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We make a careful analysis of various contributions to the indirect207Pb nuclear spin-spin interactionsAj j 8
in PbTe. The calculation takes into account all three hyperfine interactions and includes both the intraband and
the interband contributions within ak•p formalism. The relativistic effects are considered through the double
group basis wave functions and energy levels around the energy gap. We calculateAj j 8 from three different
contributions:~a! a full valence band and an empty conduction band,~b! electrons inn-type PbTe, and~c!
holes inp-type PbTe. In the first case the coupling tensor is quite appreciable and changes from ferromagnetic
~FM! order to antiferromagnetic~AFM! order as the internuclear separationR increases. In the case of full
band contribution all of the hyperfine interactions are found to be important. The carrier contributions are
calculated in each case for two typical carrier~both electron and hole! densities. In the case ofp-type PbTe,
Aj j 8 is isotropic and due mainly to contact hyperfine interactions. The noncontact interactions arising out of
mixing of bands, albeit weak, are also taken into account. In the case ofn-type PbTe the noncontact hyperfine
interactions, namely, the orbital and the dipolar interactions, are important and the coupling constant is aniso-
tropic. The coupling constants calculated for carrier densities of the order of 1018 cm23 are found to be about
four orders less than the corresponding value in metallic lead. Although there are no experimental results for
comparison, the order of magnitude appears to be reasonable in view of the low density of carriers considered,
as compared to the metallic density. Furthermore, in the absence of any other theoretical work in the case of
semiconductors in general and in PbTe in particular, the present work furnishes valuable information regarding
the nature of hyperfine interactions and their relative contributions to the indirect nuclear spin-spin interaction
in PbTe. Some of the systematics of our calculation agree with those predicted in the case of indirect exchange
interaction involving magnetic impurities in PbTe.@S0163-1829~98!04328-8#
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I. INTRODUCTION

Indirect nuclear spin-spin interactions, dominated by
isotropic Ruderman-Kittel~RK! interaction1 and the aniso-
tropic pseudo-dipolar~PD! interaction2 have been investi-
gated thoroughly in metals3–7 during the past three decade
The subject became more important after the discovery
the nuclear magnetic ordering in copper at about 25 nk
in silver at about 2 nk.8 These interactions furnish valuab
information about the electronic structure and the nature
the electronic wave functions in metals, apart from expla
ing the nuclear magnetic resonance~NMR! linewidth mea-
surements and the electron-nuclear hyperfine interaction
them. Relative strengths of many-body and relativistic
fects can also be ascertained from the calculations of RK
PD interactions. An exhaustive review of the subject for m
als has been made in the work of Oja and Lounasmaa.9

Although, as mentioned above, the study of hyperfine
teractions and related properties can be found in abund
in metals, these properties have not been studied with s
fervour and enthusiasm in semiconductors. It is due partl
the fact that the observation of such effects in semicond
tors is difficult in view of the relatively smaller density o
carriers and partly to the extremely difficult calculations
PRB 580163-1829/98/58~7!/3924~8!/$15.00
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quired to incorporate both the intraband and the interb
contributions across the band gap.

Recently one of the authors derived a theory for the in
rect nuclear interactions including both spin-orbit and ma
body effects.10 The theory also included all the electron
nuclear hyperfine interactions—contact, orbital, and dipo
While in metals the contact interaction is significant, in sem
conductors all the three hyperfine interactions are expe
to be important.

In view of paucity of a systematic study of indirec
nuclear hyperfine interactions in semiconductors we have
cided to calculate the indirect nuclear207Pb spin-spin cou-
pling tensor in bothn-type andp-type PbTe, which are de
generate narrow-gap semiconductors. The degeneracy m
these semiconductors metal-like except that the carrier c
centrations in these systems are a few orders of magni
less than in metals. This, however, should not be viewed
statement against the semiconducting characteristics of t
systems. The other motivation is that we have in recent ye
investigated thoroughly some other hyperfine propert
such as the Knight shift and the chemical shift in PbT
which show good agreement with experimental results wh
available.11–13Furthermore, indirect exchange interaction b
tween localized magnetic impurities in semiconductors
3924 © 1998 The American Physical Society
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cluding the one based on the lead salts have been of co
erable interest14–18 in recent years and furnish useful da
regarding magnetic interactions in the diluted magnetic se
conductors that are considered as an interesting class of
netic materials. This provides further motivation for seei
how the indirect exchange interactions involving nucle
spins are useful in probing the electronic structure in se
conductors vis-a-vis interactions involving magnetic impu
ties.

The paper is organized in the following manner. In S
II, we discuss the theory and the calculational procedure
the indirect exchange coupling constant between207Pb
nuclear spins in PbTe. In Sec. III, we evaluate three type
contributions from~a! a full valence band and an empty co
duction band,~b! electrons inn-type PbTe, and~c! holes in
p-type PbTe. In Sec. IV we present our results and disc
them followed by our concluding remarks.

II. THEORY AND CALCULATIONAL PROCEDURE

A. Theory

The indirect nuclear interaction describes an interaction
which a nuclear magnetic moment with spinI j at the lattice
site Rj creates a local magnetic perturbation that induces
electronic magnetization varying in space, which in turn
teracts with another nuclear moment of spinI j 8 at the lattice
siteRj 8 . This results in a static coupling between the nucl
moments and is given by10

Hint5 (
j , j 8,~ j Þ j 8!•m,n

Aj j 8
mn I j

mI j 8
n , ~1!

whereAj j 8
mn is the indirect nuclear spin-spin coupling tens

and is given, in the presence of spin-orbit and electr
electron interactions, by

Aj j 8
mn

5m0
2m0N

2 gI 
gI 8 (

n,n8k,k8

1

12gn,n8~k,k8!

3@Xnkr,n8k8r8
m Xn8k8r8,nkr

n exp$2 i ~k2k8!•Ri j 8%

1Xnkr,n8k8r8
n Xn8k8r8,nkr

m exp$1 i ~k2k8!•Rj j 8%#

3
f ~Enk!

Enk2En8k8
. ~2!

In Eq. ~2!, m0 andm0N are Bohr and nuclear magneton
respectively;gI 

and gI 8
are the nuclearg factors for the

spins atRj andRj 8 , respectively;Rj j 85Rj2Rj 8 , g denotes
the exchange enhancement parameter due to the elec
electron interactions, and the electron-nuclear hyperfine
tex Xm is given by

Xm5
8p

3
smd~r !1F2

sm

r 3 1
3~s•r !r m

r 5 G12emnh

r nph

\r 3

[Xc
m1Xd

m1Xo
m . ~3!

The matrix elements ofX are taken between the Bloc
statescnkr(r ) and cn8k8r8(r ); the corresponding energie
areEnk andEn8k8 , respectively. Herer andr8 denote Kram-
er’s conjugate pairs in the presence of spin-orbit interact
id-

i-
ag-
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f (Enk) is the Fermi function. In Eq.~3! the first term denotes
the contact hyperfine vertexXc

m , the second term represen
the dipolar hyperfine vertexXd

m , and the third describes th
orbital hyperfine vertexXo

m
•s are the Pauli spin matrices an

p is the electronic momentum operator in the presence
spin-orbit interaction.emnh is an antisymmetric tensor o
third rank and we follow the Einstein summation conventio
Equation~2! in principle contains both oscillatory (kÞk8)
and nonoscillatory (k5k8) terms. The nonoscillatory term
are not of interest here as these are independent ofRj j 8 .
Hence we rewrite Eq.~2!, considering only the oscillatory
terms as

Aj j 8
mn

5 (
k,n,k8,~kÞk8!,r,r8

1

12gn,n~k,k8!

3@Pjnkr,n,k8r8
m Pjnk8r8,nkr

n exp$2 i ~k2k8!•Rj j 8%

1Pj 8nkr,n,k8r8
n Pj 8nk8r8,nkr

m exp$1 i ~k2k8!•Ri j 8%#

3
f ~Enk!

Enk2Enk8

1 (
n,n8k,k8,~nÞn8!,~kÞk8!,r,r8

1

12gn,n8~k,k8!

3@Pjnkr,n8,k8r8
m Pjn8k8,r8,nkr

n exp$2 i ~k2k8!•Rj j 8%

1Pj 8nkr,n8,k8r8
n Pj 8n8k8r8,nkr

m exp$1 i ~k2k8!•Rj j 8%#

3
f ~Enk!

Enk2En8k8
, ~4!

where

Pj
m5m0m0N

gI 
Xm~r !, ~5!

gnn~k,k8!52 (
k9,k-

v̄nn~k,k8,k9,k-!
f ~Enk9!2 f ~Enk-!

Enk92Enk-
~6!

and

gnn8~k,k8!52 (
k9,k-

v̄nn8~k,k8,k9,k-!
f ~Enk9!2 f ~En8k-!

Enk92En8k-
,

~7!

v̄ being the average interparticle interaction. In Eq.~4! the
first term describes the intraband Ruderman-Kittel-Kasu
Yosida ~RKKY ! type of interactions and the second ter
describes the interband RKKY type of coupling. While
metals, it is a normal practice to consider the first term on
both of the terms are important in semiconductors.gnn and
gnn8 are the intraband and the interband exchange enha
ment parameters and are due to the electron-electron inte
tions in the same band and between bands, respectively

B. Calculational procedure

PbTe is a narrow-gap semiconductor with a direct ene
gap at theL point of the Brillouin zone. In addition to the
band-edge states, there are two more bands on either si
the gap, which contributes to the effective mass formalis
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Each level is Kramer’s split in the presence of spin-or
interaction. The basis wave functions for all six levels a
the energy gaps at theL points are taken from Mitchell and
Wallis ~MW!.19

The Hamiltonian for the band-edge states is diagonali
exactly and the resulting states are treated with the far ba
using second-order perturbation theory within ak•p formal-
ism. The detailed mathematics of the procedure followed
given in our earlier publications11–13and we do not conside
it essential to reproduce them here.

PbTe is a degenerate semiconductor implying thereby
the Fermi level, as in the metals, is in the allowed bands
is a function of carrier concentration. The Fermi surface
the carriers is ellipsoidal for low carrier concentrations a
becomes cylindrical as the carrier density is increased. T
the Fermi surface integrations that occur in both the eva
tion of Fermi energy and the intraband and the interba
coupling terms are carried out using a cylindrical coordin
system. The Fermi energies, as functions of electron and
densities, respectively, inn- andp-type PbTe, are evaluate
following a self-consistent method. The Fermi energies
crease with increase in carrier density in bothn- andp-type
PbTe. However, this increase is not monotonic but tend
deviate from the linear behavior at higher carrier concen
tion, implying that the bands become nonparabolic beca
of the increasingly important effect of the far bands at t
range of carrier concentrations.

For our calculations of the indirect exchange coupli
tensor between207Pb nuclei, we have chosenX-, Y-, and
Z-coordinate axes in the@1̄1̄2#, @11̄0#, and @111# crystallo-
graphic directions, respectively. The nonzero hyperfine m
trix elements at theL point of the Brillouin zone, using MW
basis functions19 are

^L61
1 auXc

zuL61
1 a&5

8p

3
cos2 u1^Rud~r !uR&5Ac

l , ~8!

^L62
2 auXd

zuL62
2 a&5~ 4

5 sin2 u21 2
5 cos2 u2!

3 K X1U 1

r 3UX1L 5Ad
l , ~9!

^L62
2 auXo

zuL62
2 a&52 cos2 u2K X1U 1

r 3UX1L 5Ao
l , ~10!

^L61
1 auXc

xuL61
1 b&52Ac

l 5Ac
t , ~11!

^L62
2 auXd

xuL62
2 b&52 1

5 ~214 cos2 u213& sin u2 cosu2!

3K X1U 1

r 3UX1L 5Ad
t , ~12!

and

^L62
2 auXo

xuL62
2 b&522& sin u2 cosu2K X1U 1

r 3UX1L 5Ao
t .

~13!

In Eqs.~8!–~13! cosu6 and sinu6 are the amplitudes o
the single-group wave functions in the MW basis statesR
transforms like an atomics orbital around Pb.X1 transforms
t
d

d
ds

is

at
d
f
d
us
a-
d
e
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-

to
-
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s

-

like a atomicp orbital with mz51. The superscriptsl and t
represent longitudinal and transverse components, res
tively. The above equations change sign when the ma
elements are considered by interchanginga and b. The
equality in magnitude ofAc

l andAc
t reflects the spatial isot

ropy of the contact hyperfine interaction. However, the
bital and the dipolar hyperfine matrix elements are ani
tropic. It may be noted that in the absence of spin-or
interactions the dipolar interactions become zero for crys
with cubic symmetry.

Thek-dependent matrix elements are calculated using
wave functions of Eq.~7! of Ref. 12 for the band-edge state
and the MW basis functions19 for the other bands. The en
ergy differences were evaluated using the conduction-
the valence-band energies derived earlier.20

III. EVALUATION OF A„R…

We evaluateA(R) for three cases: for a full valence ban
and an empty conduction band, forn-type PbTe and for
p-type PbTe. We evaluate both the longitudinal and
transverse components in each case. In case of the full b
or the lattice contribution we assume the Brillouin zone to
divided into four equal spheres around eachL point and the
k and thek8 integrations were performed using spheric
polar coordinates. For carriers, either electrons or holes,
use cylindrical coordinates to evaluate the Fermi surface
tegrals forn- and p-type of PbTe. Following the procedur
described in the preceding section, we obtain various con
butions toAj j 8 for the full valence band,n-type PbTe and
p-type PbTe as follows.

A. Full valence-band contribution to Ajj 8
µn

For the full valence band, the intraband contribution
zero. Using Eqs.~4! and ~8!–~13! and Eqs.~7! and ~11! of
Ref. 13, we obtain the interband contribution as

Af b
l ~R!5

4C

~2p!4 E
0

k0
dkrE

0

k0
dkr8E

0

p

duE
0

p

3du8 sin u sinu8kr
2kr8

2

3cos@~kr cosu2kr8 cosu8!R#

3F Qinter
l

\2

2m
~kr

22kr8
2!2

1

2
Eg~W1W8!G , ~14!

where

Qinter
l 5F ~11W!~a sin2 u81b cos2 u8!kr8

2~Ac
l !2

~11W8!

1
~11W8!~a sin2 u1b cos2 u!kr

2~Ao
l 1Ad

l !2

~11W!

22bkrkr8 cosu cosu8Ac
l ~Ao

l 1Ad
l !G 1

WW8
. ~15!

Further,
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W5~11akr
2 sin2 u1bkr

2 cos2 u!~1/2! ~16!

andW8 is same asW except thatkr andu are replaced bykr8
and u8; a and b are defined in our earlier work20 and are
expressed in terms of momentum matrix elements betw
band-edge states and the energy gapEg at the L point. C
5m0

2m0N

2 gI j

2 . The subscripts fb, intra, and inter stand for t

full band, intraband, and interband contributions, resp
en

-

tively. k0 is the radius of each sphere and the numbe
accounts for all the four valleys.

The transverse termAfb
t (R) can be obtained by replacin

Ac
l , Ad

l , andAo
l by Ac

t , Ad
t , andAo

t and changing the sign o
the third term in Eq.~15!.

B. Contributions due to electrons inn-type PbTe to Ajj 8
µn

The electronic contributions inn-type PbTe to the oscil-
latory coupling constant is
Ae
l ~R!5

C

~2p!6 E
0

2p

dfE
0

2p

df8E
2kl e

1kl e
dkzE

2kl e
8

1kl e
8
dkz8E

0

kre

2

dkr
2E

0

kre
82

dkr8
2

3cosF ~krcosf1kr sin f1kz2kr8 cosf82kr8 sin f82kz8!
R

)
G

3F Qe; intra
l

\2

2m
~k22k82!1

1

2
Eg~W2W8!

1
Qe; inter

l

\2

2m
~k22k82!1

1

2
Eg~W1W8!G , ~17!

where

Qe; intra
l 5F $a2kr

2kr8
2
1b2kz

2kz8
21ab~kr

2kz8
21kr8

2kz
2!%

~11W!~11W8!
~Ac

l !2

1~11W!~11W8!~Ao
l 1Ad

l !212$bkzkz82akrkr8 cos~f1f8!%Ac
l ~Ao

l 1Ad
l !G 1

4WW8
, ~18!

and

Qe; inter
l 5F ~11W!

~11W8!
~akr8

21bkz8
2!~Ao

l 1Ad
l !21

~11W8!

~11W!
~akr

21bkz
2!~Ac

l !2

22$bkzkz82akrkr8 cos~f1f8!%Ac
l ~Ao

l 1Ad
l !G 1

4WW8
. ~19!

The transverse componentsAe
t (R) can be obtained as before by replacingAc

l , Ad
l , andAo

l by Ac
t , Ad

t , andAo
t and changing

the signs of the third terms in Eqs.~18! and ~19!.

C. Contributions due to holes inp-type PbTe to Ajj 8
µn

The indirect nuclear coupling between207Pb spins inp-type PbTe can similarly be written as

Ah
l ~R!5

C

~2p!6 E
0

2p

dfE
0

2p

df8E
2kl h

1kl h
dkzE

2kl h
8

1kl n
8
dkz8E

0

krh

2

dkr
2E

0

krh
82

dkr8
2

3cosF ~krcosf1kr sin f1kz2kr8 cosf82kr8 sin f82kz8!
R

)
G

3F Qh; intra
l

\2

2m
~k22k82!2

1

2
Eg~W2W8!

1
Qh; inter

l

\2

2m
~k22k82!2

1

2
Eg~W1W8!G , ~20!

where
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Qh; intra
l 5F $a2kr

2kr8
21b2kz

2kz8
21ab~kr

2kz8
21kr8

2kz
2!%

~11W!~11W8!
~Ao

l 1Ad
l !2

1~11W!~11W8!~Ac
l !212$bkzkz82akrkr8 cos~f2f8!%Ac

l ~Ao
l 1Ad

l !G 1

4WW8
~21!

and

Qh; inter
l 5F ~11W!

~11W8!
~akr8

21bkz8
2!~Ac

l !21
~11W8!

~11W!
~akr

21bkz
2!~Ao

l 1Ad
l !2

22$bkzkz82akrkr8 cos~f2f8!%Ac
l ~Ao

l 1Ad
l !G 1

4WW8
. ~22!
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The transverse componentsAh
t (R) can be obtained as befor

by replacingAc
l , Ad

l , andAo
l by Ac

t , Ad
t , andAo

t and chang-
ing the signs of the third terms of Eqs.~21! and ~22!. kl e

is

obtained by solving the equationEc(kr
2,kz)5m, where

Ec(kr
2,kz) is given by Eq.~3.2! of Ref. 20, forkr

250. kre

2 is

obtained from the same equation self-consistently. Sim
procedures were followed for obtainingkl h

andkrh

2 . m is the

Fermi energy and the procedure to obtain it is already
cussed in the earlier section. The integrations occurring
Eqs. ~14!, ~17!, and ~20! were performed numerically. In
general, we use for the computation of the results

A5 1
3 At

l 1 2
3 At

t , ~23!

where

At
l ,t5At, intra

l ,t 1At, inter
l ,t , ~24!

andt stands for fb~full valence band!, e ~electrons!, andh
~holes!, successively. We present our results and disc
them in the following section.

IV. RESULTS AND DISCUSSION

The oscillatory indirect nuclear spin-spin coupling co
stant is calculated for a number of values ofR for a full
valence band, results of which are presented in Table I.
low values of internuclei separation the coupling is negat
and hence ferromagnetic~FM!. This agrees with the predic
tion by Liu and Bastard18 in case of indirect exchange inte
action between magnetic impurities in PbTe. As the sep
tion of the nuclei increases the indirect coupling const
changes from FM order to antiferromagnetic~AFM! order.
From Table I, we see that all the three hyperfine interacti
are very important. For example, if we consider only cont
interaction the coupling tensor is significantly reduced
seen in the bottom portion of Table I. This is also reflected
Fig. 1. Since the valence band has predominantly atoms
character around lead~Pb! and the conduction band hasp
character, the significant change brought about by the orb
and the dipolar hyperfine interactions is due to the interb
contributions arising out of mixing of the bands. The anis
ropy reflected in the values is due to the effects of b
dipolar and orbital hyperfine interactions. However, our c
culation shows that the orbital anisotropy is very small co
r

-
in

ss

or
e

a-
t

s
t
s
n

al
d
-
h
-
-

pared to the dipolar anisotropy.
In Table II we have given the carrier contribution to th

indirect nuclear coupling constant inp-type PbTe for two
typical hole densities of 1017 cm23 and 1018 cm23. As ex-
pected, the intraband contribution is dominant. Howev
with increase in carrier density the interband contributi
increases and at a hole density of 1018 cm23 it is still two
orders less than the intraband contribution. Since the ato
orbitals around Pb transform in ans-type manner, the contac
interaction is dominant and hence the coupling const
shows almost isotropic behavior. Up to a carrier density
1018 cm23 the orbital and the dipolar hyperfine interactio
apparently have no effect on the coupling constant.Aj j 8 de-
creases with the increase in internuclei separation, but n

TABLE I. Interband contributions toAfb(R) ~all expressed in
units of cps!. Top: due to all three hyperfine interactions. Bottom
due to contact interaction alone.

R ~Å! Ainter
l Ainter

t Afb

Top
6 2645.08 2867.99 2793.69

12 2480.93 2639.01 2586.32
18 2264.30 2342.22 2316.63
24 252.52 262.72 259.32
30 114.18 149.21 137.54
36 221.45 281.59 261.85
42 274.87 348.75 324.12
48 287.11 368.46 341.34
54 268.54 350.03 322.86
60 225.43 296.87 273.06

Bottom
6 2371.13 2371.13 2371.13

12 2276.08 2276.08 2276.08
18 2153.88 2153.88 2153.88
24 236.21 236.21 236.21
30 54.31 54.31 54.31
36 113.15 113.15 113.15
42 140.31 140.31 140.31
48 149.36 149.36 149.36
54 144.83 144.83 144.83
60 122.20 122.20 122.20
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64
.65
.65
.64
.63
.62
.60
.59
.57
.56

52
32
98
52
93
22
39
45
40
26
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changes sign up toR560 Å. Thus for all values ofR con-
sidered the indirect nuclear spin-spin interaction due to ho
is antiferromagnetic.

In Table III we have given the carrier contribution to th
indirect nuclear spin-spin interaction forn-type PbTe for
electron densities same as the hole densities. The coup
constant shows similar trend as inp-type PbTe. However
the magnitudes are higher by about 1.7 times for a car
density of 1017 cm23 and about three times for 1018 cm23.

FIG. 1. Aj j 8 for the full valence band and empty conductio
band in PbTe as a function ofR with all the three hyperfine inter
actions~1! and only the contact hyperfine interaction~2!.

TABLE II. Intraband and interband contributions toAh(R) ~all
expressed in units of 1022 cps! for two typical hole densities.

p R ~Å! Aintra
l Aintra

t Aintra Ainter
l Ainter

t Ainter Ah

1017 cm23

6 2.65 2.63 2.64 0.00085 0.00169 0.00141 2.
12 2.66 2.64 2.65 0.00110 0.00211 0.00177 2
18 2.66 2.64 2.64 0.00109 0.00209 0.00176 2
24 2.65 2.63 2.64 0.00108 0.00207 0.00174 2
30 2.64 2.62 2.63 0.00106 0.00204 0.00171 2
36 2.63 2.61 2.62 0.00104 0.00200 0.00168 2
42 2.61 2.00 2.60 0.00102 0.00195 0.00164 2
48 2.60 2.58 2.59 0.00099 0.00190 0.00159 2
54 2.58 2.57 2.57 0.00095 0.00184 0.00155 2
60 2.57 2.55 2.56 0.00092 0.00178 0.00149 2

1018 cm23

6 57.15 55.46 56.02 0.299 0.596 0.497 56.
12 56.94 55.27 55.82 0.297 0.592 0.493 56.
18 56.59 54.95 55.50 0.294 0.585 0.488 55.
24 56.10 54.51 55.04 0.289 0.576 0.481 55.
30 55.47 53.95 54.46 0.284 0.565 0.471 54.
36 54.72 53.27 53.76 0.277 0.552 0.460 54.
42 53.84 52.49 52.94 0.269 0.536 0.447 53.
48 52.85 51.60 52.02 0.260 0.519 0.433 52.
54 51.75 50.61 50.99 0.251 0.499 0.417 51.
60 50.54 49.52 49.86 0.240 0.479 0.399 50.
s

ng

er

Since the conduction-band wave functions in PbTe transfo
like the atomicp orbital around Pb, the orbital and the dipo
lar hyperfine interactions are dominant forn-type PbTe. It
has also been observed that neglect of contact hyperfine
teraction forn-type PbTe up to 1018 cm23 does not affect the
results in a significant way. However, neglect of either
bital or dipolar hyperfine interactions drastically affects t
results. Thus inn-type PbTe the noncontact interactions a
found to be dominant. Furthermore, significant anisotro
seems to be present in case ofn-type PbTe.

Unfortunately, we have not encountered any experime
results to compare with our results. However, a qualitat
comparison can be made. The indirect nuclear coupling c
stant has been measured21 in the case of metallic lead. Th
RK coupling constant for nearest neighbors is 48
6500 cps. This value is approximately more than four
ders of magnitude higher than the indirect nuclear coupl
constant calculated for an electron density of 1018 cm23. We
see from Table III thatAj j 8 increases by one order when w
increase the electron density from 1017 cm23 to 1018 cm23.
Therefore, we believe that the difference in magnitudes
Aj j 8 for the electron density of 1018 cm23 in n-type PbTe
and in metallic Pb is reasonable. It would be pertinent
compare features observed in our calculation with that
served in metals. In metals, the oscillations are rapid
have a pronounced decay. However, we do not see such
tures here. This is due probably to the fact here thek-space
integration is confined to a small region around theL point
of the Brillouin zone. Indeed the effective mass approxim
tion involving the Luttinger-Kohn basis sets22 followed in
the calculation is valid only fork values not far fromk0
~here theL point!. In contrast, in metals thek summation
covers the entirek space. At higher concentrations of carrie
the calculations might show features as observed in me
However, our model does not work well beyond a carr
density of 1018 cm23. It may also be noted that the impo
tance of anisotropic noncontact hyperfine interactions see
our calculations is not an exception. Anisotropic indire
spin-spin coupling and experimental evidence23 of noncon-
tact contributions toAj j 8 have been observed betwee
31P-199Hg for a series of mercury phosphine
@HgPR3~NO3!#2 , whereR is either an alkyl or an aryl group

In conclusion, we would like to state that we have mad
careful analysis of various contributions to the indire
nuclear spin-spin coupling tensor in PbTe. The calculatio
take into account all the three types of hyperfine interacti
and include both intraband and interband contributions. T
relativistic effects are considered through the double gro
basis wave functions and energy levels. The coupling ten
for a full valence band is quite appreciable and changes f
FM to AFM order as the nuclear separation increases.
have also calculated the carrier~both holes and electrons!
contributions toAj j 8 for two typical carrier densities in eac
case. The carrier contributions, as expected, are m
smaller than the full band contribution in the range of carr
densities considered. This also agrees with the predictio
case of indirect exchange interactions involving magne
impurities18 in PbTe. In case ofp-type PbTe the contac
interaction was found to be dominant. However, forn-type
PbTe, the orbital and the dipolar hyperfine interactions
found to be important. The differences are attributed to
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TABLE III. Intraband and interband contributions toAe(R) ~all expressed in units of 1022 cps! for two
typical electron densities.

n R ~Å! Aintra
l Aintra

t Aintra Ainter
l Ainter

t Ainter Ae

1017 cm23

6 3.13 5.16 4.48 0.00082 0.00166 0.00138 4.4
12 3.20 5.28 4.59 0.00108 0.00207 0.00174 4.5
18 3.19 5.27 4.58 0.00107 0.00205 0.00173 4.5
24 3.18 5.26 4.56 0.00106 0.00203 0.00171 4.5
30 3.16 5.24 4.55 0.00104 0.00200 0.00168 4.5
36 3.15 5.21 4.52 0.00101 0.00195 0.00164 4.5
42 3.13 5.18 4.49 0.00098 0.00190 0.00160 4.4
48 3.11 5.14 4.46 0.00095 0.00185 0.00155 4.4
54 3.08 5.10 4.43 0.00092 0.00178 0.00150 4.4
60 3.05 5.06 4.39 0.00088 0.00172 0.00144 4.3

1018 cm23

6 113.1 183.0 159.7 0.291 0.589 0.489 160.2
12 112.7 182.4 159.1 0.290 0.585 0.486 159.6
18 112.0 181.4 158.3 0.286 0.578 0.481 158.7
24 111.1 180.0 157.1 0.282 0.568 0.473 157.6
30 109.9 178.2 155.4 0.276 0.556 0.463 155.9
36 108.5 176.0 153.5 0.268 0.542 0.451 154.0
42 106.8 173.5 151.3 0.260 0.526 0.438 151.7
48 104.9 170.6 148.7 0.251 0.508 0.422 149.1
54 102.8 167.3 145.8 0.241 0.488 0.406 146.2
60 100.5 163.7 142.4 0.230 0.467 0.388 142.8
c
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e-
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ant

ci-
by

g

different kinds of transformations of the atomic wave fun
tions around Pb in the valence and conduction bands.Aj j 8
for a carrier density of 1018 cm23 in n-type PbTe is found to
be about four orders less than the corresponding valu
metallic lead, which is justified in view of the fact that m
tallic density is about five orders higher than the maxim
carrier density considered here. The present calculation
shows the importance of the noncontact hyperfine inte
tions in the calculation of the indirect nuclear coupling te
sor. The calculation, we believe, is the first of its kind
semiconductors. We have not considered the co
x,

n
.

,

-

in

so
c-
-

e-

polarization effects because it, being an intra-atomic p
nomenon and weak in metallic lead, would not be signific
in the present analysis.
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