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Photon-echo attenuation by dynamical processes in rare-earth-ion-doped crystals
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~Received 3 December 1997!

We study the photon-echo attenuation by various dynamical processes in rare-earth-ion-doped crystals. The
experimental investigations concentrate on a Pr31:Eu31:Nd31 codoped Y2SiO5 crystal at low temperatures.
Two-pulse photon-echo intensities are measured as a function of the pulse intensities when either the Pr31 or
the Eu31 ions are excited. For the quantitative interpretation we consider primarily excitation-induced fre-
quency shifts~EFS! by diagonal and off-diagonal interactions and show that for the systems under consider-
ation EFS are dominated by diagonal interactions. The observed echo attenuation by EFS is compared with the
predictions calculated from independent Stark-field measurements and reasonable agreement is obtained. The
broadening by spin-ion interactions, by nonequilibrium phonons and the dependence of the echo attenuation on
the frequency position in the inhomogeneously broadened band are further investigated.
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I. INTRODUCTION

Solids containing rare-earth~RE! ions have attracted
spectroscopists’s attention since the beginning of
century.1 In the last 30 years their extremely narrow spect
features in combination with the use of nonlinear spectr
copy have served to sensitively measure ion-so
interactions.2 The potential of RE-ion-doped crystals as o
tical storage materials and processors has lately been a
ing force in their investigations.3 The ratio of inhomoge-
neous to homogeneous linewidth is regarded as an adeq
measure of storage density and can be as large as 16 at
cryogenic temperatures. Therefore, the analysis of the
namical behavior and interaction of the host ions with
solid is of fundamental as well as applied interest.

Photon echoes have been extensively employed to s
quantum coherence and mechanisms that lead to a des
tion of the coherence by dephasing.4–12 It has become clea
that the dephasing depends very sensitively on the dyna
in the environment of the photoactive species, so that pho
echoes represent a tool for the investigation of extrem
small changes in the environmental conditions. Dephasin
closely related to line broadening, so that investigations
echo attenuation and of line broadening are complement
yielding similar information on different time scales.12,13The
analyses of photon echoes in solids have shown that se
dynamical processes can give rise to an attenuation of
echoes. Such attenuation has been investigated for pho
tive species diluted to low concentrations in crystals of h
quality at low temperatures. These investigations have b
essential for the understanding of the different attenua
mechanisms and as a result the narrowest spectral line
observed in solids have been recorded in RE-ion do
crystals.14

The two-pulse photon echoes~2PPE! are calculated from
the macroscopic polarizationP which for delta excitation
pulses and for a thin sample can be written as15

P5K P0 expF i E
0

t12
v~ t8!dt82 i E

t12

2t12
v~ t8!dt8G L , ~1!
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where the two laser pulses are applied at times 0 andt12 and
the echo is expected to take place at 2t12. The polarization
P0 depends on the Rabi frequency, the pulse durations,
width of the inhomogeneously broadened band, and on
density of the photoactive species. For simplicity we dis
gard the vectorial property of the polarization.v(t) in Eq.
~1! is the transition frequency of the guest ion that chan
from ion to ion and fluctuates in time. When averaging
performed, these fluctuations lead to a dephasing and thu
an attenuation in the echo intensityI , which is calculated
from I;uPu2. The average in Eq.~1! has to be taken over th
temporal realizations ofv(t), over the spectral density of th
ion transition, and over the spatial realizations of the en
ronmental configurations of the RE ions.

Several dynamical processes have to be considered in
analyses of photon-echo attenuation. Naturally, these
cesses simultaneously affect the excitation coherence so
it is not easy to unscramble the various terms contributing
the echo attenuation. To discuss the different attenuation
fects we consider the following scheme:

G5GLT1GEQP1GTLS1GSI1GEFS1GNQP. ~2!

We point out that the individual broadening mechanisms
not necessarily lead to an exponential attenuation of the e
intensity so that expression~2! is only a schematic represen
tation of the broadening. In Eq.~2! GLT represents the life-
time limited value,GEQP stands for contributions from equi
librium phonons, andGTLS takes into account effects due t
lattice two-level systems~TLS!. GSI results from the spin-ion
interaction~SI! between the nuclear spins of the RE and t
host ions.GEFS describes effects arising from interaction
between the guest ions. This effect is usually termed as
stantaneous diffusion or excitation induced frequency sh
~EFS!; in what follows we will use the latter one. Finally
GNQP takes into account the broadening by nonequilibriu
phonons ~NQP!. These different broadening mechanism
have been studied over the last three decades. We dis
them independently in this paper and begin with an ov
view.
5462 © 1998 The American Physical Society
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The first term in Eq.~2!, GLT , covers contributions from
radiative and nonradiative decays and establishes the
mate limit of G. It can be evaluated in different ways, on
being the measurement of fluorescence decays. At cryog
temperatures, the lifetime of RE ions in crystals ranges fr
ms up to ms. The reason for such long lifetimes lies in
electronic structure of the ions with partially filled 4f elec-
tron shells that are well shielded by outer shells from
perturbing crystal field. An overview of RE-ion spectrosco
data is given in Ref. 2.

GEQP addresses the broadening by phonons at ther
equilibrium;16,17 one- and two-phonon processes have b
taken into account.GTLS , referring to lattice two-level sys
tems, is a weak effect in RE-ion-doped crystals and has o
rarely been the subject in the analyses of these syste
However, for crystals grown under different condition
Flinn et al.18 observed a tremendous change of the extra
lated zero-intensity broadening and a change of the temp
ture dependence from aT7 law to a linear behavior. The
latter behavior is known for glassy systems19 and has been
interpreted in terms of the standard TLS model.20,9

GSI depends on the dynamics of the host spins that m
netically interact with the guest ions. This type of pheno
enon was studied by Anderson and Weiss21 to describe the
line shapes observed in paramagnetic resonance. Klaude
Anderson15 initiated the notion of the aforementione
sudden-jump model that was studied in detail and was
tended to the standard TLS model.22–26Optical evidence for
spin-ion interactions was given first by Shelby a
Macfarlane27 in Pr31:LaF3 and was confirmed by Monte
Carlo simulations.28 Weak permanent magnetic fields of th
order of 100 G were applied to slow down the spin dyna
ics, which allowed the measurement of linewidths very clo
to the lifetime limit.14,29 A particular case arises when th
guest ion has a large enhanced magnetic-dipole mome
the excited state. In such a case, the lattice spin dynami
not uniform in the crystal, rather the dynamics of the latt
spins is frozen-in close to the guest ions. This effect has b
discussed in terms of the ‘‘frozen-core’’ model.30 Conse-
quently, the echo decay is modified and can be describe
ln(I/I0);2(4t12/TM)x for short t12 wherex52 denotes the
regular case andx.2 indicates a frozen-core effect.30

The four first terms in Eq.~2! depend on the properties o
the guest-host system and do not depend on the numb
excited ions involved in the echo formation. This is differe
for GEFS and GNQP. Excitation-induced frequency shift
~EFS! in the optical regime have been proposed by Tay
and Hessler24 for the interpretation of the concentration
dependent dephasing reported by Liao and Hartmann.31 Un-
ambiguous experimental evidence of EFS in RE-ion-do
crystals was first given by Cone and Liu8 and Huanget al.5

Further experimental10,11,32–34 and theoretical studies35–37

have been devoted to EFS. The theoretical models were
tially based on off-diagonal ion-ion interactions.38,39,35 It
turned out that the averaging over the temporal realizati
of the excitation dynamics and over spatial and energ
configurations is involved. Asadullin37 applied a mean-field
type of approach for the analysis of dephasing by EFS. M
farlane and Shelby4 observed a broadening in 2PPE depen
ing on the frequency position in the inhomogeneous b
and explained their observations in terms of off-diagona
lti-
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quasiresonant interactions. These findings were analyze
more detail by Root and Skinner36 in terms of off-diagonal
interactions. Later it was speculated that diagonal inter
tions may dominate in EFS.29 Huang et al.,5 Mitsunaga
et al.,10 and Altneret al.40 applied a separate laser to ind
pendently induce a high excitation density and the 2PPE
tensities were recorded as a function of this density. Th
experiments made clear that diagonal interactions can lea
a strong attenuation. However, it remained unclear whe
diagonal or off-diagonal interactions dominate in pure 2P
experiments.

Finally, the last term in Eq.~2!, GNQP, accounts for non-
equilibrium phonons41 ~NQP! that are generated by the deca
of the electronic excitations. In a bichromatic experime
Macfarlane and Meltzer7 pumped an upper Stark level. A
increased line broadening was observed that was interpr
in terms of NQP generated by the phonon-assisted relaxa
of the upper into the lower level. Kro¨ll et al. observed a
dephasing in a standard 2PPE experiment, which could
be explained in terms of EFS and the authors conjecture
broadening by NQP.42,43By a variation of the focal area, Ba
and Kachru6 clearly demonstrated that NQP play an impo
tant role in the dephasing for Pr31:YAlO3 .

In the present work we report on the investigation
2PPE in a codoped Eu31:Pr31:Nd31:Y2SiO5 crystal. For the
interpretation we distinguish between different broaden
effects. Particularly we concentrate on the EFS broaden
by diagonal and off-diagonal interactions. We analyze
characteristic behaviors of the echo decays and compare
order of magnitudes of the two EFS contributions. An e
periment is presented that allows one to distinguish betw
EFS by diagonal and off-diagonal interactions. The abso
magnitude of the broadening by EFS is calculated and c
pared with the experimental data. Finally, possible broad
ing contributions of nonequilibrium phonons are estima

FIG. 1. Experimental setup. The light from an argon-io
pumped Cr 699 dye laser was chopped by two consecutive AO
For some of the experiments a third pulse was applied~dashed line!.
The AOM driver allowed for fast rf-frequency switching~50
MHz/50 ns!, so that the frequency of a third pulse could be shift
relative to that of the echo excitation pulses. An electro-opti
modulator allowed separate control of the pulse amplitudes.
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TABLE I. Spectroscopic data of the present work and taken from the literature for Pr31 and Eu31 in
Y2SiO5 crystals. The units are given in parentheses. The homogeneous line broadeningGh are the extrapo-
lated values to zero-pulse strengths and depend on the applied magnetic fieldH. References are given in th
last column together with information on the doping. Data for the absorptiona and corresponding oscillato
strengthsf are given for the optical geometry chosen in this work.

Parameters Eu site I Pr site I Pr site II

l0~transition,air! ~nm! 579.879 605.813 607.770 Reference 44
GLT51/(2pT1) (Hz) 80 970 720 References 46 and 29
G inh ~GHz! 2.5 7 3 Multidopeda

Gh(H50) ~Hz! 210 Single dopedb

Gh(H50) (Hz) 195 Reference 14c

Gh(H5100 G) ~Hz! 105 Reference 14
Gh(H50) (Hz) 2400 1050 Reference 29d

Gh(H580 G) (Hz) 1800 850 Reference 29
Gh(H50) (Hz) 330 1650 1000 Multidoped
Gh(H.500 G) (Hz) 1200 900 Multidoped
a (cm21) 2.7 1.4 0.18 Multidoped
f e 5.331028 7.731027 4.531028 Multidoped
m (D) f 2.031023 7.531023 1.931023 Multidoped
uDn0 /Eextu (kHz/V cm21) 35 g 110 90 References 53 and 52
udmu h ~D! 2.331022 7.331022 6.031022

a0.1 at. % Eu31: 0.01 at. % Pr31.
b0.1 at. % Eu31.
c0.1 at. % Eu31, different crystal.
d0.02 at. % Pr31.
eOscillator strength along electromagnetic field polarization.
fVacuum value fore(v0)51.8 ~Ref. 51!.
guDn0 /Eextu.17 kHz/(V cm21 ) for Eu31 site II.
hVacuum value fore(0)57.
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and the characteristic dependence of the echo decay
function of the excitation pulses is calculated.

The paper is structured as follows. In Sec. II the expe
mental setup and the experimental conditions are presen
In Sec. III, the broadening by various dynamical processe
discussed. Closing remarks are given in Sec. IV.

II. EXPERIMENT

The experimental setup is schematically illustrated in F
1. The laser beam from a single-frequency tunable dye la
~CR 699-21! was chopped by two acousto-optic modulato
~AOM! ~Matshusita EFLM 200! to generate excitation puls
with typical lengths of 0.7–1.5ms. The AOM driver~Brim-
rose VFA 200-75-B1-F1.25-E! allowed for fast frequency
shifting of up to 50 MHz/50 ns. Using an additional electr
optic modulator~EOM! ~Leysop driven by a New Focus hig
voltage amplifier 3211! the pulse amplitudes were indepe
dently controlled. Beams of powers up to 30 mW were
cused by a 120-mm focal length lens onto the crystal res
ing in a beam waist of approximately 45mm. In some cases
a focal length of 1 m was used.

The experiments were carried out on a 535
35 mm3 0.1 Eu31:0.01 Pr31:0.01 Nd31 at. % codoped
Y2SiO5 crystal.40 The pulse propagation direction was ch
sen close to one of the crystal axes and the light polariza
was adjusted to the maximum absorption.

The use of a multiply doped crystal proved to be ve
useful because it allowed for the measurement of differ
s a
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-
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broadening effects in one and the same system. The l
wavelength was tuned either to the7F0-5D0 site-I transition
at 579.879 nm of Eu31 or to either site I or site II of the
3H4-1D2 transition of Pr31 at 607.773 nm or 605.813 nm
respectively.44,29,45To avoid persistent hole burning, the la
ser was repetitively scanned over a 400-MHz range in 2
ms. The echo signal, after passing through AOM 3 was
tected by a photomultiplier~Hamamatsu 928! and recorded
using boxcar integration. The residual background was a
tionally recorded for eacht12 by switching off the first of the
two excitation pulses. In this way the effect of hole burni
and of slow baseline drifts could be eliminated. Averag
were taken over 100 echoes at each time delay. The p
power was synchronously monitored in order to cont
power drifts. All experiments were carried out at a tempe
ture of 1.7 K. Results obtained in this work along with da
taken from the literature are listed in Table I.

III. LINE-BROADENING MECHANISMS

In this section we discuss the broadening by the vari
dynamical processes as schematically presented in Eq.~2!.
These processes we classify as follows:~i! the broadening
limited by the lifetime,~ii ! lattice vibrations treated as equ
librium and nonequilibrium phonons, and~iii ! TLS, SI, and
EFS mechanisms related to the sudden-jump model.

A. Lifetime limits, equilibrium phonons, and TLS

The 7F0-5D0 transition of Eu31 in Y2SiO5 has been re-
peatedly investigated, the main objective being its very sm
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lifetime-limited broadening ofGLT.80 Hz in site I.46 A ho-
mogeneous linewidth close to this limit,Gh.105 Hz,14 has
been obtained. For the3H4-1D2 transition of Pr31 the life-
time limited linewidths are considerably larger but still in th
sub-kHz range, namely,GLT.970 and 720 Hz for site I and
site II, respectively.44,29

The line broadening by thermal phonons was measu
for Eu31 in Y2SiO5 by Altner et al.32 A T7 dependence wa
observed, which indicates that the broadening is governe
a Raman-type process. An onset of the broadening was
corded at temperatures.8 K. Thus for temperatures ofT
.1.7 K in the present work the broadening by equilibriu
phonons can be disregarded. Referring to the work of F
et al.mentioned above,18 the broadening extrapolated to ze
temperature may change by two orders of magnitude
pending on the technique applied for the crystal growth. I
thus not surprising that the linewidths measured for crys
grown under nominally identical conditions may also sign
cantly differ from each other because the crystals are
identical. A minor change in the crystal quality may lead to
measurable change in the width.

In Fig. 2 the linewidths are shown for Eu31 site I diluted
in two Y2SiO5 crystals. Both crystals were grown by th
flame-fusion method for equal concentrations of Eu31 ions.
Assuming a linear dependence on the pulse energy, the
trapolated zero-energy linewidths are 210 and 330 Hz.
smaller of the two values is consistent with the 195 Hz
corded without magnetic field by Equallet al.14 Inspired by
the measurements of Flinnet al.18 and assuming a gradua
change from a crystalline towards a glassy-type beha
with increasing disorder, we attribute the differences in
linewidth to the TLS dynamics. This conjecture is suppor
by the following reasoning. The differences of some hu
dreds of Hz between the broadenings of different crystals
small, if compared with the inhomogeneous broadening
scales larger by six orders of magnitude. The latter broad
ing also results from lattice imperfections. Only a margin
part of these imperfections has to undergo dynamics so
fluctuations of the order of kHz arise in the transition fr
quency. We believe that TLS are a possible reason for
differences between broadening data of the present study
of the literature given in Table I.

FIG. 2. Linewidth of the Eu31 site I transition in Y2SiO5 for two
crystals grown by flame fusion. The diamonds and circles are f
multiply doped and a singly doped crystal, respectively. In b
cases the concentration of the Eu31 ions is 0.1 at. %. Straight lines
are linear fits to the data. Note the difference in the extrapola
zero-energy values.
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Concerning the temperature dependence, a linear incr
is expected forGTLS according to the standard TLS mode
Correspondingly, the overall temperature dependence wo
follow a superposition of the linear and theT7 law. Such a
superposition is difficult to trace from experimental data b
cause theT7 law is only approximate and especially becau
the broadening by TLS is expected to be small and may t
be masked by stronger effects, as discussed below.

B. Spin-ion interactions

Spin-ion interactions have been analyzed in terms of
sudden-jump model that was initiated by Klauder a
Anderson15 and was extended by Hu and Hartman25 and by
Hu and Walker.26 In this model the ions involved in the ech
process interact magnetically with randomly flipping ho
spins. These interactions lead to fluctuations of the transi
frequency and correspondingly to a dephasing. According
Eq. ~27! of Ref. 26 the 2PPE intensities are

2 lnS I

I 0
D

SI

5cSIe
2xE

0

x

Ĩ 0@ j̃~x2x8!#x8@ Ĩ 0~x8!1 Ĩ 1~x8!#dx8,

~3!

where

j̃5
k12k2

k11k2
, x5~k11k2!t12. ~4!

cSI is a constant andĨ j denotes the modified Bessel functio
of the first kind and of argumentj . k1 andk2 in Eq. ~4! are
rates of the up- and down-spin flips. In the high-temperat
limit j̃50 and one has for the asymptotic behavior

lnS I

I 0
D

SI

;H 2t12
2 , t12/Tm!1

2At12 , t12/Tm@1,
~5!

where k15k25Tm
21 , with Tm denoting the spin flip time.

From Eq. ~5! it follows that with increasingt12 the echo
intensity undergoes a crossover between the two asymp
behaviors, as schematically shown in Fig. 3. We will ma
use of expression~3! in the next subsection.

C. Excitation-induced frequency shifts

One of the major attempts in this paper is to calculate
echo attenuation by EFS from first principles. Based on o
diagonal interactions, similar calculations have already b
undertaken by Root and Skinner.36 However, their predicted
line broadening was by two orders of magnitude too sm
when compared with the experimental observations by M
farlane and Shelby.4 Our analysis strongly indicates that fo
the systems studied here, EFS results predominantly f
diagonal interactions. To discriminate between the two ty
of interactions, we first derive approximate expressions
the echo attenuation due to these interactions. We then re
on a particular experiment that allows for the distinction b
tween the two effects and calculate the broadening by E
from first principles.

Our approach is based on a statistical description of
excitations and is motivated by the sudden-jump model
troduced for the spin dynamics. The dynamics of excitat
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and deexcitation is treated as sudden events equivalent t
sudden spin flips. In this picture the sudden-jump and E
model differ only by the nature of interaction and by t
temporal realization of the dynamics. The approach is the
fore semiclassical in the sense that the ions are considere
quantum two-level systems interacting with classical fie
induced by spins and excitations.

Although well documented in the literature, we briefl
give the definitions of the two types of interactions. We co
sider single-ion wave functionsfgj andfej for the electronic
ground and excited states of an ion located at sitej and
ignore hyperfine splittings. From these basis functions
interactions between two ions are of the diagonal type:

^fxjfykuV̂ufxjfyk&, x,yP$g,e%, ~6!

where V̂ is the operator of the electronic interaction. T
combination of the four integrals of this type leads to t
shift in the transition frequency of one ion due to the exci
tion of another ion.32 For the off-diagonal term we write47

Jjk5^fejfgkuV̂ufgjfek&. ~7!

To lowest order, the two-center expansion results in dipo
dipole interactions. For the calculation of the diagonal a
the off-diagonal interactions static dipole-moment diffe
ences and transition-dipole moments, respectively, are u

1. EFS by diagonal interactions

In Ref. 32 EFS was studied for the case where a h
excitation density is induced by a third scrambler pulse.
extend this analysis to the case where the high excita

FIG. 3. Schematic representation of the sudden-jump mo
The arrows denote up and down states of the spins located
simplicity on a one-dimensional lattice. The flips occur randomly
a rateTm

21 for which a temporal realization is illustrated by th
telegrapher’s function for one spin. The ion, indicated by the d
interacts with the spins, so that the the flips give rise to fluctuati
in the ion’s transition frequency. In the lower part the attenuation
spin-ion interaction is schematically depicted. The thin line rep
sents the intrinsic broadening and the thick line includes the s
ion interaction. A crossover is expected att125Tm .
the
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density is generated by the two echo inducing pulses.
write for the time-dependent electronic transition frequen
v j (t) of the j th ion

v j~ t !5v0 j1( 8
k

D jkjkuk~ t !, ~8!

where the sum runs over all lattice sites, exceptj ~indicated
by the prime!. v0 j is the ion static transition frequency at si
j . Thev0 j frequencies are assumed to be distributed acco
ing to the inhomogeneous broadening; spatial correlation
the site energies is not considered here.36 D jk in Eq. ~8! is the
frequency shift induced by the excitation of the ion at a d
placementr jk . Thejkuk(t) term is introduced to account fo
the randomness of ion positions and for the stochastic na
of the ion excitations.jk is a variable indicating whether th
kth site is occupied:

jk5H 1, with probability p,

0, with probability 12p,
~9!

wherep denotes the probability of a lattice site to be occ
pied by a guest ion.u(t) in Eq. ~8! is considered to be a
stochastic variable taking values 0 and 1 for the electro
ground and excited state of the ion, respectively. The stat
the ion depends on the transition probability, the pulse en
gies, and the offsetD between the laser and the transitio
frequency. As discussed in Appendix A, we denote byw1 the
excitation probability right after the first pulse and byw2 the
probability of changing state upon the second pulse. We t
into account that the pulse times are short if compared w
the interpulse timet12 so that damping during the pulse p
riods can be disregarded. We thus can write

Prob@u~ t !51#

.H w1e2gt, 0,t,t12,

w1~122w2!e2gt1w2e2g~ t2t12!, t12,t,2t12.

~10!

The probability for u(t)50 results from Prob@u50#51
2Prob@u51#. g in Eq. ~10! is the inverse lifetimeg
51/T1 and is considered to be independent of the lattice s
w1 andw2 depend on the frequency offsetD and the aver-
ages have to be taken over the inhomogeneous line sh
According to Appendix A for weak laser pulses

^w1,2&.cT1,2, c5
1

4A2psn

, ~11!

wheresn is the standard deviation of the inhomogeneou
broadened band in units of Hz.T1,2 denote the pulse energie
T1,25x1,2

2 t1,2, with x1,2 andt1,2 being the Rabi frequencie
and pulse times, respectively. According to Eqs.~1! and ~8!
the accumulated phase of thej th ion is given by

E
0

t12
v j~ t !dt2E

t12

2t12
v j~ t !dt5( 8

k
D jkjkuk , ~12!

where

l.
or
t

t,
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uk5E
0

t12
uk~ t !dt2E

t12

2t12
uk~ t !dt, ~13!

is a random variable through the stochastic nature ofu(t)
and depends on the offsetD. Inserting Eq.~12! and Eq.~13!
into Eq. ~1! we find

P~ t12!5P0) 8
k

^exp~ iD jkjkuk!&jk ,uk ,D , ~14!

where the average is taken over the site occupationsjk , over
the temporal realizations ofuk , and over the distribution o
the offsetD. For smallp values, one has48

P~ t12!.P0expH 2p( 8
k

@12^exp~ iD jkuk!&uk ,D#J .

~15!

In the dipole-dipole approximation the ion-ion interaction
given by

D jk5~r 0 /ur jku!3k~V jk!D0 . ~16!

D0 represents the interaction between two dipoles at a
distancer 0 ,

D05h~0!
~dm!2

4pe0\r 0
3

, ~17!

where dm is the static dipole-moment difference of th
electronic ground and excited states ande058.854310212

As/(V m). h(v) in Eq. ~17! stands for the dielectric correc
tion that we write as49

h~v!5
1

e~v!S e~v!12

3 D 2

, ~18!

where e(v) is the dielectric constant of the host mediu
at frequencyv. k(V jk) in Eq. ~16! gives the angular
dependence of the interactionk(V jk)5(dm̂ j ,dm̂k)
23(r̂ jk ,dm̂ j )( r̂ jk ,dm̂k), wheredm̂ andr̂ are unit vectors for
the dipoles and the displacement, respectively, andV de-
notes the set of angles defining the corresponding sp
orientations. In the continuum approximation,32 Eq. ~15!
reads

lnuP~ t12!/P0u

.24pr0pK E
0

`

drr 2$12cos@D0k~V!~r 0 /r !3u#%L
u,V

52C1^uuu&, ~19!

wherer0 is the density of sites that can substitutionally
occupied by RE ions. Only the absolute value of the po
ization is considered in Eq.~19! since the echo intensityI
;uPu2. The constantC1 is equal to (2/3)p2r 0

3r0p^uku&VD0 ,
where the dimensionless quantity^uku&V is of the order 1.
For the particular case, where all dipoles are parallel,^uku& i
54/A27, and when all dipoles are perpendicular with resp
to the dipole at the origin̂uku&'52/p.32
it

ial

r-

ct

The derivation of̂ uu(t)u& as a function of the excitation
probabilities is given in Appendix B. Making use of Eq
~19! and ~B9! we obtain for the echo intensity

lnS I

I 0
D

EFS-D

.22C1g21@^w1~12w2!&~12e2t12g!2

1^w2&~12e2t12g!#, ~20!

where we used the subscript EFS-D to indicate EFS by
agonal interactions. For weak pulses we have

lnS I

I 0
D

EFS-D

.22cC1g21@T1~12e2t12g!21T2~12e2t12g!#.

~21!

Writing for the echo intensity ln(Iecho/I 0)524t12/T2 , the
broadeningG in units of Hz is related to the dephasing tim
T2 by G5(1/pT2). For gt12!1 and from Eq.~21! the
broadening is therefore

GEFS-D.
1

2p
C1^w2&.

1

2p
cC1T2 , ~22!

where the latter equality holds for weak pulse strengths.
thus have found that for shortt12 the broadening depend
predominantly on the energy of the second pulse, in ag
ment with previous results.8,5,10,14,11 This behavior is re-
garded as a signature of the broadening by EFS in 2PPE

2. EFS by off-diagonal interactions

EFS by off-diagonal interactions were studied by Ro
and Skinner35,36using a cumulant expansion technique. He
we apply a slightly different method that has been inspi
by the analysis of EFS by diagonal interactions. The tre
ment of the full problem is involved. We therefore approx
mate the fully coupled system by sums of independent i
pair interactions. For each pair we calculate independe
the frequency shifts from the diagonalization of a two-b
two problem. The transition frequency of thej th ion is then

v j~ t !.v0 j1(
k

8 jk~12uk~ t !!s jk

3@AJjk
2 1~D jk/2!22uD jk/2u#, ~23!

where D jk5v0 j2v0k and s jk5sgn(v0 j2v0k). jk and
uk(t) have the meaning as in Eq.~8!. The term 12uk(t)
indicates that the off-diagonal interaction arises when thekth
ion is in the ground state. ForuJjk /D jku!1 we note that the
lowest-order expansion of the term in rectangular bracket
Eq. ~23! corresponds to the perturbation calculation of s
ond order applied to the full problem. The calculation
expectation values is complicated because the averagin
cludes the conditional probabilities of sitej andk excitations
separated by the frequencyD jk . To simplify the calculations
we assume that the frequency of sitej coincides with the
laser frequency and that the frequencyD jk is either fixed to a
value uDvsu if a high excitation density is generated with
scrambler pulse shifted in frequency byDvs or is restricted
to the range@2Dmax,Dmax# that corresponds to spectra
width of laser excitation.Dmax is thus approximatelyDmax
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.max$x,D laser/2%, wherex and D laser denote the Rabi fre-
quency and the spectral width of some average pulse, g
by the pulse-width limit or the laser jitter, respectively. T
spectral density is considered to be constant within the ra
@2Dmax,Dmax# becauseDmax is much smaller than the inho
mogeneous linewidthG inh . Similarly to the previous deriva
tions we find for the polarization

2 ln~P~ t12!/P0!.p(
k

8
„12^exp$2 iuks jk@AJjk

2 1~D jk/2!2

2uD jk/2u#%&uk ,D jk
…, ~24!

whereuk is given in Eq.~13! and where the average is als
taken over the distributions of theD jk . Furthermore,

Jjk5J0k~V jk!~r 0 /ur jku!3, J05h~v0!
m2

4pe0r 0
3\

.

~25!

Herem denotes the transition dipole moment and the diel
tric correctionh(v0) of Eq. ~18! is given for the transition
frequencyv0 . Approximate expressions of Eq.~24! are de-
rived in Appendix C. From Eqs.~C7! and ~C12! we obtain

lnS I

I 0
D

EFS-J

.H 22C2^uuu&, t12Dmax!1 ,

223/2C2

^uAuu&
ApDmax

, t12Dmax@1,
~26!

whereC25(2p2/3)J0pr0
3r^uku& and EFS-J indicates EFS b

off-diagonal interactions. For smallt12g we have ^uuu&
.^w2&t12, according to Eq.~B11!, and we similarly ap-
proximate ^Auuu&.^w2&At12. Thus with increasingt12 we
expect a crossover from linear to square-root behavior. A
Eq. ~22! for t12g!1 we write

GEFS-J.
1

2p
C2^w2&.

1

2p
cC2T2 , ~27!

where again the latter equality holds for a weak seco
pulse. Interestingly, the conditiont12Dmax!1 in Eq. ~26!,
required for an exponential decay, is unlikely to be satisfi
in 2PPE. For the pulse-time-limited width, one hasDmax
.p/t and consequently the exponential decay is limited
the regimet12/t<p. Thus, primarily the square-root beha
ior should be observed. Nevertheless, Eq.~27! may serve as
an upper bound for the EFS broadening by off-diagonal
teractions.

3. Quantitative determination of the broadening contributions

In order to investigate how diagonal and off-diagonal
teractions contribute to the line broadening we have desig
a particular experiment. The scheme of this experiment
inspired by Eq. ~26! and by the investigations in Refs
5, 6, 10, and 11, where with an extra laser pulse a h
excitation density is induced in the system. The timing a
laser frequencies are schematically shown in the upper
of Fig. 4. With two weak pulses the echo is generated, wh
with a third, scrambler pulse in the rephasing period, a str
excitation density is induced. The scrambler pulse is cho
to be in the rephasing period to maximize the broaden
en
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effect. To examine whether there is a dependence of the e
on the scrambler frequency, the frequency of the third pu
is shifted byDvs .

For the data of Eu31 in Y2SiO5, shown in Fig. 4, the echo
intensity was recorded as a function oft12 without and with
scrambler pulse. In the latter case the time interval betw
the second and the third pulse was kept fixed. The scram
pulse energy was chosen to be three times stronger than
echo pulses. In a third case the scrambler pulse was sh
by Dvs/2p520 MHz, a shift clearly larger than the Rab
frequency and the laser jitter of approximately 1 MHz. F
the predictions, Eq.~26! has to be modified by replacin
Dmax by uDvsu in the case whereuDvsu.Dmax. Furthermore,
we set^uuu&.^w3&(2t122ts), wherets denotes the time in-
stance of the scrambler pulse, again assuming ad-shaped
pulse. Herê w3& is the excitation probability of the scram
bler pulse. Correspondingly, we approximatêAuuu&
.^w3&A2t122ts. The experimental data suggest that in
three cases only a linear behavior of ln(I/I0) is present. Fur-
thermore, up to the experimental accuracy the echo inten
does not depend on the offsetDvs . These observations in
dicate that off-diagonal interactions are negligible for t
broadening in the present system.

For the quantitative predictions of the broadening by E
we first compare the broadening by diagonal and o
diagonal interactions. We consider the ratioR of the two
broadenings, Eqs.~22! and ~27!. Because the two terms ar
very similar the ratio is of the simple form

R[
GEFS-J

GEFS-D
5

h~v0!m2

h~0!~dm!2
, ~28!

where, recalling,m anddm are the transition dipole momen
and the static dipole moment difference. We determinedm

FIG. 4. Echo intensities as a function of the scrambler exc
tions for Eu31 in Y2SiO5. In the upper part of the figure the timin
of the pulses and the excitation frequencies are depicted.
scrambler pulse is applied at the timets in the rephasing period at a
frequency shifted byDvs . In the lower part the echo intensities a
plotted with the scrambler pulse set off and on. The straight li
are guides to the eye. The fact that there is no dependence o
frequency offsetDvs suggests that EFS by off-diagonal interactio
is negligible.
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from the oscillator strengthf using the expression

m25
3\e2f

2v0me

9Ae~v0!

@e~v0!12#2
, ~29!

wheref denotes the oscillator strength of the transition in
solid along the electromagnetic field polarization.f was de-
termined independently from absorption intensities measu
for the same laser polarization and crystal orientation t
were used in the current experiments assuming equal gu
ion concentrations in the two inequivalent sites. The sec
ratio in Eq.~29! is the dielectric correction that accounts f
m being the dipole moment in the vacuum.50 e(v0) is the
dielectric constant at the transition frequencyv0 that we cal-
culated from the refractive indexn(v0).1.8.51 dm was de-
termined from independent experiments. The Stark sh
uDn0 /Eextu were measured using Stark-modulated pho
echoes52 and by means of electric-field-induced splittings
spectral holograms, using an actively stabilized laser sys
with a linewidth of 5 kHz.53 HereDn0 denotes the electric
field-induced shift of the transition frequency andE ext is the
externally applied electric field. From these shifts we cal
late the dipole moments as

udmu5
3h

e~0!12UDn0

Eext
U, ~30!

where the Lorentz field factor accounts for the dielect
correction.54 We are not aware of experimentale(0) data for
Y2SiO5. We thus have estimatede(0).7 from values of
similar crystals. The values off , m, uDn0/Eextu, and udmu
are collected in Table I. Based on these dipole moments
calculated the ratioR of Eq. ~28! as 531023, 831023, and
731024 for Eu31 site I, Pr31 site I, and Pr31 site II, respec-
tively. These ratios indicate very strongly that in this syst
the broadening by off-diagonal interactions is much sma
than that caused by diagonal interactions. This finding is
agreement with the results of the particular experiment
cussed above and presented in Fig. 4. It is furthermore
ported by the observation of Root and Skinner, although

FIG. 5. Echo attenuation by EFS for Eu31 site I in Y2SiO5.
Plotted are the experimental echo intensity for various pulse e
gies as a function oft12. The relative energiesT1 ,T2 of the first and
second pulses are as indicated. The full smooth lines give the
culations according to Eq.~21! with a singlecC1 value taken as a
fitting parameter. The dashed line corresponds to the zero-ene
extrapolated broadening,Gh5330 Hz.
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a different system, that the predictions based on off-diago
interactions are significantly smaller than the experimenta
measured broadening.36 We therefore restrict the furthe
analysis of EFS to diagonal interactions.

We compare the predicted behavior of broadening by E
with the experimental data and concentrate first on the m
surements of Eu31 ions. Typical attenuation decays a
shown in Fig. 5 together with a fit of Eqs.~19! and ~21! to
the data usingcC1 as the only fitting parameter. The ech
intensity depends predominantly on the energy of the sec
pulse in agreement with the predictions. We also note a w
tendency of the decay deviating from an exponential towa
a more Gaussian behavior for a strong first pulse and tow
stretched exponential behavior for a strong second p
again in agreement with the predictions of Eq.~21! and with
previous observations.5

We also investigated the echo attenuation depending
the frequency position in the inhomogeneously broade
band. The echo intensities were recorded as a function of
energy T5T11T2 for fixed ratios T1 :T2 . The results are
shown in Fig. 6. From Eq.~21! it is obvious that the broad
ening by EFS depends linearly on the excitation density
the system. The experimental data of Fig. 6 are consis
with such a behavior. Upon rescaling of the laser-intens
dependent broadening (G2Gh) by rn(n), the spectral den-

r-

al-

y-

FIG. 6. Line broadening as a function of the position in t
inhomogeneously broadened band of Eu31 in Y2SiO5. The figure on
the top depicts the four frequency positionsn in the inhomoge-
neously broadened band. In the figure on the bottom the linewid
are plotted for these positions as functions of the laser intensity.
curves yield the same extrapolated valueGh5330 Hz that is also
used in Fig. 5. The inset shows (G2Gh) rescaled by the line profile
rn(n) on an arbitrary scale. The data collapse indicates that
broadening depends solely on the excitation density in the sys
The straight lines correspond to linear fits.
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sity at the corresponding frequency position, the data fall
top of each other, so that a data collapse results, as show
the inset of Fig. 6. As a matter of fact, the extrapolation
small intensities gives the same limiting value ofGh5330
Hz for all spectral positions. The data collapse confirms
conclusion that the broadening by EFS depends linearly
the excitation density in the system. The present results
in agreement with similar observations in Refs. 4,33,34,
55.

However, the linear dependence of the broadening on
excitation density is not a unique feature of EFS by diago
interactions. Root and Skinner35,36 showed that the broaden
ing by off-diagonal interactions also scales linearly with t
concentration and used their approach for the interpreta
of the experimental results of Macfarlane and Shelby.4 For
Pr31:LaF3, Zhang and Mossberg34 assigned the dependenc
of the broadening on the frequency position in the inhom
geneous band to EFS. A linear dependence is also expe
for the broadening by NQP, as we shall see below. There
2PPE measurements carried out at different positions in
inhomogeneous band neither allow for a discrimination
tween the two types of EFS interactions nor permit for
distinction between EFS or NQP broadening.

We now quantitatively determine the EFS broadening
ing electric-field data and exemplify the calculations f
Eu31 ions. Making use of Eqs.~17!, ~22!, and~30! we find

GEFS-D.
4p

3A27
pr0r 0

3^w2&D05
2php^w2&

3A27e0e~0!r 0
3UDn0

Eext
U2

,

~31!

where we have considered the parallel case:^uku& i54/A27.
The dielectric correction has now reduced to the screen
1/e(0). p, as defined above, denotes the relative s
occupation probability that is calculated from the Eu31-ion
concentration of 0.1 at. %, corresponding to 0.025 mol
Thusp.1.2531024, where an extra factor of 1/2 has bee
introduced because the ions substitutionally occupy two
tically distinct sites with equal probability.^w2& is estimated
from the saturation effect observed for Pr31 site I, as dis-
cussed below. We obtain̂w2&.1.631024. The value ofr 0
can be calculated from crystallographic measurements.
the monoclinic Y2SiO5 crystal the unit-cell parameters a
a510.42 Å, b56.72 Å, c512.49 Å, b5102° with
eight Y 2 SiO5 per unit cell.45 We replace the actual lattice b
a simple cubic lattice with the same atom density and fi
r 0.2.4 Å for the corresponding lattice unit.r0 is fixed by
settingr0r 0

351. For the ranget12<400 ms andT1.2 ms
the conditiongt12!1 is obeyed so that Eqs.~22! and ~31!
are applicable. We calculateGEFS-D.650 Hz for Eu31 site I
that compares with the experimental value of 850 Hz.

We compare the broadening by EFS for site I and site
of Eu31 in Y2SiO5 using the experimental data of Equa
et al.29 From Fig. 2 of their paper we estimate the ratio sit
: site II for the broadening by EFS to be 0.7. For the pred
tion we take into account the ratio site I : site II equal to 0.3
for the oscillator strengths given in the same paper and
corresponding ratio of the inverse inhomogeneous
broadening equal to 1.1, and further assume that both m
surements were carried out in the band center. The rati
the static dipole moments is calculated from the data
n
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Table I. This yields an overall ratio site I : site II of 1.3 that
compares with the predicted value of 0.7.

We now analyze the experimental echo decays obse
in Pr31 site I in Y2SiO5. The spin dynamics in Y2SiO5 is
attributed to the89Y spins. The 29Si spins are ignored be
cause they are known to contribute less to the broadenin
a factor 40.46,29 This factor primarily results from the smal
4% isotope abundance of29Si. We also ignore frozen-core
effects. From Table I we see that in the case of Pr31 site I the
difference in the homogeneous broadening with and with
field is approximately Gh(H50)2Gh(H.500G)
.450 Hz. This difference was observed to be about fi
times smaller for Pr31 site II and Eu31 site I. We therefore
approximated the spin-ion contribution by an exponential
the latter two as done in previous publications.14,29 For Pr31

site I, however, the broadening by SI is strong enough so
the nonexponentiallities according to Eq.~3! should be vis-
ible. In Fig. 7 a typical photon-echo decay for Pr31 site I at
intermediate pulse energies is shown along with the bro
ening by SI withk15k25Tm

21 , using Eq.~3!, the broaden-
ing by EFS, and the intrinsic broadeningG0 exclusive to the
SI contribution. From the figure it is clear that the nonexp
nential behavior by SI is weak and is partially masked by
competing effect through EFS. In the fitG0 was set equal to
Gh.1200 Hz, corresponding to the measured zero-ene
extrapolated broadening in an external magnetic field. T
flip time Tm , and the prefactor for the broadening by EF
were adjusted to the experiment. The prefactorcSI was fixed
so that the SI contribution corresponded to the differen
between the homogeneous widths with and without magn
field. We obtained a flip time ofTm.200 ms. Because of
the weak broadening by spin-ion interactions, and parti
larly because of the superposition of two effects, the value
Tm is only very approximate.

As demonstrated in Fig. 7 the echo decays deviate o
weakly from the nonexponential behavior, especially
larger t12. Therefore the data of Pr31 site I were fitted to an
exponential law for timest12.20ms. The linewidths in Fig.
8 are given for a fixed ratio 2T1 :T251 according to the ratio
t1 /t251/2 and equal laser intensityI for the two pulses. As
a function of the laser intensityI the experimental linewidths

FIG. 7. Competing broadening mechanisms for Pr31 site I in
Y2SiO5. Plotted is a typical echo decay for a moderate laser int
sity. The thick full line through the data is the fit. The thin dash
line gives the intrinsic broadeningGh.1200 Hz obtained from
zero-energy extrapolation with the magnetic field set on. The t
full lines are the SI and EFS contributions. See text for details.
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follow a linear behavior at low intensity and show saturati
at large intensity. At saturation the observed broadenin
1100 Hz. The full line gives the fit ofG5Gh1A@12exp
(2c1I )#, with A andc1 as adjustable parameters. The figu
indicates that the data monotonically approach the satura
value. The resolution of the data is probably too small for
detection of a maximum in the broadening, as predicted
Fig. 9. Equally well, laser-field inhomogeneities may
present so that the hump in the broadening is smoothed
as discussed in Appendix A. In Fig. 10 echo intensities
Pr31 site I are shown for different ratios 2T1 :T2 . Because of
the small relative broadening thet12 times had to be ex-
tended up to 200ms in order to detect the pulse-energ
dependent broadening. This time scale is comparable toT1
5165ms so that thegt12!1 condition is not satisfied. Cor
respondingly, Eq.~21! has to be applied instead of Eq.~22!,
and a dependence of the echo also on the energy of the
pulse is expected. In fact, such a dependence can be obs
in Fig. 10.

For comparison the echo intensity was also investiga
for Pr31 site II. The echo signal was weak if compared w

FIG. 8. Linewidths of Pr31 site I in Y2SiO5 as a function of the
laser intensityI. The linewidths were measured without magne
field and are given for a fixed ratio 2T1 :T251 of the pulse energies
The full line is the fit G5Gh1A@12exp(2c1I)#, see text. The
value extrapolated to zero power yieldsGh51650 Hz.

FIG. 9. Excitation density after a single pulse. Plotted is
averaged excitation probability assnt^w& for the case ofsn@x.
The thick line gives the calculation of Eq.~A3!. A maximum is
observed atq2.11.5. The thin line is 0.4@12exp(22.5cq2)#, rep-
resenting the approximate saturation behavior on the scale oq2

<4p2. See Appendix A for details.
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the site-I intensity because of the much smaller oscilla
strength. No broadening effect could be observed up t
laser intensity of 100 W cm22. We conclude that the laser
intensity-dependent broadening is smaller than 100
which marks approximately the visibility limit. Independe
measurements in a 0.1% Pr31:Y2SiO5 doped crystal showed
that at higher concentrations an intensity-dependent broa
ing is present in accordance with the observations by Eq
et al.29

As for Eu31 we calculate the broadening for Pr31 by tak-
ing into account the corresponding excitation densities,
pole moments, and ion concentrations. The calculation of
excitation probabilitŷ w2& is based on the saturation beha
ior in the echo attenuation of Pr31 site I. We compare the
experimental saturation behavior in Fig. 8 with the calcula
one in Fig. 9. From this comparison we estimate that in F
9 the maximum of̂ w& at q2

2511.5 corresponds to the lase
intensity ofI.25 W cm22 in Fig. 8. The excitation prob-
ability in Fig. 9 saturates at a value of^w&snt50.4 so that
we find^w2&.0.4/(snt2).9.631025 at saturation. Accord-
ing to Eq. ~31! and the data of Table I we calculateGEFS-D
.450 Hz for Pr31 site I, roughly a factor of 2 smaller tha
the experimentally observed 1100 Hz. For the the Rabi
quencies of Eu31 and Pr31 site II we consider the depen
dence of the Rabi frequency on the oscillator strength
the laser energy,x2; fT, and derive fromq2

2511.5 for Pr31

site I at I.25 W cm22 the corresponding valuesq2
253.2

for Eu31 andq2
252.7 for Pr31 site II at the laser intensity o

I5100 W cm22. From these parameters, making use of E
~A5!, we find ^w2&.1.3531024 and 9.631025 for Eu31

and Pr31 site II, respectively. The value of̂w2&.1.35
31024 was applied above in the calculation of the broade
ing for Eu31. For Pr31 site II we obtainGEFS-D.300 Hz,
which is by a factor of 3 larger than the visibility limit.

We conclude that for the systems under consideration
predicted values agree within a factor of 2 to 3 with t
experimental results. We explain part of the discrepancies
uncertainties of the data used in the predictions. The die
tric constante(0)57 is only a guess and its anisotrop

FIG. 10. Echo attenuation for Pr31 site I in Y2SiO5. Plotted are
the echo intensities as a function oft12 for several energies of the
two pulses. The duration of the first pulse was chosen to be ha
the second pulse duration. The ratios of the pulse energies ar
dicated in the inset as 2T1 :T2 for an arbitrary scale. The full lines
are fits to the exponential law with the correspondingT2 also given
in the inset.
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properties are not considered at all. Furthermore, the ef
tive concentration of the ion in the crystal might be differe
from the one given by the nominal weight percents. Fina
NQP may additionally contribute to the broadening as
shall discuss in the next section.

D. Nonequilibrium phonons

For the analysis of the echo attenuation by NQP the
lowing independent processes have to be considered:
generation and relaxation of NQP, the propagation of
NQP in the solid, and the interaction between the NQP
the excitations involved in the echo process.

NQP are generated directly by spontaneous decays f
the pumped electronic state to ground-state phonon mo
by electron-phonon coupling. In the case where there
low-lying electronic states, these states may be populate
the spontaneous transitions and the population of these le
may then subsequently relax into NQP. The lifetime of NQ
depends strongly on their frequencynp . For np.1 THz the
phonon lifetimetp limited by anharmonic relaxation wa
found to follow a tp;np

25 law.56,57 Superimposed to this
relaxation, if there are several low-lying electronic levels t
NQP may more efficiently relax by repeated inelastic sc
tering so that eventually a large density of phonons reson
with the lowest electronic level is accumulated. This path
particularly feasible if the low-lying electronic levels a
within the Debye frequency range. If there are several dif
ent ion species, the number of relaxation paths is increa
and the lowest level out of all ion levels may act as a bot
neck so that NQP are accumulated at a frequency reso
with this level. Elastic scattering of NQP resonant with t
lowest electronic state can occur many times before the N
decay by anharmonic relaxation.

In the quasiparticle picture of phonon dynamics, t
phonons are assumed to perform random walks through
crystal by elastic scattering and to relax by inelastic scat
ing. They are also scattered at electronically excited impu

FIG. 11. Schematic representation of the echo attenuation
NQP. The excitation of ion I decays spontaneously and popul
low lying electronic states. These populations decay by genera
nonequilibrium phonons. Resonant and nonresonant scatterin
the phonons at transitions in the ground and excited state of io
lead to a dephasing in the electronic excitation.
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ions and these scattering processes give rise to
dephasing,56,7,6 as schematically shown in Fig. 11. Th
dephasing is particularly efficient when electronic transitio
of the ion involved in the echo process are resonant with
NQP. While these resonances are more likely for grou
state transitions, they might also occur for transitions in
excited state if the frequency gaps between the pumped
and higher electronic states are comparable to the pho
frequencies. In this case, depending on the electronic ex
tion density and the scattering cross sections, an accum
tion of NQP resonant with these transitions may take pla

Resonances of NQP with transitions in the ground and
excited states lead to a lifetime shortening of the ground
excited state, respectively. These shortenings give rise
dephasing in the excitation of an ion in the superposit
state and thus to an echo attenuation. The efficiency of
attenuation by NQP is limited, apart from the phonon lif
time, by the time of detuning from the resonances and by
time at which the NQP diffuse out of the area probed by
laser.6,58 Bai and Kachru interpreted their experimental r
sults in terms of 51-cm21 NQP, resonant with the lowes
electronic state of Pr31 in YAlO3 . Macfarlane and Meltzer,7

as mentioned in the Introduction, pumped an electronic s
29 cm21 higher than the state involved in the echo proce
with a second laser source. In this way NQP of 29 cm21

were generated by phonon-assisted relaxation to the lo
state. The increased broadening was attributed to the r
nance with the 29-cm21 NQP.

From the preceding considerations it is obvious that
broadening by NQP depends crucially on the electronic le

y
es
g
of
II

FIG. 12. Level scheme of Pr31 and Eu31 in Y2SiO5. The data
are taken from Refs. 29,44,46 and 59; all energies are given in u

of wave numbers. Only site I is depicted for Eu31. ñe denotes the
transition frequency to the state pumped by the laser. For
ground and the excited states the two closest-lying Stark levels
also indicated.
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scheme of the ions. In Fig. 12 the level schemes of Pr31 site
I and site II and of Eu31 site I are shown. For Pr31 site I, the
lowest Stark levels of the3H4 and of the 1D2 states are
separated by 88 and 59 cm21, respectively.29 For Pr31 site II,
the corresponding energy gaps are significantly larg
namely, 176 and 200 cm21 . For Eu31 site I in the ground
state, the lowest of the7F1 Stark levels is shifted by 203
cm21 from the 7F0 level.46 In the excited state the closes
lying level is as far as 1707 cm21 .59 This situation is similar
to that of Eu31 site II with the corresponding transition a
580.049 nm. For Nd31, also contained in the present syste
the lowest level is shifted by 91 and 68 cm21 from the
ground state for site I and site II.32 We now discuss whethe
NQP might be of importance for Pr31 site I where the 88-
cm21 level may be resonant with NQP. However, this lev
is higher than the 68 cm21 state of Nd31 site II, so that the
latter level may act as a bottleneck. Even smaller is the
cm21 transition of Pr31 site I in the excited state so that th
transition may also work as a bottleneck. We thus concl
that broadening by NQP is likely to occur for Pr31 site I.

We estimate the broadening associated with NQP re
nances from a collision model by making use of the expr
sion GNQP.s0vpNp /p,60 wheres0 is the cross section fo
elastic scattering,vp denotes the phonon velocity, andNp is
the density of phonons. We consider the data of Baumgar
et al.56 obtained for CaF2 and of Renk58 measured for
V 41:Cr31:Al 2O3. The resonant cross section is of the ord
s0.10 nm2. For inelastic scattering, the cross section
orders of magnitude smaller, depending on the energy m
match. For the phonon velocity we considervp.5
3103 m/s. The phonon density we calculate from a stea
state approach,6 N* /Np5T1 /(qtp), whereN* is the density
of the excited ions andT1 is the corresponding lifetime.q is
the number ratio of resonant NQP over decaying excitatio
This factor is diminished when the electronic excitati
population is spread over several levels. However,q may
also be increased by several processes the most prom
one being the bottleneck effect, when NQP resonant with
electronic transition are accumulated. In such a case a si
electronic decay may lead to several resonant NQP. U
the data for Pr31 site I, N* is estimated from the conside
ations in the previous section by settingN* 5^w&p/r 0

3 , so
that with p51.2531025 and ^w&51.631024 we obtain
N* .1.431014 cm23. Settingq50.1 and using the phono
lifetime of tp.0.5 ms we calculateNp5431010 cm23 and
GNQP.700 Hz. Because there are several compet
phonon-relaxation processes, bottlenecking, detuning,
anharmonic relaxation, and because the quantities use
this calculation are rough estimates, the calculated broa
ing is somewhat arbitrary. Nevertheless, a substantial co
bution to the broadening by NQP for Pr31 site I is feasible.
Such a contribution would lift the discrepancy between
prediction based on EFS and the observed broadening
Pr31 site I.

From the level scheme in Fig. 12 and from thenp
25 law of

the phonon lifetimes it is clear that the broadening by NQP
much less likely to occur for Pr31 site II and for Eu31 site I.
This is supported by the fact that no power-dependent bro
ening was observed for Pr31 site II and that the Eu31 data
could be fitted assuming EFS only.
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So far we only discussed whether broadening by NQP
feasible. Concerning the dependence on the pulse streng
expression is derived in Appendix D that up to a correct
term reads

2 lnS I

I 0
D

NQP

;^w1&~12e22gt12!1^w2&~12e2gt12!. ~32!

This expression is clearly different from the correspond
Eq. ~20! for EFS. Forgt12!1 the broadening is

GNQP;2T11T2 , ~33!

which, similar to Eq.~22! for EFS, is regarded as a signatu
of the broadening by NQP.6 NQP and EFS are generall
expected to simultaneously lead to a broadening. Assum
gt12!1, the combination of Eqs.~22! and ~33! gives G
;bT11T2 , bP@0,2#. b indicates the mixing of the two
effects, so thatb50 corresponds to pure EFS andb52 to
pure NQP broadening, respectively. Concerning Pr31 site I,
as mentioned above,t12 had to be chosen long compared
T1 in order to detect the pulse-energy-dependent attenua
At these times,G;bT11T2 is not applicable so that the
discrimination between the broadening by EFS and NQP
more difficult. We emphasize that Equallet al. considered
only EFS for the interpretation of the power-depende
broadening for Pr31 in Y2SiO5.

29

Making use of the above scattering model we also e
mate the diffusion constant. The mean free path betw
scattering events isl51/(Ns0), whereN is the concentra-
tion of ions resonant with the NQP. Taking for the elas
scattering centers only the Pr31 site I ions we calculateN
.131018 cm23 from which we obtainl.100 nm for the
mean free path and D5l2/(6tscattering)5lvp/6.1
cm2 s21 for the diffusion constant. Furthermore, we calc
late the diffusion distance within the phonon lifetime to
^r 2&1/2.(2Dtp)1/2.10 mm. This value is somewhat too
small if compared to the study of Bai and Kachru,6 in which
a dependence on the laser focus for areas larger
0.025 mm2 is reported, corresponding to a radiusr
.100 mm. Comparing the diffusion length with the 45-mm
beam waist of the present experiments we suspect that on
fraction of the NQP diffuse out of the excitation area. Ho
ever, with detuning of the NQP from resonance the scat
ing cross section decreases rapidly, so that the detu
phonons are more likely to escape from the excitation ar

IV. CLOSING REMARKS

We have studied the echo attenuation of Eu31 and Pr31

ions diluted in a Y2SiO5 crystal as a function of varying
parameters. The discussion of the broadening by EFS
NQP has been based on statistical grounds. Since depha
is a quantum coherence problem, quantum-mechanical
statistical aspects have been combined in this analysis.

We have derived expressions for EFS by diagonal a
off-diagonal interactions as observed in 2PPE experime
for arbitrarily strong excitation pulses in the limit of larg
inhomogeneous bandwidths. An experiment has been
posed that allows one to distinguish between the two E
contributions. The experimental results and the predicti
strongly indicate that EFS by off-diagonal interactions a
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negligible in the system considered in this work. We po
out that this claim does not hold generally because the bro
ening depends on the properties of the photoactive spe
Based on Stark experiments we have predicted the
broadening by diagonal interactions. The comparison of
predicted and measured broadening by EFS for Eu31 and
Pr31 have revealed that the calculations are accurate
roughly a factor of 2. Inaccuracies arise from several exp
mental quantities that enter the calculations: oscilla
strength, inhomogeneous width, guest-ion concentrat
static dipole-moment differences, and the excitation pr
abilities by the laser pulses. We believe that these inacc
cies are the reason for the deviations between theory
experiment, rather than that modifications of the model
required.

We comment on the remarkable observation that a v
low excitation density can give rise to EFS that can be
tected by photon echoes. Forp^w&.131028 obtained for
Eu31 site I in Sec. III C, the closest distance between exci
ions is typically as large as 100 nm and yet, the interacti
lead to measurable effects. Accounting for the small dipo
moment differences of 1022 D, this observation demon
strates the power of the photon-echo spectroscopy for
investigation of extremely small changes in the environme
We argue correspondingly that TLS even at very low co
centrations may lead to a detectable dephasing. This g
support to our hypothesis that differences in the optical
havior between crystals grown under nominally identi
conditions can be attributed to TLS.

Concerning the effect of nonequilibrium phonons, o
predictions are only qualitative and estimates based o
phonon-scattering model remain vague. The attenuation
NQP depends crucially on the energy-level scheme of
ions because the broadening is dominated by the reson
between the NQP and transitions of the ions. The invest
tion of 2PPE in other systems and especially of the N
properties is required to shed more light on this type
broadening. The characteristics of the broadening by E
and NQP as a function of the pulse intensities facilitate
distinction between the two broadening processes. For s
ciently small pulse energies, the representation of the bro
ening as a function ofbT11T2 , as proposed in this pape
provides a means to graphically get information about
two broadening mechanisms. The quality of the present
perimental results has turned out to be not good enoug
unambiguously attribute part of the broadening to NQP
Pr31 site I in Y2SiO5. From the estimates, however, a co
siderable NQP broadening is plausible. We argue that du
the 23-cm21 level spacing in the excited state of Pr31 in
LaF3 ~Ref. 7! NQP could also be of importance in a standa
2PPE experiment where the pulse-energy dependence o
linewidth was solely attributed to EFS.34

We have further studied the dependence of the echo
tenuation as a function of the frequency position in the in
mogeneously broadened band for Eu31 in Y2SiO5. The re-
sults confirm the prediction that the echo attenuation
diagonal EFS depends linearly on the excitation density
the system. However, we have shown that such a depend
also holds for the attenuation by off-diagonal EFS as wel
by NQP, so that these experiments do not allow for the d
tinction between the tree-broadening processes.
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The experiments in this work were carried out for an o
tically thin crystal and also the theoretical consideratio
have been based on the thin-crystal approximation. The s
ation may dramatically change for optically thick crysta
because the effect of light propagation cannot be disrega
anymore. Longitudinal inhomogeneities in the laser fie
may significantly change the characteristics of echo dep
dence ont12 and on the pulse intensities.

Summarizing, we have studied the broadening induced
various dynamical processes. We have compared the pre
tions with the experimental results obtained from a sin
system and reasonable agreement has been achieved
consideration of the characteristic behavior and of the qu
titative estimates may render possible the selection of s
tems specially suited for the investigation of a particu
broadening mechanism in further studies.
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APPENDIX A: RABI SOLUTION OF THE EXCITATION
DENSITY

In this appendix we determine the excitation density
an inhomogeneously broadened band using the den
matrix approach. Similar calculations were considered
Zhang and Mossberg.34 For this calculation we disregar
damping for times shorter than the pulse timest1,2 and con-
sider only thew element of the Bloch vector (u,v,w) which
after the first pulse is61

w~t1 ;D,x1!5
D21x1

2cos~t1AD21x1
2!

D21x1
2

w0 , ~A1!

whereD is the difference between the transition and the la
frequency.xk denotes the Rabi frequency of pulsek. We
assume the initial state (u0 ,v0 ,w0)5(0,0,21) and denote
by w1 the density-matrix elementr22(t1), so that

w15r22~t1!5 1
2 @11w~t1 ;D,x1!#

5
x1

2@12cos~t1AD21x1
2!#

2~D21x1
2!

. ~A2!

The average excitation density is obtained from the integ
tion over the inhomogeneously broadened band. Assum
that the band is of Gaussian shape, that the laser frequen
tuned to the center of the band, and that the width of
band is much larger than the Rabi frequency we approxim
the spectral density by a constant equal to the density at
band center 1/(A2psn) wheresn is the standard deviation
of the band in units of Hz. We obtain
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^w1&5
q1

~2p!3/2snt1
E

0

`12cos~q1A11x2!

11x2
dx, ~A3!

where qk5xktk denotes the area of pulsek. The average
excitation density depends onq1 and parametrically on the
dimensionless quantitysnt1 . Making use of the derivation
of Kunitomo and Kaburagi,62 Eq. ~A3! can be cast into

^w1&5
q1

4A2psnt1
E

0

q1
J0~x!dx, ~A4!

which is easily integrated numerically by standard routin
For smallq1 values, to lowest order one has

^w1&.cT1 , c5
1

4A2psn

, ~A5!
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whereTk denotes the pulse energy,Tk5xk
2tk .

The behavior of̂ w& as a function ofq is demonstrated in
Fig. 9 where for clarity the indexk of the pulse is omitted.
For a constantsnt, ^w& follows a universal behavior. Fo
q!p/2, ^w& depends quadratically onq. The first maxi-
mum is found atq2.11.5. For largerq values the overall
behavior is linear inq with an oscillatory behavior superim
posed. This oscillatory behavior is expected to be smoot
out in the experimental observations because of laser fi
inhomogeneities. On the scale of the figure the shape of
function suggests a saturation behavior. Therefore give
also the exponential behavior 0.4@12exp(22.5cq2)#. A
similar exponential behavior is used in Fig. 10 as a guide
the eye.

For the excitation density at timet3 after the second pulse
the Rabi solution is61
w~ t3!.2
@D21x1

2cos~t1AD21x1
2!#@D21x2

2cos~t2AD21x2
2!#

~D21x1
2!~D21x2

2!
, ~A6!
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where terms depending on sin(Dt12) and cos(Dt12) are disre-
garded because they contribute negligibly when integra
over the offsetD provided thatt12@t1,2. Denoting byw2 the
excitation probability for an independent second pulse,
may write

r22~ t3!5 1
2 @11w~ t3!#5w11w222w1w2 . ~A7!

This result indicates thatw2 is the probability of changing
state upon the second pulse because from probabilistic
siderations one hasr22(t3)5w1(12w2)1(12w1)w2 which
corresponds to the right-hand side~rhs! of Eq. ~A7!. We
point out that̂ w1w2&Þ^w1&^w2&.

APPENDIX B: AVERAGE DEPHASING TIME Šzuz‹

In this appendix we evaluate the expression

^uuu&5K U E
0

t12
u~ t !dt2E

t12

2t12
u~ t !dtU L , ~B1!

where the average is taken over the temporal realization
u(t) and over the excitation probability dependent on
offset D of the transition frequency relative to the laser fr
quency. The notation follows the one used in the main te
As outlined there,u(t) changes states stochastically beca
of the two excitation pulses with probabilitiesw1 andw2 and
because of the spontaneous emission according to the d
rateg. The average over the offset and the temporal real
tion can be taken independently. We find

^uuu&5^w1~12w2!&F11^~12w1!w2&F21^w1w2&F3 ,
~B2!

where the first term on the rhs arises when the ion un
consideration is excited by the first pulse and does
change state as a result of the second pulse. The second
g

e

n-

of
e

t.
e

cay
a-
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t

erm

denotes the contribution of an ion that was not excited by
first pulse, but, however, is excited by the second pulse.
third term accounts for possible changes of state by b
pulses. The prefactors are conditional probabilities of occ
rence with the averages taken over the offset frequency.

F1 , F2 , andF3 are calculated from averages over pa
ticular temporal realizations ofu(t). For F1 we find

F15gF E
0

t12
xe2xgdx1E

t12

2t12
~2t122x!e2xgdxG , ~B3!

where the first and second term on the right-hand side are
contributions when the excitation decays spontaneously
the time interval@0,t12# and @ t12,2t12#, respectively. The in-
tegration is straightforward and yields

F15g21~12e2t12g!2. ~B4!

For F2 we have

F25gF E
t12

2t12
~x2t12!e

2~x2t12!gdx1t12E
2t12

`

e2~x2t12!gdxG ,
~B5!

where the first term arises when spontaneous decays occ
the interval@ t12,2t12# and the second term when there is
such decay. Integration gives

F25g21~12e2t12g!. ~B6!

The most involved term isF3 being
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F35g2E
0

t12
dxE

t12

2t12
dyux2~y2t12!ue2[x1~y2t12!]g

1g2E
0

t12
dxE

2t12

`

dyux2t12ue2[x1~y2t12!]g

1gt12E
t12

`

e2xgdx, ~B7!

where the first term arises when a spontaneous decay oc
in the intervals@0,t12# and @ t12,2t12#, the second when a
spontaneous decay takes place only in the interval@0,t12#,
and the third when there is no such an event. Integra
yields

F35F25g21~12e2t12g!. ~B8!

Inserting Eqs.~B3! and ~B8! into Eq. ~B2! we obtain

^uuu&5^w1~12w2!&g21~12e2t12g!2

1^w2&g
21~12e2t12g!. ~B9!
d
th
urs

n

For the two limiting caseŝw2&→0 and^w1&→0 Eq. ~B9!
corresponds to Eq.~22! of Ref. 32 with ts50 and ts5t12,
respectively. For weak pulses^w1w2& is negligible if com-
pared with^w1& so that the weight factor of the first term i
Eq. ~B9! can be approximated bŷw1&.

Making use of Eq.~11! we find that for weak pulses

^uuu&.cg21T1~12e2t12g!21cg21T2~12e2t12g!,
~B10!

which is considered in Eq.~21! of the main text. For
gt12!1, Eq. ~B9! is approximated by

^uuu&.^w2&t12.cT2t12, ~B11!

where the latter equality applies for a weak second pu
This expression is used in Eq.~22! of the main text.

APPENDIX C: EFS BY OFF-DIAGONAL INTERACTIONS

In this appendix we are concerned with the analysis of
rhs of Eq.~24! of the main text that we denote byF:
er
F5p(
k

8
„12^exp$2 iuks jk@AJjk

2 1~D jk/2!22uD jk/2u#%&uk ,D jk
…, ~C1!

where the average is taken over the realizations ofuk and over the distribution ofD jk . We first consider the case of scrambl
excitations shifted by a fixed frequencyDvs so thatD jk5uDvsu. In the continuum approximation Eq.~C1! writes

F.4pr0pK E
0

`

dr r 2
„12cos$u@AJ0

2k2~V!~r 0 /r !61~Dvs/2!22uDvs/2u#%…L
u,V

, ~C2!

wherer0 andp have the meaning of Sec. III C and the average is taken overu and the angular configuration indicated byV.
Changing variables (r 23→x) the integration by parts gives

F5
4p

3
r 0

3r0pJ0
2K uuuk2~V!E

0

`sin$uuu@AJ0
2k2~V!x21~Dvs/2!22uDvs/2u#%

AJ0
2k2~V!x21~Dvs!

2
dxL

u,V

. ~C3!
ge
We substitutey5AJ0
2k2(V)x21(Dvs/2)22uDvs/2u so that

F5
4p

3
r 0

3r0pJ0^uku&K uuu E
0

`

dy
1

Ay(y1uDvsu)
sin(uuy)L

u

.

~C4!

Integration gives63

F5
4p

3
r 0

3r0pJ0^uku&

3^uuuIm$e2 i uuuuDvs/2uK0~2 i uuuuDvs/2u!%&u ~C5!

whereK0(x) is the zeroth order Bessel function of third kin
and Im denotes the imaginary part. Considering
asymptotic behavior64
e

Im$e2 ixK0~2 ix !%.H p/2, x!1

Ap

4x
, x@1,

~C6!

we obtain

F.H~2p2/3!r 0
3r0pJ0^uku&^uuu&, ^uuu&uDvsu!1

~2p!3/2~1/3!r 0
3r0pJ0^Auuu&/AuDvsu, ^uuu&uDvsu@1.

~C7!

Next we consider the case whereD jk are uniformly distrib-
uted random variables restricted to the ran
@2D max,Dmax#. Thus Eq.~C2! takes the form
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F.
4pr0p

Dmax
K E

0

Dmax
dD

3E
0

`

dr r 2
„12cos$u@AJ0

2k2~V!~r 0 /r !61~D/2!2

2~D/2!#%…L
u,V

. ~C8!

Making use of Eqs.~C3!–~C5! we have

F5
4p

3Dmax
r 0

3r0pJ0^uku&

3K uuu E
0

Dmax
dD Im$e2 i uuuD/2K0~2 i uuuD/2!%L

u

.

~C9!

By numerical inspection we have noticed that the Pade´-type
approximation

Im$e2 ixK0~2 ix !%.
p

2A11px
, ~C10!

reproduces the exact result very reasonably forxP@0,̀ #
with a maximum relative deviation of less than 4%. By su
stituting Eq.~C10! into Eq. ~C9! we obtain

F.
2p2

3Dmax
r 0

3r0pJ0^uku&K uuu E
0

Dmax dD

A11pDuuu/2L
u

5
8p

3Dmax
r 0

3r0pJ0^uku&~^A11pDmaxuuu/2&u21!. ~C11!

Taking into account thatu is not broadly distributed, we
approximate expression~C11! by the limiting cases

F.H ~2p2/3!r 0
3r0pJ0^uku&^uuu&, ^uuu&Dmax!1

~2p!3/2~1/3!r 0
3r0pJ0^Auuu&/ADmax, ^uuu&Dmax@1,

~C12!
which are considered in Eq.~26! of the main text.

APPENDIX D: NUMBER OF SPONTANEOUS
DECAY EVENTS

In this appendix we consider the number^N& of sponta-
neous decays of electronic excitations in the time 2t12.
These decays may generate nonequilibrium phonons.
-

e

follow the scheme of Appendix B and describe^N& in terms
of the excitation probabilityw1 by the first pulse and by the
probability w2 of changing state upon the second pulse a
of the decay rateg.

The probability for one spontaneous decay can be gi
as the sum of three terms:

P15^w1~12w2!&~12e22gt12!1^~12w1!w2&~12e2gt12!

1^w1w2&~12e2gt12!e2gt12, ~D1!

where the first term denotes the probability that an excitat
is induced by the first pulse, that the state is not altered
the second pulse, and a spontaneous decay occurs in
period between the first pulse and the echo. The second
is the probability that an excitation is induced only by t
second pulse followed by a decay in the period between
second pulse and the echo. The third term denotes the p
ability that an excitation is induced by the first pulse and t
a spontaneous decay occurs in the interpulse period follo
again by an excitation without further decay. Analogous
for the probability of two decay events we write

P25^w1w2&~12e2gt12!2, ~D2!

which is the probability that excitations are induced by t
first and second pulse and decays occur in the interp
period and in the period between the second pulse and
echo. The expectation value of the number of decay eve
thus is

^N&5P112P2

5^w1&~12e22gt12!1^w2~12w1!&~12e2gt12!

22^w1w2&~12e2gt12!e2gt12. ~D3!

For either^w1&50 or ^w2&50 we recover the two trivial
cases where either only the first or the second pulse indu
an excitation. For small̂w1& and ^w2& values Eq.~D3! re-
duces to

^N&.^w1&~12e22gt12!1^w2&~12e2gt12!, ~D4!

which was considered in Eq.~32! of the main text. For
gt12!1, Eq. ~D3! can be approximated by

^N&.@~12e22cT1!1 1
2 ~12e22cT2!#gt12. ~D5!

Finally for weak pulses and forgt12!1 we find

^N&.~2T11T2!cgt12, ~D6!

which is considered in Eq.~33! of the main text.
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