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Multiphonon effects in the one-phonon cross section of Al
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We present a theoretical analysis of the phonon linewidth and energy shift observed with neutron spectros-
copy in the one-phonon resonances. To take full account of the anharmonicity of the crystal we use a
molecular-dynamics approach to evaluate the atomic displacement-displacement correlation functions. The
atoms in the crystal interact with a semiempirical many-body potential and anharmonic effects of all orders are
taken into account. The linewidths are evaluated for Al at two different temperatures, 80 and 300 K, in the
high-symmetry directions of the crystal. Our results reproduce well the experimental data. The larger damping
of the longitudinal phonons compared to that one of transverse phonons is fully explained in terms of anhar-
monic effects. Our analysis also confirms the anomalous behavior of the energy shift for longitudinal phonons
in the[111] direction.[S0163-182@8)09933-0

I. INTRODUCTION Il. MANY-BODY POTENTIAL

In order to perform the molecular dynamics simulation we

The inelastic scattering of neutrons by a crystal hagise a many-body potential constructed according to the
proved to be a powerful tool to investigate the anharmonicembedding-atom meth8d defined by the form
properties of solid$? The effects of lattice anharmonicity
are particularly evident in the one-phonon peak in the V= 12 ¢(Ri-)+2 U(p;) (1)
neutron-scattering cross section. In the harmonic approxima- 2iT%i . i
tion the one-phonon peak is a delta function centered at th\?/
frequency of the emitted or absorbed phonon from _Wh'Ch[entiaI between the atom in the actual positiepnand the
heutrons are scattered. In an anharmqmc crystal _thls deltdom in R; with R;;=|R;~R;|; the second term is the glue
function is broadengd apd shlf.tedlln position. For this reéasoflerm 10 \whereU represents a nonlinear function fvhile p;
many of the theoretical investigations were addressed in thg 3 fictitious atomic charge on atoRy that takes into ac-
study of the one-phonon peak broadening and energy shiftont the neighboring sites. The functiogs p, andU are
The theories of these phenomena were worked out in thgetermined by fitting the total potential &b initio calcula-
1960s by Van Hové,Glauber; Kokkedee? and Maradudin  tions of the forces in many atomic configuratiéhi par-
and Feirt who presented detailed expressions for cubic andicular U violates the Cauchy relations among the elastic
quartic anharmonicity. constants of the crystal and it describes accurately the forces

In this paper we present a molecular-dynami{®4D) acting on the atoms out of the equilibrium position. The
study of the displacement-displacement correlation functiongange of the interactions extends up to 5.56 A and after this
that appear in the cross section. The molecular dynamicgistance the potential is set to z&rwvith the potential of Eq.
approach fully takes into account the anharmonic nature ofl) we can perform long-time simulations with an accuracy
the interatomic potential in the determination of the correla-comparable to that of thab initio calculations.
tion functions. We have chosen to study the linewidths of Al
since precise measureméntsire available. . MOLECULAR-DYNAMICS SIMULATION

To perform the computer simulation of the correlation
function, which involves thousands of atoms and a long
simulation time of the order of nanoseconds, we use a clas-

ith pj=Zj.ip(R;j). The first term represents a central po-

The classical equations of motion can be written as

2
sical interatomic potentialAb initio calculations are not yet d—Ri: — i > @R, )
suitable for long-time simulations. For this reason we will dt? miz)
use a many-body potential with parameters determined b, here
first-principle calculations to describe properly the forces
among atoms in a distorted crystal. This potential is briefly _ aU;  dU;
discussed in Sec. Il. The molecular dynamics method used in @jj = ajj + a—p+&—p> ij 1 Q)
the calculations is presented in Sec. lll. The correlation func- ' !
tions we will use are described in Sec. IV. The results of outwith
analysis both for longitudinal and transverse phonons in the 1 9o

high-symmetry directions are presented and discussed in = — ——— (4)
Sec. V. The conclusions are drawn in Sec. VI. ' Rij Ry
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and The measured spectra are related to the one-phonon cross
sectiort'® given by
:i apij(Rij)

ij RIJ 8R|J (5) —2W

e
Si(kw)=—5—2 exp{—ik-[x()=x(I")]}

To integrate the equations of motion we have used the Gear KT
predictor-corrector algorithr*? obtaining the instanta- Foo _
neous positiondR;(t) for each time step. To simulate the Xf dt e“(k-u(l,bk-u(l’,0)), (9
bulk of Al we have chosen a cubic supercell on which we -
impose periodic boundary conditiof$To obtain conver- \here the Debye-Waller factor can be approximatdny
gent results, as discussed later on, we take the number of
atomsN in the supercell to range between 500—-4000 atoms. e~ 2W= g 2((k-u)?) (10)

Our molecular dynamics simulation code fully takes into
account the anharmonic nature of the interatomic potential ifin this case the single phonon excited by the neutron inter-
the evaluation of the correlation functions. It proceeds by thects both with the harmonic and anharmonic Hamiltonian of
following steps. We start by taking zero kinetic energy andthe crystal. The width associated with the one-phonon peak
we randomize the positions of the partides in order to is determined by the anharmonicity of the crystal. In our MD
have net forces among particles. Then we introduce the kicalculations the expectation value on the anharmonic crystal
netic energy term and we solve the equations of motionis replaced by a time average over the starting time
After 200—1000 step intervals the system reaches an equilib- The generalized pair-distribution functibhecomes
rium configuration. We allow the volume to expand uni-

formly. We then fix the temperature of interest. The system G(k,t)= lim 2 expl—ik-[x(1)=x(I")T}

reaches this temperature after a few thousand time steps. At T—ool, |’

this point we fix the volume at that given temperature and we

perform again 1000—2000 time steps without imposing any 1 T’td Cikeu(lt4 ) ik u(l’ 1) 11
constraint on the kinetic energy. The system reaches an equi- XT_—t 0 € € - (1D

librium configuration and the total energy remains fixed at
the subsequential times. Having prepared the system in this In the MD calculations we consider an fcc Al supercell

way we can now perform the desired simulation. with ten cubes along each of the three orthogonal axes, giv-
ing a total of 4000 particles, af=80 K, and with five
IV. THE CROSS SECTION cubes along each direction, giving a total of 500 particles, at

. , ion for th T=300 K and atT=900 K. Periodic boundary conditions
d_ﬁWe sfcalrt by considering van Hove’s expre:ls_zlon ?r tN€5re imposed. The time step is chosen according to the mean
Iiterential scattering cross section per unit solid angle angy,e of the displacement in order to properly integrate the

unit interval of outgoing energy of the scattered neutron '”equations of motionA 7 is in the range of 10* sec. More

the first Born approximation for coherent scattering: precisely we takeA 7=0.529x 10”4 sec atT=80 K and
oy a2 gy A7=0.265<10"1* sec atT=300 K andT=900 K. The
dmcjo =N?—S(k,w), (6) total simulation time is of the order of a nanosecond. The
€ Gi S(k,w) obtained in this way has been convoluted with a
where the dynamical structure factot®is Gaussian resolution functiéhin order to reduce the noise in
the spectrum that arises from numerical round off of errors.
1 (= ion i i '
S(K, ) = _f dt G(k.1), R The convolglon is madg by centerln-g th;e Gaussian curve
27 ) at a frequencyw and replacingS(k, ) with
and the generalized pair-correlation functidhis B 1 B
S(k,w)= J do S(k,w)e lo-@l?8e® (19
1 s . 1] . . ’ \/;Aw
G(klt):NE e |k-x(|)e|k~x(l )<e[ |k-u(|,t)]e[|k-u(l ,O)]>_
L’ (8) At this point we study the range of temperature in which

) . o S(k,w) given by Eq.(8) can be approximated by the one-
In these e_quatlon_qi is the neutron |n|t|allmor.nentum and phonon dynamical structure fact8;(k,). The line shape
qr=q;—k is the final momentumf o, which is equal to  of the dynamical structure factor and the Debye-Waller
(fi%12m)(af - g7), is the energy transferred from the neutron strycture factor depends critically on the magnitude of the
to the crystala is the scattering length of the nucleil) is  scattering momenturk=q+G, whereq is inside the first
the position vector of the mean position of thté atom. It Brillouin zone (BZ) and G is a reciprocal lattice vector. In
can be written ax(l)=l,a;+1,a,+13a3, wherea;,a;,a83  the experimental results the frequencies and the widths of the
are the basic vectors of the lattice and tfeare integers; peaks are given as a function@fRefs. 6 and 19and not of
u(l,t) is the time-dependent displacement of the atom awayhe scattering momentut. To study the effect of the mo-
from its mean position. The angle brackets denote the thelmentum transfer on the line shape we have performed calcu-
mal average. The problem of evaluating the multiphononations forgg,=2m/a (10 0) and fork=30g to simulate
contribution to the cross section depends on the evaluation ¢f real experiment. The full width at half maximum of the

the correlation functiogel ~'k-u(:Dlglik-u(l".0)ly, convolution Gaussian has been chosen as a function of the
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FIG. 1. Dynamical structure factd®(q,w), dashed line, and

one-phonon cross secti®)(q,w), full line, for g=27/a (300).
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FIG. 2. The harmonic Debye-Waller fact(dashed ling com-
pared with the one calculated with MD simulati¢mll line).

and on the length of the simulation, hence ushe 500

branch index, the reduced wave vector, and the temperatuparticles and a simulation time of 100 psec we obtain

studied, in the range of 0.2—0.5 meV féor=80 K and of

0.4-0.7 meV forT=300 K.
We perform calculations ak=80 K, T=300 K, andT

=900 K. The values of5(qgz,w) and S;(ggz,w) nearly

coincide fork=qg; up to 900 K. Only fork=3qgz at T

independent on the cell index, as required by translational
invariance with the fulfillment of{uZ)=(u?)=(uZ). The
Debye-Waller factor as a function of the temperature is
drawn in Fig. 2. In our classical approach it is lineafTirin

the range betweeh=80 K andT=700 K, while at higher

=900 K the approximation starts to break down, as seen itemperatures there is a change of slope. We have also evalu-

Fig. 1. For this reason it is legitimate to u&g(q,w) to
interpret the neutron data up to room temperaturegfan-
side the BZ.

ated the Debye-Waller factor in the harmonic approximation
using a Debye model in the high-temperature liffiiThe
average speed of sound is evaluated from the experimental
data as follows:

V. RESULTS
3 g(11) g(110  g(100
We consider the one-phonon pair-correlation function =32 3t 3 3
givert by vy 1 |vj(11D)° v;(110° v;(100
- 1
e 2W % 1
Ga(a)=—_ aEﬁ d.Ys9ap(d:1), (13 g(111)+g(110 +g(100)°’ (a7
ith where theg’s are the stars of] in the measured symmetry
Wi directions and; is the speed of sound in théh branch. The
1 1 T—t Debye temperature results to I#e=308 K. The harmonic
Uap(a,t) = lim=— > dr u,(l,t+7)ug(l’,t) Debye-Waller factor is also plotted in Fig. 2 as dashed line.

T*}QCT_t N|,|' 0

@i X =x(1")] (14)

The Fourier transform can be written'&?
S = li 11th et
ep(@ @)= M3 | dt Uga(D)e
T o
XJO dt’ u_gg(t’)e ', (15
according to the Wiener-Khinchine theorem with

uqa(t):z el XDy _(1,1). (16)

The evaluation ofu?) appearing in 2V with the MD simu-

Up to room temperature the two Debye-Waller factors coin-
cide but the slope is different. The difference in the slope is
due to the anharmonic part of the potential and is a measure
of the importance of the multiphonon scattering events. In
Fig. 2 is also present a second change of slope around
700 K. Our MD analysis explains this change of slope. In
fact above 700 K the system starts to lose the fcc lattice
geometry.

In Fig. 3 we present the calculation of tlgg,(q,t) for
g=2m/a (0.800) performed aT=80 K. In this case to
achieve convergence in the results we have considered 4000
particles. As seen from Fig(8, G,(q,t) cannot be approxi-
mated by an exponent of the fore1''. This means that the
dynamical structure factor does not have a Lorentzian shape.
As shown by Maradudin and Fei8(q,») has a Lorentzian
form only when cubic anharmonicity is considered in the
Hamiltonian. Our results indicate the importance of the quar-

lation does not depend critically on the number of particlegic and higher-order anharmonicity in the multiphonon pro-
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FIG. 3. (a) Correlation function alf =80 K. (b) Correspondent

_ for this scattering geometry. In the previous wdrthe cal-
one-phonon Cross section.

culated linewidths with only cubic anharmonicity at snall
were much smaller than the experimental ones. Our results
cesses. In Fig. (®) are presented the raw data $f(q,w). indicate that at small momentum the conservation of energy
The linewidthT'(q,w) is obtained by convoluting with Eq. and momentum can be satisfied by many processes, involv-
(13) the raw data obtained by evaluatiBg(q,») and taking ing several phonons around thepoint.
the width of the one-phonon peak at half maximum. We now discuss the energy shift. Our calculations show
We compare our calculations with the extensive experithat the position of the maximum 8(q, w) is very sensitive
mental data on Al performed by Stedman and NilsSoe  to the number of particles. Convergent results have been ob-
start by considering phonons in tke direction. In Figs. 4 tained usingN=4000 particles and a simulation time of 30
and 5 are depicted our calculations of the phonon widths fopsec. At 80 K the MD calculations agree very well with the
longitudinal phonons and transverse phonons, respectivelphonon frequencies evaluated in the harmonic approximation
Panel(a) refers toT=300 K, while panel(b) is relative to at T=0 K.® For this reason the energy shifts evaluated at
T=80 K. Comparing the results for longitudinal and trans-300 K are defined ad w=w(T=300 K)—w(T=80 K).
verse modes it can be seen that by increasing the temperatuiée present the energy shifts for the direction in Fig. 6.
the linewidths increase noticeably, and especially those oBur calculations reproduce the experimental tfeasia func-
the transverse branch. The calculations reproduce quite wetlon of g even if the error bar of the experimental d=ftais
the experimental results. AT=300 K a well-developed large. The multiphonon scattering is playing a different role
peak is present around the zone boundary. The presence fofr different values ofy. We do not obtain a shift propor-
this peak was explained by some oftim terms of three- tional to AT as obtained in Ref. 1 by considering three- and

phonon scattering. The agreement with the full calculation igour-phonon processes. The calculations reproduce the maxi-
an indication of the importance of the cubic anharmonicity
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FIG. 6. (a) Energy shifts for the longitudinal branch between
FIG. 4. (8 Linewidths for the longitudinal branch aT phonon modes af=80 K andT=300 K in[100] direction. Solid
=300 K in[100] direction. Solid circles: calculated valudb) As circles: calculated valuegb) As for (a), but for the transverse
for (@), but forT=80 K. branch.
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=300 Kin[111] direction. Solid circles: calculated valudb) As phonon modes af=80 K andT=300 K in[111] direction. Solid
for (a), but forT=80 K. circles: calculated valuegb) As for (a), but for the transverse

branch.

mum present for longitudinal phonons around

=2m/a (0.500). For the transverse phonons our calcula-, In Figg. 10daggolli vae d_raw thlg Iihnewidth in tm_adirec-
tions underestimate the frequency shift af tion at 80 an . Again multiphonon scattering events

—2m/a (0.600). However, in general, the calculations favor the longitudinal modes. In this case the increas& of

prove that the energy shifts are determined entirely bfnhances strongly the linewidth of the longitudinal mode in
higher-order phonon interactions. the region of the small and large momentum producing a

In Figs. 7 and 8 are presented the linewidths, respectivel))’}"j‘?”'g,eﬁ”?d deep ;‘“:27/"" ,(0'420":]0) att =300 KI In
for longitudinal and transverse phonons in thealirection at this direction, as shown in Fig. 12, the experimental energy

300 and 80 K. Again multiphonon processes are more impor§hifts are in good agreement with the results of the MD

tant for the longitudinal phonons. The linewidth of transverses'mUIat'OnS'
phonons is much smaller than the linewidth of the longitudi-

nal phonons. Our calculations reproduce in a satisfactory VI. CONCLUSIONS

way the experimental results. The maximum around In this paper we have shown that it is feasible to evaluate
=2m/a (0.40.40.4) aif=300 K can be mainly imputed o gynamical structure fact®(q, ) with a classical MD

according to - our previous calculations 10 - CubiC gjmation. The evaluated linewidth turns out to be very sen-
anharmonicity” We also note that the minimum & gjtive to the number of particles and to the total simulation

=2m/a (0.250.250.25) in the direction of longitudinal ime To reach convergence in the results, especially at small
phonons is practically independent on temperature. The en-

ergy shifts are depicted in Fig. 9. In this case the experimen-

tal data present an anomalous negative energy shift around 18- (a)
the zone boundary that is also reproduced by our calcula- 12+ ﬂ /%\‘}/ N
tions. 06L &/. ﬁ
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01 02 03 04 05 FIG. 10. (a) Linewidths for the longitudinal branch at
Wave Vector g/(2n/a) =80 K in[110] direction. Solid circles: calculated valugb) As

for (a), but for the high transverse brangh. (c) As for (a), but for
FIG. 8. As in Fig. 7, but for the transverse branch. the low transverse branci2.
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FIG. 11. As in Fig. 10, but fof =300 K. FIG. 12. (3) Energy shifts for the longitudinal branch between

phonon modes & =80 K andT=300 K in[110] direction. Solid
q, 4000-5000 particles and a long simulation timecircles: calculated valuesb) As for (a), but for the high transverse
(=1 nse¢ are needed. For this reason the calculations hav@ranchT1. (c) As for panel(a), but for the low transverse branch
been performed with an analytical form of the potential. TheT2-
many-body potential that we have used explains in a very _
satisfactory way the experimental data. We have also proveBérature can be assumed as those of the harmonic crystal.
that for a large range of temperature the total cross sectiohe energy shift at 300 K agrees very well with the experi-
coincides with the one-phonon approximation. Close to thénéntal values and we also reproduce the negative energy
zone boundary the evaluated linewidths are rather close t8hift observed in the\ direction.
those evaluated by considering three-phonon scattering
events, while for smaltj, we prove that higher-order anhar- ACKNOWLEDGMENT
monic interactions are essential in order to reproduce the
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