
PHYSICAL REVIEW B 15 AUGUST 1998-IIVOLUME 58, NUMBER 8
Nonlinear magneto-optics of Fe monolayers from first principles:
Structural dependence and spin-orbit coupling strength
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We calculate the nonlinear magneto-optical response of free-standing fcc~001!, ~110!, and~111! oriented Fe
monolayers. The band structures are determined from first principles using a full-potential linear augmented
plane wave method with the additional implementation of spin-orbit coupling. The variation of the spin-orbit
coupling strength and the nonlinear magneto-optical spectra upon layer orientation are investigated. We find
characteristic differences that indicate an enhanced sensitivity of nonlinear magneto-optics to surface orienta-
tion and variation of the in-plane lattice constants. In particular, the crossover from one-dimensional stripe
structures to two-dimensional films of~111! layers exhibits a clean signature in the nonlinear Kerr spectra and
demonstrates the versatility of nonlinear magneto-optics as a tool forin situ thin-film analysis.
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I. INTRODUCTION

The nonlinear magneto-optical Kerr effect~NOLIMOKE!
is a unique optical tool to analyze thin-film systems, sinc
is exclusively generated at surfaces and interfaces, where
local inversion symmetry is broken.1 Therefore, it has at-
tracted considerable interest in recent research on inter
magnetism.2–10 In this paper, we investigate the dependen
of the nonlinear magneto-optical Kerr spectra and their
croscopic origin11 — the spin-orbit coupling~SOC! and the
magnetic moment—of Fe monolayers on structural chan
In particular, the effects of different in-plane lattice co
stants, different coordination, and one-dimensional str
structures are studied. The results were obtained using
full potential linearized augmented plane wave~FLAPW!
method WIEN95 ~Ref. 12! with the additionally performed
implementation of spin-orbit coupling.

Two features are responsible for the strong interes
magnetic thin films:~i! the magnetic properties strongly d
pend on structural changes and~ii ! the spin-orbit induced
effects such as magnetic anisotropy and giant magnetore
ence ~GMR! are much larger in low-dimensional system
Whereas the magnetic anisotropy is in general larger in t
dimensional systems due to the reduced symmetry and th
different crystal potential, the change of the magnetic m
ments is generated by the magnetovolume effect, i.e.,
dependence of the magnetic moment on the ato
volume.13–16The latter is affected by the differences betwe
the equilibrium lattice constants of substrate and overla
and the induced overlayer structures. One of the most s
ing examples is the Fe/Cu~001! system, which shows a rich
magnetic phase diagram in the range from 1 to
PRB 580163-1829/98/58~8!/5093~13!/$15.00
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monolayers.17–19Therein, heavily distorted fcc structures a
pear. The interlayer distances are relaxed~resulting in a fct
structure! and shifts of the atomic positions in and perpe
dicular to the layer plane occur.20 Also the in-plane lattice
constants of consecutive layers are relaxed. For the
Cu~001! system, experiments6 confirmed the sensitivity of
NOLIMOKE on structural changes of the top layer.

Since all these effects take place in configurations w
only a few monolayers, it is possible to obtain them direc
by ab initio methods. A lot of calculations were done fo
free-standing and supported monolayers, most of them a
ing at the computation of magnetic anisotropy. For 3d tran-
sition metals the effects of hybridization with the substrate21

different coordination, andd-band filling,22,23 the stability of
the monolayer for different magnetic configurations, such
ferromagnetic, antiferromagnetic or canted spin,24–26 and
superstructures27 were calculated from first principles.

Since the theoretical prediction of the sensitivity of no
linear optics to surface magnetism28–30 and the first
experiments,2,3 the applicability of NOLIMOKE to thin-film
systems has been demonstrated for several phenomena
to the fact that second-harmonic generation~SHG! is also
generated at buried interfaces, properties of different in
faces in multilayer systems could be separated.31,32 For that
purpose it was important that the size of the nonline
magneto-optical effects, namely the nonlinear Kerr rotati
is strongly increased compared to linear optics.33,34 These
measurements also show a dependence on inter
roughness.35 By direct comparison of linear and nonlinea
MOKE, changes of the magnetic properties of the topm
layer during the growth process were detected for the
Cu~001! system,36 since NOLIMOKE is sensitive to the sur
5093 © 1998 The American Physical Society
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5094 PRB 58J. P. DEWITZ, JIAN CHEN, AND W. HU¨ BNER
face and interlayer only while linear MOKE integrates ov
the magnetism of all layers. Also quantum-well states, t
occur in sandwich structures could be resolved. This
been shown both experimentally9,37–39and theoretically,7 by
exploiting the fact that NOLIMOKE spectra reflect chara
teristic features of the band structures.40 Recent work pre-
dicted that even the influence of surface antiferromagnet
on the optical signal can be resolved by NOLIMOKE.8 This
has already been shown before for SHG of the antiferrom
netic noninversion symmetric bulk Cr2O3.

41,42

One further potential of SHG, which to our knowledg
has not been applied to magnetic systems so far, is
strongly enhanced sensitivity to submonolay
coverages.43,44 Second-harmonic generation by small pa
ticles is enhanced by local-field effects. In the case of cl
ters deposited on a substrate, this gives rise to signals
particle sizes around 1 nm,45 which is far beyond the resolu
tion limit of linear optics. For spherical particles the effec
of local-field enhancement are well known by the linear M
theory.46 Extensions to nonlinear optics47 show an enhanced
sensitivity of the size-dependent resonances compared to
linear case.48 In the case of 3d transition-metal overlayers i
should be possible to resolve nanostructures of nm size
low density by making use of the submonolayer covera
sensitivity of SHG and the different in-plane symmetries
the nanostructures and the substrate. From the experim
point of view the preparation of nanostructures can now
achieved by state of the art techniques such as molec
beam epitaxy varying the growth parameters~e.g., the depo-
sition rate or the temperature49,50!.

So far, calculations of SHG generated by metal surfa
are mainly restricted to simple and noble metals, which
well described by the model of a free-electron gas. Th
systems were intensely studied by Liebsch a
co-workers.51–53 They also calculated anisotrop
contributions54–56 and the influence of steps57–59 and ob-
tained good agreement with experiment. Other authors s
ied the change of the SHG yield in the presence of ad
bates on simple metal surfaces within density-functio
theory.60–62 For these nonmagnetic systems the intraba
transitions show stronger contributions than the interb
transition. Thus a better model for the screening effect
necessary, whereas in the case of transition metals the
sponse is mainly due to interband transitions. Then the in
band effects can be added by applying a Drude model u
experimental parameters.63 Calculations of the linear
magneto-optical Kerr effect~MOKE! indicate thatab initio
methods including spin-orbit coupling and a highly accur
determination of the dipole transition matrix elements
necessary to obtain magneto-optical spectra that can be
pared to experimental values.63–65 To some extent this wa
realized for nonlinear magneto-optics by Pustogowaet al.,66

In their work the Kerr spectra of Fe films with one to sev
layers and the dependence of the Kerr spectra of a Fe~001!
monolayer on the in-plane lattice constant have been ca
lated by determining the electronic bands within a full p
tential linear muffin tin orbital~FP-LMTO! code. Spin-orbit
coupling was treated within first-order perturbation theo
and the optical matrix elements were approximated as c
stants.

Here we will use the FLAPW method and go beyond t
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work in two respects: different orientations of Fe monolay
@~001!, ~110!, and ~111! of fcc# are investigated and, apa
from the Kerr spectra and the magnetic moments, we fo
on the spin-orbit coupling strength and its structural dep
dence. Though microscopically both spin-orbit coupling a
spin-polarization are necessary to generate magneto-op
response, spin-orbit coupling plays a special role, since
spin-orbit coupling strength is directly proportional to th
size of the magneto-optical Kerr effect. This is known fro
studies of linear MOKE.67,68 Thus, e.g., the Kerr rotation o
an Fe/Pt system is much larger than that of an Fe layer, s
the large spin-orbit coupling of Pt contributes via hybridiz
tion with the magnetic Fe layer.64,69 This knowledge is im-
portant for applications in storage technology, whe
magneto-optics is applied in a configuration in which a p
pendicular easy axis in combination with an increased K
rotation is preferred. In contrast to the spin-orbit couplin
the dependence on the magnetic moment is rather com
cated. Nevertheless, little is known about the spin-orbit c
pling constants of thin-film systems contrary to their ma
netic moments.

In our work the optical spectra are determined by us
the same approximations as in Ref. 66, i.e., the matrix e
ments are taken as constants and the effects of spin-
coupling in the wave functions are treated within first-ord
perturbation theory. Since the spin-orbit induced change
the wave functions yield first-order effects70 while spin-orbit
induced shifts of the eigenenergies give rise to second-o
effects, we neglect spin-orbit coupling in the calculations
the electronic bands, which are obtained from first principl
The validity of this approach will be shown below.

By the choice of the investigated monolayers, we wan
study several aspects of structural changes. First, we in
tigate the influence of relaxation of the in-plane lattice co
stant, which is varied over a wide range for the Fe~001!
monolayer. Second, substrates of different orientations
simulated by comparing the results for the Fe~001!, Fe~110!,
and Fe~111! monolayers, which also reveals the role of c
ordination. These structures are deduced from the bulk
lattice. Two lattice constants are considered, the lattice c
stant induced by Cu fcc bulk and an even smaller val
Third, the role of nanostructuring is studied for regular a
rays of stripes, which can be created by viewing the clo
monolayer as a regular array of chains and then relaxing
distance between the chains. Although this structure is ra
artificial, it reveals the effect of reducing the dimension
the layer in a second direction. Also we compare our res
with previous calculations.

Future work will address the calculation of the optic
dipole matrix elements to get the full information on the si
of the NOLIMOKE spectra and to exploit the symmet
properties of the systems, which will be of special interes
the calculation of special nanostructures such as triang
islands. This includes the determination of the lateral reso
tion limit of nonlinear optics.

The paper is organized as follows. In Sec. II, we w
outline the theory for the nonlinear magneto-optical respo
and our method to calculate the spin-orbit coupling. Then
result part follows, which is divided into three subsectio
~Secs. III A–III C!, each for the comparison of differen
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characteristic changes of the structures. The paper ends
a summary and outlook~Sec. IV!.

II. THEORY

Within the electric-dipole approximation, the polarizatio
P of the medium can be expanded in terms of the incid
field E as
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Pi5x i j
~1!Ej1x i jk

~2!EjEk1••• ,

where x (1) and x (2) are the linear and second-harmon
susceptibilities.1 We calculate the nonlinear magneto-optic
response within the theoretical framework introduced
Hübner and Bennemann29 and obtain the nonlinear suscep
bility in the electric dipole approximation as
ere
the three

en from
cludes
x i jk
~2!~2q,2v!5

2 ie3

2q3V
(

k,l ,l 8,l 9

H ^k12q,l 9u i uk,l &^k,l u j uk1q,l 8&^k1q,l 8ukuk12q,l 9&

3

f ~Ek12q,l 9!2 f ~Ek1q,l 8!

Ek12q,l 92Ek1q,l 82\v1 i\a1

2
f ~Ek1q,l 8!2 f ~Ek,l !

Ek1q,l 82Ek,l2\v1 i\a1

Ek12q,l 92Ekl22\v1 i2\a1

J . ~1!

The indicesi , j , and k run overx, y, and z. In previous calculations,66 the wave functions and the band energies w
calculated neglecting spin-orbit coupling. Instead, spin-orbit coupling was taken as a perturbation and the product of
matrix elements was calculated using first-order perturbation theory to yield

lso

\v
^k12q,l 9u i uk,l &^k,l u j uk1q,l 8&^k1q,l 8ukuk12q,l 9&, ~2!

where the wave functions and energies do not contain spin-orbit coupling and the spin-orbit coupling constant is tak
the atomic value of the spin-polarizedd bands. The matrix elements are approximated as constants. This approach in
explicit inversion symmetry breaking but makes it impossible to distinguish the different elements of the tensorx i jk . Never-
theless, the resulting nonlinear susceptibility

x~2!~2qi,2v,M !5
C3e3qia

V

lso

\v(
s

(
k,l ,l 8,l 9

f ~Ek12qi ,l 9s!2 f ~Ek1qi ,l 8s!

Ek12qi ,l 9s2Ek1qi ,l 8s2\v1 i\a1

2
f ~Ek1qi ,l 8s!2 f ~Ek,ls!

Ek1qi ,l 8s2Ek,ls2\v1 i\a1

Ek12qi ,l 9s2Ekls22\v1 i2\a1

~3!
as
elf-
en-
ut

u-

lf-
ted
ent

nc-
reflects the spectral dependence of a magnetic tensor
ment, since spin-orbit coupling enters in first order. Nonm
netic tensor elements~and all even-order tensor element!
also consist of the zeroth order~and the corresponding highe
even orders! in spin-orbit coupling. Thus they do not con
tribute to magneto-optics within first order and yield larg
values. Due to our approximations we add in Eq.~3! a spin
index s, drop the indices that specify the tensor elemen
and add the factorC3 originated by the approximate size o
the matrix elements.

The susceptibility is exclusively built on interband tran
tions. We will use this approximation throughout this pap
since interband resonances dominate the optical respon
metallic systems. Thus in our case we will call the dep
dence ofv2Imx (2)(v) on the photon energy NOLIMOKE
‘‘spectra.’’ For details we refer to Ref. 66.

Calculations including spin-orbit coupling will only affec
the band energiesEk , because the factorlso describes the
effect of SOC in the wave functions, and the matrix e
ments, which are included inx (2) as constantsC, are not
calculated explicitly.

In this work the band structures are obtained from fi
principles using the full potential linear augmented pla
le-
-

r

,

,
of

-

-

t
e

wave ~FLAPW! method WIEN95.12 Additionally we imple-
mented spin-orbit coupling in a second variational step
described, e.g., by Refs. 21, 71, and 72. After the s
consistent determination of the wave functions and eigen
ergies~quantities that are obtained self-consistently witho
SOC are marked by a suffix ‘‘sc’’ in the following!, the
Hamiltonian matrix is determined including spin-orbit co
pling,

(
i j

^fki

scuHsc1H soufk j

sc&5(
i j

e~q!r i~q!^fki

scufk j

sc&, ~4!

to obtain the eigenfunctions

c~q!5(
n

rn~q!fkn
, q51,2, . . .

and the corresponding eigenenergiese(q) shifted by spin-
orbit coupling@q is the index of the eigenenergies andrn(q)
is the coefficient of thenth basis function in theqth eigen-
function#. Here, spin-orbit coupling is not calculated se
consistently, especially the basis functions are not affec
by SOC. The procedure is known to yield good agreem
with exact results.73 As can be seen from Eq.~4!, we diago-
nalize the complete matrix with respect to the basis fu
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tions, whereas, e.g., in the recently developedWIEN97 ~Ref.
74! method the spin-orbit coupling matrix is only obtaine
with respect to a restricted set of eigenfunctions. The la
benefits from the fact that in most of the systems spin-o
coupling is only a small perturbation and has the advant
of small matrices and thus needs less computer time.
method, however, yields more precise eigenfunctions. In p
ticular, we get the correct symmetries of the systems incl
s

e

l

u
ica
r
it
e

ur
r-
-

ing spin-orbit coupling. This is an important difference, sin
our future goal is the calculation of the optical dipol
transition matrix elements, for which a highly exact determ
nation of the wave functions is necessary.63

To determine the spin-orbit part of the Hamiltonian, t
basis functions of the FLAPW method have to be taken i
account. The basis set consists of the standard basis f
tions
fki
55 (

lm
@Alm~k i !ul~r ,El !1Blm~k i !u̇l~r ,El !#Ylm , r ,Rmt ,

1

Av
eiki r, r .Rmt

~5!

and the so-calledlocal orbitals, which are introduced to describe the low-lying semicore states72,75

fki

LO5H (
lm

@Alm~k i !ul~r ,El !1Blm~k i !u̇l~r ,El !1Clm~k i !ûl~r ,E2!#Ylm , r ,Rmt ,

0, r .Rmt

~6!
This

tal
and are included for alll values for which semicore state
appear (Rmt is the muffin-tin radius!. The radial functions are
obtained from the Schro¨dinger equation

F2
2

r

]

]r
2

]2

]r 2
1

l ~ l 11!

r 2
1Vs~r !Gul

s~r !5El
sul

s~r !,

~7!

where the localization energiesEl
s are chosen to be at th

center of the band.
The spin-orbit operator

Hso5
a2

2
s•~¹W V3p!

(a is the fine-structure constant! is applied in the spherica
approximation:

¹W V5
r

r

]V

]r
,

]V

]r
[0, r .Rmt ,

since the gradient of the potential yield its largest contrib
tions near the core, where the potential is almost spher
This yields

Hso5
a2

2
s•~r3p!

1

r

]V

]r
5

a2

2
s•L

1

r

]V

]r
.

The spin-orbit matrix elements
-
l.

^fki

scuHsoufk j

sc&5E
r ,Rmt

drfki

sc* S a2

2
s•L

1

r

]V

]r Dfk j

sc

S E
r .Rmt

drfki

sc* Hsofk j

sc[0D ~8!

are calculated by separating the angular and radial parts.
yields

^fki

scuHsoufk j

sc&

5 (
lmm8

$luu
l Alm* ~k i !Alm8~k j !

1l u̇u̇
l

Blm* ~k i !Blm8~k j !1luu̇
l

@Alm* ~k i !Blm8~k j !

1Blm* ~k i !Alm8~k j !#%KsUEdVYlm* ~ r̂ !s•LYlm8~ r̂ !Us8L
with the spin-orbit coupling constants,

luu
l [

a2

2 E
r ,Rmt

drul
s~r !r

]Vs8
]r

ul
s8~r !,

luu̇
l

[
a2

2 E
r ,Rmt

drul
s~r !r

]Vs8
]r

u̇l
s8~r !, ~9!

l u̇u̇
l

[
a2

2 E
r ,Rmt

dru̇l
s~r !r

]Vs8
]r

u̇l
s8~r !,

and the spin-orbit coupling constants including local orbi
functions,
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l ûû
l

[
a2

2 E
r ,Rmt

drûl
s~r !r

]Vs8
]r

ûl
s8~r !,

l ûu
l

[
a2

2 E
r ,Rmt

drûl
s~r !r

]Vs8
]r

ul
s8~r !, ~10!

l ûu̇
l

[
a2

2 E
r ,Rmt

drûl
s~r !r

]Vs8
]r

u̇l
s8~r !.

Thus we get three~six when local orbitals are involved! spin-
orbit coupling constants for onel value, which are formed by
a radial integral over the radial part of the basis functions
the radial derivative of the potential. Furthermore, one ha
take into account that spin-orbit coupling mixes the spi
thus the Hamilton matrix gets off-diagonal elements with
the space of the spin↑ and↓ basis functions. Spin is not
good quantum number anymore and the wave functions c
sist of both spin↑ and spin↓ contributions. The spin-orbi
matrix elements Eq.~8! then get additional spin indicess
ands8,

^fki ,s
sc uHsoufk j ,s8

sc &5E
r ,Rmt

drfki ,s
sc* S a2

2
s•L

1

r

]Vs8
]r Dfk j ,s8

sc .

~11!

Therein, the spin index of the potential is equal to the s
index of the basis function on the right, since the spin-or
operator acts on it. The fact that the potentials are differ
for the spins, but the basis functions are not, leads to

FIG. 1. Geometry of the different layers investigated in th
paper. The two-dimensional unit cell containing one atom is sho
deduced from the fcc lattice in the~110!, ~001!, and~111! direction.

FIG. 2. Chains built by stretching the Fe~111! monolayer as
indicated. The unit cell used for the band-structure calculation
indicated by the solid rectangle. To simulate the chains, the dista
d is increased compared toh. In the case ofd5h, the layer is equal
to the Fe~111! monolayer.
d
to
,

n-

n
it
nt
e

requirement to make the matrix explicitly Hermitian, sin
the spin-orbit operator is. This affects only the spin-flip m
trix elements.

III. RESULTS

In Sec. III A we will simulate the effect of lattice relax
ation. This can be achieved experimentally by different s
strates, assuming pseudomorphic growth. We will show N
LIMOKE spectra of free-standing Fe~001! monolayers with
in-plane lattice constants varied froma52.4 Å, which is
slightly below the value of the nearest-neighbor distance
Cu fcc bulka52.56 Å, toa52.76 Å, which is close to the
nearest-neighbor distance of Fe bcc bulk. For the compar
of the trends of the magnetic moments and the spin-o
coupling constants, we extend the range of lattice const
from 2.22 to 3.18 Å, the latter corresponding approximat
to the value of bcc W. In Sec. III B the same quantities a
shown for Fe monolayers with different structures, i.e.,
fcc ~111!, ~001!, and ~110!, which are schematically dis
played in Fig. 1. The structures are studied for the Cu
nearest-neighbor distancesa52.56 Å and a52.4 Å. It
should be possible to get a measure of the structural cha
from the NOLIMOKE spectra. In Sec. III C we will show th
influence of nanostructuring on the NOLIMOKE spectra
analyzing stripe structures as indicated in Fig. 2. The Fe~111!
monolayer can be interpreted as an array of ‘‘zig-za
stripes. To reduce the dimension of the structure we vary
distance of the stripes, which is indicated byd, where in the
case ofd5h the layer is equal to the~111! structure.

A. Fe„001… monolayers

Figure 3 shows the NOLIMOKE spectrav2 Im x (2)(v)
of the Fe~001! monolayer as a function on the in-plane latti
constant. The spectra are obtained by using Eq.~3!. The
damping constanta1 is set to 0.4 eV. Thus structures th
need a higher resolution are suppressed and we plot all s
tra in intervals of 0.1 eV. We used 496k points in the irre-
ducible part of the Brillouin zone, which gives thenk-

n,

is
ce

FIG. 3. NOLIMOKE spectra of Fe~001! monolayers with the
lattice constant varying froma52.4 Å to a52.76 Å. The inset
shows the enlarged low-energy part of the spectra up to the
zero of each spectra. Therein the ordinate axis is magnified whe
the abscissa scale is kept as in the main figure.
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converged spectra. In all electronic-structure calculati
throughout this paper, the generalized gradient approxi
tion ~GGA! ~Ref. 76! is used for the exchange-correlatio
potential. As analyzed by Pustogowaet al.,77 within a tight-
binding scheme the first maximum and the zero are ma
due to features of thed bands, whereas for higher photo
energies the role of thes-p-bands is more dominant. In pa
ticular, they showed that the position of the zero is a meas
for the d-band width and the height of the maximum is pr
portional to the magnetic moment. Thus thed bands generate
the features of the spectra in the optical region. In our c
the zeros show a clear dependence on the lattice cons
The positions shift to lower energies with increasing latt
constant. Since this point characterizes thed-band width, the
bandwidth is reduced upon lattice expansion. From the b
structure it can also be seen that bands above the rang
visible frequencies are shifted to lower energies with incre
ing lattice constant, which generates the different slope
the high-energy part of the spectra. The height of the max
starts to increase with the spin polarization for lattice co
stants from 2.4 Å to 2.58 Å. For the larger lattice consta
(a52.67 and 2.76 Å! there are no more significant chang
of the peak height, as can be seen in the inset of Fig. 3. T
is not an effect of constant bandwidths of thed bands, but is
caused by the fact that we scale the spectra with the are
the two-dimensional unit cell. This choice is motivated
the experimentel situation, where a constant laser spot is
plied. The quadratic increase of the unit-cell area comp
sates the further decrease of the bandwidth. However,
position of the peaks is shifted to lower energies with
creasing magnetic moments as can be seen in Fig. 4. S
within our numerical accuracy the peak position decrea
linearly with increasing lattice constant, the shape of
curve in Fig. 4 is a consequence of the dependence of
magnetic moments on the lattice constant, which will
shown in Fig. 5. The dependence of the maximum on
magnetic moments agrees with previous works,67,68where no
clear dependence of the linear magneto-optical respons
the size of the magnetic moments was found. Additiona
from a tight-binding calculation, Pustogowaet al.77 found a
linear dependence of the maximum for magnetic mome

FIG. 4. Dependence of the energy of the maximaEmax in the
spectra of Fig. 3 on the magnetic moments for the Fe~001! mono-
layers. In the inset,Emax is plotted as a function of the lattice con
stant.
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between 0 and 2.5mB , but a similar behavior for moment
between 2.5mB and 3.4mB . The difference should reflect tha
in both calculations the magnetic moments are changed
different mechanisms. Whereas in the tight-binding calcu
tions the magnetic moments were affected by changes o
exchange coupling constantJ, in our case the magnetic mo
ments are varied by changing the lattice constant, which
only shifts the relative positions of thed subbands, but also
their widths.

The values of the magnetic moments increase with
creasing lattice constant. This is shown in Fig. 5, where
size of the magnetic moments~filled circles! is plotted as a
function of the in-plane lattice constant in units ofmB . If
interpolated, our results agree very well with calculations
Wanget al.,78 who obtained 3.04mB for a lattice constant of
a52.56 Å, and with results by Gay and Richter,79 who ob-
tained 3.20mB for a lattice constant ofa52.88 Å compared
to our results of 3.08mB for a52.56 Å and 3.24mB for
a52.88 Å, respectively. Though this agreement is ve
good, one has to keep in mind that the magnetic moment
the calculated structures in our paper can have an error
proximately up to65% due to the chosen accuracy in o
calculations. Since it is not our goal to optimize the structu
but rather to compute nonlinear magneto-optical Kerr spe
for free-standing monolayers in a given geometry, our cr
rion for the accuracy of the electronic-structure calculation
the convergence of the optical spectra as a function of
parameters of the band-structure calculations. A detailed
vestigation showed that the standard settings of theWIEN95

program were sufficient for an excellent convergence of
spectra. Slight deviations occur only for high photon en
gies. On the other hand, the magnetic moment turned ou
be more sensitive to the electronic structure and thus co
exhibit larger uncertainties. For the electronic-structure c
culation of the Fe~001! monolayers we chose a plane-wa
cutoff of 100 Ry for the potential, 400k points in the two-
dimensional part of the Brillouin zone, and an accuracy
the total energy of 1024 Ry.

In Fig. 5 we also compare the values of the magne
moments directly with the spin-orbit coupling constan

FIG. 5. Magnetic moments and spin-orbit coupling constants
Fe~001! monolayers as a function of the lattice constant.luu

l 52 up
and luu

l 52 dn denote the SOC constants obtained from the ma
elements within the spin combinations↑↑ and↓↓.
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luu
l 52 ↑↑ andluu

l 52 ↓↓ defined in Eq.~9!, i.e., the spin-orbit
coupling constants for bands withd character for↑ and ↓
spin. These constants are the important ones for magn
optics since thed bands exhibit the magnetic moment
Combinations of the radial functions other than (ul ,ul) are
of less interest since the radial dependence of wave funct
is mainly described by theul functions. The plot shows two
important properties of the coupling constants:~i! The values
increase with decreasing lattice constants and~ii ! the differ-
ence between the coupling constants of↑ and↓ spin shows a
clear dependence on the magnetic moments. Inspectio
the potentials for the different lattice constants shows that
size of the spin-orbit coupling constants is not directly go
erned by changes of the potential, i.e., the derivative of
potential shows no changes near the core, where the la
values of the derivative occur. As a consequence,

FIG. 6. Square of the radial functionu2(r ) and integrand
u2(r )2dV/dr as a function of the radius. In both cases the high
values are normalized to unity. The scales of they axes in the insets
are equal, which indicates that changes in the integrand are dir
caused by the radial functions.
to-

ns

of
e

-
e
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e

changes of the constants must be induced by changes o
radial functions. This is shown in Fig. 6, where the square
the functionul(r ) and the integranduldV/drul defined in
Eq. ~9! are plotted as a function of the radial distance. T
insets show that the increase of the maximum of the in
grand, which causes the changes of the coupling const
with decreasing lattice constants, is proportional to
changes of the square oful ~the maxima of both quantities
are normalized to 1!. Thus the changes of the coupling co
stants are caused by changes of the potential near the m
tin radiusRmt , which alters the probability of the maximum
of the radial functions also close to the nuclei. In additio
the dependence of the differences between the↑↑ and ↓↓
coupling constants on the magnetic moments reveals
variation of the potential with a different spin-subband occ
pation and by changing the radial functions via Eq.~7!. For
even larger values of the lattice constants, the coupling c
stants should reach the atomic value, which is approxima
50 meV. In the case of Ge, the spin-orbit splitting of the 4p
electrons in the solid is 0.43 eV~Ref. 80! at theG point, a
30% enhancement to the spin-orbit splitting of 0.21 eV in t
Ge atom. By comparing the wave functions and potentials
the solid and the atom, we find that this increase in the sp
orbit coupling strength in the solid in Ge is caused by a qu
different reason. Because of the covalent bond, the cha
distribution is not only enhanced between the atoms but a
near the core. Daalderopet al.71 obtained the coupling con
stants of bulk Fe and found a much larger difference betw
the coupling constants for↑ and ↓ spin and also slightly
different values. Since they used a LMTO code, the diff
ences should mainly be due to the different definitions of
coupling constants resulting from the different basis s
used.

In Table I the values of the additional spin-orbit couplin
constants forl 51 and 2 and within the combinations of th
radial functions (ul ,ul) and (u̇l ,u̇l) are listed. The depen
dence of the coupling constantsluu

l with l 51 on the lattice
constant differs significantly from the values forl 52. Their
changes are much more pronounced, namely the values
crease by about 40% rather than by only 5% forl 52. Also a
spin polarization appears only for the largest value of
lattice constants, whereas it changes slightly forl 52. These
properties reveal that thep states are much more influence
by the changed binding characteristics. Though in the cas
Fe monolayers thep band is not occupied and its center

t

tly
TABLE I. Values of the spin-orbit coupling constantsluu
l and l u̇u̇

l with l 51,2 for ↑↑ and ↓↓ spin
combinations for the Fe~001! monolayer as a function of the lattice constantsa between 2.4 and 2.76 Å.

~eV! a52.40 Å a52.49 Å a52.58 Å a52.67 Å a52.76 Å

luu
l 51 ↑↑ 0.40789 0.33736 0.29471 0.26022 0.29714

luu
l 51 ↓↓ 0.41127 0.33583 0.29551 0.26304 0.31008

l u̇u̇
l 51 ↑↑ 0.00082 0.00018 0.00061 0.00128 0.00601

l u̇u̇
l 51 ↓↓ 0.00115 0.00041 0.00102 0.00186 0.00697

luu
l 52 ↑↑ 0.06182 0.06039 0.05941 0.05865 0.05909

luu
l 52 ↓↓ 0.06321 0.06193 0.06140 0.06091 0.06095

l u̇u̇
l 52 ↑↑ 0.01372 0.01604 0.01868 0.02164 0.02459

l u̇u̇
l 52 ↓↓ 0.01385 0.01621 0.01883 0.02175 0.02489
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tens of eV above the Fermi level,p states could becom
accessible by optical excitations via hybridization with lo
lying s andp bands of an appropriate substrate such as
or W. In these systems the large values of the SOC const
could, in particular in the case of pump-probe femtoseco
spin dynamic experiments, significantly affect spin-orbit
duced spin-flip contributions by strong excitations.

In principle, contributions related to the radial functio
u̇l should not contribute significantly since the values of
coefficientsBlm are in general much smaller thanAlm , nev-
ertheless the changes of the coupling constantsl u̇u̇

l should
reflect some features of the shape of the bands. Since
values forl 52 show no spin polarization, the shape of t
subbands should be nearly equal, and also the deriva
should increase quite strongly with the lattice constants in
cating narrower bands. Forl 51, the increase is even stron
ger, in agreement with the values forluu

l 51 ; the smaller val-
ues compared tol 52 reflect stronger dispersed bands.

A direct comparison of the spectra of the Fe~001! mono-
layer for a52.76 Å obtained within the FLMTO method81

and our FLAPW method in Fig. 7 shows good agreemen
the region of low photon energies. The position of the ma
mum is near 1.5 eV in both cases and the energy where
susceptibility crosses zero is 3 eV. In both calculations,
same model for the nonlinear magneto-optical susceptib
was applied. Thus the differences in the region of hig
photon energies should be an effect of the differentab initio
methods and in this special case due to the different b
sets. In the LMTO method, the number of basis functions
much smaller than in the FLAPW method, which leads to
lack of bands high above the Fermi level unless the calc
tions are performed for several localization energies. Thi
in agreement with the fact that for spectra that are based
the Fe bulk band structure we find no significant differen
in both methods not only for small photon energies but a
for higher excitations.

Our results obtained for the changed lattice consta
agree very well with the results by Pustogowaet al.66 for the
same system. Since they calculated spectra for lattice
stants larger than 2.76 Å, their changes of the zero
smaller due to the nonlinear dependence of the shape o

FIG. 7. NOLIMOKE spectra in the case of a Fe~001! monolayer
obtained by Pustogowaet al. ~Ref. 75! using a FP-LMTO code and
by the present authors using the FLAPW method.
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bands on the lattice constants, which is also reflected by
dependence of the magnetic moments on the lattice cons
in Fig. 5. In contrast to their calculations, in our case t
position of the maximum shows a clear dependence on
lattice constant.

The optical spectra also depend on the type of approxi
tions applied to the calculations of the electronic bands. T
can be seen in Fig. 8, where the spectrum of a Fe~001!
monolayer witha52.76 Å is calculated using different ap
proximations for the exchange correlation potential. W
compare the GGA, which is used for all calculatio
throughout this work, in the parametrization of Perde
et al.76 with the local-spin-density approximation~LSDA! in
the parametrization of Perdew and Wang.82 Since the GGA
corrects for overbinding, the bandwidth should be lower
and thus the zero should be at lower energy. In our case
opposite behavior occurs. The LSDA values are lower
energy. The spectra obtained with the different LSDA a
proximations show no strong deviations. The GGA yields
slightly higher magnetic moment, which can be responsi
for the higher value of the maximum and the larger value
the zero. In general, it is expected that spin-orbit coupl

FIG. 9. Comparison of the NOLIMOKE spectra obtained for t
Fe~110! monolayer without spin-orbit coupling and with band shif
induced by SOC. The effect of SOC in the wave functions via
optical dipole matrix elements has not been taken into consi
ation.

FIG. 8. Comparison of the NOLIMOKE spectra of a Fe~001!
monolayer, obtained by using GGA~Ref. 76!, LSDA, with the pa-
rametrization of Ref. 77.



p
E
th
se

uc
th
th

e
e

th
rd

o

the
st
li-

ina-

es
bor

to
or
for
ss

tice

in
in-

n-

n-

ts

u
e

ts

e
n.

PRB 58 5101NONLINEAR MAGNETO-OPTICS OF Fe MONOLAYERS . . .
counteracts the GGA, since the bandwidth increases by s
orbit induced shifts. But in the case of the NOLIMOK
spectra, the effects of spin-orbit coupling, which enters
spectra via the band structure, are negligible, as can be
in Fig. 9, where the NOLIMOKE spectrum of Fe~001! is
plotted both with and without SOC effects on the band str
ture. This reflects that spin-orbit induced changes of
eigenenergies only contribute in second order to
spectrum.70

B. Fe„001…, „110…, and „111… monolayers

In Figs. 10 and 11, the NOLIMOKE spectra of th
Fe~001!, ~110!, and ~111! monolayers are compared for th
nearest-neighbor distance of Cu fcc bulk,a52.56 Å, and for
a52.4 Å. Since the nearest-neighbor distance is equal in
different structures, the changes reveal the different coo
nation, which is six in the hexagonal~111! layer, four in the
square lattice~001!, and two in the rectangular lattice~110!.
The different coordination determines the area of the tw
dimensional~see Fig. 1! unit cell containing one atom to
A2a2 for the ~110! structure,a2 for ~001! and A3/2a2 for
~111!. The next-nearest-neighbor distance isA2a in the
~110!, 2a in the ~001!- andA3a in the ~111! layer.

FIG. 10. NOLIMOKE spectra as a function of the photon e
ergy of the fundamental light for Fe~001!, Fe~110!, and Fe~111!
monolayers using the Cu fcc lattice constanta52.56 Å.

FIG. 11. NOLIMOKE spectra as a function of the photon e
ergy of the fundamental light for Fe~001!, Fe~110!, and Fe~111!
monolayers using the lattice constanta52.4 Å.
in-

e
en

-
e
e

e
i-

-

For both nearest-neighbor distances it can be seen that
lattice with the lowest coordination shows the smoothe
spectra, whereas for highest coordination the most comp
cated structure appears. This is a general aspect of coord
tion and can also be seen in the band structures.83 Between 0
eV and the zero around 3 to 4 eV, the~110! spectrum has a
sinusoidal shape, the~001! spectrum shows first a maximum
followed by a shoulder, and in the~111! case a dominant
maximum is surrounded by two shoulders. The differenc
are much more pronounced for the smaller nearest-neigh
distance. In the case ofa52.56 Å, the spectra are closer, as
can be seen, e.g., at the zero point, and it is more difficult
define a maximum. Comparing the positions of the zero f
both lattice constants, one notices that the shifts are larger
higher coordination. Whereas the zero remains more or le
constant in the case of Fe~110!, it is shifted to lower energies
by ;0.2 eV for Fe~001! and 0.4 eV for Fe~111!. Thus one
can say that the dependence of the spectra on the lat
constants is proportional to the coordination.

Roughly the same holds for the magnetic moments
Figs. 12 and 13. There the magnetic moments and the sp

FIG. 12. Magnetic moments and spin-orbit coupling constan
luu

l 52 for the spin combinations↑↑ and↓↓ of the Fe~110!, Fe~001!,
and Fe~111! monolayers with the nearest-neighbor distance of C
fcc bulk a52.56 Å. The values are plotted as a function of th
coordination.

FIG. 13. Magnetic moments and spin-orbit coupling constan
luu

l 52 for the spin combinations↑↑ and↓↓ of the Fe~110!, Fe~001!,
and Fe~111! monolayers with the nearest-neighbor distanc
a52.4 Å. The values are plotted as a function of the coordinatio
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orbit coupling constantsluu
l 52 ↑↑ and luu

l 52 ↓↓ are plotted
for three different coordination numbers correspond
to ~111!, ~001!, and ~110! layers. The magnetic momen
of the Fe~110! layers change by only;0.1mB compared to
; 0.25mB for the ~111! and~001! monolayers. As expected
the values of the magnetic moments increase with lowe
coordination. Comparison of the spin-orbit coupling co
stants show that the changes induced by the different c
dination are quite small compared to the changes induce
different nearest-neighbor distances. Thus one can say th
a first approximation the values of the spin-orbit coupli
constants depend on the nearest-neighbor distance an
main constant for different coordination. The values of t
coupling constants withl 51 and the combination of the ra
dial functions (u̇l ,u̇l) confirm this since they show no sig
nificant changes with the coordination, as can be seen f
Tables II and III.

C. Stripe structures

The NOLIMOKE spectra of the stripe structures of Fig.
are plotted in Fig. 14 for different distancesd of the stripes
in comparison to the spectrum of the Fe~111! monolayer,
which can be interpreted as a stripe structure with dista
d5h ~see Fig. 2!. The spectra show no behavior that can
easily interpreted in terms of the bandwidth, correspond

TABLE III. Values of the spin-orbit coupling constantsluu
l and

l u̇u̇
l with l 51,2 for ↑↑ and↓↓ spin combinations for the Fe~111!,

Fe~001!, and Fe~110! monolayer with the nearest-neighbor distan
a52.4 Å.

~eV! Fe~111! Fe~001! Fe~110!

luu
l 51 ↑↑ 0.40746 0.40789 0.40900

luu
l 51 ↓↓ 0.41047 0.41127 0.41360

luu̇
l 51 ↑↑ 0.00084 0.00082 0.00086

luu̇
l 51 ↓↓ 0.00114 0.00115 0.00123

luu
l 52 ↑↑ 0.06175 0.06183 0.06176

luu
l 52 ↓↓ 0.06305 0.06321 0.06350

luu̇
l 52 ↑↑ 0.01380 0.01372 0.01370

luu̇
l 52 ↓↓ 0.01392 0.01385 0.01378

TABLE II. Values of the spin-orbit coupling constantsluu
l and

l u̇u̇
l with l 51,2 for ↑↑ and↓↓ spin combinations for the Fe~111!,

Fe~001!, and Fe~110! monolayer with the Cu fcc bulk neares
neighbor distancea52.56 Å.

~eV! Fe~111! Fe~001! Fe~110!

luu
l 51 ↑↑ 0.34339 0.34822 0.34601

luu
l 51 ↓↓ 0.35045 0.35664 0.35519

luu̇
l 51 ↑↑ 0.00244 0.00262 0.00252

luu̇
l 51 ↓↓ 0.00299 0.00322 0.00316

luu
l 52 ↑↑ 0.05989 0.06058 0.06023

luu
l 52 ↓↓ 0.06191 0.06220 0.06207

luu̇
l 52 ↑↑ 0.01807 0.01784 0.01790

luu̇
l 52 ↓↓ 0.01818 0.01802 0.01802
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to a zero point in the spectra, or the magnetic moment, c
responding to a maximum at a certain position in the lo
energy-regime. Only the more complicated structure of
spectra ford.h is clear from the lifting of degeneracies i
the band structure, which results from the breaking of sy
metry. Thus, the number of bands increases ford.h, since
there are two nonequivalent atoms in the unit cell, compa
to one for Fe~111!. However, the quantitative assignment
peaks in the spectrum in terms of band-structure resona
appears to be difficult due to the participation of three ba
in each elementary process of SHG. Due to the requirem
of vertical transitions, the density of states is even less c
clusive. The differences in the spectra should be an effec
the details of the bands.

If one first neglects the spectra for the stripes with t
largest distance~long-dashed line!, the behavior is quite
regular in the sense that the maximum value of the spe
decreases with increasing distance and that the zero p
shifts to lower energies and reaches zero ford5h11.04 Å.
By drastically increasing the ‘‘interstripe’’ distance tod5h
11.78 Å, the NOLIMOKE spectra differ from these trend
and exhibit a shape that is similar to the spectra of the clo
layers in Figs. 3, 10, and 11. This can be interpreted as

FIG. 14. NOLIMOKE spectrum of the different stripe structur
for distances between the stripes varying fromh to h11.78 Å as
described in Fig. 2.

FIG. 15. Magnetic moment and spin-orbit coupling consta
luu

l 52 for the spin-combinations↑↑ and ↓↓ for the different stripe
structures as a function of their ‘‘interstripe’’ distanced.
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oscillatory behavior of the electronic structure with the d
tance. The change of the trends for the distance
d5h11.78 Å can also be observed in Fig. 15 for the sp
orbit coupling constants and more or less also for the m
netic moments. Since the difference in the values ford5h
11.04 Å andd5h11.78 Å is very small,m remains essen
tially constant.

The relatively small changes of the spin-orbit coupli
constants withl 52 shown in Fig. 15 and Table IV imply the
same interpretation as in Sec. III B for the layers with diffe
ent coordination. In a first approximation, the values of
coupling constants remain unchanged and thus their va
depend mainly on the nearest-neighbor distance, whic
fixed here by the constant structure of the isolated strip
Thus, for tailoring the SOC constants and the magnetic m
ments, the choice of the substrate will be much more e
cient than nanostructuring while keeping the neare
neighbor distance constant. Nevertheless, nanostructu
can still have a strong effect on dynamical properties of
spin and magnetic moments, for which the size of the S
constants is quite important. For certain island sizes a ph
transition from ferromagnetism to superparamagnetism
occur and affect the spin dynamics.

The behaviors of the coupling constants withl 51, which
are also listed in Table IV, show one difference. The valu
are also nearly constant for distances larger thanh, but they
show a clear increase, when the distance changes
d5h to d5h10.46 Å, i.e., at the onset of the reduction
the symmetry. Thus the SOC constants of thep bands are not
only much larger but also much more sensitive to the bo
characteristics than thed bands.

Clearly further investigations are necessary to underst
the strong changes of the NOLIMOKE spectra for the diff
ent stripe distances.

IV. SUMMARY AND OUTLOOK

We presented results for the structural dependence o
nonlinear magneto-optics of Fe monolayers. Since in
theory the optical dipole-transition matrix elements are

TABLE IV. Values for the spin-orbit coupling constantsluu
l

andl u̇u̇
l with l 51,2 for ↑↑ and↓↓ spin combinations of the stripe

structures as a function of the ‘‘interstripe’’ distanced.

~eV! d5h d5h10.46 Å d5h11.04 Å d5h11.78 Å

luu
l 51 ↑↑ 0.35653 0.38331 0.38857 0.38502

luu
l 51 ↓↓ 0.35388 0.38784 0.39421 0.39004

luu̇
l 51 ↑↑ 0.00008 0.00127 0.00146 0.00130

luu̇
l 51 ↓↓ 0.00022 0.00166 0.00189 0.00171

luu
l 52 ↑↑ 0.06063 0.06105 0.06120 0.06085

luu
l 52 ↓↓ 0.06261 0.06277 0.06290 0.06239

luu̇
l 52 ↑↑ 0.01518 0.01507 0.01502 0.01504

luu̇
l 52 ↓↓ 0.01523 0.01519 0.01514 0.01519
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proximated as constants, we cannot analyze the symm
properties of the nonlinear susceptibility tensor. Instead
focused on the spectral dependence of a magnetic tenso
ement, the magnetic moments, and the spin-orbit coup
constants, the latter two reflecting the microscopic origin
magneto-optics.

In the case of the Fe~001! monolayer spectrum, the cha
acteristic features such as the position of the first zero, wh
is related to thed-band width, and the position of th
maxima are shifted to lower energies with decreasing lat
constant. The changes are stronger for smaller lattice c
stants, which also holds for the magnetic moments and
spin-orbit coupling constants. The values of the maxim
which should be related to the magnetic moments, show
clear trend. The spectra of layers with different coordinat
numbers show characteristic differences in the shape as
as in the position of the maximum and the first zero. T
differences are more pronounced for smaller lattice c
stants. Reducing the dimensionality of the monolayers, sim
lated by one-dimensional stripes with different ‘‘interstripe
distances, results in dramatic changes of the spectra. T
shapes show no similarities with the monolayer spectra
more. In contrast, the values of the spin-orbit coupling co
stants depend in a first approximation only on the near
neighbor distance. This was shown for both the Fe mono
ers with different coordination number and the on
dimensional stripe structures.

For the Fe~001! monolayers, the SOC constants show t
opposite behavior of the magnetic moments, namely t
increase with decreasing lattice constants. As an impor
result, the difference between the coupling constants fo↑
and↓ spin is proportional to the magnetic moments, caus
by the dependence of the potentials on the occupation of
subbands. The values of the magnetic moments show re
well known for itinerant ferromagnets. Increasing the latti
constants or decreasing the coordination enhances their
ues. The same holds for increasing the distances of stripe
the quasi-one-dimensional structures.

Our results clearly show the strong dependence of
NOLIMOKE spectra on structural changes and also indic
that the spectral dependence of the magneto-optical resp
is a valuable source of information on the structure of
investigated system.

Future work will address the completion of ourab initio
theory by the optical transition-dipole matrix elemen
which is of major importance not only for the determinatio
of absolute signal values but also for the study of structu
dependencies, since the susceptibility tensor reflects the s
metry of the system. Also we will investigate structures w
further reduced dimensionality, i.e., zero-dimensional
lands, and apply nonlinear magneto-optics to antiferrom
nets.
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8A. Dähn, W. Hübner, and K. H. Bennemann, Phys. Rev. Lett.77,
3929 ~1996!.

9A. Kirilyuk, Th. Rasing, R. Me´gy, and P. Beauvillain, Phys. Rev
Lett. 77, 4608~1996!.

10V. V. Pavlov, R. V. Pisarev, A. Kirilyuk, and Th. Rasing, Phy
Rev. Lett.78, 2004~1997!.

11P. N. Argyres, Phys. Rev.97, 334 ~1955!.
12P. Blaha, K. Schwarz, P. Dufek, and R. Augustyn,WIEN95, Tech-

nical University of Vienna, 1995;@Improved and updated Unix
version of the original copyrightedWIEN code, which was pub-
lished by P. Blaha, K. Schwarz, P. Sorantin, and S. B. Trick
in Comput. Phys. Commun.59, 399 ~1990!#.

13C. S. Wang, B. M. Klein, and H. Krakauer, Phys. Rev. Lett.54,
1852 ~1985!.

14V. L. Moruzzi, P. M. Marcus, and J. Ku¨bler, Phys. Rev. B39,
6957 ~1989!.

15V. L. Moruzzi, P. M. Marcus, K. Schwarz, and P. Mohn, Phy
Rev. B34, 1784~1986!.

16F. J. Pinski, J. Staunton, B. L. Gyorffy, D. D. Johnson, and G.
Stocks, Phys. Rev. Lett.56, 2096~1986!.

17W. Daum, C. Stuhlmann, and H. Ibach, Phys. Rev. Lett.60, 2741
~1988!.

18J. Giergiel, J. Kirschner, J. Landgraf, J. Shen, and J. Woltersd
Surf. Sci.310, 1 ~1994!.

19M. Zharnikov, A. Dittschar, W. Kuch, C. M. Schneider, and
Kirschner, Phys. Rev. Lett.76, 4620~1996!.

20S. Müller, P. Bayer, C. Reischl, K. Heinz, B. Feldmann, H
Zillgen, and M. Wuttig, Phys. Rev. Lett.74, 765 ~1995!.

21Chun Li, A. J. Freeman, H. J. F. Jansen, and C. L. Fu, Phys. R
B 42, 5433~1990!.

22E. Wimmer, J. Phys. F14, 2613~1984!.
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45T. Götz, F. Träger, M. Buck, C. Dressler, and F. Eisert, App

Phys. A: Mater. Sci. Process.60, 607 ~1995!.
46G. Mie, Ann. Phys.~Leipzig! 25, 377 ~1908!.
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