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Surface and pseudosurface acoustic waves in superlattices

Takashi Aono and Shin-ichiro Tamura
Department of Applied Physics, Hokkaido University, Sapporo 060, Japan

~Received 24 March 1998!

We study theoretically the propagation of surface acoustic waves on the surface of a semi-infinite, periodic
superlattice consisting of anisotropic, elastic layers of cubic symmetry. By the use of a transfer-matrix method
the dispersion relations of surface modes predominantly polarized in the sagittal plane and also those polarized
horizontally, are derived. Pseudosurface-wave~PSW! branches are also found inside the frequency bands of
bulk acoustic waves. A remarkable feature is the existence of a PSW branch, which links a surface wave
branch below the bulk bands to a branch inside a frequency gap. We present numerical examples for AlAs/
GaAs superlattices with an AlAs top surface or a GaAs top surface. Focusing of ballistically propagating
surface and pseudosurface waves is also studied.@S0163-1829~98!06832-5#
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I. INTRODUCTION

For the last two decades there has been a great de
work on the vibrational properties in superlattices~SL’s!. In
particular, the propagation characteristics of bulk acou
phonons in periodic SL’s have extensively been stud
theoretically and also verified experimentally by phon
spectroscopic and imaging experiments.1–7 However, there
still exists a great deal of activity in this area. A recen
studied topic is the problem of phonon surface modes i
semi-infinite SL. A picosecond ultrasonic study has revea
the presence of localized acoustic surface modes in met
superlattices, which appear in the frequency gaps of the
persion relation of bulk phonons.8 The eigenfrequencies o
these surface modes coincide well with theoretical calcu
tions based on the transfer-matrix method, though th
damping rates are too large to be explained. Also a la
time delay is predicted theoretically for the reflection of
phonon from the surface of a SL when its frequency co
cides with an eigenfrequency of localized surface vibratio
modes.9

So far, Djafari-Rouhani and his co-workers have theor
cally studied the surface acoustic waves in semi-infinite S
with a surface parallel or perpendicular to the grow
direction.10–15 However, the majority of the studies emplo
an isotropic continuum model. The real constituent mater
of semiconducting SL’s are more or less anisotropic ela
cally, which gives rise to a considerable change in the aco
tic properties. An example is the fact that the direction of
energy flow is not collinear with the wave-vector directio
leading to the focusing and defocusing of ballistically prop
gating phonons and elastic waves.16–18The phonon focusing
at solid surfaces has also been predicted and recently ver
experimentally.19–26 In addition, pseudosurface waves th
behave like surface waves but have a wave compon
slowly radiating their energy into the bulk of the solid ca
exist in an anisotropic surface.27,28 So far, two previous
works on the lattice vibrations at SL surfaces include
effects of anisotropy,13,14 but the properties of the surfac
and pseudosurface waves depending on the propagatio
rection are not fully analyzed.

The purpose of the present work is to investigate theor
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cally the existence and propagation characteristics of b
the surface and pseudosurface acoustic waves on the su
parallel to the layer interfaces of semi-infinite, periodic SL
We explicitly take account of the elastic anisotropy of t
constituent layers and develop in Sec. II the formulati
based on the transfer-matrix method. In Sec. III we find
solutions of the surface and pseudosurface waves in SL’s
illustrate the band structures, angular dependence of dis
sion curves, amplitude profiles, and focusing characterist
These numerical results are shown for~100! AlAs/GaAs
SL’s with both AlAs and GaAs surfaces. Conclusions a
given in Sec. IV.

II. FORMULATION

We study a semi-infinite SL consisting of alternating la
ers of A and B materials, which occupies the half spacez
.0 with a flat surface (atz50) parallel to thex-y plane.
Figure 1 depicts the SL system under consideration, wherA
andB layers have thicknessesdA anddB , respectively, and
the SL period isD5dA1dB . The displacement vectorUA

and the stress vectorSA ~the component of the stress tens
normal to the surface! in the A layer can be written as

S Un
A~x,t !

Sn
A~x,t !

D 5(
j 51

6

an
~ j !S eA

~ j !

sA
~ j !D exp~ ikA,z

~ j ! z!ei ~ki•xi2vt !

[Wn
A~z!ei ~ki•xi2vt !, ~1!

wherex5(xi ,z)5(x,y,z), n and j are the indices that dis
criminate the periods~bilayers! and six waves~three pairs of
counterpropagating waves! in a layer, respectively,a is an
amplitude,e is a unit polarization vector,s is the stress
vector whose components are defined bys i5c3i lmkmel with
cilmn the stiffness tensor~the summation convention ove
repeated indices is assumed!, k5(ki ,kz)5(kx ,ky ,kz)
5(k1 ,k2 ,k3) with kz5kA,z

( j ) the wave vector, andv is the
angular frequency. The wave numberskA,z

( j ) ( j 51 –6), which
are complex in general, are determined by solving the Chr
offel equation

~rAv2d im2cilmn
A klkn!em50 ~ i 51,2,3! ~2!
4838 © 1998 The American Physical Society
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PRB 58 4839SURFACE AND PSEUDOSURFACE ACOUSTIC WAVES IN . . .
for givenki ~real vector! andv, wherer is the mass density
In theB layer the expressions for the displacement and st
vectors are given by Eq.~1! with the amplitudea and index
A replaced byb and B, respectively. Hence we write th
six-component vectorWn

A(z) as

Wn
A~z!5GAFA~z!An , ~3!

where

GA5S eA
~1! eA

~2!
••• eA

~6!

sA
~1! sA

~2!
••• sA

~6!D ~4!

and

FA~z!5S exp~ ikA,z
~1!z! 0 ••• 0

0 exp~ ikA,z
~2!z! ••• 0

] ] ] ]

0 0 ••• exp~ ikA,z
~6!z!

D
~5!

are 636 matrices, and

An5~an
~1! ,an

~2! ,•••,an
~6!! t ~6!

is a six-component column vector.
Now introducing a transfer matrixT that relatesWn and

Wn11 as

Wn11
A ~nD!5TWn

A@~n21!D#, ~7!

FIG. 1. Schematic of a semi-infinite periodic superlattice co
sisting of alternatingA and B layers with thicknessesdA and dB ,
respectively. The superlattice occupiesz.0 and has a surface atz
50.
ss

we find

Wn11
A ~nD!5TnW1

A~0!. ~8!

The explicit expression forT is given below. To save the
indices we defineWn11

A (nD)[wn and henceW1
A(0)5w0.

Thus Eq.~8! is rewritten as

wn5Tnw0 . ~9!

We now look for surface wave solutions satisfying

wn5lwn21 , ~10!

with ulu,1. Comparing Eqs.~9! and ~10! we find

~T2lE!w050, ~11!

whereE is a 636 unit matrix. This eigenvalue equation ha
six eigenvalueslJ and the corresponding eigenvectorsw̃(J)

with J51 –6. Among those sixlJ we keep three eigenvalue
with ulJu,1. Thus, at the surfacez50

w05GAA15 (
J51

3

cJw̃
~J!, ~12!

wherecJ’s are unknown coefficients. IfcJ’s are known, the
amplitudeA1 in the firstA layer is determined as

A15 (
J51

3

cJGA
21w̃~J!. ~13!

Also applying Eq.~8!, the amplitude in the (n11)th A layer
is given by

An115 (
J51

3

cJ~lJ!
n@FA~nD!#21GA

21w̃~J!, ~14!

The coefficientscJ’s are determined from the boundar
condition at the surface of the SL. Putting

w̃~J!5S u~J!

s~J! D , ~15!

and noting thatw05W1
A(0)5@U1

A(xi,0,t),S1
A(xi,0,t)# t, the

boundary conditionS1
A(xi,0,t)50 for the free surface lead

to

(
J51

3

cJs
~J!50. ~16!

This gives

detS s1
~1! s1

~2! s1
~3!

s2
~1! s2

~2! s2
~3!

s3
~1! s3

~2! s3
~3!
D 50. ~17!

Equation ~17! together with the secular equation det(T
2lE)50 determine the frequencies of the surface acou
mode.

The transfer matrixT is given by the product of the ma
tricesTA andTB associated withA andB layers as

T5TBTA . ~18!

-
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FIG. 2. Band structures and dispersion curves of both the bulk and surface acoustic waves in a periodic superlattice consistin
and GaAs layers with the same thickness. The propagation direction is rotated 20° from the@100# axis. Filled circles are the surface acous
waves, and the bulk bands are discriminated by the thickness of dots according to the number of overlapping bands.~a! Surface layer (A
layer! is AlAs. ~b! Surface layer (A layer! is GaAs.v053.333105 cm/s.
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The matricesTA andTB are constructed as follows:7 First we
introduce 333 matricese6

(A) ands6
(A) defined by

e1
~A!5~eA

~1! ,eA
~2! ,eA

~3!!, ~19!

e2
~A!5~eA

~4! ,eA
~5! ,eA

~6!!, ~20!

s1
~A!5~sA

~1! ,sA
~2! ,sA

~3!!, ~21!

s2
~A!5~sA

~4! ,sA
~5! ,sA

~6!! ~22!

and also the diagonal matricesf6
(A) given by

f6
~A!~z!

5S exp~6 ikA,z
~1!z! 0 0

0 exp~6 ikA,z
~2!z! 0

0 0 exp~6 ikA,z
~3!z!

D ,

~23!

where we notekA,z
( j 13)52kA,z

( j ) for j 51, 2 and 3. With these
matrices we next define 636 matrices

PA5S e1
~A! e2

~A!

s1
~A! s2

~A!D , ~24!

FA5S f1
~A!~z! 0

0 f2
~A!~z!

D , ~25!

whereFA(z) is a 636 diagonal matrix. Similarly we also
define the corresponding matricesPB and FB(dB) with in-
dex A replaced byB. Thus, the transfer matricesTA andTB
are given by
TA5PAFA~dA!PA
21 , ~26!

TB5PBFB~dB!PB
21 . ~27!

Note that det(TA)5det(TB)5det(T)51.

III. NUMERICAL RESULTS

We present numerical examples for a periodic SL cons
ing of alternating AlAs and GaAs layers with the same thic
nesses, i.e.,dA5dB5D/2.29

A. Surface acoustic waves

In Figs. 2~a! and 2~b! we have plotted the band structure
i.e., the normalized frequencyvD/v0@v05(C44

GaAs/rGaAs)
1/2

53.333105 cm/s# ~Ref. 29! versus normalized wave num
ber kiD, of the bulk and surface modes in semi-infini
AlAs/GaAs SL’s with an AlAs top surface and a GaAs to
surface, respectively. As a typical example, the propaga
direction of u520° rotated from the@100# axis on the sur-
face is chosen. The filled circles are the surface branches
appear either inside the gaps or below the frequency band
the bulk modes. The existence of surface wave branches
side frequency gaps of the bulk waves is characteristic of
multilayered systems.

Notable results in contrast to the case of surface wave
semi-infinite solids are as follows:~1! Single or double
branches are found below the bulk bands depending
whether the surface layer is AlAs or GaAs.~2! High-
frequency surface waves are found inside the frequency g
of the bulk acoustic waves. In order to see the dispers
relations of the surface modes in more detail we have plo
in Figs. 3~a! and 3~b! the angular dependences of the ba
structures forkiD52 andkiD510, respectively.
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FIG. 3. Angular dependences of the surface and pseudosurface wave frequencies in the periodic superlattice consisting of AlAs
with the same layer thicknesses. The bold and thin solid~dashed! lines are the surface~pseudosurface! wave branches for the GaAs surfac
(A5GaAs) and AlAs surface (A5AlAs), respectively. Crosses on the dashed lines are the secluded surface waves on the pseud
branches. Dotted regions are the same bulk bands as in Fig. 2.~a! kiD52. ~b! kiD510. v053.333105 cm/s.
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In Fig. 3~a! for kiD52 we find three surface wav
branches below the bulk bands, i.e., two for the GaAs surf
and one for the AlAs surface. The lower branch for the Ga
surface corresponds to the Rayleigh wave~RW!, which ex-
hibits an angular dependence very similar to the one in se
infinite GaAs.19 The upper branch for the GaAs top surfa
exists only for a restricted range of directions and close
the bulk transverse band with horizontal polarization. Th
the surface waves on this branch are expected to be
polarized nearly horizontally, that is, they are Love-wav
~LW-! like surface waves.30 The existence of this upper su
face wave branch for the GaAs top surface has been re
nized by Nougaoui and Djafari-Rouhani14 but the details
have not been analyzed. The surface wave branch for
AlAs top surface is also RW-like but it disappears at
angle of aboutu530° by merging with the bulk band. Thi
is consistent with the result of Nougaoui an
Djafari-Rouhani14 found for kiD52.

To confirm the polarizations of the waves in tho
branches, we have shown in Fig. 4 the profiles of the th
components of the displacement vector atu520°. We see
that the lower two branches are predominantly polarized
the sagittal plane, indicating the RW-like character. Ho
ever, in the upper branch for the GaAs surface the wav
polarized almost perpendicular to the sagittal plane, i.e., L
like in character. The slow decay of the displacement am
tude of this mode reflects the fact that this branch is v
close to the bulk transverse band. The amplitude decre
more rapidly when the branch is located well below the b
bands. This can be seen by comparing a similar plot
kiD510 shown in the insets.

No LW-like surface mode exists below the bulk bands
the AlAs surface. This is because the original LW is su
ported only when the transverse sound velocity of the la
ce
s
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material is slower than that of the semi-infinite substrate30

This is also the reason for the fact that the dispersion cu
of the RW-like mode below the bulk band is closer to t
band edge for the AlAs surface than for the GaAs surfac

More interesting is the band structure for a shorter wa
length shown in Fig. 3~b! for kiD510. In this figure severa
surface wave branches are found inside the frequency g
as well as below the frequency band of the bulk waves.
particular, the LW-like upper branch of the surface mode
the GaAs surface is connected to the surface branch in
the frequency gap through the transverse bulk band. Nea
@110# direction (u545°) the surface waves on this branc
are predominantly polarized in the sagittal plane. The bra
connecting these surface branches below and inside the
bands is a pseudosurface branch which will be discusse
the next subsection.

B. Pseudosurface waves

As in the case for the surface of an anisotropic se
infinite solid, pseudosurface waves~PSW’s! exist on the sur-
face of a SL. The existence of PSW’s in SL’s was previou
recognized by El Boudouti, Djafari-Rouhani, an
Nougaoui15 as resonances in the bulk band of sagittal wa
in the isotropic approximation. The PSW’s on semi-infin
solids attenuate very slowly with propagation distance
cause of a weak coupling to a bulk shear mode. The sea
ing procedure for PSW’s is essentially the same as that f
semi-infinite solid. That is, we add a small positive imag
nary part toki by changingki(11 i«) with «.0, and find a
set of solutionslJ(J5123), with ul1u,ul2u,1 but ul3u
.1. These solutions correspond to the wave growing into
SL, and hence should be found inside the frequency band
a single mode where the propagation of the other two b
modes are prohibited.
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4842 PRB 58TAKASHI AONO AND SHIN-ICHIRO TAMURA
In Fig. 3 the angular dependences of the PSW frequen
are shown by dashed curves. ForkiD52 the PSW branche
are found at a relatively low part of the bulk band both f
AlAs and for GaAs surfaces. The corresponding attenua
coefficient« versus propagation direction along the surfa
has been plotted in Fig. 5 forkiD52 and kiD510. This
figure shows that« is quite small, that is,;1022 or less,
indicating the small coupling to the bulk wave as expect
Thus the PSW’s can propagate along the surface almos
attenuated, and should be observed experimentally jus
true surface waves.31

From Fig. 3 we also see that at certain isolated directi
the waves on the PSW branches become true surface w
(«50), for instance, at angles ofu;33° andu545° from
the @100# direction for the GaAs top surface. The waves
these angles~the corresponding positions on the dispers
curves are indicated in Fig. 3 by crosses! are called secluded
supersonic surface waves.32

An interesting result can be found in Fig. 3~b! for kiD
510. At the lower part of this figure the PSW branch for t
GaAs surface links the surface wave branch below the b
band to that inside a band gap. Also, the upper part of
surface wave branches inside the band gaps continue int
bulk bands as PSW branches both for the AlAs surface
the GaAs surface. Note that only those surface w

FIG. 4. The amplitudes~absolute values! vs distance~normal-
ized by the unit periodD) from the surface for the three compo
nents of the lattice displacement:Uz normal to the surface,U i
parallel to the wave vector, andU' perpendicular to the sagitta
plane.~a! The lower branch and~b! the upper branch of the surfac
mode~below bulk bands! for a GaAs surface. The propagation d
rection is 20° from the@100# axis andkiD52. The insets show
similar plots forkiD510 with the same direction of propagation
es

r
n

e

.
n-
as

s
ves

t

lk
e

the
d
e

FIG. 5. Attenuation coefficient« vs propagation direction for
the pseudosurface waves shown in Fig. 3. Solid lines are for a G
surface and dashed lines are for an AlAs surface.~a! kiD52. ~b!
kiD510. @The numbering 1–3 of the lines corresponds to that
the pseudosurface branches in Fig. 3~a!.# Due to the precision of
numerical calculations, we could not obtain~for kiD510, in par-
ticular! the solutions for« in the vicinities of the angles where« is
expected to vanish.

FIG. 6. Slowness curves~the first quadrant! of the Rayleigh-
wave-like surface wave~RW, bold solid line!, Love-wave-like sur-
face wave~LW, thin solid line!, and pseudosurface wave~PSW,
dotted line! at vD/v053. c denotes the phase velocities. The su
face layer is GaAs. The pointsA and B on the LW-like surface
branches andC andD on the RW-like surface branches are infle
tion points which produce cuspidal points on the group-veloc
curves.
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PRB 58 4843SURFACE AND PSEUDOSURFACE ACOUSTIC WAVES IN . . .
branches that intersect with a bulk band at a finite angle
continue into the bulk bands as PSW branches. For the
face wave branches that intersect almost tangentially wi
bulk band the PSW branches do not continue into this ba

C. Phonon focusing

The acoustic energy associated with elastic wave pro
gation is carried with the group-velocity. In elastically anis
tropic solids the direction of the wave vector and the cor
sponding group-velocity vector are not collinear in gene
leading to the focusing and defocusing of energy flux em
nating from a point source. The focusing of the surfa
acoustic waves is qualitatively understood by looking at
shapes of the constant-frequency~or the slowness! curves
v(ki)5v0 (v0 is a given frequency! in the wave-vector
space whose outward normals give the directions of
group velocitiesv5¹ki

v. The departure of the shape of
slowness curve from a circle gives a measure of the ani
ropy of the underlying lattices. In Fig. 6 we have display
the slowness curves for the RW-like and LW-like surfa
modes~below the bulk band! as well as for the pseudosu
face mode atvD/v053. The surface layer is assumed to
GaAs. Here, we note that the shapes of these slowness c
do not change markedly even if the frequency is change

FIG. 7. The group-velocity curves at~a! vD/v051 and ~b!
vD/v053 of the Rayleigh-wave-like surface mode~RW, bold
solid line!, Love-wave-like surface mode~LW, thin solid line!, and
pseudosurface mode~PSW, dotted line!. The surface layer is GaAs
The cuspidal pointsA2D of ~b! correspond to the inflection point
A2D on the slowness curve in Fig. 6.
n
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The shapes of the slowness curves of the RW-like m
and pseudosurface mode are qualitatively the same as t
on the~100! surfaces of semi-infinite silicon33 and GaAs.19

The new feature is the structures due to the LW-like surf
mode. The slowness curves of the LW-like mode exist ins
the slowness curve of the RW mode and they appear a
they extend from the PSW branch.~This can be also seen i
Fig. 3.! A close look at the slowness curves of the LW-lik
mode reveals that they have both convex and concave
gions with inflection points separating these regions. Th
inflection points~for instance, the points markedA and B,
and the points equivalent to them forvD/v053) produce
the cuspidal structures in the group-velocity curves on eit
side of the@100# direction, as shown in Fig. 7.

The geometrical properties of the slowness and gro
velocity curves associated with both the surface and pseu
surface modes should be reflected in the spatial distribu
of acoustic energy flux emanating from a point source. W
define the focusing factorF, which measures the enhanc
ment of acoustic flux relative to that in an isotropic mediu
by F5uDuki

/Duvu, whereDuki
is a small angle occupied b

the wave vectorki in wave-vector space (ki space! andDuv
is the corresponding small angle subtended by the gro
velocity vectorv in real space. In the calculation ofF we
assume a uniform distribution for the wave-vector directio
in ki space. Actually,F is given by the sum overki for
which the corresponding group-velocity vectoruv points the
same direction.

Figure 8 shows the angular dependence of the focus
factor F in a given directionuv . The surface layer is GaAs
Both the RW-like and LW-like modes have sharp peaks, t
is, they have caustics, but PSW’s are focused rather we
in the @110# direction. In contrast to the case of surfa

FIG. 8. The focusing factors of the Rayleigh-wave-like surfa
mode~RW, solid lines!, Love-wave-like surface mode~LW, dotted
lines in the inset!, and pseudosurface mode PSW,~dashed lines! at
vD/v051, and 3. The surface layer is GaAs. The sharp peak
A2D for vD/v053 correspond to the cuspidal pointsA2D of
Fig. 7~b! and the inflection pointsA2D on the slowness curves in
Fig. 6. The focusing factors of pseudosurface waves are alm
overlapped at angles larger than 16°.
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4844 PRB 58TAKASHI AONO AND SHIN-ICHIRO TAMURA
waves on the bulk solids the positions of the caustics cha
with frequency and an additional caustic~point A) appears
for the LW-like mode at higher frequencies.

IV. CONCLUDING REMARKS

We have studied the surface acoustic waves propaga
on the surface parallel to the layer interfaces of semi-infin
periodic superlattices, taking account of the elastic anis
ropy of the constituent materials. At low frequencies t
wavelength of the surface waves is much larger than
layer thickness and the system is essentially equivalent
semi-infinite anisotropic solid with the same properties as
top layer. Thus, well-known results for surface and pseu
surface waves in bulk substrates are obtained. However
situation becomes quite different when the frequency
creases and the wavelength becomes comparable to a
period of the superlattice. We found both RW-like and LW
like surface wave branches inside the gaps of bulk band
well as below the bulk bands. These surface wave branc
exhibit quite different characteristics depending on the ma
rial of the surface layer. Below the bulk bands the RW-li
surface waves exist both for an AlAs surface and for a Ga
surface, but the LW-like surface wave exists only for t
GaAs surface. In the case of a GaAs surface the sound
locity in the surface layer is slower than that in the AlA
layer, and this is consistent with the condition for the ex
tence of Love waves in a system consisting of an ela
layer on a semi-infinite substrate.
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We have also searched for PSW branches in AlAs/Ga
SL’s. PSW’s are found inside bulk bands, and they of
appear as if they join up with the surface wave branc
below the bulk bands or with those inside the bulk ba
gaps. A remarkable result is that at largekiD a PSW branch
connects a surface wave branch below the bulk band wi
branch inside a band gap. Also the existence of severa
cluded supersonic surface waves at isolated directions on
PSW branches is confirmed.

Focusing of acoustic energy flux on the surface emana
from a point source is also studied for the branches below
bulk bands and in the low-frequency region. In addition
those of the RW-like mode, sharp focusings with caustics
found for the LW-like mode near the@110# axis. The theo-
retical results presented in this study could be verified
observing focusing effects with optical excitation of incohe
ent surface acoustic waves in the 50-MHz range21 or through
the excitation of coherent surface acoustic waves in the
MHz range with focused immersion transducers.23
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