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Antiferromagnetic hedgehogs with superconducting cores
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Excitations of the antiferromagnetic state that resemble antiferromagnetic hedgehogs at large distances but
are predominantly superconducting inside a core region are discussed within the context of Zhdby's SO
symmetry-based approach to the physics of high-temperature superconducting materials. Nonsingular, in con-
trast with their hedgehog cousins in pure antiferromagnetism, these texture excitations are what hedgehogs
become when the antiferromagnetic order parameter is permitted to “escape” into superconducting directions.
The structure of such excitations is determined in a simple setting, and a number of their experimental
implications are examinedS0163-1828)04733-X]

[. INTRODUCTION conducting antiferromagnetic hedgehdge., a point defect
in which the Nel vector points radially away from the
In Zhang's S@5)-symmetry-based approach to the phys-center, or some global S8 rotation of this configuration
ics of high-temperature superconducting materidlg local and the quantity sy [=22_,(n??], which measures the
state of the system at the spatial pairis characterized by degree of superconducting ordéwithout regard to its
the orientation of a five-component unit vectur). Orien-  phas¢, is small. Correspondingly, the complement
tations for which=3_,(n%)2=0 are purely superconducting, cogy [=23_,(n®?], which measures the degree of antiferro-
the orientation o in the (two-dimensional 4-5 hyperplane magnetic order without regard to its orientation, is close to
determining the phase of the complex superconducting ordainity. (ii) As the center of the configuration is approached,
parameter. Orientations for whic‘b§=4(na)2=0 are purely however, the order parameter escapes from dimensions 1, 2,
antiferromagnetic, the orientation of in the (three- and 3 into dimensions 4 and 5, so that superconducting order
dimensiongl 3-4-5 hyperplane determining the direction in is acquired at the expense of antiferromagnetic order. Said
real space of the antiferromagnetice., Neel) vector order
parameter. The novelty of Zhang's approach lies in its as-
sembling of these two order parameters into a unified ordet
parameten, and the consequent possibility of orientations of
n that do not lie wholely in one or other of the superconduct-
ing and antiferromagnetic subspaces, instead simultaneous|
containing components from both subspaces and, hence
characterizing regions that are at once partially supercong
ducting and partially antiferromagnetic. The purpose of the
present paper is to point out a simple but potentially inter-
esting property of this model: in antiferromagnetic regions of
the phase diagram this model supports thHsstia)-
dimensional antiferromagnetic hedgehog configurations tha
find it energetically favorable to have superconducting cores,
as depicted schematically in Fig. 1.
It should be noted that the subject of the present paper is
loosely speaking, conjugate to that of a recent?anavhich
it was shown that, within the S6) approach, the cores of
vortices in the superconducting order parameter should no
be singular, the mechanism for the evasion of a singularity
being escape from the two superconducting dimensions intc
the three antiferromagnetic ones.

Il. ANTIFERROMAGNETIC HEDGEHOGS
WITH SUPERCONDUCTING CORES
FIG. 1. An eighth of an antiferromagnetic hedgehog having a
What we mean by antiferromagnetic hedgehog configurasuperconducting coréletermined numerically The local orienta-
tions with superconducting cores are energetically stationanjon of the vectors indicates the local orientation of the antiferro-
spatial configurations of the order paramatér) having the  magnetism. Their local magnitude indicates the local strength of the
following properties.(i) Far from the (arbitrarily located  antiferromagnetism and, hence, the local weakness of the supercon-
center, the configuration(r) closely resembles @onsuper-  ductivity.
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equivalently, the anglg rotates from 0 tor/2 as the center 1

of the configuration is approacheh principle, more exotic
hedgehog excitations are possible, in which the antiferro- _
magnetic order varies more rapidly. For the sake of simplic- B cos?((r)cos o ' 23

ity we shall primarily focus on the simplest clasBy this 5 sin x(r)

mechanism, the medium is able to remain nonsingular, and n 0

evade thealbeit finite) free-energy cost of the spatial gradi- Here,r, g, and¢ are spherical polar spatial coordinates cen-
ent in the Nel vector(this gradient diverging as the center of igred on the center of the configuration, and the function
the singular, purely antiferromagnetic, configuration is ap-y(ry, which allows for interpolation between purely antifer-
proachedl at the expense of condensing locally into the omagnetic and purely superconducting values of the order
“wrong” (i.e., superconductingstate.(iii) While not being  parameter, is assumed to depend only on the radial distance

stable global-energetically—the homogeneous antiferromagrom the center. This configuration is spherically symmetric,
netic configuration of course having a lower free energy—, the sense that for it we have

antiferromagnetic hedgehog configurations with supercon-
ducting cores do turn out to be energetically favorable, n(RA-r)=(R*15)-n(r), (2.9

compared with purely antiferromagnetic hedgehogs, as we S . . L .
shall see below, at least when amplitude variations of thdvherel~is the identity operation in the superconducting sec-

order parameter are inhibited. Presumably, such configurd®’- BY exchanging the radial variabtefor the dimension-
tions are alsdocally energetically stabld From the physical €SS Versiort (i.e., the radius, measured in units of the cor-
perspective, then, it would be quite intriguing if local regionsrelation length 5775_\/% for the conversion of anti-
of superconductivity were created by “stressing” the anti- ferromagnetic order into superconducting ojdea
ferromagnetism in regions of the phase diagram in which the

cos x(r)sin # cos ¢
cos x(r)sin @ sin ¢

5 5 35 35
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stable homogeneous state is not superconducting. Moreover, X(N=X(), (2.53
the topological stability of these textures will tend to hold B
these “stresses” in place. r=yplgt, (2.5p

In the simplest version of Zhang's approach, the free enang inserting the configuratiof2.3) into the free energy
ergy F of a three-dimensional sample in which the order(zll)’ we find that the free energy is given by
parameten(r) varies with positiorr is given by

~ (7 [t?. t2
3 s 5 F=FJ dt|—X(t)2+co§X(t)+—sinZX(t) , (2.6)
3. P a2, 9 ay2 o (2 2
F=] &5 2 2 (0,05 2 (197, (2.1 ~
vmhast a=4 where F=47g(p/g)®? the overdot denotes a derivative

. . . _ with respect td, andp/gr is a large-distance cutoff, intro-
wherep is t_he appropriate st_lffness,(—l,2,3)_ runs_throug_h duced to render finite the otherwise linearly divergent free
the Cartesian spatial coordinates, and spatial anisotropies I

; —~ energy. Application of the calculus of variations to the func-
the gradient term have been accommodated by coordina € nal F then leads to the stationarity condition
rescalings. By tuning the chemical potentiakelative to its

critical value u. (e.g., by doping the parameteg [ (u2 . . t2

— u?)] is varied such that one moves from a region in which t2X+ 2tX+| 1— E) sin 2X=0. (2.7
antiferromagnetic states are favoregl~0) to a region in

which superconducting states are favorge<Q). This free  The relevant solutions of Eq2.7) are (i) X(t)=0 (i.e., the
energy is invariant under separate rotations on the thregure antiferromagnetic hedgehog, unescaped into the super-
dimensional antiferromagnetic and two-dimensional superconducting directionsand (i) the solution in whichX(t)
conducting subspaces; invariance under arbitrary fiveinterpolates between/2 and 0 ag varies from 0 tox (i.e.,
dimensional rotations is absent whenegef0. Thus, from  the antiferromagnetic hedgehog with a superconducting
any configuratiom(r) one can obtain a configuration having core. The precise form of the latter solution is readily found

the same free energy via the transformation numerically, and is shown in Fig. 2. Its asymptotic behavior
is (37— X)~t (for t<1) andX~exp(—t) (for t—o=). The
n—(R*@R%-n, (2.2 configuration corresponding to solutidii) is depicted in
Fig. 1.

where R? is a (3% 3) orthogonal matrix operative in the To determine which of the solution$) or (ii) has the
antiferromagnetiqi.e., a=1,2,3) sectori.e., a magnetiza- |ower free energy, let us consider the quantiy=(F®
tion rOtatiOF) andRS iS a (ZX 2) Orthogonal matriX Opel’ative — F(I)), Where F(') and F(”), respective'y refer to the free
in the superconducting.e., a=4,5) sector(i.e., a phase ro- energy of solutior(i) and of solution(ii). Then, by using Eq.
tation), and the symbo# indicates that the five-dimensional (2.7), along with integration by parts, we find that
operator is block-diagonal and composed of one three- and
one two-dimensional block. - (> [t? . _

To calculate the structure of an isolated antiferromagnetic =~ AF= FJ dt[j B 1]{_)( cosX+sinXjsinX, (2.8
hedgehog with a superconducting core, let us make the hy-
pothesis that components fr) in this configuration can be where convergence at largeermits the replacement of the
expressed in the form upper limit by . The numerical evaluation of this quantity

0
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2 insert this back into Eq3.1) to obtain the free energy of the

purely antiferromagnetic hedgehog with reduced-amplitude
core. The free energies of the hedgehog with superconduct-
ing core and the purely antiferromagnetic hedgehog with

0.8 amplitude-reduced core each must be defined with a long-
distance cutoff to render them finite, but the difference be-
0.6 tween these two quantities is independent of this cutoff, and

turns out to be given by

Fae— Fse=4mp(0.272/p/g—1.454/pla), (3.2

where the subscripts refer to the purely antiferromagnetic
amplitude-reduced(AF) and superconducting-coréSC)
0.5 1 1.5 o > 5t hedgehogs. Thus, within the context of this model in which
o _ amplitude sector fluctuations are permitted, we find that the
FIG. 2. The degree of superconductivity 3as a function of  hedgehog with superconducting core will be energetically
the scaled radial coordinate(determined numerically preferred when this quantity is positive, i.e., provided that
_ g<0.03@m [or, equivalently, £,>5.35,, where &,
givesAF~—0.27F. This indicates that it is energetically (=./p/a) denotes the fluctuation correlation length for anti-
favorable for the order parameter in the core of an amife”oferromagnetic fluctuatiodsNow, it is typical for&, to be on
magnetic hedgehog to escape into the superconducting direre order of a lattice spacing for the cuprate materials,

tions. whereast , is expected to grow as the superconducting phase
boundary is approached from the antiferromagnetic state.

Ill. CONSEQUENCES OF AMPLITUDE-SECTOR Thus, one should anticipate that over a substantial portion of
FLUCTUATIONS the antiferromagnetic part of the phase diagram, antiferro-

A h in th . f del in which th magnetic hedgehog excitations will have escaped-
S we have seen, in the setting of a model in which t esuperconductingrather than amplitude-reduced purely anti-
amplitude ofn(r) is constrained to be unity, there are hedge-

o 4 ferromagnetit cores.
hog excitations that have superconducting cores. We now gnetig

explore the issue of whether such excitations continue to
exist in settings in which amplitude variations ofr) are IV. TOPOLOGICAL CLASSIFICATION
inhibited (i.e., are not prohibited, although they are sup- OF HEDGEHOG EXCITATIONS

pressed energeticajly Under such circumstances, it is

ossible—and mav orove eneraetically favorable—for the We now turn to the issue of the topological classification
P yp 9 y of hedgehog excitations having superconducting cores, these

core of the hedgehog to avoid antiferromagnetic gradient SMexcitations being nonsingular textures of the order-parameter

ergy via the development of an amplitude-reduced pureleield n(r). In pure antiferromagnets, the existence of singular,

anuferroma_gnetlp core, rather than by escaping into the Suﬁedgehog point-defect excitations is expressed, mathemati-
perconducting directions. To address this issue, we follow

_- 45 H H
Arovas et al? and consider a “soft-spin” generalization of cally, by the statementl,(S;)=2."* What this means is

the S@5) model. Thus we consider a free energy of the formthat mapplngs(prowded by _order-param_eter conflguratlions
of spheres in real space into the antiferromagnetic order-

parameter spacés, fall into homotopically inequivalent

F:B f d3r{[a,n(r)]2+2r 2n(r)? cogx(r) classes labeled by the integgland combine according to
2 integer arithmetig Within the SA5) approach, however, the
()29, x(r) ]2+ £22n(r)? sirPy(r)} nonsingular hedgehog texture excitations having supercon-

ducting cores are described by order parameter configura-
3 1 , 1 4 tions n(r) that lie in the antiferromagnetic subspaSg at
+af d°ry - E”(r) + Z”(r) , (3.)  Jarge distances from the core, but escape into the full order-
parameter spacg,, as the core is approached. In order to
where 2 denotes the squared “mass” associated with thecomplete the classification of these textures, then, we should
amplitude-sector fluctuations of, n is the amplitude oh, ascertain whether or not there exist homotopically inequiva-
and we have restricted the discussion(¢patially spheri- lent textures that, at large distances, are homotopically
cally symmetric configurations. equivalent and lie in the antiferromagnetic subsp@gceThe
In the absence of amplitude fluctuations, the hedgehogppropriate mathematical machinery for this task involves
with superconducting core has=1 andy varying from 0to  relative homotopy groupand exact homotopy sequences
/2 as the center of the texture is approached. Th&o implement this machinery, we consider mappings of
amplitude-reduced purely antiferromagnetic hedgehog excieubes(in real spacg such that the surface of the cube is
tation will be one for whichn vanishes at the center of the mapped intoS, whereas the interior of the cube is mapped
texture and grows to unity at large distances, ge0. The into S,. Such mappings are classified according to the rela-
stationarity condition fom, which determines the structure tive homotopy grougls(S4,S,). This group is readily com-
of the amplitude-reduced hedgehog, can be solved numerputed by making use of the exact sequence of homomor-
cally, allowing us to obtain the functiom(r). Then, we may phisms:
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B3 ¥3 ay VI. EXPERIMENTAL SIGNATURES OF HEDGEHOGS;
[M3(Sy) —113(S4,S,) = 115(S,) —115(Sy). (4.1 CONCLUDING REMARKS

We now briefly consider some issues associated with an-
Here, B3, 3, anda, denote mappings of the elements of tiferromagnetic hedgehogs having superconducting cores
the previous group in the sequence to elements of the followthat might be relevant to experiments. These excitations
ing group, that, in general, are not isomorphiblow, as ~ Should be present after performing a quench, from high tem-
T14(S,) andIT,(S,) are both the trivial group, the homomor- perature or high magnetic f|_eld, into th(_a antiferromagnetic
phism ys is, in fact, an isomorphisf® from which it fol- state. The number of excitations per unit volume should be

lows that T15(S,,S,)=I1,(S,)=Z and, thus, we find that higher for more rapid quenches. As time proceeds after the

there is no structure ifils(S,,S,) beyond what was already ?uench, the number of hedgehog excitations can decrease via

present inl1,(S,). The physical consequence of this result is heir mutual annihilation, although this would require colli-
2\>). i i
that while hedgehog excitations fall into homotopically in- sions of two or more hedgehogs. Presumably, this process

.can occur relatively slowly, at least at sufficiently low tem-
. X X rEft]eratures, so that one may anticipate regimes in which these
cores of a given class of hedgehog are homotopically equivasyitations, once created, remain long enough for their con-
lent to one another. sequences to be detected.
What experimental signatures might antiferromagnetic
hedgehogs with superconducting cores yield? Let us suppose
V. RELATED STRUCTURES that a sufficiently high density of such excitations can be
IN OTHER CONDENSED STATES created, and that this density can be maintained for a suffi-
. . . e ciently long time. Then one may crudely regard the excita-
The notion of the conversion of singularities into textures .« "as providing a set of randomly located, randomly
via the escaping of order-parameters into additional direc: hased, superconducting inclusidhs.These inclusions
tions has been realized in several other condensed mattgfo,id not be unlike Aslamazov-Larkin paraconducting
settings. For exampléuniaxially) nematic liquid-crystalline  fiyctuations!? except that they would be “externally” main-
media have long been known to exhibit a structure closelfained and, therefore, could be much longer lived. One might
related to antiferromagnetic hedgehog configurations withope that these inclusions would be detectable in electrical
superconducting cores. When confined to a cylinder that imconductivity experiments, their presence leading to an en-
poses homeotropi@.e., perpendicularboundary conditions hancement of the conductivityOne would need to account
on the nematic alignment, the system can evade the threagbr scattering from the antiferromagnetic hedgehogs which,
ing of the cylinder by a singularity because the order parampresumably, diminishes the conductivjtyrhis enhancement
eter orientation can escape from the radial plane into thghould be suppressed by magnetic fields, and by the decay of
axial direction® This mechanism remains energetically fa- the excitations. Similarly, one might also envisage observing
vorable even for diamagnetic nematics in an axial magnetigndreev reflection from the superconducting inclusigals

field (for which escape costs condensation engrgy though capacitive charging effects may suppress this
Superfluid®He is another system that provides a rich ar-effect3).
ray of topologically interesting texturdsThe example hav- An externally applied magnetic field will be partially

ing the most relevance to the present paper is that of hedgeereened by these inclusions, leading to a negative contribu-
hog excitations in*He-B. The order parameter foHe-B  tion to the magnetic susceptibility. To estimate the size of
is a complex-valued 83 matrix of the form A,, this effect, we approximate the hedgehog cores to be uni-
=e/?R,,(N,6), whereg is a phase angle arRl,, is a rota-  formly superconducting and spherical in shabén the re-

tion matrix about the unit vectan by an angled. On long ~ 9iMme where the London penetration depthis much longer
length scalesp becomes fixed, due to a dipolar coupling, than the core radiug, this leads to a diamagnetic suscepti-

g . . _ 5 2 .
acquiring the valued, , known as the Leggett angle, so that Pility contribution y=—6£>/40mA ", wherediis the number

the low-energy degrees of freedom are expressed by the po‘%f- excitations per unit volume. One might also hope that the

. — - presence of antiferromagnetic hedgehogs with superconduct-
sible values of¢ anq the_ directions oh. Thus, the order- ing cores would be detectable via probes such as nuclear
parameter spacé& is given by G=U(1)XS,, so that

- - magnetic resonance, electromagnetic absorption and
11,(G)=115(S;)=Z, so that the system may form hedge- hedgehog/antihedgehog pair creation and, perhaps fancifully,

hogs with the unit vecton. On short length scales, however, scanning tunneling microscoge.g., with a magnetic tip

¢ can vary, so that the order-parameter space is effectively |n addition, these excitations should leave their fingerprint
enlarged to U1)XSQO3). We see that, asl;[SO(3)]=0,  on the(staggeremagnetic structure fact@®(k), this factor
over short distances there are no topologically stable poingeing determined by(k) (i.e., the Fourier transform of the

defects, so that hedgehogsdre-B have nonsingular cores. antiferromagnetic K vector at the probing wave vectiy
A similar effect occurs in nematic liquid crystdiéwhere  yia

on large length scales the system is uniaxial, so that the

relevant order-parameter spaceR®, (i.e., the real projec- S(k)=V~IN(K)-N(k), (6.2)
tive plane constructed by identifying opposite pointsSsi.

On short length scales, however, the order-parameter spacevidiereV is the volume of the system. Specifically, for length
enlarged toS,, so that disclinations in the nematic order scales that are long compared with the core gizéut short
have nonsingular cores. compared to the spacing between the hedgelid§, we
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expectS(k) to have the conventional hedgehog form. How-in support of Zhang's S®) approach to the physics of high-
ever, for length scales that are short compared with the conemperature superconducting materials. Their presence
size but long compared with the lattice spacing, we expect &ould corroborate the notion that superconducting excita-
reduction inS(k) (and hence scatteripgowing to the dimi-  tions are essential low-energy excitations of the antiferro-
nution of the Fourier amplitude of the antiferromagnetic mo-magnetic state. Moreover, it would prove rather intriguing to
ment at these scales. The computed hedgehog structure ddesve at hand a physical system in which superconductivity is
indeed realize this scenario: induced by the distortion of a thermodynamically preferred

nonsuperconducting state.
5e8(kg)~C  for 6 Wi<k<g !t P g

™) seske) 10 for £l<k.

However, it should be noted that, being sensitive only to
antiferromagnetic order, this particular probe does not di- We acknowledge helpful discussions with Yuli Lyanda-
rectly ascertain whether or not the cores of hedgehog excitaéseller, Kieran Mullen, and Martin Zsotocky, and thank G.
tions are superconductingxcept via the dependence of the Volovik for bringing to our attention related phenomena in
size of the cores on the location of the system in the phasether condensed matter systems. This work was supported by
diagram). the U.S. Department of Energy, Division of Materials Sci-

If detected in experiments, antiferromagnetic hedgehogsences, under Grant No. DEFG02-96ER45439 through the
with superconducting cores would provide striking evidenceUniversity of lllinois Materials Research Laboratory.
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