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Multiphonon effects in the one-phonon cross section of Al

R. Zivieri, G. Santoro, and V. Bortolani
Dipartimento di Fisica and INFM Unita` di Ricerca di Modena, Universita` degli Studi di Modena,

Via Campi 213/A, I-41100 Modena, Italy
~Received 24 February 1998!

We present a theoretical analysis of the phonon linewidth and energy shift observed with neutron spectros-
copy in the one-phonon resonances. To take full account of the anharmonicity of the crystal we use a
molecular-dynamics approach to evaluate the atomic displacement-displacement correlation functions. The
atoms in the crystal interact with a semiempirical many-body potential and anharmonic effects of all orders are
taken into account. The linewidths are evaluated for Al at two different temperatures, 80 and 300 K, in the
high-symmetry directions of the crystal. Our results reproduce well the experimental data. The larger damping
of the longitudinal phonons compared to that one of transverse phonons is fully explained in terms of anhar-
monic effects. Our analysis also confirms the anomalous behavior of the energy shift for longitudinal phonons
in the @111# direction.@S0163-1829~98!09933-0#
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I. INTRODUCTION

The inelastic scattering of neutrons by a crystal h
proved to be a powerful tool to investigate the anharmo
properties of solids.1,2 The effects of lattice anharmonicit
are particularly evident in the one-phonon peak in
neutron-scattering cross section. In the harmonic approxi
tion the one-phonon peak is a delta function centered at
frequency of the emitted or absorbed phonon from wh
neutrons are scattered. In an anharmonic crystal this d
function is broadened and shifted in position. For this rea
many of the theoretical investigations were addressed in
study of the one-phonon peak broadening and energy s
The theories of these phenomena were worked out in
1960s by Van Hove,3 Glauber,4 Kokkedee,5 and Maradudin
and Fein1 who presented detailed expressions for cubic a
quartic anharmonicity.

In this paper we present a molecular-dynamics~MD!
study of the displacement-displacement correlation functi
that appear in the cross section. The molecular dynam
approach fully takes into account the anharmonic nature
the interatomic potential in the determination of the corre
tion functions. We have chosen to study the linewidths of
since precise measurements6,7 are available.

To perform the computer simulation of the correlati
function, which involves thousands of atoms and a lo
simulation time of the order of nanoseconds, we use a c
sical interatomic potential.Ab initio calculations are not ye
suitable for long-time simulations. For this reason we w
use a many-body potential with parameters determined
first-principle calculations to describe properly the forc
among atoms in a distorted crystal. This potential is brie
discussed in Sec. II. The molecular dynamics method use
the calculations is presented in Sec. III. The correlation fu
tions we will use are described in Sec. IV. The results of
analysis both for longitudinal and transverse phonons in
high-symmetry directions are presented and discusse
Sec. V. The conclusions are drawn in Sec. VI.
PRB 580163-1829/98/58~9!/5429~6!/$15.00
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II. MANY-BODY POTENTIAL

In order to perform the molecular dynamics simulation w
use a many-body potential constructed according to
embedding-atom method8,9 defined by the form

V5
1

2 (
i , j Þ i

f~Ri j !1(
i

U~r i ! ~1!

with r i5( j Þ ir(Ri j ). The first term represents a central p
tential between the atom in the actual positionRi and the
atom in Rj with Ri j 5uRi2Rj u; the second term is the glu
term,10 whereU represents a nonlinear function ofr while r i
is a fictitious atomic charge on atomRi that takes into ac-
count the neighboring sites. The functionsf, r, andU are
determined by fitting the total potential toab initio calcula-
tions of the forces in many atomic configurations.8 In par-
ticular U violates the Cauchy relations among the elas
constants of the crystal and it describes accurately the fo
acting on the atoms out of the equilibrium position. T
range of the interactions extends up to 5.56 Å and after
distance the potential is set to zero.8 With the potential of Eq.
~1! we can perform long-time simulations with an accura
comparable to that of theab initio calculations.

III. MOLECULAR-DYNAMICS SIMULATION

The classical equations of motion can be written as

d2

dt2
Ri52

1

m (
j ~Þ i !

ā i j Ri j , ~2!

where

ā i j 5a i j 1S ]Ui

]r i
1

]U j

]r j
Dl i j , ~3!

with

a i j 5
1

Ri j

]f

]Ri j
, ~4!
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and

l i j 5
1

Ri j

]r i j ~Ri j !

]Ri j
. ~5!

To integrate the equations of motion we have used the G
predictor-corrector algorithm,11,12 obtaining the instanta
neous positionsRi(t) for each time step. To simulate th
bulk of Al we have chosen a cubic supercell on which
impose periodic boundary conditions.13 To obtain conver-
gent results, as discussed later on, we take the numbe
atomsN in the supercell to range between 500–4000 ato

Our molecular dynamics simulation code fully takes in
account the anharmonic nature of the interatomic potentia
the evaluation of the correlation functions. It proceeds by
following steps. We start by taking zero kinetic energy a
we randomize the positions of theN particles in order to
have net forces among particles. Then we introduce the
netic energy term and we solve the equations of moti
After 200–1000 step intervals the system reaches an equ
rium configuration. We allow the volume to expand un
formly. We then fix the temperature of interest. The syst
reaches this temperature after a few thousand time step
this point we fix the volume at that given temperature and
perform again 1000–2000 time steps without imposing a
constraint on the kinetic energy. The system reaches an e
librium configuration and the total energy remains fixed
the subsequential times. Having prepared the system in
way we can now perform the desired simulation.

IV. THE CROSS SECTION

We start by considering van Hove’s expression for
differential scattering cross section per unit solid angle a
unit interval of outgoing energy of the scattered neutron
the first Born approximation for coherent scattering:

d2scoh

dVde
5N

a2

\

qf

qi
S~k,v!, ~6!

where the dynamical structure factor14,15 is

S~k,v!5
1

2pE2`

`

dt G~k,t !, ~7!

and the generalized pair-correlation function1,14 is

G~k,t !5
1

N(
l ,l 8

e2 ik•x~ l !eik•x~ l 8!^e[ 2 ik•u~ l ,t !]e[ ik•u~ l 8,0!]&.

~8!

In these equationsqi is the neutron initial momentum an
qf5qi2k is the final momentum,\v, which is equal to
(\2/2m)(qi

22qf
2), is the energy transferred from the neutr

to the crystal,a is the scattering length of the nuclei,x( l ) is
the position vector of the mean position of thel th atom. It
can be written asx( l )5 l 1a11 l 2a21 l 3a3 , where a1 ,a2 ,a3
are the basic vectors of the lattice and thel ’s are integers;
u( l ,t) is the time-dependent displacement of the atom aw
from its mean position. The angle brackets denote the t
mal average. The problem of evaluating the multiphon
contribution to the cross section depends on the evaluatio
the correlation function̂e[ 2 ik•u( l ,t)]e[ ik•u( l 8,0)]&.
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The measured spectra are related to the one-phonon c
section1,16 given by

S1~k,v!5
e22W

2p (
l ,l 8

exp$2 ik•@x~ l !2x~ l 8!#%

3E
2`

1`

dt eivt^k•u~ l ,t !k•u~ l 8,0!&, ~9!

where the Debye-Waller factor can be approximated17 by

e22W5e22^~k•u!2&. ~10!

In this case the single phonon excited by the neutron in
acts both with the harmonic and anharmonic Hamiltonian
the crystal. The width associated with the one-phonon p
is determined by the anharmonicity of the crystal. In our M
calculations the expectation value on the anharmonic cry
is replaced by a time average over the starting timet.

The generalized pair-distribution function4 becomes

G~k,t !5 lim
T→`

(
l ,l 8

exp$2 ik•@x~ l !2x~ l 8!#%

3
1

T2tE0

T2t

dte2 ik•u~ l ,t1t!eik•u~ l 8,t!. ~11!

In the MD calculations we consider an fcc Al superc
with ten cubes along each of the three orthogonal axes,
ing a total of 4000 particles, atT580 K, and with five
cubes along each direction, giving a total of 500 particles
T5300 K and atT5900 K. Periodic boundary condition
are imposed. The time step is chosen according to the m
value of the displacement in order to properly integrate
equations of motion.Dt is in the range of 10214 sec. More
precisely we takeDt50.529310214 sec atT580 K and
Dt50.265310214 sec atT5300 K andT5900 K. The
total simulation time is of the order of a nanosecond. T
S(k,v) obtained in this way has been convoluted with
Gaussian resolution function18 in order to reduce the noise i
the spectrum that arises from numerical round off of erro

The convolution is made by centering the Gaussian cu
at a frequencyv̄ and replacingS(k,v) with18

S~k,v̄ !5
1

ApDv
E dv S~k,v!e2[v2v̄] 2/Dv2

. ~12!

At this point we study the range of temperature in whi
S(k,v) given by Eq.~8! can be approximated by the one
phonon dynamical structure factorS1(k,v). The line shape
of the dynamical structure factor and the Debye-Wal
structure factor depends critically on the magnitude of
scattering momentumk5q1G, whereq is inside the first
Brillouin zone ~BZ! and G is a reciprocal lattice vector. In
the experimental results the frequencies and the widths of
peaks are given as a function ofq ~Refs. 6 and 19! and not of
the scattering momentumk. To study the effect of the mo
mentum transfer on the line shape we have performed ca
lations forqBZ52p/a (1 0 0) and fork53qBZ to simulate
a real experiment. The full width at half maximum of th
convolution Gaussian has been chosen as a function of
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branch index, the reduced wave vector, and the tempera
studied, in the range of 0.2–0.5 meV forT580 K and of
0.4–0.7 meV forT5300 K.

We perform calculations atT580 K, T5300 K, andT
5900 K. The values ofS(qBZ ,v) and S1(qBZ ,v) nearly
coincide fork5qBZ up to 900 K. Only fork53qBZ at T
5900 K the approximation starts to break down, as see
Fig. 1. For this reason it is legitimate to useS1(q,v) to
interpret the neutron data up to room temperature forq in-
side the BZ.

V. RESULTS

We consider the one-phonon pair-correlation funct
given1 by

G1~q,t !5
e22W

2p (
a,b

qaqbgab~q,t !, ~13!

with

gab~q,t !5 lim
T→`

1

T2t

1

N(
l ,l 8

E
0

T2t

dt ua~ l ,t1t!ub~ l 8,t !

3eiq•[x~ l !2x~ l 8!] . ~14!

The Fourier transform can be written as16,18

Sab~q,v!5 lim
T→`

1

T

1

NE0

T

dt uqa~ t !eivt

3E
0

T

dt8 u2qb~ t8!e2 ivt8, ~15!

according to the Wiener-Khinchine theorem with

uqa~ t !5(
l

eiq•x~ l !ua~ l ,t !. ~16!

The evaluation of̂ u2& appearing in 2W with the MD simu-
lation does not depend critically on the number of partic

FIG. 1. Dynamical structure factorS(q,v), dashed line, and
one-phonon cross sectionS1(q,v), full line, for q52p/a (300).
re

in

s

and on the length of the simulation, hence usingN5500
particles and a simulation time of 100 psec we obtainul

2

independent on the cell index, as required by translatio
invariance with the fulfillment of^ux

2&5^uy
2&5^uz

2&. The
Debye-Waller factor as a function of the temperature
drawn in Fig. 2. In our classical approach it is linear inT in
the range betweenT580 K andT5700 K, while at higher
temperatures there is a change of slope. We have also e
ated the Debye-Waller factor in the harmonic approximat
using a Debye model in the high-temperature limit.20 The
average speed of sound is evaluated from the experime
data as follows:

3

va
3

5(
j

F g~111!

v j~111!3
1

g~110!

v j~110!3
1

g~100!

v j~100!3G
3

1

g~111!1g~110!1g~100!
, ~17!

where theg’s are the stars ofq in the measured symmetr
directions andv j is the speed of sound in thej th branch. The
Debye temperature results to beu5308 K. The harmonic
Debye-Waller factor is also plotted in Fig. 2 as dashed li
Up to room temperature the two Debye-Waller factors co
cide but the slope is different. The difference in the slope
due to the anharmonic part of the potential and is a mea
of the importance of the multiphonon scattering events.
Fig. 2 is also present a second change of slope aro
700 K. Our MD analysis explains this change of slope.
fact above 700 K the system starts to lose the fcc lat
geometry.

In Fig. 3 we present the calculation of thegxx(q,t) for
q52p/a (0.8 0 0) performed atT580 K. In this case to
achieve convergence in the results we have considered 4
particles. As seen from Fig. 3~a!, G1(q,t) cannot be approxi-
mated by an exponent of the forme2Gt. This means that the
dynamical structure factor does not have a Lorentzian sh
As shown by Maradudin and Fein,S(q,v) has a Lorentzian
form only when cubic anharmonicity is considered in t
Hamiltonian. Our results indicate the importance of the qu
tic and higher-order anharmonicity in the multiphonon pr

FIG. 2. The harmonic Debye-Waller factor~dashed line! com-
pared with the one calculated with MD simulation~full line!.
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cesses. In Fig. 3~b! are presented the raw data ofS1(q,v).
The linewidthG(q,v) is obtained by convoluting with Eq
~13! the raw data obtained by evaluatingS1(q,v) and taking
the width of the one-phonon peak at half maximum.

We compare our calculations with the extensive exp
mental data on Al performed by Stedman and Nilsson.6 We
start by considering phonons in theD direction. In Figs. 4
and 5 are depicted our calculations of the phonon widths
longitudinal phonons and transverse phonons, respectiv
Panel~a! refers toT5300 K, while panel~b! is relative to
T580 K. Comparing the results for longitudinal and tran
verse modes it can be seen that by increasing the temper
the linewidths increase noticeably, and especially those
the transverse branch. The calculations reproduce quite
the experimental results. AtT5300 K a well-developed
peak is present around the zone boundary. The presen
this peak was explained by some of us21 in terms of three-
phonon scattering. The agreement with the full calculation
an indication of the importance of the cubic anharmonic

FIG. 3. ~a! Correlation function atT580 K. ~b! Correspondent
one-phonon cross section.

FIG. 4. ~a! Linewidths for the longitudinal branch atT
5300 K in @100# direction. Solid circles: calculated values.~b! As
for ~a!, but for T580 K.
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for this scattering geometry. In the previous work21 the cal-
culated linewidths with only cubic anharmonicity at smallq
were much smaller than the experimental ones. Our res
indicate that at small momentum the conservation of ene
and momentum can be satisfied by many processes, inv
ing several phonons around theG point.

We now discuss the energy shift. Our calculations sh
that the position of the maximum inS(q,v) is very sensitive
to the number of particles. Convergent results have been
tained usingN54000 particles and a simulation time of 3
psec. At 80 K the MD calculations agree very well with th
phonon frequencies evaluated in the harmonic approxima
at T.0 K.8 For this reason the energy shifts evaluated
300 K are defined asDv5v(T5300 K)2v(T580 K).1

We present the energy shifts for theD direction in Fig. 6.
Our calculations reproduce the experimental trend7 as a func-
tion of q even if the error bar of the experimental data6,22 is
large. The multiphonon scattering is playing a different ro
for different values ofq. We do not obtain a shift propor
tional to DT as obtained in Ref. 1 by considering three- a
four-phonon processes. The calculations reproduce the m

FIG. 5. As in Fig. 4, but for the transverse branch.

FIG. 6. ~a! Energy shifts for the longitudinal branch betwee
phonon modes atT580 K andT5300 K in @100# direction. Solid
circles: calculated values.~b! As for ~a!, but for the transverse
branch.
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mum present for longitudinal phonons aroundq
52p/a (0.5 0 0). For the transverse phonons our calcu
tions underestimate the frequency shift atq
52p/a (0.6 0 0). However, in general, the calculatio
prove that the energy shifts are determined entirely
higher-order phonon interactions.

In Figs. 7 and 8 are presented the linewidths, respectiv
for longitudinal and transverse phonons in theL direction at
300 and 80 K. Again multiphonon processes are more imp
tant for the longitudinal phonons. The linewidth of transve
phonons is much smaller than the linewidth of the longitu
nal phonons. Our calculations reproduce in a satisfac
way the experimental results. The maximum aroundq
52p/a (0.4 0.4 0.4) atT5300 K can be mainly imputed
according to our previous calculations to cub
anharmonicity.21 We also note that the minimum atq
.2p/a (0.25 0.25 0.25) in the direction of longitudina
phonons is practically independent on temperature. The
ergy shifts are depicted in Fig. 9. In this case the experim
tal data present an anomalous negative energy shift aro
the zone boundary that is also reproduced by our calc
tions.

FIG. 7. ~a! Linewidths for the longitudinal branch atT
5300 K in @111# direction. Solid circles: calculated values.~b! As
for ~a!, but for T580 K.

FIG. 8. As in Fig. 7, but for the transverse branch.
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In Figs. 10 and 11 we draw the linewidth in theS direc-
tion at 80 and 300 K. Again multiphonon scattering eve
favor the longitudinal modes. In this case the increase oT
enhances strongly the linewidth of the longitudinal mode
the region of the small and large momentum producing
well-defined deep atq.2p/a (0.4 0.4 0) atT5300 K. In
this direction, as shown in Fig. 12, the experimental ene
shifts are in good agreement with the results of the M
simulations.

VI. CONCLUSIONS

In this paper we have shown that it is feasible to evalu
the dynamical structure factorS(q,v) with a classical MD
simulation. The evaluated linewidth turns out to be very s
sitive to the number of particles and to the total simulati
time. To reach convergence in the results, especially at s

FIG. 9. ~a! Energy shifts for the longitudinal branch betwee
phonon modes atT580 K andT5300 K in @111# direction. Solid
circles: calculated values.~b! As for ~a!, but for the transverse
branch.

FIG. 10. ~a! Linewidths for the longitudinal branch atT
580 K in @110# direction. Solid circles: calculated values.~b! As
for ~a!, but for the high transverse branchT1. ~c! As for ~a!, but for
the low transverse branchT2.
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5434 PRB 58R. ZIVIERI, G. SANTORO, AND V. BORTOLANI
q, 4000–5000 particles and a long simulation tim
~.1 nsec! are needed. For this reason the calculations h
been performed with an analytical form of the potential. T
many-body potential that we have used explains in a v
satisfactory way the experimental data. We have also pro
that for a large range of temperature the total cross sec
coincides with the one-phonon approximation. Close to
zone boundary the evaluated linewidths are rather clos
those evaluated by considering three-phonon scatte
events, while for smallq, we prove that higher-order anha
monic interactions are essential in order to reproduce
experimental widths. The evaluated energy shift is negligi
up to 80 K, so that the experimental frequencies at low te

FIG. 11. As in Fig. 10, but forT5300 K.
n
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perature can be assumed as those of the harmonic cry
The energy shift at 300 K agrees very well with the expe
mental values and we also reproduce the negative en
shift observed in theL direction.
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FIG. 12. ~a! Energy shifts for the longitudinal branch betwee
phonon modes atT580 K andT5300 K in @110# direction. Solid
circles: calculated values.~b! As for ~a!, but for the high transverse
branchT1. ~c! As for panel~a!, but for the low transverse branc
T2.
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