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Interplay of charge and orbital ordering in manganese perovskites

K. H. Ahn and A. J. Millis
Department of Physics and Astronomy, The Johns Hopkins University, Baltimore, Maryland 21218

~Received 17 February 1998!

A model of localized classical electrons coupled to lattice degrees of freedom and, via the Coulomb inter-
action, to each other has been studied to gain insight into the charge and orbital ordering observed in lightly
doped manganese perovskites. Expressions are obtained for the minimum energy and ionic displacements
caused by given hole and electron orbital configurations. The expressions are analyzed for several hole con-
figurations, including that experimentally observed by Yamadaet al. @Phys. Rev. Lett.77, 904 ~1996!# in
La7/8Sr1/8MnO3. We find that, although the preferred charge and orbital ordering depend sensitively on param-
eters, there are ranges of the parameters in which the experimentally observed hole configuration has the lowest
energy. For these parameter values we also find that the energy differences between different hole configura-
tions are on the order of the observed charge ordering transition temperature. The effects of additional strains
are also studied. Some results for La1/2Ca1/2MnO3 are presented, although our model may not adequately
describe this material because the high-temperature phase is metallic.@S0163-1829~98!01431-3#
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Over the past few years much attention has been focu
on manganese perovskite-based oxides, most notably
pseudocubic materialsR12xAxMnO3. ~HereR is a rare earth
element such as La andA is a divalent alkali metal elemen
such as Ca or Sr.! The initial motivation came from the ob
servation that for some range ofx and temperatureT, resis-
tance can be reduced by a factor of up to 107 in the presence
of a magnetic field.1 Two other interesting physical phenom
ena occurring in this class of materials are charge orde
and orbital ordering.2 In this paper we study the connectio
between the two.

The important electrons inR12xAxMnO3 are the Mneg
electrons; their concentration is 12x. For many choices of
R, A, and x, especially at commensuratex values, theeg
charge distribution is not uniform and it indeed appears t
a fractionx of Mn ions have noeg electron while 12x have
a localizedeg electron. A periodic pattern of filled and emp
sites is said to exhibit charge ordering. There are twoeg
orbitals per Mn ion. A localized Mneg electron will be in
one linear combination of these; a periodic pattern of orb
occupancy is said to exhibit orbital ordering. Recently, M
rakamiet al.3 observed the charge ordering transition acco
panying simultaneous orbital ordering in La1/2Sr3/2MnO4 at
217 K ~well above the magnetic phase transition tempera
110 K!. It indicates that the interplay of the charge and
bital ordering to minimize the lattice energy could be t
origin of the charge ordering. In this paper we present
expression for the coupling between charge and orbital
dering, with different charge ordering patterns favoring d
ferent orbital orderings. We also argue that the orbital ord
ing energy differences determine the observed cha
ordering in lightly doped manganites. Localized charges
duce local lattice distortions, which must be accommoda
into the global crystal structure; the energy cost of this
commodation is different for different charge ordering p
terns.

To model the charge and orbital ordering, we assume
the electrons are localized classical objects, so that each
site is occupied by zero or oneeg electron and eacheg elec-
PRB 580163-1829/98/58~7!/3697~7!/$15.00
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tron is in a definite orbital state. This assumption seems
sonable in the lightly doped materials such
La7/8Sr1/8MnO3, which are strongly insulating at al
temperatures,4 but may not be reasonable for th
La1/2Ca1/2MnO3 composition,2 where the charge ordere
state emerges at a low temperature from a metallic state.
proceed by calculating the energies of different charge ord
ing patterns, emphasizing the 1/8 doping case. It is pra
cally impossible to consider all possible charge ordering c
figurations. Therefore, we consider the three configurati
shown in Fig. 1, which are the only ones consistent with
following basic features of the hole lattice implied by th
experimental results by Yamadaet al.:4 invariance under
translation by two lattice constants in thex or y direction,
four in thez direction, and an alternating pattern of occupi
and empty planes along thez direction. The configuration in
Fig. 1~b! is the one proposed by Yamadaet al.4 to explain
their experimental results for La7/8Sr1/8MnO3. For localized
electrons there are three energy terms: the coupling to
lattice, which will be discussed at length below, the Coulom
interaction, and the magnetic interaction.

First, we argue that the Coulomb energy cannot expl
the observed ordering pattern or transition temperature.
take as a reference the state with oneeg electron per Mn and

FIG. 1. Three hole ordering patterns forR7/8A1/8MnO3 consid-
ered in our calculations. Solid circles represent Mn31, and open
circles Mn41.
3697 © 1998 The American Physical Society
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denote bydqi the charge of a hole on a Mn site. From th
classical Coulomb energy

UCoulomb5
1

2e0
(
iÞ j

dqidqj

r i j
~1!

one finds that the difference in energy between the confi
rations in Fig. 1 is

DUCoulomb, per hole5
1

2e0
(
iÞ0

D~dqi !

r i0
, ~2!

where 0 is a site containing a hole andD(dq) is the differ-
ence in charge between the two configurations. We estim
the above infinite sum by repeated numerical calculations
larger and larger volumes of the unit cells around the orig
We find that Fig. 1~c! has the lowest energy, 12 meV/e0
lower than Fig. 1~b! and 27 meV/e0 lower than Fig. 1~a!.

To estimate the magnitude of the Coulomb energy diff
ences, we need an estimate for the dielectric constante0,
which we obtain from the measured reflectivity f
La0.9Sr0.1MnO3 ~Ref. 5! and the Lyddane-Sachs-Telle
relation6 vL

25vT
2e0 /e` . At frequencies greater than th

greatest phonon frequency the reflectivity is close to 0
implying e`'3.4; the reflectivity is near unity betweenvT
50.020 eV andvL50.024 eV, implyinge0'5.0. Because
both La7/8Sr1/8MnO3 and La0.9Sr0.1MnO3 are insulating and
have similar compositions, their static dielectric consta
are expected to be similar. Usinge0'5.0, the energy differ-
ence between different configurations of holes is only aro
2.4 meV, or 30 K per hole, which is small compared to t
observed charge ordering temperature of 150–200 K of th
materials. The inconsistency with the experimentally o
served hole configuration and the smallness of the ene
difference scale indicate that the electrostatic energy is
the main origin of charge ordering for this material.

Even though the magnetic and charge ordering transit
show a correlation in La7/8Sr1/8MnO3,

7 we do not think that
the magnetic contribution to charge and orbital ordering is
important as the lattice contribution for three reasons. F
in undoped LaMnO3, the orbital ordering and the structur
phase transition occur at around 800 K and the magnetic
dering at around 140 K,8,9 suggesting that the magnetic e
fects are relatively weak. Second, in La7/8Sr1/8MnO3 the Mn
spins are ferromagnetically ordered with the moment clos
the full Mn moment at temperatures greater than the cha
ordering temperature7 and ferromagnetic order does not f
vor one charge configuration over another. Third, although
La7/8Sr1/8MnO3 antiferromagnetic order appears at the cha
ordering transition, the antiferromagnetic moment is ve
small ~less than 0.1 of the full Mn moment!,7 so the energy
associated with this ordering must be much less than 14
site associated with magnetic ordering in LaMnO3. There-
fore, we think that the canted antiferromagnetism occurr
upon charge ordering in La7/8Sr1/8MnO3 ~Ref. 7! is not the
cause but the effect of the charge and orbital ordering.
now turn our attention to the lattice energy.

A classical model for the lattice distortions of the insula
ing perovskite manganites has been derived in Ref. 10
shown to be consistent with experimental results
LaMnO3. This model is adopted here with an addition
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term, an energy cost for shear strain. We now briefly outl
the model, which is explained in more detail in Ref. 10 a
the Appendix. The ionic displacements included are the v
tor displacementdW i of the Mn ion on sitei and theâ direc-
tional scalar displacementui

a (a5x,y, andz) of the O ion,
which sits between the Mn ion on sitei and the Mn ion on
site i 1â. For convenience,dW i and ui

a are defined to be di-
mensionless in the following way: The lattice constant of t
ideal cubic perovskite isb, the Mn ion position in the idea
cubic perovskite isRW i , the actual Mn ion position isRW i

1bdW i , and the actual O ion position isRW i1(b/21bui
a)â.

The lattice energy is taken to be harmonic and depends
on the nearest neighbor Mn-O distance and the first and
ond nearest neighbor Mn-Mn distances. The spr
constants corresponding to these displacements areK1 ,K2,
and K3, as shown in Fig. 2. BecauseK1 and K2 involve
bond stretching whileK3 involves bond bending,K1>K2
@K3 is expected. Thus Elattice5EMn-O1EMn-Mn, first
1EMn-Mn, second, where

EMn-O5
1

2
K1(

i ,a
~d i

a2ui
a!21~d i

a2ui 2a
a !2, ~3!

EMn-Mn,first5
1

2
K2(

i ,a
~d i

a2d i 2a
a !2, ~4!

EMn-Mn,second

5
1

2
K3 (

i ,~a,b!
F S d i 1a1b

a 1d i 1a1b
b

A2
D 2S d i

a1d i
b

A2
D G 2

1F S d i 1a2b
a 2d i 1a2b

b

A2
D 2S d i

a2d i
b

A2
D G 2

. ~5!

In the above equationsa denotesx,y, and z, and (a,b)
represents (x,y),(y,z), and (z,x). EMn-Mn, second was not
considered in Ref. 10. The shear modulus produced by
term is important because without it, a Mn ion on sitei 1 x̂
can have arbitrary largey directional displacement relative t
the Mn ion on sitei at no cost of energy. For this reason, t
model withK350 has singularities, whose proper treatme
requiresK3Þ0 in our model. However, still we expectK3
will be much smaller thanK1 or K2. Therefore, in order to

FIG. 2. Spring constants:K1 between the nearest neighbo
Mn-O, K2 between the first neighbor Mn-Mn, andK3 between the
second neighbor Mn-Mn.
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simplify the calculation, theK3 /K1→0 limit has been taken
after the expression of minimized energy and equilibriu
ionic displacements have been obtained.

Second, we consider the electronic degree of freedom.
parametrize the electron density by the variablehi . If an
electron is present on sitei ,hi50; if no electron is present
hi51. If there is an electron on sitei , the electron orbital
state, which is a linear combination of the twoeg orbitals, is
parametrized by an angleu i as

uc i~u i !&5cosu i ud3z22r 2&1sin u i udx22y2&, ~6!

with 0<u i,p. The electron orbital state couples to the d
tortion of the surrounding oxygen octahedra through
Jahn–Teller distortion. The coupling is given by

EJT52l(
i

~12hi !Fcos 2u i H v i
z2

1

2
~v i

x1v i
y!J

1sin 2u i

A3

2
~v i

x2v i
y!G

52l(
i ,a

~12hi !v i
acos 2~u i1ca!, ~7!

where

v i
a5ui

a2ui 2a
a , ~8!

cx52p/3, cy5p/3, cz50. ~9!

If a hole is present on sitei , it attracts the surrounding oxy
gen ions equally, giving rise to a breathing distortion ene
given by

Ehole5bl(
i

hi~v i
x1v i

y1v i
z!. ~10!

The parameterb represents the strength of the breathing d
tortion relative to the Jahn–Teller distortion. Finally, follow
ing Kanamori,9 we include a phenomenological cubic anha
monicity term given by

Eanharm52A(
i

~12hi !cos 6u i . ~11!

The sign has been chosen so that the electron orbital stat
u3x22r 2&,u3y22r 2&, or u3z22r 2&, with x̂,ŷ, andẑ pointing
toward nearest oxygen ions, are favored whenA is positive.
The total energy, which is the sum of all the above ene
terms, is given by

Etot5EMn-O1EMn-Mn, first1EMn-Mn, second

1EJT1Ehole1Eanharm. ~12!

We minimizedEtot aboutd i
a’s andui

a’s for fixed hole and
orbital configurations. These are conveniently expresse
terms of the variablesdkW

a , ukW
a , hkW , andckW

a defined as

d i
a5(

kW
e2 ikW•RW idkW

a , ~13!
e

-
e

y

-

-

of

y

in

ui
a5(

kW
e2 ikW•RW iukW

a , ~14!

hi5(
kW

e2 ikW•RW ihkW , ~15!

~12hi !cos 2~u i1ca!5(
kW

e2 ikW•RW ickW
a . ~16!

The details are shown in the Appendix. The minimized e
ergy per Mn ion may be written as

Etot

N
5EkW501 (

kWÞ0,a

E kW
a
1

Eanharm

N
, ~17!

where

E kW
a
55 2

l2

~K112K2!K1
@K11K2~12coska!#

3~bhkW2ckW
a
!~bh2kW2c

2kW
a

!, if kaÞ0

0 if ka50,

~18!

EkW5052
l2

K112K2
F3~bh0!21(

a
~c0

a!2G . ~19!

The long-wavelength straineab and thekW (Þ0) components
of the ionic displacements are given as

eab52
2l

K112K2
~bh02c0

a!dab , ~20!

ukWÞ0
a

55 2
l@K11K2~12coska!#

~K112K2!K1

12e2 ika

12coska

3~bhkW2ckW
a
! if kaÞ0

0 if ka50,

~21!

dkWÞ0
a

5H 2 i
lsin ka

~K112K2!~12coska!
~bhkW2ckW

a
! if kaÞ0

0 if ka50.
~22!

Becausehi ’s and (12hi)cos 2(u i1ca)’s are bounded by
61, we cannot treathkW ’s andckW

a’s as independent variable
to minimize Etot . Therefore, we minimizeEtot over the or-
bital variablesu i at fixed hole configurations; the groun
state is then the hole configuration of the lowest energy.

For La7/8Sr1/8MnO3, we consider the three hole configu
rations shown in Fig. 1, each of which is a Bravais lattic
with a unit cell containing one Mn site with a hole and sev
Mn sites without holes. The orbital configuration may
different in different unit cells of the lattice defined by th
holes. We consider the case where the orbital configura
is the same in each unit cell. In addition to that, we also c
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3700 PRB 58K. H. AHN AND A. J. MILLIS
sider all possible two sublattice symmetry breakings. The
fore, we have seven~if there is no symmetry breaking! or
fourteen~if there is two-sublattice symmetry breaking! or-
bital variablesu i . Etot /N in Eq. ~17! for each configuration
is expressed in terms of those variables through Eqs.~11!,
~15!, ~16!, ~18!, and ~19! and is minimized aboutu i ’s. For
this minimization, we use theFINDMINIMUM routine in
MATHEMATICA in the following way: For each set of param
eters and for each configuration, we check the local minim
values by using 50–200 random starting values ofu i .

According to Ref. 10,l/K1 ranges over 0.04–0.05 an
K2 /K1 is between 0 and 1.A/K1 ranges around 0.0002 an
K1'200 eV.10 Recently, a local breathing distortion o
0.12 Å has been directly observed in La0.75Ca0.25MnO3.

11

The Jahn-Teller distortion is estimated around 0.15 Å fr
the Mn-O distances of LaMnO3.

12 This implies that the
breathing distortion and the Jahn-Teller distortion in the
materials have similar orders of magnitude, i.e.,b5O(1).
We variedb in the range 0–10 andA/K1 in the range 0–
0.000 35, with l/K150.045, K2 /K150.5, and K1
5200 eV. For each set of those parameters, the minim
energy per hole for each fixed hole configuration in Fig
has been found. By comparing them, we find the most
vored hole configuration for eachb and A/K1, which is
shown in Fig. 3 as a plot inb –A/K1 plane.

At large b(*7), the configuration shown in Fig. 1~c! is
the most favored and that shown in Fig. 1~a! is the least
favored. This can be related to the fact that, iny–z andz–x
directional planes, Fig. 1~c! has the most even distribution o
holes and Fig. 1~a! has the least even distribution. For larg
b, the contraction of oxygen octahedra toward holes
strong and an uneven distribution of holes generates la
strains and elevates minimum energies. In particular,
square hole net squeezes the electron orbital at the cent
the square along the direction perpendicular to the squ
plane. In the cubic hole configuration of Fig. 1~a!, the six
squeezed electron orbitals point toward the cubic center,
ting the electron orbital at the center at high energy, which
consistent with our result that Fig. 1~a! has far higher mini-
mum energies than Figs. 1~b! and 1~c! in the largeb limit.

As b is decreased into the range 2–5, the favored h

FIG. 3. Phase diagram in theA/K1 versus b plane for
R7/8A1/7MnO3. l/K150.045, K2 /K150.5, andg50.
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configuration becomes that of Fig. 1~b!, which is the experi-
mentally observed hole configuration. We expect that
difference of the energy per hole between the ground s
hole configuration and the next lowest energy hole confi
ration corresponds approximately to the charge ordering t
perature. The calculation results indicate that whenb is in
the range 2.0–2.5 or around 5.0 andA/K150.0002, the
charge ordering temperature is around 100–200 K, whic
consistent with experimental results. Asb is decreased fur-
ther, the most favored hole configuration changes further
the temperature difference scale decreases.

Figure 3 also shows the tendency that the configuration
Fig. 1~c! becomes more favored asA/K1 increases. We think
that this occurs because the anharmonicity energy dist
the oxygen octahedra tetragonally, which can be more ea
accommodated by the tetragonal hole configuration of F
1~c!.

In Table I we show an example of the orbital states, io
displacements, and uniform strains corresponding to
minimum energy configuration for Fig. 1~b! when A/K1
50.0002, l/K150.045, K2 /K150.5, andb52.5. Thex,y,
and z directions are shown in Fig. 1. The nearest M
Mn distance is a unit. (ni

x ,ni
y ,ni

z) is defined in such a way
that (ni

x ,ni
y ,ni

z)1N1(2,0,0)12N2(0,2,0)12N3(1,0,2)’s
and (ni

x ,ni
y ,ni

z)1N1(2,0,0)1(2N211)(0,2,0)1(2N311)
3(1,0,2)’s, whereN1 ,N2, andN3 are integers, represent th
coordinates of the sites indexed byi . kW50W parts of the ionic
displacements have been subtracted to find the nonunif
parts of the displacements.

The energy expressions in Eqs.~18! and~19! are adequate
for bulk materials. When the material is grown on a substr
as a thin film, generally there is a strain generated by lat
mismatch between the film and the substrate materials.
see the effect of this strain, we add a term proportiona

c0
a8(a85x,y, or z) to the energy, which corresponds to a

a8 directional strain. Using a parameterg, we replaceEkW50
in Eq. ~19! by the expression

EkW50
8 52

l2

K112K2
F3~bh0!21gc0

a81(
a

~c0
a!2G . ~23!

We repeated similar calculations to find the favored h
configurations for different values of the applied strain, p
rametrized byg. The applied strain breaks cubic symmetr
Some of the hole configurations also break cubic symme
For these cases the energy depends on the relative orient
of the strain and hole symmetry breakings. We consider
possible orientations and find the lowest energy state.
have variedg between20.4 and 0.4 andb between 0 and 7,
with A/K150.0002, l/K150.045, andK2 /K150.5. The
results are shown as a phase diagram in theb-g plane in Fig.
4. It shows that the Fig. 1~c! configuration is favored more a
ugu increases. This feature can be understood in the follow
way. For smallg’s, the leading correction to the minimum

energy for each hole configuration is2l2gc0
ã/(K112K2),

wherec0
ã representsc0

aug50. Therefore, the configuration tha
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TABLE I. Coordinates of sitei , orbital states, ionic displacements, and uniform strains for the minim
energy configuration of Fig. 1~b!, whenA/K150.0002, l/K150.045, K2 /K150.5, andb52.5.

i (ni
x ,ni

y ,ni
z) u i(rad) d i

x2dkW50
x d i

y2dkW50
y d i

z2dkW50
z

ui
x2ukW50

x
ui

y2ukW50
y

ui
z2ukW50

z

1 ~0,0,0! hole site 0 0 0 20.135 20.134 20.159
2 ~1,0,0! 1.11 0 0.007 0 0.135 0.007 20.039
3 ~0,1,0! 1.97 0 0 0 0.004 0.134 20.030
4 ~1,1,0! 0.03 0 0 0 20.004 20.007 0.047
5 ~0,0,1! 0.09 0 20.005 20.049 0 20.023 0.011
6 ~1,0,1! 0.09 0 0.005 20.007 0 20.009 0.019
7 ~0,1,1! 2.74 0 0 0.002 20.043 0.023 0.037
8 ~1,1,1! 1.24 0 0 0.013 0.043 0.009 20.008
9 ~0,2,0! hole site 0 0 0 20.135 20.133 20.159

10 ~1,2,0! 1.11 0 20.007 0 0.135 20.013 20.039
11 ~0,3,0! 2.28 0 0 0 20.036 0.133 0.008
12 ~1,3,0! 1.33 0 0 0 0.036 0.013 20.037
13 ~0,2,1! 0.09 0 0.005 20.049 0 20.009 0.011
14 ~1,2,1! 0.09 0 20.005 20.007 0 20.023 0.019
15 ~0,3,1! 1.24 0 0 20.013 0.043 0.009 20.047
16 ~1,3,1! 2.74 0 0 20.002 20.043 0.023 0.030

Uniform strain exx520.014, eyy520.019, ezz520.009
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has a largeruc0
ãu will show greater change in energy for

giveng. Since the hole configuration in Fig. 1~c! has tetrag-
onal symmetry, which is compatible with the Jahn–Tel

distortion, it has the largestuc0
ãu. Therefore, asugu increases,

Fig. 1~c! is more favored than Figs. 1~a! and 1~b!. Because
the energy changes linearly withg, the phase boundaries a
straight lines for smallg and have cusps atg50, as shown
in Fig. 4. Typical variations ofeaa corresponding to chang
ing ugu from 0 to 0.4 are about 2%. The results indicate t
the strain generated by substrates can change the ord
hole configuration and ordering temperature. Our results
dicate that the interaction of the electronic state and the
tice can be the origin of the charge ordering in this mater

FIG. 4. Phase diagram in theg versus b plane for
R7/8A1/7MnO3. l/K150.045, K2 /K150.5, andA/K150.0002.
r

t
red
n-
t-
l,

even though the details of the results are dependent on
cific choice ofK1 ,K2 ,l, andA.

A similar calculation has been done forR1/2A1/2MnO3,
hole concentration 1/2. We choose the three hole config
tions in Fig. 5 to compare the minimum energies. Each c
figuration has an alternating hole distribution in a differe
set of directions: thex,y, andz directions for Fig. 5~a!, thex
and y directions for Fig. 5~b!, and they direction for Fig.
5~c!. Figure 5~b! is the experimentally observed ho
configuration.2 As we have done forx51/8, we consider
both the case where hole and orbital state have the same
cell and the case where the orbital state is composed o
two hole sublattices. Calculations forA/K150.0002,l/K1
50.045, andK2 /K150.5 show that whenb is large, the
configuration in Fig. 5~a! is the most favored and Fig. 5~c! is
the least favored. Asb is decreased, the favored configur
tion is changed betweenb50.5 and 0.7. After that Fig. 5~c!
is the most favored and Fig. 5~a! is the least favored. Whe
b is large, the holes tend to distribute evenly for the sa
reason as in thex51/8 case. In contrast, whenb is small,
electron sites tend to have more neighboring electron site
gain orbital energy. Our results are not consistent with
experimental results for La1/2Ca1/2MnO3,

2 which indicate
that the configuration in Fig. 5~b! is the ground state. Thi

FIG. 5. Three hole ordering patterns forR1/2A1/2MnO3 consid-
ered in our calculations. Solid circles represent Mn31 and open
circles Mn41.



n

u

ul
b

n
a
e
c
th
ai

R-
F

3702 PRB 58K. H. AHN AND A. J. MILLIS
inconsistency may arise because our model involves o
localized electrons, while forx51/2 the charge ordering
state arises from a metallic phase. Modifications of o
model to include hole hopping are desirable.

In summary, we have shown that the lattice effect co
play an important role in the charge ordering transition o
served in perovskite manganites.

Note added in proof. We have discovered an error i
Ref. 10; correcting it leads to larger estimates for the anh
monicity parameter. The theoretical results of the pres
paper are not affected, but the larger anharmonicity redu
the parameter window in which the model reproduces
experimentally observed hole configuration. Further det
will be presented elsewhere.
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APPENDIX

To find the minimum energy we transformEtot in Eq. ~12!

into kW space, using Eqs.~13!–~16!. This leads to the follow-
ing energy expressions ink space:

Etot /NK15(
kW

dkW
†
MkWdkW1dkW

†
LkW

†
ukW1ukW

†
LkWdkW1ukW

†
ukW1ukW

†
PkWekW

1ekW
†
PkW

†
ukW2

A

NK1
(

i
~12hi !cos 6u i , ~A1!

where
dkW
†
5~dkW

x ,dkW
y ,dkW

z
!, ~A2!

ukW
†
5~ukW

x ,ukW
y ,ukW

z
!, ~A3!

ekW
†
5~bhkW2ckW

x ,bhkW2ckW
y ,bhkW2ckW

z
!, ~A4!

MkW5

¨

11
K2

K1
~12coskx!

1
K3

K1
~12coskxcosky!

K3

K1
sin kxsin ky

K3

K1
sin kxsin kz

1
K3

K1
~12coskxcoskz!

11
K2

K1
~12cosky!

K3

K1
sin kysin kx 1

K3

K1
~12coskycoskz!

K3

K1
sin kysin kz

1
K3

K1
~12coskycoskx!

11
K2

K1
~12coskz!

K3

K1
sin kzsin kx

K3

K1
sin kzsin ky 1

K3

K1
~12coskzcoskx!

1
K3

K1
~12coskzcosky!

©

,

~A5!

LkW5S 2
1

2
~11eikx! 0 0

0 2
1

2
~11eiky! 0

0 0 2
1

2
~11eikz!

D , ~A6!
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PkW5
l

2K1
S 12eikx 0 0

0 12eiky 0

0 0 12eikz

D , ~A7!
al
m
f

th
ro
ic
ow

ns.
the
he
ni-

ini-
andN is the total number of Mn sites. We obtain Eqs.~18!–
~22! by minimizing the above expression with respect to
dkW

a andukW
a . Without the second neighbor elastic energy ter

dkW andukW minimizing Eq.~A1! become singular when any o
kx ,ky , andkz is zero. With nonzeroK3 this singularity has
been uniquely solved forkWÞ0W , while atkW50W it is not.

To find the energy term withkW50W , we take thekW→0W
limit. That corresponds to the uniform strain energy, i.e.,
energy related to the change of the lattice parameters f
the original cubic structure. Here the problem of the cho
of the limiting process arises because the calculation sh
that the different directions of the limiting process ofkW→0W
K.

en

.

no

,

l
,

e
m
e
s

have given different energies and different uniform strai
Because the lower energy state is favored after all,
appropriate limiting process will be the one that gives t
minimum uniform strain energy and it determines the u
form strain also. WhenK3 /K1!1, this appropriate limiting
process has been found to satisfy the condition ofkx ,ky ,
and kzÞ0. As long askx ,ky , and kz are nonzero, the
limits are different only on the order ofK3 /K1. Therefore,

in the K3 /K1→0 limit, any kW→0W limit process satisfying
the above condition gives the correct expression of the m

mum energy term withkW50W . It also gives a unique uniform
strain.
s.
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