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Compton profiles of Si: Pseudopotential calculation and reconstruction effects
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Using anab initio pseudopotential calculation, we compute Compton profiles of silicon alongloe,
(110, and(111) directions, and then reconstruct the pseudo-wave-functions to regain the oscillatory behavior
of the all-electron valence wave functions near the atomic cores. We study the effect that this reconstruction
has on the Compton profiles and their anisotropies. We find a decrease in the magnitude of the profiles at small
wave vectors and in their anisotropies. These changes bring the theoretical predictions closer to experimental
results.[S0163-18208)03628-3

I. INTRODUCTION pseudo-wave-functions by using a scheme devised by
Meyer, Hummler, Elssser, and Hanle!! By this reconstruc-
Compton profilek study the energy profiles of photons tion, we regain the oscillations in the core regions that were
that have been Compton scattered from electrons ifostin using a pseudopotential in the initial calculation. With
condensed-matter systems. These profiles give informatiotie reconstructed wave functions, we again calcufee)
about the ground-state momentum density of the system, aréhd the variousl(q), in order to see if the addition of the
can serve as a good check on the quality of the wave funccore behavior of the wave functions causes any changes in
tions used in theoretical calculations. The differences othe profiles or their anisotropies.
anisotropies between Compton profiles along different crys-
tallographic direc_tions are also invc_astigate_d as they bring out Il. DEFINITIONS
some features hidden in the bell-like profiles. The accuracy
with which the energy of the scattered photons can be mea- The Compton profilel(q) along a particular direction is
sured has improved greatly in recent years, and so it is intewhat is directly measured in an experiment. By changing the
esting to see if theoretical calculations of the Compton pro-orientation of the sample in an experiment, different crystal-
files match the more accurate experimental measurementographic directions can be examined. Within the impulse
Many different condensed-matter systems are being studied@pproximatior’, we can calculate the profile along a direction
but silicon is being focused upon as a test case. given by the unit vectoe from the formula
Most older calculations of the Compton profiles of solids
had used either tight-binding methddsor empirical
pseudopotentiat¢o calculate wave functions, form momen- J(q):j dpn(p) 8(p-e—q). )
tum densities, and compute profiles. Both methods have dis- all space
advantages: the tight-binding method has parameters that ) .
must be chosen, and will not reproduce the wave function§? other words, for a fixed value af, we integraten(p) over
well in interstitial regions, while the pseudo-wave-functionsthe plane perpendicular & which cuts the line along at a
from the empirical pseudopotential calculation have lost thesigned distance from the origin.
oscillatory behavior that the all-electron wave functions have Here,n(p) is the probability density of the momentum of
near the atomic cores. Nevertheless, both methods can prete electrons. In theoretical calculations these may either be
dict the profile shape well qualitatively, though it would just the valence electrons or just the core electrons, or both,
seem from comparison with experimental data that theoretiwhile in experimental measurements on silicon both core and
cal calculations tend to overestimate the height of the profilegalence electrons scatter the photons and so contribute to the
at low momenta and the size of the anisotropy in theprofiles. As the expression for the Compton profile is linear
profiles® In recent years, self-consistent calculations haven the momentum density, a profile from just the core elec-
been performed using the Korringa-Kohn-Rostok€KR)  trons can be calculated and then subtracted off from the total
band-structure scheé and the full-potential linearized experimental Compton profile to obtain the valence profile.
augmented-plane-wave meth¢dLAPW)2 and have com- If we assume that the core electrons are unaffected by the
pared favorably to recent experiments. presence of the other atoms in the crystal, then the momen-
The first part of our work in this paper is to do ah initio  tum density of the core electrons will be spherically symmet-
pseudopotential calculation on silicon, using density-ric, so that the core Compton profiles will be the same along
functional theory in the local-density approximaticfi,and  any direction, and will cancel out in the anisotropies. In our
to use the resulting valence pseudo-wave-functions to calcwealculation, we calculate the momentum density and Comp-
late the momentum densityp) and then the Compton pro- ton profiles of the valence electrons only.
files J(q) along some high-symmetry directions. Then we We define the valence momentum densifp) in such a
reconstruct the all-electron valence wave functions from thavay that it obeys the normalization
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dpn(p) =4, (2 VALENCE WAVE FUNCTIONS

IV. RECONSTRUCTION OF THE ALL-ELECTRON
fall space
The pseudo-wave-functions are constructed so as to have
a smooth behavior near to the atomic cores, and so they lack
since silicon has four valence electrons per atom. From this §ome of the high-momentum Fourier components that the
follows that the Compton profild(q) along any direction all-electron valence wave functions have. This implies that
obeys the normalization the momentum densitg(p) formed from the pseudo-wave-
functions will be reduced in weight at high momenta and, by
normalization, have too much weight at low momenta. The
+oo same tendency will be found in the Compton profiles, al-
fﬁm dqJ(q)=4. ©) though in the anisotropies it may be reduced if the correc-
' tions are spherically symmetrical.
To study this effect, we reconstruct the all-electron va-
lence wave functionsy,, from the pseudo-wave-functions

Yk Using a scheme devised by Meyer, Hummler,” &ea,

Using density-functional theory in the local-density ap-and Féinle As the pseudopotential is constructed so as to
proximation, we performed aab initio pseudopotential cal- 9ive @ pseudo-wave-function that reproduces the all-electron
culation on silicon in the diamond structure. We used avave function outside some cutoff radius, we only have to

norm-conserving Hamann-Sébdu-Chiang  pseudopoten- change the pseudo-wave-functions inside a reconstruction
tial 12 with cutoff radii of 1.2 a.u.. 1.3 a.u.. and 1.7 a.u. for sphere around the atoms, which includes this cutoff radius,

the 35, 3p, and 3 states. In the generation of the pseudo-and which should also enclose all of the core charge of the
potent’ial, :[he 3 orbital was fully occupied with two elec- atom. Once the radiusye, of this reconstruction sphere is

trons, the ® orbitals with 1.6 electrons, and thel Drbitals chosen, we re-solve the Kohn-Sham equation using an all-
with 0.4 electrons. A partial core correction was used for theeleptron pqtenUaI for each valence wave function in 'the In-
exchange potentia? terior of this sphere. The necessary boundary conditions are

The pseudo-wave-functions were expanded in a planes_peC|f|ed by using the values of the corresponding pseudo-

wave basis set with an energy cutoff of 15 Ry, at the eXperiyvave—function on the surface of the sphere. Once all of the

mental primitive cell volume of 270.107 a.u. This corre- pseudo-wave-functions have been reconstructed, we recalcu-
sponds to an expansion into approxirﬁately 265 plane wave_L,ate the all-electron potential and iterate to self-consistency.
The Ceperley-Alder electron gas restitas parametrized by " In the calculation, we choose the reconstruction radius to
Perdew and Zung&twere used for the exchange-correlation be rrec=1.5 a.u. A.t this radius, the, P, and d atomic
potential. For k-space integrations, we used a pseudo-wave-functions and the atomic all-electron wave

Monkhorst-Pack® unshifted 30<30x 30 grid ofk points in functions are very close to one another, so the use of the
the primitive cell of the reciprocal lattice. We calculated thecrySt.chlI psgudo-wave-funcnons as boundary_ cqndl_tl_ons on_the
olutions inside the reconstruction sphere is justified. Using

band energies for the lowest eight bands and the pseudg- )
ese reconstructed wave functions, we recalculate the mo-

wave-functions for the four occupied bands self-consistentl Mentum density. Again, we integrate the momentum density
on the 752 irreduciblé points. This density ok points gave to find the Compton profiles along the three chosen cubic

an effective distance betwedn points of 0.033 a.u. This . = -

. . : . directions.
dense grid ok points was chosen so that a linear interpola-
tion scheme could be used to calculate the momentum den-
sity at other points in reciprocal space. Then the momentum
densityn(p) was calculated from the pseudo-wave-functions

Ill. PSEUDOPOTENTIAL CALCULATION

V. RESULTS AND DISCUSSION

by unfolding the data from the irreduciblepoints into the In Fig. 1, we plot the valence momentum density along
full Brillouin zone, and then squaring the Fourier coeffi- the (100 direction for both the pseudo-wave-functions and
cients. the reconstructed wave functions. By way of comparison,

The Compton profiles along the cubit00), (110, and  note that for a free Fermi gas with the same electron density,
(111 directions were calculated by integration of the mo-the momentum density would be a spherically symmetric
mentum density using the linear tetrahedron metfddFor  step function, with the step located at the Fermi momentum
each profile, we performed 451 planar integrations of thek-=0.957 a.u. and having a height of 1.09 in the present
momentum density, at momentum values betwger0 a.u.  units. As expected, we see that adding in the oscillations of
andq=3.0 a.u. Negative were not used as the profiles are the valence wave functions in the core regions gives us a
symmetrical aboutj=0. Integration of each profile from noticeable reduction in the momentum densitg at0. This
—3.0 to +3.0 a.u. gave the expected value of 4. lost weight should transfer outwards to higher momenta, and

We checked the convergence of the calculation in the enindeed we find that the reconstructed momentum density has
ergy cutoff by doing a calculation with a 220X 20 grid at  a slowly decaying tail. This tail is small in magnitude, but
both 10 Ry and 20 Ry. The convergence of Kapoint grid  extends far enough out in momentum space to make up for
was checked by running with an energy cutoff of 10 Ry, andthe loss in weight near the origin.
two grid sizes of 2 20X 20 and 3 30X 30. In both cases, In Figs. 2, 3, and 4, we show the valence Compton pro-
the profiles changed by at most 0.3% of the profile height afiles along the(100, (110, and (111) directions for the
gq=0. pseudopotential and reconstructed momentum densities, and
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FIG. 1. Pseudopotential and reconstructed momentum density FIG. 3. Comparison between pseudopoteri@ished lingand
along the (100) direction, in units of electrons per atom per reconstructedsolid line) Compton profiles along th€l10) direc-
(atomic unit}. tion, and experimental data from the 29.5-kéRef. 5 and 59.38-

keV (Ref. 19 experiments. On the left portion the 29.5-keV experi-

compare them with some experimental profiles. The two exMent is graphed, with data points indicated by squares. On the right
periments we compare our profiles with are x-ray ComptorPort'O” are the 59.38-key data, Qenoted by trlangles._On each side
profiles with incident photon energies of 29.5 kéRef. 5 of.the graph: the theoretlca! proflles.are convoluted with thg appro-
and 59.38 ke\}_,g respectively. The 29.5-keV experiment !orlattnT experimental resolution functlon._ The_ Compton profiles are
measured thé100) and (110) profiles, while the 59.38-key " UMNits Of elections per atom per atomic unit

experiment measured these profiles and(fid). In the fig-

ures, we display our theoretical results convoluted with thdion, we have only the 59.38-keV data to compare with.
respective experimental resolutions of 0.084 and 0.12 a.u. We see a substantial change in the valence Compton pro-
So, on the left portiornegativeq values of the (100 and flles due to the_ reconstruction prqcedure. Th_e Ia_rgest change
(110 graphs we show the comparison with the 29.5 keVIS near the origin, where there is a reductl_on in the peak
experiment, and on the right portidpositive q values we height of approximately 6%. A long-range tail now appears,

compare with the 59.38 measurement. For thel) direc- Which compensates for the missing weight in the profile near
zero. This tail is also visible in the momentum density in Fig.

1, but due to the planar integration over the momentum den-

Valence Compton profile

Valence Compton profile
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FIG. 2. Comparison between pseudopoterfiii@shed lingand q along the (111) direction (a.u.)

reconstructedsolid line) Compton profiles along th&l00) direc-

tion, and experimental data from the 29.5-kéRef. 5 and 59.38- FIG. 4. Comparison between pseudopoterii@shed lingand

keV (Ref. 19 experiments. On the left portion the 29.5-keV experi- reconstructedsolid line Compton profiles along thél1l) direc-
ment is graphed, with data points indicated by squares. On the righton, and experimental data from the 59.38-kéRef. 19 experi-
portion are the 59.38-keV data, denoted by triangles. On each sidment, denoted by triangles. The theoretical profiles are convoluted
of the graph, the theoretical profiles are convoluted with the approwith the experimental resolution function of the 59.38-keV experi-
priate experimental resolution function. The Compton profiles arenent. The Compton profiles are in units of electrons per atom per
in units of electrons per atom per atomic unit. atomic unit.
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FIG. 5. The anisotropy between tig€00) and (1100 Compton

profiles, from both the pseudopotentidashed lingand the recon- FIG. 6. The anisotropy between thz CO”VOIL;SGS gr;d (lllé
struction (solid line) calculations, and also from experimental data COMPton profiles, from both the pseudopotentddshed lingan

at 29.5 keV(Ref. 5 and 59.38Ref. 19 keV. On the left portion, reconstructior(solid line) calculation_s, and from experimer_ltal datq
the 29.5-keV experiment is graphed, with data points indicated b)?t _59'38 keV(Ref. 19, denoted by trlar_wgles_. The anisotropies are in
squares. On the right portion are the 59.38-keV data, denoted by"its of electrons per atom per atomic unit.

triangles. Again, the theoretical profiles are convoluted with the

appropriate experimental resolution function. The anisotropies argéconstructed curves, and compare them to the 59.38-keV
in units of electrons per atom per atomic unit. eXpeI’Imenta| an|SOtrOpy For thIS pall’ Of dII'eCtIOHS, the the'

oretical difference profile is modified significantly by the re-

sity that we perform to calculate the Compton profiles, it isconstruction of the wave functions, and moves closer to the
now much larger. experimental values. The shift in the theoretical curve is not

We find excellent agreement between our valence Compeonfined to a couple of regions, as for 1160)-(110) anisot-
ton profiles and those measured in the 29.5-keV experimengopy, but affects the whole plot. We note that the magnitude
along both of the directions studied at this energy. It is cleabf the maximum change in th@00)-(110) anisotropy in Fig.
that the reconstruction procedure goes a long way towards is the same as in the Fig. 6, but because the scale of the
eliminating the discrepancy between the pseudo-waver100)-(111) anisotropy is approximately half that of the

function results and the experimental data. The agreemeni00)-(110) curve, the effect of reconstruction is more pro-
with the 59.38-keV data is good but not as excellent, thoughounced.

again it is clear that the reconstruction effects bring the cal-
culated and measured profiles appreciably closer at the ori-
gin, where the deviation is most marked. For both photon
energies, the magnitude of the experimental long-range tail We find that the reconstruction of the all-electron valence
agrees very well with the reconstructed profiles along all ofwave functions from the pseudo-wave-functions substan-
the measured directions. tially changes the valence Compton profiles of silicon along

Now we examine the effects of the reconstruction on theall three of the directions studied, and introduces a tail in the
anisotropy between profiles. So, in Fig. 5 we show the anmomentum density and profiles that persists to large mo-
isotropy between the profiles along thE00) and (110 di-  menta. Agreement with experiment is substantially improved
rections according to the pseudopotential calculation, antly the use of the reconstructed wave functions, and we find
also the effect of reconstructing the valence wave functionsexcellent agreement with the 29.5-keV data. In the anisot-
We compare with the experimental anisotropy as deducetbpy, the changes in the momentum density caused by the
from the 29.5-keV and 59.38-keV experiments. We findreconstruction procedure are not spherically symmetric, but
good qualitative agreement between theory and experimeniead to appreciable changes in the theoretical predictions, in
though quantitatively there are differences between thearticular for the (100-(111) anisotropy. These changes
heights of the peaks. First of all, we see that both theoreticabring the theoretical predictions closer to experiment. Be-
calculations tend to overstate the anisotropy, especially at theause of the differences between the results from the two
largest valley neag= 0.8 a.u. The two experiments also dif- experiments we use for comparison, it is hard to say which
fer from each other, especially for the height of the peak neaof the remaining discrepancies between theory and experi-
g=0.4. There also seems to be more scatter in the 29.5-kekhent are due to experimental noise or systematic errors, and
data. Using the reconstructed wave functions changes thghich are due to inadequacies in theory. We have also com-
theoretical curve appreciably negqe=0, q=0.8, andq=1 pared our theoretical results for the reconstructed valence
a.u., while in other regions it changes the curve by very little. Compton profiles with FLAPW and KKR calculations for

In Fig. 6 we examine the anisotropy between the0) silicon, and we find excellent agreement among all three
and(111) directions. Again we show the pseudopotential andmethods’ Elsewhere, we will examine further corrections to

VI. CONCLUSION
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