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Dechanneling by dislocations: A model quantum-mechanical calculation

L. N. S. Prakash Goteti and Anand P. Pathak*
School of Physics, University of Hyderabad, Hyderabad 500 046, India

~Received 27 March 1998!

A quantum-mechanical treatment of the effects of dislocations on planar dechanneling is given. A simple
harmonic model for planar potential due to two planes surrounding the channel and corresponding bound states
in this transverse potential are considered. The transition probabilities among these states, due to distortions in
the planar channel and the resulting dechanneling probabilities for varying distortion are calculated. The energy
dependence of these dechanneling probabilities for initially well channeled particles has been estimated.
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I. INTRODUCTION

The effects of defects~both point defects as well as ex
tended defects! on charged particle propagation along ma
crystallographic directions and planes have been studied
some time. The motivation has been to be able to
charged particle probes to study the materials for their pu
because the properties like conductivity, stress, and ten
strength, etc., are influenced by the presence of defe
These defects have a great influence on the characte
properties of the materials in general, and semiconductor
particular, where the formation of the dislocations during
growth modifies the properties like carrier density, lifetim
of minority carrier, etc. Another motivation is to study th
strain created vis-a-vis defects generated during growth
semiconductor devices like quantum well heterostructur1

In the case of point defects, one can study the related eff
due to impurity scattering by evaluating, quantum mecha
cally, the corresponding scattering cross sections.2 Similar
quantum treatment for the effects of extended defects
dislocations has not been given so far.

The extended defects can be broadly classified betw
obstruction type~like stacking faults! and distortion type
~like dislocations!. Recently, we considered the dechannel
effects due to stacking faults, quantum mechanically.3 Here
we present a quantum-mechanical model calculation for
dechanneling effects due to distortions of the planar chan
caused by dislocations. The presence of dislocations and
resulting distortions affects the spectrum of channeled fl
even though the energy loss of well-channeled particle
not significantly affected.4 Classical calculations related t
the effects of defects5,6 on channeling are good enough f
heavier particles like protons,a particles, and heavy ions.7

However, the interaction of lighter particles like positro
and electrons with solids should be described quan
mechanically8 because these particles cannot be regarde
being localized but rather as an extended wave in
crystal.9 Moreover, these light particles are very sensitive
probe various kind of defects present in the solid.10 During
the propagation of the channeled particles, the longitud
energy is nearly constant and the motion is of a free part
type. In transverse space the particle sees a continuum
tential due to an atomic string/plane. For positive partic
like positrons, this may be approximated to a harmo
PRB 580163-1829/98/58~9!/5243~7!/$15.00
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oscillator-type potential for smaller amplitudes. With the
basic concepts, a quantum-mechanical formulation is de
oped, and a description for dechanneling is given with s
cific reference to dislocations.

In this work we concentrate on a quantum-mechani
model for the effects of dislocations on initially wel
channeled particles in a planar channel. For the case of st
ing faults, the effect is obstruction type and the treatmen
simple, whereas for the case of dislocations the channels
distorted and these distortion effects on channeling are in
porated by introducing an energy term@(2E/R)x# due to
transverse deflecting centrifugal force,11 E being the average
energy in the curved part of the channel with radius of c
vatureR and x being the position of the particle in a tran
verse direction. This term is to be added to the well-kno
continuum potential12 surrounding the channel, which acts
a restoring force. We are considering the regions outsid
critical region around the dislocations. The regions with
that critical radius are distorted heavily, which leads
dechanneling of most of the particles arriving in that regio
However, the regions outside that core region are only m
erately affected, and the channeling and continuum mode
still valid and used extensively by incorporating the effe
of distortion through the above-mentioned centrifugal for
term. The situation in these regions is similar to that found
the bending of beams by bent crystal channeling13 explained
with continuum model. The condition is that bending shou
be less than the critical angle for channeling. The criti
minimum radius of curvatureRmc of channels below which
the particle will dechannel completely can be obtained
equating the deflecting centrifugal force to the restor
force due to planar potential, evaluated at the minimum d
tance of approachaTF , and is given by11,14,15

Rmc5
4E

pz1z2e2CNp

.

Here, Np5Ndp52Nl, with dp52l as width of the planar
channelaTF is the Thomas Fermi screening radius,C is the
Lindhard constant given by), z1 , z2 are the atomic num-
bers of the projectile particle and target atom, respectiv
andN is bulk density of atoms in the crystal.

All the particles coming in the channels with a radius
curvature less thanRmc will get dechanneled. Using the stan
5243 © 1998 The American Physical Society
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dard displacement equations, the corresponding critical
tance of such channels from the dislocation corer 0 is
calculated.5,6,11As shown in Fig. 1, the channels outside th
region of radiusr 0 around the dislocation core, called th
dechanneling cylinder, are distorted slightly and result
only a slight modification of the state of motion of the cha
neled particles. We concentrate on the simplest case of s
dislocations with low concentrations so that there is
nucleation of dislocation loops. Here we consider the ch
nels situated farthest from the dislocation axis. The amo
of distortion present in a channel depends on the ave
concentration of the dislocationsn. One can make an est
mate for the farthest distance from the dislocation in terms
dislocation concentration@r 0

max51
2(n

1/2)#.
On the other hand, by solving the displacement equati

for screw dislocation, the minimal radius of curvature is o
tained from which one may obtain the mean dechanne
radius, and is given by5

r 05AS bRmc

10 D , ~1!

with b as the Burgers vector.

II. QUANTUM DESCRIPTION

We consider the motion of the positrons described in
rest frame of the particle. In this frame the particle ‘‘see
the continuum potentialgV(x) in the transverse direction
because of the fact that for the relativistic energies, the c
tinuum potential in the transverse space is enhanced b
factor of g @51/A(12vz

2/c2)#, due to the length contrac
tion in the direction of propagation (z). When the particle
enters into the distorted portion, the motion of the particle
modified due to the influence of the curvature, and in t
distorted part of the channel the modified continuum pot
tial as ‘‘seen’’ by the particle becomesgVeff(x), which is
written as

gVeff5gV~x!2g2mvZ
2H b

p

r 0~gZ!

~r 0
21g2Z2!2J x. ~2!

FIG. 1. The planar channels that are distorted due to presen
a dislocation. HereRm is minimal radius of curvature of a typica
channel situated at a distancer 0 .
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The expression for the dechanneling radiusr 0 in terms of
the minimal critical radius of the curvatureRmc is obtained
by equating the restoring force (2gdV/dy) to the maximum
value of the deflecting force due to curvature, as describe
Sec. I and one may notice that, due to these relativistic
fects,r 0 in Eq. ~1! is enhanced by a factor ofAg.

As in the stacking fault case,3 the quantum description
means transition among the energy levels in the transv
potential. These transitions are induced by the distortion c
ated due to dislocations. As before, we use a harmonic
cillator model for the transverse potential and the sudd
approximation for transitions. The coupling constanta ~ap-
pearing in the normal harmonic oscillator model potent
a5Am'v/\) will change to a8 in the distorted portion
because the oscillation frequency of the particle gets mo
fied in this distorted portion.

The force constant that is modified due to the distortion
the channel is obtained with the consideration of the h
monic approximation to the above effective planar potent
This analysis is appropriate for the channels that are situ
far away from the dislocation, which in turn implies that w
are considering crystals with low dislocation concentratio
~typically, 106– 108 per cm2).

Classically, initially a well-channeled particle in an undi
torted region starts oscillating about the axis of the distor
channel. Once it enters into the distorted portion, the pot
tial minimum is shifted due to curvature by an amount
say ar , which reduces the available space in the chan
The expression for the shift in the potential minimumar
~about which the particle oscillates! in the distorted channe
is obtained with an approximation, namely, neglecting fou
and higher-order terms ofx/L that in turn means that we ar
dealing with those channels that are not heavily distor
~i.e., not very close to the dislocation axis!. This in turn
introduces a max. error of about 6% and the shift in t
equilibrium axis is given by

ar5AS B2

L2D1
L2

2
2

B

L
; B5

RV0aTF

E
, L5 l 1aTF .

~3!

The channeling/dechanneling phenomena under this s
ation is governed by the overlap integrals of the appropr
wave functions in various regions. As shown in Fig. 2, the
are three boundaries over which the particle has to cr
during the passage through the distorted channel, to find
self again in a straight channel. These three boundaries
not so sharply well defined. However, for simplicity of th
present~model! calculations, we use a sudden approximati
to calculate the transition probabilities across these th
boundaries, and, in what follows, we will identify thes
boundaries as three interfaces~I, II, and III!. The wave func-
tion of the particle in different regions may be denoted a

c i5cL5S a

Ap2i i !
D 1/2

expH 2a2x2

2 J Hi~ax!, ~4!

of
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c j
~1!5c I5S a8

Ap2 j j !
D 1/2

expH 2a82~x1ar !
2

2 J
3H j~a8x1a8ar !, ~5!

ck
~2!5c II5S a8

Ap2kk!
D 1/2

expH 2a82~x2ar !
2

2 J
3Hk~a8x2a8ar !, ~6!

c f5cR5S a

Ap2 f f !
D 1/2

expH 2a2x2

2 J H f~ax!. ~7!

The maximum number of quantum states supported b
planar channel~surrounded by two planes! is estimated from
the equation

~ i max1
1
2 !\v5 1

2 kxmax
2 . ~8!

with v5Ak/gm. To calculate the force constant, we co
sider the planar potential3,11–14

V~x!52V0aTFS 1

l 1aTF2x
1

1

l 1aTF1xD ;

V05pz1z2e2CaTFNp .

The maximum number of quantum states in undistor
continuum potentiali max5fmax is found to be 3 for a specific
case of 12.25 MeV (g525) positrons channeled alon
Al ~111!. The number of quantum states available in the d
torted portions 1 and 2 are estimated with the above pro
dure, replacingV(x) by Veff(x) and found to be 1 (j max

(1)

5kmax
(2) 51), corresponding to a channel situated at a dista

of 15r 0 from the dislocation@r 0 obtained from Eq.~1! and

FIG. 2. ~a! Typical planar channel of some finite curvatureR.
ar is the shift in equilibrium position due to distortion.~b!
Straight model channel replacing the channel of part~a!. Here, I, II,
and III are various portions of distortion through which the parti
passes, andar is the equilibrium position about which the partic
will oscillate.
a

d

-
e-

e

for the present case of Al~111!, b is taken as 2.86 Å#. This
j max
(1) approachesi max for those channels, at the farthest di

tance from the core.

A. Channeling probabilities across„I … interface

The channeling probability of the particle with an initia
stateu i & to cross the first interface and to be in the stateu j & in
the distorted part can be defined as

pi→ j5u^c j
~1!uc i&u2, ~9!

where the subscript 1 in the state denotes the relevant w
function that corresponds to the distorted channel after th
interface. The corresponding probability of occupying a
one of the statesu j & ( j max,imax) is

pi
I5(

j 50

j max

u^ j ~1!u i &u2. ~10!

So the dechanneling probability at~I! is x i
I512pi

I . We
introduce a parametert such thata85ta, which represents
distortion effects. The evaluation of the above integrals
straightforward, though laborious, and the details are gi
in the Appendix.

B. Channeling probabilities across the„II … interface

The channeling probability of the particle with the inte
mediate stateu j & to cross the second interface and to occu
a stateuk& can be defined as

pj→k5u^ck
~2!uc j

~1!&u2. ~11!

Here the subscript 2 denotes the wave function in the sec
part of the distorted channel after crossing the II interfac

Corresponding the probability of the particle to occu
any one of the statesuk& (kmax,imax) is

pj ~1!
II

5 (
k50

kmax

u^k~2!u j ~1!&u2; x j ~1!
II

512pj ~1!
II . ~12!

To evaluate the various matrix elements in this case,
make use of the general expression obtained for^ j uk& in our
recent work,3 and one may easily verify thatu^k(2)u j (1)&u2

5u^ j (2)uk(1)&u2.

C. Channeling probabilities across the„III … interface

The channeling probability of the particle with intermed
ate stateuk& to cross the third interface and to occupy a
one of the statesu f &( f < i ) is

pk
III 5(

f 50

3

u^ f uk~2!&u2; xk
III 512pk

III , ~13!

with

pk~3!→ f5u^ f uk~2!&u2. ~14!

For example,

p0~2!→0
~3!

5u^0u0~2!&u252bEx5u^0~1!u0&u2.
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Similarly, one can obtain other amplitudes and verify th
u^ f uk(2)&u25u^ j (1)u i &u2 for the same quantum numbers ofk
andj. The transition probability for the passage of an initia
well-channeled particle through dislocation will be the pro
uct of the transition probabilities across various parts of
channel where the effects of distortion are suitably incor
rated. The general expression for the total channeling p
ability of the particle with a specific initial stateu i & so that
the particle feels itself again in the straight channel with fi
stateu f & ~after passing through the various portions of d
tortion! has been obtained and is given by

pi→ f5 (
k~2!50

kmax
~2! S pk~2!→ fF (

j ~1!50

j max
~1!

pi→ j ~1!3pj ~1!→k~2!G D 5pf→ i .

~15!

The total channeling probability for an initially well
channeled particle to find itself again in the straight chan
after passing through various portions of the distortions
given by

p05 (
f 50

f max53

~p0→ f !; x0512p0 . ~16!

III. RESULTS AND CONCLUSIONS

We have developed a quantum theory of dechanne
due to defects with special reference to dislocations. T
theory is valid as long as the number of quantum states
ported by the transverse potential due to the two plane
small. This happens for light particles like positrons in t
MeV range. We studied the dechanneling processes by
tinuous distortions of the planar channels, mapping to th
distinct regions~Fig. 2! and corresponding displaced an
modified wave functions. This happens for channels far aw
from the dislocation, which in turn implies applicability o
the present calculation to lower concentrations~i.e., no inter-
action between dislocations!. On the other hand, for channe
close to the dislocation axis, the distortion is so heavy t
one cannot talk of crystallographic channels~see Fig. 1!.

In Fig. 3~a!, we have shown a variation of a max. numb
of allowed states in the distorted channel as a function
distance from the dislocation. The atomic planes at con
erably larger distances from the core are distorted slig
and thusr 0 carries the signature of the distortion effects. W
notice thatj max approaches asymptotically toi max(53) asr 0
increases~i.e., the channel is almost straight!. As mentioned
earlier, this depends on the concentration of dislocati
s. Thus, for lower concentrations, we have a family
channels through which a particle can propagate success
without much dechanneling. We consider the channels s
ing from 15r 0 ~this corresponds to a concentration'3
3108 dislocations/cm2, below this the channels are distorte
heavily leading to the formation of dislocation loops! to a
farthest distance 50r 0 ~this dislocation concentration is typ
cally '23107/cm2). In Fig. 3~b!, we show the variation of
the distortion parametert with r 0 . We notice that, for larger
r 0 , the radius of curvature (R) of the distorted planar chan
nel increases to infinity,ar→0 andt→1 as expected, be
cause the coupling terms in the wave functions are identi
t
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the particle recognizes the absence of distortions in th
regions and obviously the nondiagonal matrix elements v
ish for ar50, implying that a well-channeled particle cann
suddenly go to oscillatory behavior in an undistorted ch
nel.

The results for channeling probabilities obtained from e
pressions~15! and~16! have been plotted in Figs. 4 and 5 fo
an initially well-channeled particle~i.e., ground state! and
first excited state, respectively. One may notice that, at so
values ofr 0 , there is a sharp increase in the probability f
individual transitions. This is a result of the change in t

FIG. 3. ~a! The variation of number of states supported by
planar channel with distortion of the channel where these effects
expressed in units ofr 0 . ~b! The variation of distortion parametert
(t5a8/a) as a function of distance from the dislocation.
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PRB 58 5247DECHANNELING BY DISLOCATIONS: A MODEL . . .
number of states supported in the distorted portions of
channel~i.e., after the I and II interfaces!. This is also re-
flected in the overall dechanneling probabilitiesx0 andx1 ,
respectively, because corresponding channeling probabil
approach unity for the channels situated farthest from
dislocation axis, which means that a slight dissociation
dislocations reduces their long-range distortion, as discus
in classical analysis.6 As expected, the overall dechannelin
probabilities for an initially well-channeled particle (x0) is

FIG. 4. ~a! Influence of channel distance from the dislocation
channeling probabilities corresponding to an initially we
channeled particle (u i &5u0&). ~b! Influence of the channel distanc
from the dislocation on channeling probabilities corresponding
the initial stateu1&.
e

es
e
f
ed

always less for any channel as compared tox1 ~particle ini-
tially in the first excited state! because a well-channeled pa
ticle, even after making transitions to other excited states
distorted portions of the channel, manages to remain ch
neled for higher curvatures~lesser radii of curvatures! than
does the initially excited~oscillating! particle. In the presen
simple model calculation, these effects are manifested
natural way.

FIG. 6. Energy dependence of total dechanneling probability
the initially well-channeled particlex0 .

o

FIG. 5. Influence of the channel distance from the dislocation
total dechanneling probabilities for the initial stateu0& and u1& de-
noted byx0 andx1 , respectively.
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5248 PRB 58L. N. S. PRAKASH GOTETI AND ANAND P. PATHAK
If the particle, after passing through various portions
distortions, goes to a state which is the same as the in
state, the corresponding channeling/transition probability
much higher as compared to other transitions. This is
pected, and can also be seen through the assymmetric n
of the planar channel. The channeling probabilities, co
sponding to a different initial and final-state combination, a
very low, and approach zero as the channel distance
creases from the dislocation. So, the dechanneling prob
ity depends upon the final state of the particle, which in tu
reflects the phase dependence of the approaching pa
near the distortion.

Equation~15! carries the signature of an interesting le
right symmetry built into the problem that is not clearly r
f
al
is
x-
ure
-

e
n-
il-
n
cle

alized in classical descriptions. Figure 6 shows the ene
dependence of dechanneling probabilities for initially we
channeled particles. At the lower end of these relativis
energies, it is linear in variation, and as the energy increa
to the higher side of the relativistic energy, the energy
pendence tends to be slower than linear.
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APPENDIX: EVALUATION OF INDIVIDUAL TRANSITION AMPLITUDES: zŠ j „1…z i ‹z2

We have

u^ j ~1!u i &u25S aa8

p2 j ~1!1 i j ~1!! i !
D expH 2S a82

a21a82D a2ar
2J

3U E
2`

`

expH 2
1

2
~a21a82!Fx1

a82

a21a82
ar G J H j~a8x1a8ar !Hi~ax!U2

.

Here we denoteb5t/(11t2); j5t2/(11t2), andEx5exp$2ja2ar
2%, and this notion makes the final expressions for tra

sition amplitudes more compact. By substituting the Hermitian functions corresponding to various states and evalua
integrals, the expressions for individual transition amplitudes are obtained, and they are

u^0~1!u0&u252bEx,

u^1~1!u0&u254b3a2ar
2Ex,

u^2~1!u0&u25
b

4 F4b2a2ar
222S 12t2

11t2D G2

Ex,

u^3~1!u0&u25
b

24
@aar~24tj2236tj112t!1a3ar

3~8t3j3124tj228t3!#2Ex,

u^0~1!u1&u254bj2a2ar
2Ex

u^1~1!u1&u258b3@12ja2ar
2#2Ex,

u^2~1!u1&u25
b

8
@aar~24j2220j!1a3ar

3~8t2j3216t2j218t2j!#2Ex,

u^3~1!u1&u25
b

48
@~48bj224b!1a2ar

2~96tj32168tj2172tj!1a4ar
4~16t3j4148tj3216t3j!#2Ex,

u^0~1!u2&u25
b

4 F2S 12t2

11t2D14j2a2ar
2G2

Ex,

u^1~1!u2&u25
b

8
@8bj2a3ar

314baar224bjaar #
2Ex,

u^2~1!u2&u25
b

32
@48b21a2ar

2~96t2j3296j218t2j116j28t2!1a4ar
4~16t2j4232t2j3116t2j2!24#2Ex,

u^3~1!u2&u25
b

192
@aar~2480bj21432bj148tj2248b272tj124t!
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1a3ar
3~2320tj41624tj32336tj2116t3j3132tj148tj3216t3!1a5ar

5~232t3j5296tj4132t3j2!#2Ex,

u^0~1!u3&u25
b

24
@12jaar224b2aar28j3a3ar

3#2Ex,

u^1~1!u3&u25
b

48 F24S 12t2

11t2Db196bj2a2ar
2248bja2ar

2216bj3a4ar
4124bja2ar

2G2

Ex,

u^2~1!u3&u25
b

192
@aar~144j22480b2j2120j1240b2!1a3ar

3~2320j4148t2j31400j3296j2296t2j2148t2j!

1a5ar
5~232t2j5232t2j3164t2j4!#2Ex,

u^3~1!u3&u25
b

1152 H F960b32288bj2144bS 12t2

11t2D G1a2ar
2~2880bj323456bj211008tj21864bj2576tj32432tj!

1a4ar
4~960tj522016tj4296t3j41288t3j311248tj32192tj22288t3j2196t3j!

1a6ar
6~64t3j62192t3j51192t3j4264t3j3!J 2

Ex.
s
de

-

in

nd

e

.

.
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