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Magnetism of thin Ising films with rough surfaces

F. D. A. Aarão Reis
Instituto de Fı´sica, Universidade Federal Fluminense, Avenida Litoraˆnea s/n, Campus da Praia Vermelha, 24210-340 Nitero´i RJ, Brazil

~Received 18 August 1997!

We study the ferromagnetic Ising model on thin films of random thicknesses using Monte Carlo simulations.
The films have a simple cubic lattice structure, length and widthN, one flat surface and discretized Gaussian
distributions of thicknesses with meanL and rms deviationDL. We consider the cases ofDL5const for any
L ~type I! andDL/L5const for anyL ~type II!. A decrease of the critical temperatureTc(L,DL) for fixed L
and increasing roughness (DL) is observed. The specific-heat peak of rough films of finite length is reduced
when compared to the uniform films. The susceptibility peak is not reduced for small roughness (DL<1), and
decreases for larger roughness. This type of disorder is shown to be irrelevant for the critical exponents, and
two-dimensional finite-size scaling relations~in the lateral lengthN) do not have remarkable corrections when
compared to the uniform films. In films of type I, the critical temperature shifttL5Tc(3D)2Tc(L,DL) scales
with L approximately as in the uniform films, and a small roughness becomes irrelevant forL.10, where
three-dimensional scaling is attained. In films of type II,tL decreases slowly withL, in disagreement with both
two- and three-dimensional behavior forL<10. We discuss the possible connections of our results and
experiments in magnetic thin films.@S0163-1829~98!01922-5#
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I. INTRODUCTION

In recent years there has been much interest in the m
netism of systems with a small number of atoms,1–5 such as
small magnetic clusters and thin films. The magnetic prop
ties depend on several geometric features, which depen
the conditions during the growth. Thus the connection
tween experimental and theoretical results requires a deta
study of the dependence of physical quantities on the ge
etry of the systems. Some specific properties have alre
been considered in theoretical works, such as the size
lattice structure of small clusters,6,7 the thickness of the
films,8 and the roughness of one-dimensional structures.9

Here we will study the influence of surface roughness
the magnetism of thin films, by considering films of Isin
spins with random thicknesses. We will address some imp
tant questions from both the theoretical and experime
points of view. For instance, this model will provide info
mation on the changes of the magnetic properties that ca
attributed solely to the uncorrelated surface roughness.
thermore, we will analyze the effect of different roughne
patterns in the finite-size scaling relations involving t
mean thicknesses of the films. Several experimental tes
those relations were already done,3–5 and the connections to
the conditions of growth were analyzed.

The layered Ising systems considered here can be ex
mapped on random spin systems on a square lattice, fol
ing the same ideas of the mapping of a two-layer spi1

2

model on a square lattice spin-3
2 model.10 Recently, the effect

of dilution or bond disorder on the critical behavior of tw
dimensional Ising systems has attracted much interest.11–14

Although there are evidences that the critical exponents
the same as in the pure system, remarkable corrections t
dominant critical behavior were found. This work is al
relevant on the general context of magnetism of disorde
systems, particularly for the analysis of the corrections to
critical behavior.
PRB 580163-1829/98/58~1!/394~6!/$15.00
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In a recent work we have considered the one-dimensio
version of these rough films, i.e., infinitely long strips
random widths.9 It was shown that finite-size scaling is sa
isfied, taking the mean widthL as the characteristic length o
the strip, if the rms deviationDL is constant or proportiona
to L. It was also shown that the corrections to those relati
increase withDL. However, due to the different dimension
ality, most results cannot be extended to thin magnetic fil

We will consider films with dimensionsN3N3L, where
the length and widthN are fixed throughout the structure
and L represents the mean of a discretized Gaussian di
bution of thicknesses, with rms deviationDL. One of the
surfaces is flat and the other is rough, as shown in Fig. 1.
will consider two possibilities for the rms deviationDL:
DL5const for allL ~type I! andDL/L5const for allL ~type
II !. These possibilities represent, respectively, a fixed rou
ness when the mean thicknessL increases and a roughne
that increases with the mean thickness. Thermodyna
quantities will be calculated via Monte Carlo simulations.

We limited our study to relatively small thicknesses (L
<10) but, as will be shown below, it reveals interesti
properties of rough films~e.g., their critical exponents!, and
some of these properties can be extrapolated to larger th
nesses, particularly for small roughness. Some cases of l

FIG. 1. Thin film with length and widthN, one flat surface and
one rough surface with mean thicknessL.
394 © 1998 The American Physical Society
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PRB 58 395MAGNETISM OF THIN ISING FILMS WITH ROUGH SURFACES
roughness were considered when we studied the films of
II.

This work is organized as follows. In Sec. II we prese
the results of Monte Carlo simulations. In Sec. III we analy
the two-dimensional finite-size scaling relations~in the lat-
eral lengthN) for the rough films. In Sec. IV we analyze th
scaling of critical temperatures of films of types I and II.
Sec. V we discuss the possible relations between our re
and experiments and summarize our conclusions.

II. NUMERICAL CALCULATIONS AND RESULTS

We considered the nearest-neighbor Ising model w
~constant! ferromagnetic interactions

H52J(
^ i , j &

SiSj2H(
i

Si , ~1!

where^ i , j & denotes a pair of nearest neighbors,Si561 is
the spin variable at sitei , andH is an external magnetic field

A simple cubic lattice structure is assumed for the film
They have equal lengthsN in the x and y directions and
variable height (z direction!, satisfying a discretized Gauss
ian distribution with meanL and rms deviationDL. We stud-
ied films with N525, 50, and 100;L52, 3, 5, and 10. For
films of type I we consideredDL50 ~flat films!, 2

3 and 1. For
films of type II we consideredDL/L5 1

2. The maximum ac-
ceptable thickness was 2L for all distributions. Periodic
boundary conditions were considered along directionsx and
y, and free boundaries along directionz. The geometry of a
film is illustrated in Fig. 1.

Monte Carlo simulations were performed using the M
tropolis algorithm as usually applied to Ising systems.15,16

All calculations were done in zero magnetic field. At ea
temperature, 53104 initial Monte Carlo steps~MCS! per
spin were discarded. The averages of thermodynamic q
tities were taken from 104 spin configurations (53104 near
the critical temperatures!. In order to reduce the correlation
Ns MCS were skipped between two successive configu
tions used in the averaging process, withNs ranging from 10
to 50.

As the films are disordered, physical quantities must
avearaged over different realizations of each distribution
heights~i.e., different films with the sameN, L, and DL).
However, in films with smallDL ~typically DL<1), the
large lengthsN and periodic boundaries ensure that a la
number of different microscopic environments~characteristic
of the distribution! are present in a single realization. The
the differences of the quantities estimated in two differ
realizations are expected to be very small~this result was
obtained in the one-dimensional version of the problem9!. It
was confirmed by calculations in some temperatures neaTc
for all films with DL<1 using three different realizations
For instance, the fluctuations of the magnetic susceptibili
estimated in different realizations were always less than 3
and this value is within the statistical error bars in the criti
region. For other thermodynamic quantities the deviatio
were smaller. Thus the results presented here for anyN, L,
and DL<1 were obtained in a single realization of ea
distribution, but are sufficiently accurate to represent the
erages in this ensemble of films.
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For films with largerDL, the differences of the estimate
obtained in different realizations are larger. The results p
sented below for films withDL.1 are averages overNR
different realizations, withNR ranging from 20 to 40, de-
pending on the values ofN, L, and DL. This number of
realizations is sufficient to provide estimates with the sa
accuracy of the films with small roughness.

In Fig. 2 we show the magnetic susceptibility per spinx
for the films withL52, N5100 and 50. It is clear that the
critical temperatureTc(L,DL) decreases when the roughne
(DL) increases. This property is also supported by
specific-heat data for the same films, shown in Fig. 3, and
magnetization per spin, shown in Fig. 4. AlthoughTc(L,DL)
is defined whenN→` ~whenx andCH diverge!, it is very

FIG. 2. Magnetic susceptibility per spin for various films wi
mean thicknessL52: N5100, DL50 (,); N550, DL50 (3);
N5100, DL5

2
3 (*); N550, DL5

2
3 (h); N5100, DL51 (L);

N550, DL51 (n).

FIG. 3. Specific heat per spin for the same films in Fig. 2, w
the same symbols.
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396 PRB 58F. D. A. AARÃO REIS
near the temperature of the susceptibility peak of the larg
films (N5100),TM(L,DL), as will be shown in Sec. III.

The specific-heat peakCMAX decreases when the roug
ness increases, which is consistent with*0

`(CdT/T)52kB .
However, it is interesting that it does not occur with t
susceptibility peakxMAX . We also note that the height an
the width of the susceptibility peak have negligible depe
dence on the roughness for all the other films with sm
roughness (DL<1).

For larger roughness,xMAX starts to decrease. In Fig. 5~a!
we show the susceptibility for films withN5100, L55
(DL50, 1, and5

2! and in Fig. 5~b! we show the susceptibil
ity for films with N5100,L510 (DL50 and 5). For films
with L510 andDL55, xMAX is nearly2

3 of the uniform film
value (L510, DL50).

For small roughness,xMAX seems to be related only to th
lateral lengthN ~the data for films withN550 andN525
support this result!, and does not depend onDL. Remarkable
decreases ofxMAX are observed only in very rough films
Thus it seems thatDL is the relevant variable to the decrea
of xMAX , because the correlations along the film are m
difficult when the roughness increases.

FIG. 4. Magnetization per spin for the same films in Fig. 2, w
the same symbols.

FIG. 5. Magnetic susceptibility per spin for films with:~a! mean
thicknessL55, length N5100 and:DL50 (h); DL51 (n);
DL5

5
2 (3); ~b! mean thicknessL510, lengthN5100 and:DL

50 (*); DL55 (L).
st

-
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e

III. TWO-DIMENSIONAL FINITE-SIZE SCALING
ANALYSIS

The thermodynamic quantities of rough films with a fixe
distribution of heights (L,DL) and various lengthsN (25,
50, and 100) scale withN as the corresponding quantities
flat films. It occurs even for large roughness, although
scaling amplitudes are different.

In Figs. 6~a! and 6~b! we show the susceptibility peak
xMAX versusN for films with L52 and 5, respectively.

The expected scaling17,18

xMAX~L,DL,N!;Ng/n, ~2!

with g/n51.7560.03, is obtained for flat and rough film
with L52 and L53. For flat and rough films withL55
@Fig. 6~b!#, xMAX scales as Eq.~2! with g/n'1.70. For all
films with L510, g/n'1.68. For flat films, it certainly does
not represent a change of universality class, but is an ef
of the finite sizesN. These effects tend to increase for thick
films with the same lengths, which agrees with the results
a recent numerical study of flat Ising films.8 The similar be-
haviors ofxMAX in flat and rough films with the same thick
nessL indicate that the two-dimensional valueg/n51.75 is
expected also for the latter, asN→`, although the ampli-
tudes of the scaling functions are different.

In Figs. 7~a! and 7~b! we show the specific-heat peak
CMAX versusN for films with L52 and 5, respectively
CMAX scales in the rough films as in the uniform films. Th
expected scaling17,18

CMAX~L,DL,N!; ln N ~3!

FIG. 6. Maximum susceptibility versus lengthN for films with:
~a! L52 ~symbols are superimposed!: DL50 (h); DL5

2
3 (3);

DL51 (n); ~b! L55: DL50 (*); DL51 (L); DL55/2 (,).
Straight lines are least-squares fits of the data for flat films.

FIG. 7. Maximum specific heat versus lengthN for the same
films in Fig. 6, with the same symbols.
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PRB 58 397MAGNETISM OF THIN ISING FILMS WITH ROUGH SURFACES
is obtained with good accuracy in the films with small thic
nesses (L52 and 3). Small deviations of Eq.~3! are ob-
served in thicker films, but these deviations are also sim
for flat and rough films. They can also be attributed to fini
size effects, and the scaling relation~3! must be satisfied in
rough films asN→`.

The scaling relations~2! and ~3! for the disordered films
are not evident. In two-dimensional systems with dilution
bond disorder, there is no controversy that Eq.~2! holds with
g/n51.75, but a weaker divergence in Eq.~3! is
expected.12–14 We then conclude that the type of disord
analyzed here is irrelevant to the two-dimensional Ising cr
cal behavior. Moreover, the corrections to the dominant c
cal behavior seem to have the same form of the unifo
films, differing only in the scaling amplitudes.

In view of the previous results, we considered tw
dimensional critical exponents to obtain the critical tempe
turesTc(L,DL). We estimated the Binder cumulant19

UN512
1

3

^M4&

^M2&2 , ~4!

whereM is the magnetization of the system, and defined
pseudocritical temperatureT* (N) ~for fixed L andDL) as

UN@T* ~N!#5UN/2@T* ~N/2!#. ~5!

Then we assumed that

T* ~N!2Tc~L,DL !5AN2l, ~6!

with A constant andl51/n51 ~the well-known result in
two dimensions20!. Using the estimates ofT* (N) for N
550 and 100, we obtainTc(L,DL) in Eq. ~6!.

The estimates ofTc(L,DL) andTM(L,DL) ~temperatures
of xMAX of the largest films, withN5100) are shown in
Table I. The differences ofTc(L,DL) and TM(L,DL) are
very small, with a maximum relative difference of 2% fo
L52, DL51.

TABLE I. Critical temperatureTc(L,DL), temperature of maxi-
mum susceptibilityTM(L,DL) of films with N5100, and relative
decrease ofTc from the uniform film value,e(L,DL).

L,DL Tc(L,DL) TM(L,DL) e(L,DL) ~%!

2 , 0 3.19660.01 3.22560.01
2 , 2

3 3.02260.01 3.04560.01 5.4
2 , 1 2.74360.02 2.79560.01 14.2
3 , 0 3.62860.005 3.6560.01
3 , 2

3 3.52860.01 3.5560.01 2.8
3 , 1 3.37860.015 3.4160.01 6.9
3 , 3

2 3.17460.015 3.2360.01 12.5
5 , 0 4.0160.01 4.0360.01
5 , 2

3 3.97260.005 3.9960.01 0.9
5 , 1 3.91460.01 3.9460.01 2.4
5 , 5

2 3.63460.01 3.6760.01 9.4
10 , 0 4.30660.01 4.3260.01
10 , 5 4.0460.01 4.06560.01 6.2
r
-

r
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e

IV. SCALING OF Tc OF ROUGH FILMS

The effect of roughness on films with fixed mean thic
nessL may be measured by the relative decrease ofTc

e~L,DL !5
Tc~L,0!2Tc~L,DL !

Tc~L,0!
, ~7!

which is also shown in Table I. We note thate(L,DL) in-
creases fast withDL, for fixed L, which corresponds to the
fast decrease ofTc(L,DL) with increasing roughness.

In Fig. 8 we showe(L,DL)3L versus 1/L. Results for
films of type I (DL5 2

3 andDL51) and films of type II are
clearly different. In films of type I,e(L,DL) decreases ap
proximately with 1/L2, indicating that a fixed roughness pa
tern is irrelevant for quite small thicknesses (L'15 for DL
<1). In films of type II, e(L,DL) decreases very slowly
with L ~approximately as 1/AL), then we expect that only fo
much thicker films (L@10) this roughness pattern will be
come irrelevant.

It is expected that the reduced critical temperaturestL
scale as

tL5
Tc~3D !2Tc~L,DL !

Tc~3D !
5AL2l, ~8!

with Tc(3D)'4.51152~Ref. 21! andl51/n, wheren is the
critical exponent for the three-dimensional Ising modeln
'0.6301~Ref. 21!#.

For smallL, however, that scaling is not obtained even
the flat films. A nearly two-dimensional behavior (l51/n
'1) is obtained forL,10, and, as shown in a recent study8

the three-dimensional behavior is attained only forL.̃10.
In Fig. 9 we showtL versusL in four classes of films: flat,

DL5 2
3, DL51, andDL5L/2. We note that films of type I

follow the same trend of the flat films, which is approx
mately a two-dimensional behavior in this range of thic
nesses. A small roughness must become irrelevant foL

FIG. 8. e(L,DL)3L ~Eq. 7! versus 1/L for some classes of
films: DL5

2
3 (3); DL51 (n); DL5L/2 (*). Straight lines are

least-squares fits of the data for films of type I.
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'15, but that is exactly the region where three-dimensio
behavior is attained. Thus we conclude that a small rou
ness will not disturb the three-dimensional scaling in
range of thicknesses where it is valid.

On the other hand, a very large roughness will be irr
evant only for largerL, even when it is fixed for allL.
Consequently, it will disturb the three-dimensional behav
for L'10. For instance, we expect that a fixedDL55 will
be irrelevant only forL'30, assuming a 1/L2 dependence o
e(L,DL), as discussed above.

In films of type II, tL decreases very slowly withL. The
scaling in Fig. 9 is not consistent with two- or thre
dimensional behavior, but withl'0.8. The previous analy
sis of e(L,DL) indicate that these deviations will disappe
only for very largeL.

The results above are completely different in the strips
random widths studied previously.9 There, finite-size scaling
relations were valid for small lengths (L<12), but the ef-
fects of roughness in the corrections to scaling were rem
able, even forDL fixed and small.

V. SUMMARY AND CONCLUSIONS

We have shown that the introduction of uncorrelat
roughness on thin Ising films reduces the critical tempera
and the height of the specific-heat peak, but only for la
roughness (DL.1) the susceptibility peak has a conside
able decrease. This type of disorder has no effect on
critical exponents, and the corrections to the dominant c
cal behavior seem to be the same of the flat films. In films

FIG. 9. Reduced critical temperaturetL ~Eq. 8! versus mean
thicknessL for some classes of films:DL50 (h); DL5

2
3 (3);

DL51 (n); DL5L/2 (*). Straight lines are least-squares fits
the data for all classes. ForDL50, DL5

2
3 and DL51, the fits

considered onlyL<5, in order to show the similar behavior~nearly
two dimensional! in those classes.
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type I, with fixed roughness for all thicknessesL, the re-
duced critical temperaturestL ~Eq. 8! scale withL approxi-
mately as in the flat films, showing a crossover from two-
three-dimensional behavior for smallL. A small roughness
(DL<1) has negligible effects onTc for L.̃10, where the
three-dimensional behavior oftL is observed. In films of type
II, where the roughness increases withL, tL decreases very
slowly. Our results may be connected to previous exp
ments with thin magnetic films and may also help futu
investigations.

The variations inTc andxMAX in different growth condi-
tions are frequently analyzed in experiments with thin ma
netic films. As an example, we consider recent experime
with Co films deposited onW(110).5 In films with mean
thickness near 2 monolayers, it was observed thatTc and
xMAX decreased after annealing, but the first layer was th
mally stable. It was suggested that an increase in the rou
ness was one of the reasons for that behavior. Accordin
our results, these properties cannot be explained by unco
lated roughness alone. A large roughness would be neces
to produce a large decrease ofxMAX , but for largeDL and
L'2 the first layer would not be completely filled~for in-
stance, ifDL52, 11% of the first layer is not filled!. In fact,
the decrease ofxMAX in the experiments suggests a decrea
of the lateral sizes of the connected regions of the film. Th
a model should incorporate other effects, such as forma
of islands ~also suggested in Ref. 5!, in order to describe
these experiments.

The dependence oftL on L is also frequently analyzed in
experiments.2–5 For small roughness, which is present ev
in the better growth conditions, the three-dimensional beh
ior of tL is not affected in the range of thicknesses where
applies (L.̃10). Our results also show that deviations fro
both two- and three-dimensional behavior for small thic
nesses may be a signature of a roughness increasing wit
mean thickness~e.g., films of type II!.

Another interesting consequence of the large variation
Tc with roughness is thattL must decrease smoothly withL
if there is a smooth relation betweenL and DL. Films of
types I and II have these properties~Fig. 9!. But if the par-
ticular growth conditions lead to a chaotic variation ofDL
whenL increases, we also expect a chaotic variation oftL ,
which would be clearly displayed in atL3L plot.

Finally, we suggest that simple modifications of o
model of rough films, incorporating magnetic inhomogen
ities or other types of disorder~e.g., correlated roughness!,
may give interesting results and explain some features of
systems.
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