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Highly anisotropic electronic structure in decagonal quasicrystals and approximants
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We present detailedab initio calculations of the electronic structure in decagonal quasicrystals and approxi-
mants and in crystalline compounds in the Al-Cu-Co and Al-Mn systems. The observed anisotropy of the
electronic structure is discussed in relation to the anomalous transport properties of the decagonal quasicrystals.
Our results can explain the appearance of large transport anisotropies in the quasicrystalline and approximant
phases. The effect of disorder on the anisotropies has been investigated.@S0163-1829~98!04533-0#
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I. INTRODUCTION

The discovery of quasicrystalline alloys has stimula
numerous experimental investigations of physical proper
intrinsically related to the quasiperiodicity of the atom
structure. Transport properties in particular are expecte
be affected by the loss of translational invariance. For ico
hedral quasicrystals it has been shown that the lo
temperature resistivity reaches severalV cm, decreases al
most linearily with temperature, and increases with structu
perfection.1–3 Decagonal quasicrystals show in addition
strong anisotropy of the transport properties and the ele
cal conductivity may be described as metallic along the
riodic direction and nonmetallic in the quasiperiod
planes.4–6 Following the pioneering work of Kohomoto
et al.7 on quasiperiodic one-dimensional chains demonst
ing that quasiperiodicity leads to ‘‘critical’’ eigenstates~with
a power-law decay of the amplitudes! and a singular continu
ous spectrum there have been numerous attempts to r
the transport properties of real quasicrystals to the spikin
of the electronic density of states~DOS! and in particular to
the existence of a pseudogap (5DOS minimum! at the
Fermi level.8–10

Some recent results have demonstrated that the situa
is in reality more complex.~a! Photoemission and optica
conductivity experiments11 have demonstrated that th
pseudogap at the Fermi level characteristic for many ico
hedral alloys is absent in decagonal alloys—in agreem
with the most recent theoretical studies.12,13 ~b! Highly an-
isotropic transport properties have been reported also
some decagonal approximants@Al13Co~Fe!4, Al3Mn#.14 In
the Al-Mn approximant the nonmetallic behavior is even o
served along the axis perpendicular to the plane with p
tagonal atomic arrangements (5 the ‘‘pseudoquasiperi-
odic’’ planes!. The result ~a! raises the problem o
nonmetallic transport properties in the presence of a h
number of carriers and~b! suggests that the anisotropic tran
port properties cannot be explained as an effect of
pseudoquasiperiodicity alone.
PRB 580163-1829/98/58~9!/5378~6!/$15.00
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In this paper we present detailedab initio calculations of
the electronic structure and of the transport properties
model decagonal quasicrystals and approximants in the
Cu-Co and Al-Mn systems performed using the tight-bindi
linear-muffin-tin-orbital ~TB-LMTO! ~Refs. 15,16! tech-
nique. We use the Boltzmann-Bloch conductivity as a qu
tity for characterizing the anisotropy of the electronic stru
ture. We show that in all systems the anisotropy of t
transport properties with ‘‘nonmetallic’’ behavior along ce
tain crystallographic planes or symmetry directions is rela
to a corresponding anisotropy in the electronic band str
ture. The band structure in turn depends quite sensitively
details of the atomic structure. Introducing atomic disord
leads to a pronounced enhancement of the Boltzmann-B
conductivity in the nonmetallic directions while the condu
tivity in the other directions is hardly affected.

II. STRUCTURAL MODELS

Our model structure for the decagonal Al-Cu-Co alloys
based on a Klotz-triangle tiling of the quasiperiodic plane17

as proposed by Burkov.18 We choose a variant which has
simple cut-and-projection representation in five-dimensio
space—this facilitates the construction of rational appro
mants. Here we consider an orthorhombic approximanta
532.07 Å,b537.78 Å,c54.18 Å) with 352 atoms and the
‘‘magic’’ composition Alt21Cut8Cot8 , t85(22t)/2, i.e.,
Al0.62Cu0.19Co0.19, wheret5(11A5)/2 is the golden mean
The distribution of Cu and Co over the sites available for
transition-metal atoms is not determined by the available
fraction data, it has been chosen such as to optimize
agreement of the calculated electronic structure with the p
toemission data.11 The new Burkov-model for decagonal A
Cu-Co leads to more realistic results for the electronic str
ture than earlier models based on a binary Penrose tilin19

Details of our structural model have been published e
where~see Ref. 12!. In addition to the decagonal alloys w
considered the crystalline intermetallic compounds Al13Co4
and Al7Cu2Co. The orthorhombic cell of Al13Co4 (a
5378 © 1998 The American Physical Society
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514.0 Å, b511.84 Å, c57.72 Å) contains 92 atoms, w
used the idealized atomic coordinates proposed by Wido20

This structure is characterized by pentagonal atomic arra
ments in the plane perpendicular to theb-axis, similar to the
decagonal phase. Al7Cu2Co has a composition very simila
to that of the decagonal phase, but its tetragonal struc
~space groupP4/mnc, a5b56.315 Å, c514.74 Å, 40
atoms/cell! ~Ref. 21! is not directly related to the decagon
phase.

For decagonal Al-Mn and Al-Pd-Mn a close structur
relationship between the decagonal phase and crysta
Al3Mn ~Taylor’s phase orT phase,22 orthorhombic, a
512.56 Å, b514.77 Å, c512.43 Å) and the Robinson~or
R) phase Al60Ni4Mn11 ~Ref. 23! ~orthorhombic,a57.76 Å,
b523.90 Å, c512.43 Å) has been established.13,24 In both
cases the ‘‘pseudoquasiperiodic’’ plane is perpendicula
the c axis. While bothR and T phases can be described
terms of tiling of a single hexagonal (H) supercell, in the
decagonal phase there are two more supercells in the for
a pentagonal star (P) and a decagon (D). All DPH tilings
may be decomposed into pentagonal clusters propose
Hiragaet al.24 Figure 1 shows the arrangement of theH tiles
and their decomposition into Hiragas pentagonal clusters
both phases. For the idealized structures of theR and T
phases based onH tiling and preserving the pentagonal clu
ters, we derive a composition of 20.5 at. % Mn, further str
tural details may be found in Ref. 13.

III. ANISOTROPIC ELECTRONIC STRUCTURE

Figure 2 shows the total and partial electronic densities
states~DOS! calculated for decagonal Al-Cu-Co using 32k
points in the irreducible zone. The main characteristics a
parabolic Al-DOS with a broad structure-induced~andsp-d
hybridization enhanced! minimum at the Fermi level super
posed by Co and Cu bands peaked at20.7 eV and23.6 eV
belowEF , respectively.d-band positions and the high valu
of the total DOS at the Fermi level are well confirmed
photoemission11 and soft-x-ray spectra.25 Trambly de Lais-
sardière and Fujiwara26 have published calculations of th
electronic structure of a smaller approximant with compo
tion Al66Cu30Co14 based on the earlier version of the Burko
model,19 predicting a low density of states at the Fermi lev

FIG. 1. Tiling of the pseudoquasiperiodic planes of theR andT
phases with squashed hexagons (H tiles! and decomposition into
Hiragas pentagonal columnar clusters. The shading of the pe
gons indicate the twofold screw-symmetry relationship between
lumnar clusters decorating pairs of edge-sharing pentagons.
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The difference between both sets of calculations can be
tributed to the structural models. Both crystalline compoun
show stronger Al-sp-TM-d hybridization and Cu and Co-d
bands shifted to higher binding energies so that
pseudogap in the Al band is no longer covered up by a h
Co-d DOS. The pseudogap is deepest in Al7Cu2Co. Details
have been published elsewhere.12

The structure of bandsEn(k) in a system with many at-
oms in the unit cell is very complicated. We use t
Boltzmann-Bloch conductivity as a convenient quantity f
characterizing the anisotropy of the electronic structu
Within the Boltzmann-Bloch theory the conductivitys can
be expressed as8

sab5
e2

V0
t(

n,k
vna~k!vnb~k!S 2

] f

]En~k! D , ~1!

wheret is the relaxation time,V0 is volume per atom, andf
is the Fermi-Dirac function. The band velocities are calc
lated in terms of the gradients of the dispersion relations
the electronic eigenstates27 as

vna~k!5
1

\

]En~k!

]ka
. ~2!

At zero temperature the conductivitys may be under-
stood as a function of the position of the Fermi levelEF ,
s5s(EF). The application of Boltzmann-Bloch theory t
quasiperiodic systems has been criticized because the sc

ta-
o-

FIG. 2. Electronic density of states for decagon
Al0.62Cu0.19Co0.19. From top to bottom: total DOS and partial Co
Cu, and Al DOS.
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properties of critical eigenstates lead to the expectation
the propagation of the electrons is not ballistic in quasip
odic in contrast to periodic systems.9,10 However, so far the
criticality of the eigenstates has been established only
simplified model quasicrystals, and the appearance of
anomalous transport properties in crystalline systems s
gests that criticality of the eigenstates cannot be the deci
factor. As noted above we understand the Boltzmann-Bl
conductivity as a convenient quantity for characterizing
anisotropy of the electronic structure. However, as we s
see later the anisotropy of the transport properties with n
metallic behavior along certain crystallographic planes
symmetry directions is related to a corresponding anisotr
in the electronic band structure. Although we are interes
in anisotropies of the electronic structure and the abso
value of the zero temperature conductivity is not of our p
mary interest, the realistic assumption about the value of
relaxation timet;10215 s provides values of conductivitie
well comparable with experimental values. The lo
temperature resistivity ofd-Al0.65Cu0.15Co0.20 measured in
the periodic direction4 is 32mV cm, the corresponding valu
calculated for the Burkov model ofd-AlCuCo from the
Boltzmann-Bloch formula~1!,~2! is 25 mV cm.

IV. RESULTS AND DISCUSSION

Figures 3~a!–3~c! show the energy-dependent conducti
ties sab(E) scaled by the relaxation timet calculated for
d-Al0.62Cu0.19Co0.19 ~a!, Al13Co4 ~b!, and Al7Cu2Co ~c! along
the directions of the Cartesian axes. The Fermi level is
cated atE50. The energy dependence of the conductiv
shows its behavior~in a rigid-band approximation! if the
Fermi level is shifted. For the decagonal phase we find v
low conductivities in the quasiperiodic (x,y) plane, for all
energies in the range of Co and Cu-d bands. The conductiv
ity along the decagonal axis is much higher and stron
energy dependent. At the actual position of the Fermi le
the transport anisotropy isszz/sxx;50. If the chemical
decoration of the tiling is changed, the conductivity in t
quasiperiodic plane is hardly affected, but the peak clos
the Fermi energy in the conductivity along the periodic
rection changes in position and amplitude. Altogether
anisotropy ratio varies betweensp /sq;20 and sp /sq
;150. We assume that the origin of the experimentally
served anisotropic transport properties is in a strongly an
tropic band structure. The electronic eigenstates show o
very weak dispersion along directions within the quasipe
odic planes and much stronger dispersion in the perio
direction. If we scale the conductivities with the square
linear dimensions we find thatl a

2saa(E) is almost isotropic.
In order to simulate thermal disorder we generated dis
dered configurations by shifting the atoms by random d
placement vectors with a Gaussian distribution. Here we
port the conductivities calculated for a standard deviation
Dr 50.15 Å ~for comparison the shortest nearest-neigh
distance is;2.5 Å). We find that the conductivity in the
quasiperiodic plane increases by a factor of 5 at the Fe
energy of d-AlCuCo ~and even more at lower energies!,
while that along the periodic direction is hardly affected@see
Fig. 3~a!# and the transport anisotropy is reduced
szz/sxx;10. Martin et al.4 found for d-Al65Cu15Co20
at
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anisotropies of szz/sxx;10 at low temperature and
szz/sxx;8 at room temperature. Considering the small d
ferences in composition and certain degree of disorder th
unavoidable in the laboratory-made samples, the agreem
is satisfactory.

Earlier calculations by Trambly de Laissardie`re and
Fujiwara26 based on a smaller approximant~110 atoms/cell!
of a different structural model19 and a slightly different com-
position led to a higher resistivity along the periodic dire
tion (rp569mV cm) and a considerably smaller anisotro
ratio ~for the perfectly ordered model! of szz/sxx;5. Hence
the electronic structure calculated for the older variant of
Burkov model is less anisotropic than that of the ne
models,18 it also agrees better with spectroscopic data.

For the orthorhombic approximant Al13Co4 the conduc-
tivities are very similar to those in the decagonal phase@see
Fig. 3~b!#, with szz@syy;sxx in a wide energy range and
transport anisotropy ofszz/sxx;8 close to the Fermi level
increasing steeply toszz/sxx;20 only 0.2–0.3 eV below
EF ~note that for consistency we have oriented theb axis
along thez direction!. In contrast to our model decagon
alloy where we find a large transport anisotropy for a wi
range of energies, the anisotropic behavior of Al13Co4 com-
pound depends quite sensitively on the precise position
the Fermi level. Experimentally Volkov and Poon14 reported
for orthorhombic Al-Co compounds with compositions var
ing between 23.2 and 25.8 at. % Co~to be compared with
23.5 at. % in Al13Co4) an anisotropy of;30. The tetragonal
Al7Cu2Co @see Fig. 3~c!# compound, on the other hand
shows essentially isotropic transport properties, with cond
tivities that are in all directions of the same order as in
metallic directions of the quasiperiodic and approxima
phases.

The electronic density of states of all Al-Mn phases
strongly structured around the Fermi level~see Fig. 4!. In
particular we find a sharp peak immediately atEF and a very
deep DOS minimum atE;0.8 eV. These details depen
very sensitively on details of the chemical decoration
particularly on that of the sites not belonging to the penta
nal columnar clusters whose decoration is hence less su
to symmetry constraints. Interchanging the occupation
two sites with Al and Mn, respectively, such as to enhan
the Mn-Mn coordination~and increasing the concentration
23.1 at. %! leads for bothR and T phases to very deep
pseudogaps only a few tenths of an eV aboveEF @see the
results labeledR(T)-V2 in Fig. 4#. Close inspection of the
band structure shows a strong dispersion of eigenstates a
kz ~the periodic direction! and much weaker dispersion in th
pseudoquasiperiodic plane. In both phases a real gap
;50 meV is found in the quasiperiodic plane forkz;0. For
the R-V2 phase the gap closes near the boundary of
Brillouin zone as one moves away formkz50 to kz50.5, in
the T-V2 phase the gap persists but its position shifts
cause of the dispersion of the eigenstates. Hence on
pseudogap appears in the total DOS. For icosahedral qu
crystals and approximants (i -AlPdRe,i -AlCuFe) similar
very sharp and deep pseudogaps have been detected by
neling spectroscopy.28

For the conductivities we find a strongly structure
sab(E) with very low values for all three Cartesian dire
tions, for both V2-type compounds—so far in agreeme
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FIG. 3. Low-temperature conductivitiessab(E) scaled by the relaxation timet calculated in three Cartesian directions for decago
Al0.62Cu0.19Co0.19 ~a!, orthorhombic Al13Co4, ~b!, and tetragonal Al7Cu2Co ~c!. The dashed lines in~a! shows the quantitiessab(E)/t
calculated for a decagonal structure with a superposed random disorder~see the text!.
di
e

with the results of Volkov and Poon14 ~see Fig. 5!. Most
remarkably, for both components the conductivity in one
rection goes to zero at an energy;0.2 eV (R-V2), respec-
-
tively ;0.4 (T-V2) eV above the Fermi level. For theR
phase this direction is along theb edge of the cell, for theT
phase this is thea axis. Note that in both cases this is th
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5382 PRB 58M. KRAJČÍ AND J. HAFNER
direction along which the edge sharing pentagons are alig
~see Fig. 1!.

V. SUMMARY AND CONCLUSION

Our results for the Al-Mn-d approximants may be sum
marized as follows.~a! The close structural relationship wit
thed phase leads to a very spiky structure of the DOS in
vicinity of EF ; the details of the structure depend quite se
sitively on minor aspects of the chemical decoration.~b! Av-
eraged over an energy range of even a very few tenths o
eV, the conductivity is essentially isotropic, despite t
structural similarity with the decagonal phase.~c! At the en-
ergy where the deepest pseudogap in the DOS is foun
true conductivity gap of;50 meV exists in the direction
along which the pentagonal columnar clusters are joined
rectly together. If the Fermi edge falls at this energy,
conductivity along this direction will decrease steeply in th
direction. Again the existence of the conductivity depen
sensitively on the chemical decoration—it is absent in v
sionV1 of theR phase, in spite of a very similar structure
the DOS. The existence of a conductivity gap in a sin
crystallographic direction agrees with the experimental
sults of Volkov and Poon—but there is no agreement in
directions along which this effect is observed. The reas
for the discrepancy have to be found in the details of
crystalline structure. Our calculations have been perform
on idealized models with a composition very close

FIG. 4. Electronic densities of states for the Al-MnR and T
phases@~a! R, version 1,~b! R, version 2,~c! T, version 2!.
ed
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Al13Mn4. Volkov and Poon14 give a composition of
Al10.6Mn4 for a structure described as identical to t
Hiragas24 Al11.7Mn4 phase. A number of atomic sites in th
Hiragas structure have a fractional or mixed occupati
Hence a number of open problems concerning the pre

FIG. 5. Low-temperature conductivitiessab(E) scaled by the
relaxation timet calculated in three Cartesian directions for theR
and T phases~both version 2!, corresponding to the densities o
states shown in Fig. 4.
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structure of the Al11Mn4 approximant phase will have to b
clarified before we can proceed to a more detailed comp
son between theory and experiment.

However, it remains remarkable that extremely narr
gaps in the electronic density of states andunidirectional
conductivity can exist in decagonal approximants. Togeth
our results for the decagonal Al-Cu-Co quasicrystals and
proximants and for the decagonal Al-Mn approximants sh
light on two facts of the electronic transport properties
quasicrystals.~a! The results ford-Al-CuCo quasicrystals
emphasize the important role of the widely different leng
scales in the periodic and quasiperiodic directions leadin
strong differences in the dispersion of the electronic eig
states and to the characteristic scaling behavior in the e
tronic conductivities.~b! The results for thed-Al-Cu-Co and
d-Al-Mn approximants emphasize the important role of t
local atomic structure. For a certain local order the electro
spectrum show very strong structures~spikes, gaps!, much
stronger than usually observed even in the quasiperio
limit. For certain directions and energies this can even ca
the appearance of conductivity gap of the order of;50 meV
and hence to an insulating behavior in the limitT→0 K.
From the analysis of the local densities of states, the dis
sion relations and of the participation ratio we suspect t
the structure in the spectrum and the existence of a vanis
conductivity is related to a special character of the electro
eigenstates~resonant properties, large coherence lengths!—
et
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however, this remains to be explained in more detail. In t
context it would be extremely helpful if the experiment
transport investigations were supplemented by spectrosc
investigations with very high resolution.

However, one should also not forget to emphasize
limitations of the Boltzmann-approach. Several attem
have been made to go beyond the quasiclassical descrip
based either on a multichannel Landauer formula for
conductivity29,30 or using the knowledge of the electron
eigenstates~and not only of the dispersion relations as
Boltzmann theory! within the framework of Kubo-
Greenwood theory.10,31So far such calculations are restricte
to simple model systems, with the exception of the work
Fujiwaraet al.10 Fujiwaraet al. analyzed the electronic dif
fusivity in the quasiperiodic plane of approximants
d-Al-Cu-Co, with particular emphasis on the scaling beha
ior, but stopped short of a calculation of the anisotropy of
transport properties. A Kubo-Greenwood calculation for t
systems discussed in the present study is under way. Re
will be published in due course.32
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