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Above-barrier states in InxGa12xAs/GaAs multiple quantum wells with a thin cap layer
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Department of Physics, Norwegian University of Science and Technology, N-7034 Trondheim, Norway
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The effective-mass approximation in a transfer-matrix formalism is used to investigate above-barrier states
in strained InxGa12xAs/GaAs multiple quantum wells~MQW’s!. A condition for finding above-barrier states,
semiconfined by a finite cap layer, is formulated. In the derivation of the transfer matrices, boundary conditions
that include the discontinuity of the lattice constant in the growth direction are used. In a series of
InxGa12xAs/GaAs MQW’s~4–6 periods,x.0.1, with the topmost barrier used as a cap! the energies of the
light-hole and heavy-hole excitonic peaks, involving both above-barrier and confined states, are observed by
photoluminescence excitation spectroscopy~PLE! and polarized PLE. The experimental values are in very
good agreement with the calculated ones, for transitions involving above-barrier as well as confined states,
supporting the validity of our calculations.@S0163-1829~98!11331-0#
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I. INTRODUCTION

Above-barrier states in semiconductor multiple quant
wells ~MQW’s! and superlattices~SL’s! have received in-
creasing attention in the last decade.1–14 Optical transitions
involving above-barrier states in GaAs/Al12xGaxAs were
first studied by Zuckeret al.1 using resonant Raman scatte
ing ~RRS! and by Bastardet al.2 using photoluminescenc
excitation spectroscopy~PLE!. The first observations of un
confined features in the InxGa12xAs/GaAs system were
reported by Pan et al. in Ref. 8 and in the
Zn12xCdxSe/Zn12xMnxSe system by Zhanget al. in Ref. 11.
The latter used magnetoabsorption measurements to d
the above-barrier states, and they found that the abo
barrier excitons were localized in the barrier regions. Exci
confinement in the barriers was found for InxGa12xAs/GaAs
MQW’s by Martelli et al.12 and Capizziet al.13

Transitions involving above-barrier states have be
treated theoretically by means of a pseudopotential met
by Wonget al.,3 a two-band tight-binding model in Refs.
and 5 and an envelope function model in Refs. 2 and 7–
It has been shown that the intensity of the transition betw
the first unconfined conduction- and valence-band states
pends on the barrier width4 and that the unconfined state
shift to lower energies as the barrier width increases.6,10,12,13

Recently Wenet al.14 presented a theory for above-barri
excitons in semiconductor SL’s, accounting for the valen
band mixing, excitonic effects, and Fano resonances. T
theory does not include strain, and is therefore not dire
applicable for InxGa12xAs/GaAs structures. Strain has be
included in the numerical solutions of the completek–p
Hamiltonian for confined states in SL’s by Jogai and Yu15

Although they obtain good agreement with the measu
ments of a series of InxGa12xAs/GaAs MQW’s, such
MQW’s with few periods~2–20! cannot be treated as SL’
since periodic boundary conditions cannot be assumed in
case. Other groups8,10,16,17have used simplified versions o
PRB 580163-1829/98/58~7!/3977~12!/$15.00
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Kane’s completek–p model to calculate the confined energ
levels, also in good agreement with experiment.

Calculation of above-barrier states in strained MQ
structures with few periods and a finite cap layer width h
to our knowledge, not been performed yet. We therefore
velop in this paper a transfer-matrix formulation of the e
velope wave-function approximation to calculate envelo
functions and energy levels for confined and above-bar
~semiconfined! electronic states in InxGa12xAs/GaAs
MQW’s. The transfer-matrix formalism has been used
several groups~see, for example, Refs. 18 and 19! to inves-
tigate confined states in quantum structures, and has pro
to give good agreement between theory and experiments
it has not yet been applied to above-barrier states.
transfer-matrix method we present is applicable for confin
and above-barrier states in a large variety of sample st
tures, that may incorporate strain. We also show the se
tivity of the above-barrier states to sample parameters, s
as layer widths, well depths, number of periods, and
height of the vacuum potential.

Furthermore we have performed PLE measurements o
series of samples with various well and barrier widths de
mined, together with the indium content, using x-ray diffra
tion. To distinguish between transitions involving light hol
and heavy holes we performed polarized PLE on some of
samples. We also calculated the overlap integral for the e
tron and hole envelope functions to aid the interpretation
the PLE spectra.

Section II presents the transfer-matrix formalism adap
to our sample structures. The samples and experiments
described in Sec. III. The experimental and theoretical res
are presented in Secs. IV and V, respectively. Section
contains the discussion and finally Sec. VII summarizes
concludes the work. The Appendix contains the details of
derivation of the transfer matrices and the procedure to
tain the energy levels in a MQW.
3977 © 1998 The American Physical Society
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II. THEORY

A. Method

The transfer-matrix formalism20 is not new in quantum
mechanics and has been used to solve the one-dimens
Schrödinger equation for quantum structures, see, for
ample, Refs. 18 and 19. We apply the transfer-matrix form
ism to a one-band envelope function approximation. Diff
ent notations and definitions of the transfer matrices used
different groups lead to the necessity of explicitly writing o
the definitions and notations used in this paper. The detai
the derivation and the use of the transfer matrices are g
in the Appendix.

1. Definitions

The electrostatic potential profile of a typical MQW stru
ture is shown in Fig. 1~a!. In realistic samples the cap layer
of finite width and a potential profile such as the one in F
1~c! should be used. For a piecewise constant potential w
finite steps, the envelope wave function21 of a carrier can be
expressed as

c j5U j
Rexp@kj ~z2zj !#1U j

Lexp@2kj~z2zj !#. ~2.1!

Here U j
R and U j

L are the amplitudes of the right and le
‘‘propagating’’ components, respectively.@The time-
independent wave functionc in Eq. ~2.1! must be multiplied

FIG. 1. Potential profile~thick line! of a typical sample structure
with infinite @~a! and ~b!# and finite~c! cap-layer width. The struc-
ture in ~a! and ~b! hasN11 layers including buffer and capping
and in~c! N11 layers including buffer, capping, and vacuum.Vj is
the potential in layerj and all energies are measured from t
bottom of the wells, whereV50. Also shown in the figure~arrows
with closed heads! are the components of the envelope wave fu
tions in the zeroth and theNth layers for confined~a!, unconfined
~b!, and semiconfined above-barrier~c! states.
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by e2 ivt to really propagate.# They can be treated as th
components of the amplitude vector of layerj

Uj5FU j
R

U j
L G . ~2.2!

kj is defined as

kj5
A2•mj* ~Vj2E!

\
, ~2.3!

wheremj* and Vj are the effective mass~from here on we
drop the asterisk* to simplify the notation! and the potential
in the layer j , respectively, andE is the particle’s energy
measured from the bottom of the well. The well layers a
defined to haveVj50 and for the barriersVj5VB . If a
charge carrier in layerj has energy larger than the potenti
Vj , thenkj is imaginary and the charge carrier is propag
ing ~in layer j ). If E is smaller thanVj thenkj is real and the
particle is exponentially damped in layerj . If E is larger than
the largestVj , the particle is propagating in the whole of th
structure: it is unconfined.

The standard BenDaniel-Duke boundary conditions (c5
continuous and (1/m)(dc/dz)5continuous! can be applied
by defining a state vector

x j~z!5F c j~z!

1

mj

d

dz
c j~z!G . ~2.4!

Then the condition for smooth joining at the interface atzj 11
between the layersj and j 11 has the form

x j~zj 11!5x j 11~zj 11!. ~2.5!

Einevoll and Sham show in Ref. 22 that for strained h
erostructures, i.e., at interfaces between materials with
similar band-edge Bloch functions, the boundary conditio
for conduction-band envelope functions are different fro
the BenDaniel-Duke conditions. The lattice constant ent
the boundary conditions when the Bloch functions are
sumed to have a node at the matching points.22 If the Bloch
functions have maxima at the matching points t
BenDaniel-Duke boundary conditions are applicable, wh
is the case for the valence-band envelope functions with
single-band model.

Burt23 has also paid attention to the envelope functions
non-lattice-matched multilayer systems, but with a differe
approach. He uses his exact formulation of the envel
function method, but with a variablez(z) instead ofz in the
growth direction, so that in the coordinates (x,y,z) the unit
cells of the strained multilayer lie on a Bravais lattice with
uniform period throughout. Therefore the boundary con
tions that Burt deduces from his envelope function equati
are the same for strained systems using the variablez and
unstrained systems usingz. Burt’s boundary conditions do
not explicitly include the lattice constant.

From Einevoll’s boundary conditions we define two d
ferent state vectors for layerj . For holes we define

-
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x j
v~z!5F c j~z!

1

mj

d

dz
c j~z!G ~2.6!

and for electrons in the conduction band we define

x j
c~z!5F 1

aj
c j~z!

aj

mj

d

dz
c j~z!

G , ~2.7!

whereaj is the lattice constant.
The amplitude vectorU j 11 of layer j 11 is related to that

of layer j through the conditions for smooth joining, E
~2.5!. Consequently, the amplitude vector of layerN is re-
lated to the amplitude vector of the zeroth layer by

UN5TN,N21•TN21,N22• ••• •T1,0•U05T•U0 , ~2.8!

whereT is a 232 matrix, derived in the Appendix. IfN is
the last layer of the structure,T is the total transfer matrix o
the structure. Thus the amplitudes of the envelope w
function of each layer in the structure can be obtained w
out any preliminary assumptions about the number of lay
sinceT is obtained by a simple matrix multiplication.

2. Infinitely thick cap layer

For confined states (E,VB) in a sample with infinitely
thick capping we have the situation shown in Fig. 1~a!. The
confined eigenstates correspond to the zeroes ofT00 ~see the
Appendix!

T0050. ~2.9!

For the unconfined states (E.VB) in such sample structure
the situation is as shown in Fig. 1~b!, where we assume tha
the last (Nth! layer is infinitely wide. The energy levels fo
the unconfined above-barrier states correspond to the e
gies giving maxima in the transmission coefficient of t
structureutu2, wheret is given by~see the Appendix!

t5
det~T!

T11
. ~2.10!

3. Finite cap layer

If the last layer in the structure~the cap layer! is of finite
thickness and terminated by a finite vacuum potential@VV in
Fig. 1~c!#, we can still use theT0050 condition for the con-
fined states, with an additional matrix multiplication for th
total transfer matrix due to the additional ‘‘vacuum layer
The above description for the above-barrier states, wh
now are semiconfined and not unconfined, needs to be m
fied for the structure with finite capping. We define a co
ficient upu2 ~see the Appendix! wherep is given by

p52
det~T!

T01
, ~2.11!

and the maxima of this coefficient correspond to the abo
barrier states in this case. The above-barrier states in
structures are calculated using this coefficient.
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III. EXPERIMENTAL DETAILS

A. Samples

All samples investigated in this study ar
InxGa12xAs/GaAs MQW’s with four or six periods and
nominal indium content ofxnom50.1. Buffer, wells, barriers,
and cap layer are all nominally undoped. All substrates arn
doped to (124)31018 cm23, except those for theLW;15
nm samples, which are semi-insulating. The sample par
eters listed in Table I were obtained using both reflect
high-energy electron diffraction~RHEED! and high-
resolution x-ray diffraction~HRXRD! measurements.

The HRXRD measurements were performed using a P
ips PW 1880 diffractometer using CuKa radiation and a
four-crystal Ge monochromator. The HRXRD spectra we
recorded for the~004! reflection and the measured rockin
curves were compared with simulated spectra to extract
MQW period and indium content. We estimate an unc
tainty in the simulation results of 0.1 nm in the layer width
The uncertainty is largest for the narrow well samples,
cause of the short period and weak HRXRD signal fro
these samples. For most samples the indium content (
&xXRD &0.12) was found to be close toxnom.

From Table I we see that the HRXRD values vary mu
more than the RHEED values and that the values ofxXRD
vary with the energy of the MQW photoluminescence~PL!
line ~also listed in Table I! as expected: for two MQW’s with
the same well width~e.g., samples 6 and 7!, the sample with
lowest PL energy has the highest indium content. The
line shifts withx together with the strained InxGa12xAs band
gap. In the calculations we use the HRXRD values for
layer widths and usex as a fitting parameter.

B. Experimental setup

We used a conventional PLE setup with a tuna
Schwartz Electro-Optics Ti:sapphire laser as excitat

TABLE I. Sample parameters for the InxGa12xAs/GaAs
MQW’s obtained by RHEED and HRXRD measurements. The w
widths (LW) and barrier widths (LB) are in nm. All samples consis
of four periods, except for 8 and 11 which have six periods in
MQW. Sample 11 has aLC580 nm thick capping and the rest o
the samples have a capping of the same thickness as the ba
(LC5LB). Also listed is the value ofx(xfit) obtained from a best fit
between theory~using layer widths from the HRXRD! and experi-
ment, and the energy~in eV! of PL line for the MQW’s at 10 K.

RHEED HRXRD Fit PL
Sample LW LB xRHEED LW LB xHRXRD xfit 11H

1 15 40 0.095 15.3 42.7 0.100 0.106 1.40
2 15 20 0.095 14.6 20.6 0.104 0.113 1.40
3 15 10 0.095 14.8 10.5 0.099 0.105 1.41
4 15 5 0.095 15.4 5.5 0.093 0.099 1.41
5 5 40 0.090 5.0 40.7 0.087 0.086 1.46
6 5 30 0.095 4.7 27.2 0.120 0.123 1.44
7 5 40 0.095 4.7 36.4 0.100 0.113 1.44
8 5 35 0.095 4.4 30.5 0.100 0.105 1.45
9 5 50 0.095 4.5 45.1 0.095 0.098 1.46
10 5 60 0.095 5.2 63.4 0.085 0.082 1.46
11 5 35 0.105 5.2 35.9 0.100 0.100 1.45
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source, a SPEX 14018 double monochromator with 0.85
focal length and 1800 grooves/mm gratings, and a Pelt
cell cooled RCA C31034 head-on GaAs photomultiplier tu
in a photon counting mode. The samples were cooled do
to 11 K using a Leybold ROK 10-300 closed-cycle cryost
where the samples were mounted with colloidal silver on
cold finger. The detector was normally set to the pho
energy of the excitonic transition between the first elect
and heavy-hole level~11H! of the MQW when the PLE
spectra were recorded. The wavelength calibration of the
ser excitation was checked with an Advantest TQ8325 wa
length meter at the start of each PLE spectrum.

Polarized PLE was performed on some of the sample
distinguish transitions involving light holes and heavy hol
The samples were excited by light polarized parallel or n
mal to the sample surface. The excitation with normally p
larized light was achieved by exciting the edge of the sam
(90° angle of incidence!, and luminescence escaping fro
the same edge was collected and detected. In this cas
heavy-hole transitions are forbidden, and the PLE spe
will be dominated by transitions involving light holes. W
also excited the sample withp-polarized light at an angle o
incidence of 45°, where most of the light propagating in t
sample will be polarized parallel to the layers, but a sm
fraction will be polarized normal to the layers. In this cas
compared to excitation along the normal(0°), theintensity
of transitions involving light holes will be enhanced, relati
to the heavy-hole transitions.

IV. RESULTS FROM EXPERIMENTS

A. PL and PLE spectra

In Fig. 2 we show typical PLE spectra for fou
InxGa12xAs/GaAs MQW’s~samples 1–4! at 11 K with the
same nominal well width (LW.15 nm! but different barrier
widths (LB.5 to 40 nm!. The laser excitation was at norm
incidence. The detector energy position when recording
PLE spectra was set on the low-energy side of the 11H
peak. The PL spectrum of one of the samples is shown
well in Fig. 2, and the linewidth of the 11H PL peak wa
found to be;1 meV. We see from the figure that the di
ference in the energy position of the 11H peak in PL a
PLE, the Stokes shift, is small~less than 1 meV!, which
indicates low disorder.24 In this paper we will concentrate o
the PLE spectra only, and no PL spectra will be discus
further.25

The PLE spectra show several peaks at energies both
low and above the GaAs free-exciton line at 1.5153
~dashed line labeled GaAs FX in the figure!. The energy
position of this peak is well known and can be used to ch
the laser calibration. When we adjust for the differences
the 11H PL peak position caused by small deviations in
potential profile, we see that most peaks are at the s
energy positions, i.e., the separation of most peaks and
11H peak is the same for all four samples. However, we a
see that steplike features in the spectra at energies clo
the GaAs FX shift to higher energy when the barrier wid
decreases. This is seen more clearly in the insert of Fi
where we have plotted three of the PLE spectra with
energy scale adjusted so that the origin is the energy pos
of the 11H peak for each sample.
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In Fig. 3 we show high-resolution PLE spectra for ene
gies around the GaAs FX energy~dashed line! for several
samples with nominal well widthLW.5 nm, but different
barrier widths (LB.30260 nm!. The detector energy posi
tions for these PLE recordings were set to be on the ene
of the 11H PL transition and the laser excitation energy w
stepped with 70meV (100 meV for sample 8!. The angle
of incidence for the laser excitation was 45° for all spect
All PLE spectra in Fig. 3 show a peak just above the Ga
buffer exciton. The peak is asymmetric and has highest
tensity at the lower energies, in agreement with our res
presented in Ref. 26. We see from the figure that the abo
barrier peaks for theLW.5 nm MQW’s also shift towards
higher energy with decreasing barrier width. We also see
the width of the peaks increases when the barrier wid
decrease. All the samples in Fig. 3 have a cap layer that i
the same width as the barriers in the MQW, except for
sample with LB535.9 nm @Fig. 3~e!# which has a
LC580-nm-thick capping. In the PLE spectrum for th
sample we see an additional peak~indicated by the arrow

FIG. 2. PLE spectra for four different InxGa12xAs/GaAs
MQW’s with the same well widthLW.15 nm, but different barrier
widths LB55.5 nm~a!, 10.5 nm~b!, 20.6 nm~c!, and 42.7 nm~d!.
For sample 2~c! the MQW ground-state PL~dotted line! is also
shown. The dashed line indicates the energy position of free e
tons in bulk GaAs~labeled GaAs FX!. The spectra are normalize
with respect to the 11H intensity and are shifted vertically for cl
ity. The lines and the horizontal bars are calculated transition e
gies, and the length of the horizontal bar indicates the~unbroad-
ened! energy width of each transition. The peaks are labe
according to the calculations and the LH character of the co
sponding peaks has been confirmed by polarized PLE. In the in
spectra~b!, ~c!, and~d! are shown, on an energy scale relative to t
11H PLE transition.
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with closed head in Fig. 3! between the GaAs FX and th
above-barrier peak shifting with barrier width.

B. Exciton binding energies

For the samples where the band-to-band 11H step in
PLE spectra is clearly resolved we extract the exciton bi
ing energy as the energy difference between the excito
peak and the band-to-band step. For an InxGa12xAs/GaAs
MQW (x.0.10) with well width LW.15 nm ~5 nm! and
LB.40 nm barrier width we determine the heavy-hole ex
ton binding energyEexc to be 6.561 meV (961 meV!. This
agrees well with what others have found through experim
or calculations.27,28 We assume that these~confined state!
exciton binding energies are correct also for the ot
samples withx.xnom and approximately the same we
width.

In our calculations we use the sameEexc for all transitions
involving only confined states in theLW.15 nm samples.
For the parity forbidden transitions this will result in trans
tion energies that are slightly too small, sinceEexc is reduced
when the overlap of the electron and hole wave function
reduced. For the transitions involving carriers~semi!confined
in different layers we assume that the exciton binding ene
is smaller than that for the confined states, due to the sm
overlap of the electron and hole wave functions. We a

FIG. 3. PLE spectra for six samples withLW.5 nm, but differ-
ent barrier widths;LB563.4 ~a!, 45.1 ~b!, 40.7 ~c!, 36.4 ~d!, 35.9
~e!, and 30.5~f! nm. The dashed line indicates the energy posit
of free excitons in bulk GaAs~labeled GaAs FX!. The horizontal
bars indicate calculated transition energies: the bar starts~ends! at
the energy for transitions involving the first~last! subband level in
the transition. The arrow with closed head points at transitions
volving electrons and holes in the cap layer. The other arrows
dicate the transition energies that result from use of the construc
interference condition.
e
-
ic

-

nt

r

is

y
ler
o

assume that the exciton binding energy for above-bar
state transitions is close to, but still larger than, the value
excitons in bulk. In the calculation we used an exciton bin
ing energy ofEexc55 meV for all transitions involving only
above-barrier states. The light-hole exciton binding energ
are taken to be 66% of the heavy-hole binding energies, fr
the differences in the reduced effective masses~we assume
hydrogenlike binding!.

V. RESULTS FROM CALCULATIONS

In this section we show how the energy levels of abo
barrier states depend on the sample structure in genera
well as the calculated transition energies and overlap in
grals for the particular InxGa12xAs/GaAs MQW’s that we
have investigated by PLE.

A. General results

1. Potential profile and band offset

Due to the difference in lattice constant of InxGa12xAs
and GaAs, the InxGa12xAs layers in our samples will sus
tain a biaxial compression. The main effects of this compr
sive strain is that the overall band gap is increased, and
the degeneracy of the valence-band edge is lifted. These
fects will show up in the electrostatic potential profile of th
MQW sample.

The potential profiles of our samples were calculated
ing the absolute energy positions of the band edges~taken
from model-solid theory! in the two materials, with the strain
induced shifts included.29 We calculated well depths as
function of indium content and found that light holes we
confined in the GaAs layers~type II! for x&0.17. From the
well depths we calculated the conduction-band offsetQc ,
and the parabolic fit to the calculatedQc gave the expression
Qc5(64.929.6x21.6x2)%.

-
-

ve

FIG. 4. Logarithmic plot of the coefficientupu2 for a
(In0.1Ga0.9As/GaAs) MQW calculated using three different samp
structures, withLW515 nm andLB520 nm: Sample model with
infinitely thick capping ~i!, sample model with finite cap-laye
width but infinite vacuum potential~ii !, and sample model with
finite cap layer and vacuum barrier~iii !. The dashed line~iv! is
usin(kbLB)u for LB520 nm. The calculations in this paper are pe
formed using the sample structure with finite capping and fin
vacuum barrier.
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FIG. 5. Logarithmic plot of the coefficien
upu2 for four different (In0.1Ga0.9As/GaAs)
MQW’s with different barrier widths (LB55, 10,
and 40 nm,LW515 nm! ~a! and different well
widths (LW 55, 10, and 15 nm,LB520 nm! ~b!.
In ~c! we showupu2 for a MQW with increasing
number of periods from top to bottom (x50.1,
LB 515 nm, LW525 nm!, and in ~d! we plot
f (E) for a superlattice with the same paramete
f (E) is defined in the text.
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2. Above-barrier states

As explained in Sec. II A 3 we use the maxima of t
coefficientupu2, max(upu2) wherep is given in Eq.~2.11!, to
determine the energy levels of the above-barrier states
Fig. 4 we showupu2 for three different sample structures of
InxGa12xAs/GaAs MQW with four wells: a sample structur
with an infinitely thick cap layer~i!, a structure with finite
cap layer thickness, but infinitely high vacuum potential b
rier ~ii !, and finally, the structure used in the rest of th
paper: with finite cap layer width and finite vacuum barr
~iii !. Also shown in Fig. 4 isusin (kbLB)u for LB520 nm@~iv!,
dashed line#. Capizziet al.13 used the constructive interfer
ence condition@sin (kbLB)50# to estimate the energy leve
for the above-barrier states and found that it yields too h
energies. Figure 4 shows that the peaks of the coefficientupu2

occur at lower energies than where sin (kbLB)50, i.e.,
max(upu2) yield results closer to the experimental values th
sin (kbLB)50.

In Fig. 5 we show the calculated coefficientupu2 for a
MQW with four wells and finite cap-layer width, for thre
different barrier~a! or well ~b! widths. We see from Fig. 5~a!
that the above-barrier states behave much in the same w
confined states:upu2 shows bands consisting of four pea
~sublevels! as a consequence of the existence of four eq
barriers in the structure~including the cap layer withLC
5LB). Wide barriers yield energy levels just above the t
of the barrier. In the same way the above-barrier bands of
MQW widen when the coupling between the barriers
creases, as shown in Fig. 5~b!.

Figure 5~c! shows howupu2 changes when the number o
periodsN in the MQW increases. In each band there areN
peaks~if LC5LB), and we see that the bands widen w
increasingN. In Fig. 5~d! we show, as a function of energy
the right-hand side@ f (E)# of the equation defining the al
lowed energies in a superlattice:

cos~qd!5cos~kWLW!cos~kBLB!

2
1

2S kB

kW
1

kW

kB
D sin~kWLW!sin~kBLB!, ~5.1!
In

-

r

h

n

as

al

e
-

where q is a wave vector,d5LW1LB is the superlattice
period, andkW,B are given by

kW,B5A2mW,B~VW,B2E!/\2

for the well ~W! and barrier~B! layers. The allowed energy
bands are those that give21, f (E),1, and are indicated
by the hatching in Fig. 5~d!. Going back to theupu2 for
MQW’s with increasing number of periods, we see that
N*30 the bandwidths of the MQW equal the superlatt
bandwidths, and the MQW can be treated as a superlatt

3. Inclusion of aj in the boundary conditions

The inclusion of the lattice constant in the boundary co
ditions for conduction-band states shifts the energy levels
the confined states towards lower energies. For samples
low indium content and wide wells the difference in lattic
constant is small, and the shift in energies is less tha
fraction of a meV, as shown in Table II. In the table we l
transition energies calculated30 for three different samples
with parameters taken from Ref. 31, with the lattice const
included and not included in the boundary conditions in c
umns labeled respectively, A and B. We see from the ta
that, in both cases, we get a very good agreement with
perimental values taken from Ref. 31, for transitions invo
ing both light holes and heavy holes, for 0.05,x,0.26.

The choice of boundary conditions is therefore more i
portant for samples with large indium contents (x*20%)
and narrow wells, where the shifts can be several meV32

Such a shift in the electron energy level will manifest its
in a reduced transition energy, and if the indium conten
used as a fitting parameter a slightly too large indium cont
will result: for compositions around 0.3, for example, a sh
in transition energy of 5 meV towards lower energy cor
sponds to a~fitted! indium content that is 0.007 too high,
the lattice constant is not included in the boundary conditio
~for a MQW with LW53 nm andLB550 nm!.
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TABLE II. Transition energies for InxGa12xAs/GaAs MQW’s withx,0.1 or x.0.2. We list measured
transition energies~Expt.! taken from Ref. 31 and our calculated transition energies~Theory! for the same
sample structures. The choice of exciton binding energies is explained in the text. Column A~B! shows the
results we get when the lattice constant is~is not! included in the boundary conditions.

LW /LB /x 15/80/0.073 10/80/0.206 9/80/0.253
Transition Expt. Theory Expt. Theory Expt. Theory

A B A B A B

11H 1.4465 1.4465a 1.4466a 1.3234 1.3234c 1.3243c 1.283 1.283e 1.2844e

12H 1.4563 1.4553a 1.4555a 1.3496 1.3446c 1.3455c

13H 1.4698 1.4681a 1.4685a

22H 1.4857 1.4858a 1.4860a 1.4263 1.4210c 1.4223c 1.411 1.4028e 1.4048e

11L 1.4764 1.4755b 1.4756b 1.4025 1.4012d 1.4021d 1.379 1.3769f 1.3783f

aEexc55.2 meV.
bEexc52.7 meV.
cEexc54.3 meV.
dEexc51.8 meV.
eEexc53.3 meV.
fEexc50.8 meV.
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B. zcz2 and transition energies for InxGa12xAs/GaAs MQW’s

We present here results from calculations of transit
energies that are to be compared with those measure
PLE. We show two sets of results, for confined and abo
barrier states. The former can be used to evaluate the ag
ment between theory and experiment in a wide energy ra
and thereby support, or not, our calculational method for
above-barrier states.

1. LW;5 nm samples

In Fig. 6~a! we showucu2 for the two first electron levels
~with sublevels! in a LW;5 nm sample with six wells. The
interfaces between the layers are indicated by the das
lines and the sample/vacuum interface is indicated by
dash-dotted line. The wells are the narrower layers in
figure. For these well widths there is only one confined le
for electrons, and en n.1 is therefore an above-barrier stat
We see from Fig. 6~a! that theucu2 is larger in the barriers
than in the wells for the above-barrier state e2. An electro
an above-barrier state will therefore have a larger probab
of being in the barrier than in the well. The distribution
ucu2 is similar for heavy-hole confined and above-barr
states.

In Fig. 7 we show the calculated transition energies~solid
lines! as a function of indium content, for two sets
InxGa12xAs/GaAs MQW’s withLW55 nm ~a! or LW54.5
nm ~b! andLB530, 40, or 60 nm~one line per transition and
barrier width!. The transitions are labelednmH~L! for tran-
sitions involving thenth electron level and themth heavy
hole ~light-hole! level. Electrons and heavy holes have on
one confined level in theLW;5 nm samples. The 1mH and
n1H, n,m.1, transitions will therefore involve one confine
and one above-barrier state, and as these states have la
ucu2 in different layers~see Fig. 6!, we denote these trans
tions ‘‘spatially indirect.’’ In the calculations we assume
exciton binding energies of Eexc59, 7, 5, and 6 meV for the
11H, 12H, 22H, and 11L transitions, respectively. We s
from the figure that all transition energies decrease with
creasing indium content, mainly due to the decrease in
n
by
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e,
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.
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ty
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gest
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strained InxGa12xAs band gap. The dependence on the
dium content is strongest for the transitions involving t
lowest energy levels, and we see that the change in trans
energy for the transition involving only above-barrier sta
~22H! is very small. From Fig. 7 we see that the depende
of the barrier width is strongest for the transitions involvin
higher-lying energy levels, as expected.

Also shown in Fig. 7~the points! are the transition ener
gies we measured for a set ofLW.5 nm InxGa12xAs/GaAs
MQW’s ~samples 5, 6, 8, 10, and 11!. In the inserts of Fig. 7
we list the sample parameters found by HRXRD. Three
the samples haveLW near 5 nm and two of them have LW
near 4.5 nm. The measured transition energies are positio
at the indium content that gave the best fit in the calculati
of the 11H transition using the well widths listed in the ins
of Fig. 7. A variation of the 11H exciton binding energy wit
61 meV will result in a change in the fitted value ofx by
70.002. The horizontal bars indicate the indium conte
found by HRXRD, and we see that the agreement is go
between the values ofx found by HRXRD and found
through fitting the 11H transition energy. The difference b
tween the two values ofx are no larger than 0.005 for an
sample in the set.

The results from our transition energy calculations for t
22H above-barrier transitions in theLW.5 nm MQW’s are
indicated with horizontal bars in Fig. 3. The horizontal ba
in that figure are not error bars, but indicate the spec
range of the transition: they start at the transition ene
involving the lowest electron and heavy-hole subban
within each energy band and end at the highest. Also sho
indicated by↓ ’s in the figure, are the transition energies f
the above-barrier states that result if the constructive in
ference condition@sin (kbLB)50# is used to calculate the
above-barrier energy levels.

2. LW;15 nm samples

The calculated transition energies are indicated with h
zontal bars as well in Fig. 2 containing the PLE spectra
theLW .15 nm InxGa12xAs/GaAs MQW’s. The bars for the
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transitions involving heavy holes are drawn just above
measured PLE spectra and those involving light holes
below. Again the horizontal bars start~end! at the transition
energy involving the lowest~highest! electron and hole sub
bands within each energy band. For the wide barrier samp
the width of the low-energy transitions is not resolved a
the horizontal bar for these transitions degenerates in
vertical line. Only the transitions for theLB.20.6 nm MQW
~sample 2! are labeled, but it is the same transitions that
indicated for all samples. All four samples in the figure ha
two confined electron levels and three confined heavy-h
levels. The 33H transition is therefore a spatially indire
transition where the electrons are semiconfined in the G
barriers and the heavy holes are confined in the InxGa12xAs
wells, as shown in Fig. 6~b!.

In Table III we list the calculated transition energies f
some of the samples that we showed PLE spectra from
Figs. 2 and 3. The overlap integrals of the electron and h
envelope functions involved in the transitions are also lis
in Table III. All envelope functions are normalized over th
whole sample structure, including a 500-nm-thick buf
layer, N wells, N21 barriers (N54 or 6!, capping, and 2
nm of the vacuum.

FIG. 6. ucu2 for the first two electron levels e1 and e2~with
sublevels! in sample 8 (LW54.4 nm,LB530.5 nm, six wells! ~a!
and for the first sublevel of e3 and hh3 in sample 2 (LW514.6 nm,
LB520.6 nm, four wells! ~b!. The electron and heavy-hole suble
els are labeled eni and hni , respectively, wheren is the level index
and i the sublevel index. The dashed lines indicate the interfa
between the layers, and the dash-dotted lines the interface bet
the sample and vacuum. The last layer to the right is the cap la
e
re
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a
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e
le
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VI. DISCUSSION

A. Transition energies for InxGa12xAs/GaAs MQW’s

1. LW;5 nm samples

We start the discussion of the results for the act
samples by comparing the measured and calculated trans
energies for theLW;5 samples shown in Fig. 7. We se
from the figure that the calculated and measured 11H, 1
and 22H transition energies agree well, when we adjust
the deviation fromLW55 and 4.5 nm: for narrower~wider!
wells the energy levels will shift towards higher~lower! en-
ergies and we see that the points for theLW54.4 nm sample
lie above theLW54.5 nm lines@see Fig. 7~b!#. Similarly, the
points for theLW55.2 nm samples are below theLW55 nm
lines @see Fig. 7~a!#.

For the parity-forbidden 12H transition the agreement
very good for theLB563.4 nm sample~10!, and not so good
for the rest. This is probably due to the choice of excit
binding energy we have made: we have used the sameEexc
57 meV for allLW;5 nm samples. If we instead extract th
exciton binding energy as the difference between the ca
lated band-to-band energies and the measured transition
ergies, we find that the exciton binding energy for the 1
transition increases from.5 meV to .9 meV when the
barrier thickness decreases from 63.4 nm to 30.5 nm. For
sample with the narrowest barrier~26.8 nm! we estimate an
exciton binding energy of.5.5 meV. This increase followed
by a decrease inEexc with decreasing barrier thickness is th
same trend as for the 11H exciton binding energy with
creasing well thickness. Bastard, Mendez, Chang, and E
show in Ref. 33 that when the electron and hole are pres
in spatially separated regions~type II!, the exciton binding

s
en
r.

FIG. 7. Calculated transition energies~lines! for
InxGa12xAs/GaAs MQW’s as a function of indium content, fo
three different barrier widthsLB530, 40, or 60 nm and well width
LW55 nm ~a! and LW54.5 nm ~b!. Transition energies measure
by PLE ~at 11 K! are indicated by symbols and the horizontal ba
indicate the indium content found by HRXRD for each sample.
the insets we list the sample parameters found by HRXRD. T
measured transition energies are positioned at the indium con
that gives the best fit for the 11H transition for the well widt
measured by HRXRD.
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TABLE III. Calculated and experimentally observed transition energies for InxGa12xAs/GaAs MQW’s.
The notation 12H~12L! means the transition between the first electron level and the second heavy-~light-!
hole level. All energies are in eV, and are taken to be in the middle of the subbands, unless otherwise
The overlap integral of the envelope functions involved in the transitions are also listed. The full ov
integral is taken to have a value of 100.LW and LB are found through HRXRD andx is used as a fitting
parameter. The fitted value ofx is close to the HRXRD value (xXRD in the table! for all samples. The values
for transitions involving only above-barrier states are overlined, and they are underlined for those inv
one above-barrier state.

Sample 1 2 8
LW /LB /x(xXRD) 15.3/44.6/0.106~0.100! 14.6/20.6/0.113~0.104! 4.4/30.5/0.105~0.100!

Position Position Position
Transition Expt. Theory Overlap Expt. Theory Overlap Expt. Theory Over

11H 1.4100 1.4099b 98.9 1.4034 1.4035b 98.9 1.4584 1.4584e 94.6
12H 1.4200 1.4194b 1.3 1.4140 1.4138b 1.3 1.4845 1.4844e 19.3
13H 1.4355 1.4343b 11.2 1.4310 1.4300b 11.5
21H 1.4440 1.4458b 1.2 1.4420 1.4424b 1.2
22H 1.4540 1.4553b 94.5 1.4530 1.4526b 95.0 1.5185 1.5212c 91.2
33Ha 1.5015 1.5013c 25.0 1.5030 1.5050c 43.7

34Ha 1.5168 1.5169c 61.2 1.5215 1.5210c 36.5
11L 1.4540 1.4531d 39.8 1.4500 1.4515d 57.5 1.4874 1.4870f 54.1

aOnset of the transition.
bEexc56.5 meV.
cEexc55.0 meV.
dEexc54.3 meV.
eEexc59.0 meV.
fEexc56.0 meV.
va
et
t

tly

ca

t
d
t
s

th

e

t

er

n
pe
t o
in
it

er
th
rd
e
o

ds

ar-

’s
W

al
er-
en

ty-

ible
ve
in-
BE-

-

om
in-
the
e
ns,
for
energy is substantially reduced and lower than the bulk
ues. They assume, however, that the carriers are compl
confined, which is not the case for the above-barrier sta
involved in the 12H transitions under discussion. Recen
several groups have calculatedEexc for type-II quantum
structures, but to our knowledge there are no reports of
culatedEexc for transitions involving~semiconfined! above-
barrier states.

As far as above-barrier transitions are concerned~PLE
spectra and calculated transition energies just above
GaAs free exciton!, Fig. 3 shows a generally very goo
agreement that is best for the widest barriers. This indica
that the exciton binding energy for the above-barrier tran
tions depends on the barrier width: if we again extract
exciton binding energy we find that for theLB*40 nm
samples, the above-barrier exciton binding energy is 5 m
and it increases to;8 meV for theLB530.5 nm sample.
The good agreement between theory and experiment for
above-barrier states suggests that the condition max (upu2) can
be used successfully to calculate the above-barrier en
levels.

The full arrow in Fig. 3 indicates a calculated transitio
energy for a transition involving a hole with an envelo
wave function that is larger in the cap layer than in the res
the sample structure. In the calculations we found this k
of wave function for many samples, but in the samples w
LC5LB they appear as the topmost subband in each en
band. In the sample with a cap layer much wider than
barriers, the corresponding transition is pushed towa
lower energies and we can resolve it clearly in the PLE sp
trum. Huang34 has treated cap-layer states in MQW’s the
l-
ely
es
,

l-

he

es
i-
e
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he

gy
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retically and he found that with increasing number of perio
in the MQW, the full width at half-maximum~FWHM! of
the cap-layer level decreases. The peak indicated by the
row in the PLE spectrum of sample 11 in Fig. 3~e! has a
FWHM of .1 meV. This value agrees well with Huang
calculated FWHM of the cap-layer electron state for a MQ
with six periods.

2. LW;15 nm samples

The intensity of a peak in a PLE spectrum is proportion
to the probability for the transition and therefore to the ov
lap integral of the electron and hole wave functions. Wh
we compare the PLE spectrum in Fig. 2~d! with the calcu-
lated overlap integrals in Table III we see that the pari
forbidden transitions (nmH, nÞm) are much stronger than
what the value of the overlap integral suggests. A poss
explanation for this deviation could be the fact that we ha
used a rectangular potential profile in our calculations,
stead of the trapezoidal shape one expects to find in M
grown InxGa12xAs/GaAs MQW’s due to indium
segregation.35 Lambkinet al. show in Ref. 36 that the break
down of the normalDn5n2m50 selection rule is not
caused by any built-in electric field and suggest that rand
fluctuations in the alloy or large-scale variations in the
dium content due to indium segregation are causing
breakdown. A trapezoidal potential profile will break th
symmetry, and thereby the selection rules for the transitio
and the overlap of the wave functions can be larger
‘‘ nmH, nÞm’’ transitions.
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Asymmetry is also introduced by the sample being ter
nated close to the MQW region. We observe that this la
asymmetry is important only when the vacuum is very clo
to the wells, i.e., for thin cap layersLC&20 nm. In the
samples where the forbidden transitions show up~see Fig. 2!,
the thickness of the cap layer lies on both sides of this va
ranging from 5 to 40 nm. Therefore, we conclude that
forbidden transitions are not due to asymmetry caused by
proximity of the sample termination. Another source f
some discrepancy between the calculated overlap integ
and the observed peak intensities could be that a single-b
model has been used in the calculations. This model neg
the valence-band mixing that can influence the wave fu
tions, even if the energies are correct at the zone cen
However, in our samples we believe this effect to be ne
gible because of the very large~several tens of meV! split-
ting between the heavy-hole and light-hole band edges.
parity-forbidden transitions have been observed by sev
other groups too; see, for example, Reithmaieret al.37 and
Joyceet al.38

We have also calculated the probability of finding t
carrier in the MQW region~including capping! and in the
buffer. These probabilities oscillate with increasing the e
ergy above the barrier, as Fafardet al. have shown in Ref.
39. The amplitude of the maxima in the~oscillating! prob-
ability of finding the particle in the MQW region decreas
when the energy increases, and finally the carrier will hav
larger probability of being in the buffer~when the buffer is
much wider than the MQW region!. This explains why we
observe only transitions involving the first unconfined abo
barrier states.

Ksendzov, Pike, and Larsson show in Ref. 40 that int
band transitions between confined and unconfined state
quantum wells give rise to slow-onset absorption featu
~steps!. The 33H transitions in the PLE spectra in Figs. 2~b!,
2~c!, and 2~d! are indeed slow-onset steplike features, so
interpretation of the PLE spectra indicated by the labels
the peaks in the figure, is justified. From the inspection
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Fig. 2 we conclude that the calculated transition energ
involving both confined and above-barrier states agree v
well with the measured ones, especially for the wide bar
samples.

VII. SUMMARY AND CONCLUSIONS

We have used the effective-mass approximation in
transfer-matrix formalism to calculate the energy levels a
envelope wave functions of both confined and above-bar
states in InxGa12xAs/GaAs MQW’s. We have formulated
condition, max (upu2) where p is expressed by the transfe
matrix elements, that is satisfied for energies correspond
to the semiconfined above-barrier levels in the case of a fi
cap layer. We have used the envelope wave function bou
ary conditions deduced by Einevollet al. for strained sys-
tems, and have shown that the energy levels can be sig
cantly shifted compared to the case of the BenDaniel-D
boundary conditions. We have compared calculated tra
tion energies with measured ones for several MQW’s and
find a good agreement between theory and experiment,
transitions involving confined as well as above-barrier sta
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APPENDIX: TRANSFER MATRICES

The state vector for electrons can be written

x j~z!5M j
c~z!•Uj , ~A1!

whereUj is the amplitude vector for the envelope wave fun
tion in layer j defined by Eq.~2.2! and
M j
c~z!5F 1

aj
exp@kj~z2zj !#

1

aj
exp@2kj~z2zj !#

aj•kj

mj
exp@kj~z2zj !#

2aj•kj

mj
exp@2kj~z2zj !#

G . ~A2!

The state vector for holes can also be written as in Eq.~A1!, but with M j
v(z), given by

M j
v~z!5F exp@kj~z2zj !# exp@2kj~z2zj !#

kj

mj
exp@kj~z2zj !#

2kj

mj
exp@2kj~z2zj !#

G , ~A3!
y
instead ofM j
c(z).

With these notations the conditions for smooth joini
can be expressed as

M j 11~zj 11!•Uj 115M j~zj 11!•Uj , ~A4!
with M5M c or M v for electrons and holes, respectively. B
multiplying each side of Eq.~A4! by the inverse of
M j 11(zj 11) we get

Uj 115M j 11
21 ~zj 11!•M j~zj 11!•Uj5T j 11,j•U j , ~A5!
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whereT j 11,j is the 232 transfer matrix that relates the am
plitude vector of layerj 11 to that of layerj . The amplitude
vector of layerN is related to the amplitude vector of th
zeroth layer by

UN5TN,N21•TN21,N22• ••• •T1,0•U05T•U0 , ~A6!

or

FUN
R

UN
L G5FT00 T01

T10 T11
GFU0

R

U0
L G . ~A7!

If N is the last layer of the structure,T is the total transfer
matrix of the structure. Thus the amplitudes of the envelo
wave function of each layer in the structure can be obtai
without any preliminary assumptions about the number
layers, sinceT is obtained by a simple matrix multiplication

a. Infinitely thick cap layer.For confined states (E,VB)
we have the situation shown in Fig. 1~a!. In the zeroth layer
the envelope wave function is

c05U0
Rexp~k0z!, z,0; ~A8!

and in theNth layer it is

cN5UN
L exp@2kN~z2zN!#, z.zN . ~A9!

From Eq.~A7! we get

F 0

UN
L G5FT00 T01

T10 T11
GFU0

R

0
G5FT00U0

R

T10U0
RG . ~A10!

We see that to satisfy Eq.~A10! we must have

T0050. ~A11!

In other words, the confined eigenstates correspond to
zeroes ofT00.

For unconfined states (E.VB) the situation is as shown
in Fig. 1~b!, where we assume that the last (Nth! layer is
infinitely thick. An incoming wave from the left has ampl
tude U0

R51. A part of this wave is reflected at the MQW
structure and the rest is transmitted. The amplitude of
reflected wave isr andt for the transmitted wave.r andt are
of course the reflection and transmission coefficients.
now get the following equations forr and t:

F t

0G5FT00 T01

T10 T11
GF1

r G5FT001T01r

T101T11r .G ~A12!

If we solve this forr and t we get

r 52
T10

T11
, ~A13!

and
i
m

e
d
f

he

e

e

t5T001T01r 5
det~T!

T11
. ~A14!

If we plot utu2 as a function of energy, we will see thatutu2
has sharp maxima for certain energies. If the first and
layer in the structure are of the same kind, i.e.,k0(E)
5kN(E), we have that

ur u21utu251, ~A15!

and the maximum values ofutu2 equals 1.
The energies whereutu2 has its maxima are the energ

levels of the resonant, above-barrier states for the quan
structure. Plots ofucu2 for increasing carrier energies abov
the barrier reveal that for carriers with energy whereutu2 has
a maximum,ucu2 is larger above the quantum structure th
in the wide buffer. Therefore, an electron~or hole! in an
above-barrier state is not confined to the quantum struct
but spends a longer time in the quantum structure than in
buffer layer.

For structures where the last layer has a higher poten
than the zeroth~but still lower than the resonant energy!, we
find the resonant energy levels whereutu2 has a maximum
that generally does not equal unity.

b. Finite cap layer.If the last layer in the structure~the
cap layer! is of finite width and terminated by a finite
vacuum potential@VV in Fig. 1~c!#, the above description for
the above-barrier states needs to be modified. We still h
an incoming wave with an amplitudeU0

R51 andU0
L5r in

layer 0, as shown in Fig. 1~c!. In the vacuum layer we can
only have a left-going part of the envelope wave function

cN~z!5UN
L exp@2kN~z2zN!#

5p exp@2kN~z2zN!#, z.zN,

thus

F0

pG5FT00 T01

T10 T11
GF1

r G5FT001T01r

T101T11r
G ~A16!

If we solve this forr andp we get

r 52
T00

T01
~A17!

and

p5T101T11r 52
det~T!

T01
. ~A18!

This new coefficientp will also have its maxima for en-
ergy levels whereuc(z)u2 is largest above the quantum stru
ture. The above-barrier states in our structures are calcul
using this coefficient.
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