger voltages than the inner junctions numbe
from 2 to 6. The reason for this behavior is due to the mu
thicker top ~600 nm! and bottom~185 nm! electrodes in
comparison with the intermediate Nb layers~78 nm!.

A detailed analysis of the junction phases simulated
different bias currents for the fixed magnetic field of 10.4 O
is presented in Fig. 6. This figure shows the snapshots of
supercurrent distribution sinfi(x): the horizontal scale is the
spatial coordinate inside the stack, junctions of different la
ers are indicated by numbers. Circles correspond to
‘‘centers of mass’’ of fluxons defined as the points where
phase differencef i is equal top12p m with m being an
integer. One can see that at zero-bias current fluxons p
etrate all the stacked Josephson layers. The number of
ons (Ni) in junctions 1, 2–6, and 7 are about 20, 12, and
respectively. In the inner junctions 2–6 fluxons form a tria
gular lattice~checkered pattern!. At larger bias currents the

FIG. 6. Snapshots of the simulated flux-flow state in the sev
fold stack. Horizontal scale is the spatial coordinate inside
stack; junctions of different layers are indicated by numbers. Circ
correspond to the centers of fluxons defined as the points wher
phase difference is equal top12p m with m being an integer. The
curves account for the supercurrent distribution sinfi(x). Bias
points correspond to theI -V curves shown in Fig. 5:~a! J
50 A/cm2 ; ~b! J513A/cm2; ~c! J537A/cm2.
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fluxon lattice moves as a whole and its motion generates
voltage on every junction.

By using these values ofNi , the calculated dc voltage
Vi , the junction length L and the equation: Vi
5F0(Ni /L)ui for i 5127, the evaluated fluxon velocitie
ui are in the range of (4.0560.06)3106 m s21 for all the
junctions. This value is very close to thesmallestcharacter-
istic electromagnetic wave velocity ofc7̄54.163106 m s21

calculated in Refs. 13,4. To illustrate the type of the dynam
mode of the stack, two voltage patterns taken at two b
current levels are shown in Fig. 7. These plots display
spatial distribution of the instantaneous voltagesVi(x)
}f i(x) taken at some arbitrary chosen time. One can
that among every other junction the positions giving the vo
age maxima~or minima! coincide each other, while in th
neighboring junctions the oscillations are out of phase w
each other. This checkered pattern is the characteristic o
lowest velocity modec7̄ mentioned above. Thus, the flux
flow dynamics in this regime is accompanied by electrom
netic resonances that are characterized by the lowest ch
teristic velocity of the seven-fold stack.

However, it is still in question why all junctions are s
multaneously locked to some resonant states in spite of
fact that fluxon numbers in junctions 1 and 7 are differe
from that in junctions 2–6. The number of fluxons in jun
tion 7 is about twice that in junctions 2–6. The fluxon num
ber in junction 1 is close to that of junction 7 but still clear
different.

FIG. 7. Simulated dynamic states in the seven-fold stack. H
zontal scale is the spatial coordinate inside the stack; junction
different layers are indicated by numbers. The curves accoun
the spatial distribution of the instantaneous voltagesVi(x);f i(x)
taken at some arbitrary chosen time. Bias points correspond to
I -V curve atH510.8 Oe~a! J531A/cm2 ; ~b! J544A/cm2.
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In Fig. 5~a! one can see that, with increasing the bi
current from zero, the inner junctions 2–6 of the stack sim
taneously lock to several resonant voltage steps at about
198, 258, and 295mV. These voltages turn out to be ver
close to be multiple of the expected Fiske step voltage sp
ing DVFS5F0c7̄/(2L)'12.3 mV of an individual junction
of the stack, calculated using the electromagnetic w
propagation velocityc7̄ mentioned above. Figure 8 show
Fiske step numbersm versus the numerically calculated ste
voltagesVstep for two values of the magnetic fieldH. The
straight line indicates the theoretically expected slope gi
by m5Vstep/DVFS. From this nearly perfect fit we can con
clude that, for this broad velocity range, the flux-flow d
namics in the inner junctions is characterized by cavity re
nances~Fiske steps! of the lowest velocity modec7̄.

The out-of-phase oscillations in the neighboring junctio
leads to a very small sum voltage which develops on
whole stack. In Fig. 9, the total voltage at the stack bound
is plotted together with the voltage of one of the junction

i-
of
or

he

FIG. 8. Fiske step numberm versus the voltages of the majo
voltage-locked resonant steps calculated numerically for the in
junctions of the stack. The straight line corresponds to the Fi
step voltage spacing for the individual junction taken asDVFS

512.3 mV.

FIG. 9. Simulated time dependence of the voltages at the
J545A/cm2 and magnetic fieldH510.8 Oe.
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The amplitude of the ac voltage on the whole stack is clea
very small, even smaller than the individual junction vo
ages.

V. DISCUSSION

Fluxons in coupled long junctions have recently beco
the subject of intensive theoretical and experimental inve
gations. The discovery of the intrinsic Josephson effec
some high-temperature superconductors such as BSC
convincingly showed that these materials are essent
natural superlattices of Josephson junctions formed on
atomic scale.14–18The spatial period of such a superlattice
only 1.5 nm, so the Josephson junctions are extrem
densely packed. The superconducting electrodes are for
by the copper oxide bilayers as thin as 0.3 nm and are s
rated by the nonsuperconducting BiO layers.

Superlattices with many Josephson layers can naturall
expected to show very complex dynamics. Therefore, i
important at first to understand in detail the dynamics
stacked junctions with very few layers. In this paper we
tempted to apply the theory of inductive coupling in stacks
just few junction layers and found remarkably good agr
ment with experiment. This suggests that the reliable th
retical model is presently available and realistic simulatio
of the complex dynamics of stacks with a large number
layers can be done.
-
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Obviously, stacks operated in the out-of-phase oscillat
state are of no use for oscillator applications. We note, ho
ever, that the stability of other dynamics modes of a sta
should depend on actual parameters such as coup
strength, magnetic field, damping, etc., and, in general,
may not exclude the possibility of existing stable oscillati
regimes in other modes including the in-phase one. Exp
ing the parameter space in order to find such regimes
challenging and important task for the future numerical a
experimental investigations.
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