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Electrophonon resonance in cylindrical quantum wires
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The electrophonon resonances~EPR! in cylindrical quantum wires are investigated in the presence of
confined optical phonons. A comparison with the bulk phonons reveals a sharp difference between the selec-
tion rules that apply to the bulk and confined/interface phonons. This raises a possibility of detecting phonon
confinement experimentally by utilizing EPR effects.
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The physics of the electrophonon resonance~EPR! is as-
sociated with the singular nature of the electron density
states in one-dimensional~1D! systems. Whenever the dif
ference between two electron energy levels is equal to
phonon energy, and provided that the voltage bias is su
ciently high (V.\v0 /e), there exists a condition for EPR1

The same sort of singular behavior is also typical for
electrons in a strong magnetic field. The resonances that
in such systems are known as the magnetopho
resonances.2

The term EPR was first introduced by Bryskin a
Firsov,3 who had predicted EPR for nondegenerate bulk e
tron systems in strong electric fields~cf. Refs. 4 and 5!.
Although the resonances are achieved by the variation of
electric voltage for the cases of both Refs. 1 and 3, the na
of the underlying physics is quite different. In the case
Gurevichet al.1 as well as the present study, such a volta
can be either the bias voltage across the nanowire or the
voltage controlling the electron confinement.

Previous studies of EPR in nanostructures have con
ered only the effects of the bulk phonons on EPR. It is w
known that the presence of heterointerfaces affects the c
acteristic phonon modes, resulting in confinement of b
optical6 and acoustic phonons.7 In this paper, we investigate
EPR in cylindrical quantum wires and examine the effects
optical phonon confinement. We focus our attention on th
difference in the selection rules in order to examine a po
bility of detecting phonon confinement by utilizing the EP
phenomena in quantum wires. A macroscopic dielectric c
tinuum model8–10 is used to describe confined and interfa
optical phonons. The results are compared with those of b
phonons.

We consider an EPR configuration where two elect
reservoirs are connected by a long cylindrical quantum w
of radiusR and lengthL. Initially the chemical potentials o
the two reservoirs are both equal tom. An application of a
bias voltage (V) changes the chemical potentials of the re
ervoirs, thus introducing a drop fromm1eV/2 to m2eV/2
along the direction of the applied voltage. In the absence
scattering, electron current flows ballistically from the co
tact with a higher chemical potential to that with a lower on
At low bias, this current is described by the Landau
PRB 580163-1829/98/58~7!/3580~4!/$15.00
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formula.11 The conductanceG is a steplike function. The
height of each step is equal to the quantum conducta
G052e2/H scaled by a prefactor whose physical interpre
tion is that of a transmission probability.11 An addition of
each new step signals on ‘‘opening’’ of a new conductan
channel.

With an increasing bias voltageV, one could expect a
non-Ohmic behavior of the conductance. A substantial
viation of current from the Ohmic value may be expected
the ratioeV/m is not small—cf. Ref. 12. When the effects o
carrier-phonon interactions are considered, the EPR cur
~i.e., the amount that deviates from the ballistic current d
to the EPR! in a wire is given as a sum of individual inter
subband currents:1,13
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~1!

Here, b51/kBT, kB is the Boltzmann constant,H8 is the
electron-phonon interaction Hamiltonian, and

A~6 !52@ 1
2 7 1

2 2 f ~E82m~6 !!#@ 1
2 6 1

2 2 f ~E2m~7 !!#

3~ 1
2 6 1

2 1Nq!, ~2!

wherem (6) is equal tom6eV/2, f is a Fermi-Dirac distribu-
tion function, N is a Bose-Einstein function,k8 is the z-
directional electron wave vector~parallel to the direction of
the wire!, andq is the phonon wave vector. The summatio
over all the phonon branches is implicit. The term prop
tional toA(1) describes phonon emission, whereasA(2) cor-
responds to absorption processes. The electron energyE is
expressed asE5E(n,k), wheren (5 l , j ) is the cumulative
index of quantum numbers. In the extreme quantum lim
3580 © 1998 The American Physical Society
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electron energies and wave functions for a cylindrical qu
tum wire can be represented in cylindrical coordina
(r ,f,z) as

E5E~ l , j ;k!5E~ l , j ;k50!1
\2k2

2m*

5
\2

2m* R2 @~Xj
l !21~kR!2#, ~3!

^r u l , j ;k&5
1

ApR2Yj
l

Jl S Xj
l r

RDeil f
eikz

AL
, ~4!

where l 50,1,2,..., j51,2,3,...,Xj
l is the j th zero of the

l th-order Bessel function of first kindJl(x); i.e., Jl(Xj
l )50,

and Yj
l 5Jl 11(Xj

l ). As expected,JEPR diminishes the total
current.

Detailed balance guarantees a vanishing EPR contribu
for the equilibrium distribution function when both the tem
perature and the chemical potential are constant. As a re
the distribution functionf gives a finite contribution to the
collision, if and only if thez components of the electro
initial and final wave vectors (k8 andk! are of opposite sign
i.e., their chemical potentials are different. This means t
the only nonzero contribution to the dissipative current is d
to the phonons that backscatter the electrons, requiring
integration range fork8 to shrink to a half space in Eq.~1!. In
low-impurity polar semiconductor materials, the Fro¨hlich in-
teraction~i.e., the electron–polar-optical-phonon interactio!
is the most important scattering mechanism. Therefore,
limit the focus of this study to EPR effects that are due to
Fröhlich interaction. However, the method employed he
can be easily extended to include other interactions as w

The Fröhlich Hamiltonian for bulk phonon modes is give
by

Hbulk8 5F2p

V
e2\v0S 1

e`
2

1

es
D G1/2

(
q

1

uqu
e2 iq•r~ âq1â2q

† !,

~5!

where V is the volume of the quantum wire (V
5pR2L), v0 is the longitudinal-optical phonon frequenc
ande` (es) is the high-frequency~static! dielectric constant
for the quantum wire material. From Eq.~1!, the EPR current
for the bulk phonon case is

JEPR52JL (
l 8, j 8

(
l , j

(
i

e2beV/2 sinh~beV/2!d l ,l 8d2k81k1q,0

3E d~k8R!E d~qR!d~qR2qiR!E d~q'R!~q'R!

3
uFl 8 j 8 l j

bulk
~q'R!u2

~qR!21~q'R!2 ~A~1 !1A~2 !!
1

ukRu
, ~6!

where
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1
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Dm* GL, ~7!
-
s

n

lt,

t
e
he

e
e
e
ll.

Fl 8 j 8,l j
bulk

~h!5
2

Yj 8
l 8Yj

l
E

0

1

dj jJl 8~Xj 8
l 8j!Jl~Xj

l j!J0~hj!. ~8!

The wave vector of the scattered electron, which satisfies
conservation of the quasimomentum, is given by

kR5k8R1qR

5S 2m* R2

\2 D 1/2S E~ l 8, j 8;0!2E~ l , j ;0!2\v01
\2k82

2m* D 1/2

.

~9!

For simplicity, we ignore the dispersion of bulk optic
phonons; i.e., we assumevq5v0 . In our calculations,
the Bessel function identitye6 ix cosu5J0(x)12(j(6i)j

3Jj(x)cos(ju) is used and only theJ0 term in theeiq•r ex-
pansion survives.

For an accurate description of EPR in quantum wires,
bulk Fröhlich Hamiltonian given in Eq.~5! needs to be modi-
fied. At the heterointerface, where the phonon energy dif
ence between the long-wavelength optical phonons of
two materials is quite large, the optical phonons of each
gion cannot propagate into the other region. Such penetra
phonon modes decay within a few monolayers of the hete
interface. This type of phonon is called a confin
phonon.9,10 There is another kind of a phonon mode as we
which is localized at the interface. It is called the interfa
~IF! phonon.9,10 Since the dimensions of the quantum wir
used in our EPR studies are sufficiently large relative to
lattice spacing, we use a macroscopic dielectric continu
model8,9 to describe phonon confinement effects in this p
per.

The Fröhlich Hamiltonian for confined phonon modes
given by8

Hconf8 5 (
q,m,n

F2p\S 1

e`
2

1

es
D G1/2

Av0L
1

ApR2Yn
m

3
1

Aq21~Xn
m/R!2

JmS Xn
m r

RD
3eimfeiqz@ âmn~q!1âmn

† ~q!#. ~10!

The EPR current for the confined phonons is given by

JEPR52JL (
l 8, j 8

(
l , j

(
m,n

(
i

2e2beV/2 sinh~beV/2!

3dm,l 82 ld2k81k1q,0E d~k8R!

3E d~qR!
1

uYn
mu2

uFl 8 j 8 l j
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~qR!u2

R2~q21qmn
2 !

~A~1 !1A~2 !!

3
d~qR2qiR!

ukRu
, ~11!

whereqmn5Xn
m/R and
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Fl 8, j 8,l , j
conf

~h!5
2

Yj 8
l 8Yj

l
E

0

1

dj jJl 8~Xj 8
l 8j!Jl~Xj

l j!Jl 82 l~hj!.

~12!

For the resonant situation, the energy difference betw
the bottoms of two electron subband levels—(l i , j i) and
( l f , j f)—is equal to the phonon energy, i.e.,E( l i , j i ;k50)
2E( l f , j f ;k50)5\v0 . The transitions between the oth
subbands are nonresonant. Furthermore, in order for EP
occur, the initial state must be occupied, i.e.,E( l i , j i ;0)
.m1eV/2, while the final state must be vacant. This can
realized by adjusting the applied bias voltage between
reservoirs. We can calculate the resonant voltageVr required
for EPR to occur in terms of the electron subband energ
chemical potential, and optical-phonon energy; that is,

Vr5
2

e
@E~ l i , j i ;0!2m#5

2

e
@E~ l f , j f ;0!1\v02m#. ~13!

Our numerical results are obtained for GaAs quant
wires. The EPR currents due to interactions with the b
and confined phonons are calculated as functions of app
voltage and radius with\v0536.25 meV, e`510.89e0 ,
es513.18e0 , and m* 50.067m0 .14 m0 is the electron res
mass ande0 is the dielectric constant for vacuum. Th
chemical potential is taken to be 15 meV and the tempera
is assumed to be very low (kBT51 meV) in this calculation.

The EPR characteristics are largely affected by elect
and phonon statistics through theA(6) terms given by Eq.
~2!. At low temperature, the phonon occupation numberN is
negligibly small; therefore, theA(1) term is dominant over
theA(2) term. SinceJEPR depends linearly on the quantu
wire lengthL throughJL , we have normalized the curren
by JL ~i.e., JEPR/JL) to eliminate the dependence on arb
trary choices.

Figure 1 shows the EPR currents for two values of rad
as a function of applied voltage. Solid~dashed! lines denote
the results with confined~bulk! phonons. The upper two
curves of this figure correspond to the resonant cases for
the confined and bulk phonons with a significant enhan

FIG. 1. EPR current vs applied voltage between two reserv
for bulk phonons and confined phonons with the resonant case
the radius of 197.7 Å and the nonresonant case for the radiu
199.6 Å ~which is 1% larger than 197.7 Å!. Chemical potential is
taken to be 15 meV and temperature,kBT, is 1 meV. Solid~dashed!
lines correspond to the confined~bulk! phonon case.
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ment in EPR currents. The lower curves represent the n
resonant cases. It is worthwhile to note that the EPR p
nomenon is extremely sensitive to the change in confinem
radius. A 1% change of radius results in a significantly
duced EPR current.

We also calculated EPR currents with the lowest mo
of IF phonons, although the detailed derivations are not p
sented. The EPR current due to the IF phonon is too sma
be visible for the linear scale of Fig. 1. The EPR currents
the IF phonon are roughly several~four to five! orders
smaller than those for the bulk and the confined phono
This can be understood easily since the IF phonons are
calized near the radial boundaries of the wire and, acco
ingly, IF phonons are more important for extremely narro
quantum wires. Therefore, in a case when a wire has a ra
of a few hundred angstroms, there is little interaction b
tween the electrons—which are confined in the wire—a
the IF phonons—which are localized primarily at the qua
tum wire boundaries. Furthermore, the extreme quan
limit used for the electron states leads to underestimate
the electron interactions with IF phonons as a result of
truncation of the electron wave functions outside the qu
tum wire.

Figure 2 depicts EPR currents with confined phonons
three different cases: (A) nonresonant (R5220.0 Å), (B)
resonant where the resonant voltage is equal to the o
voltage (R5118.7 Å), and (C) resonant where the resona
voltage is not equal to the onset voltage (R5340.0 Å). The
onset voltage at which electron currents start to flow to
lowest subband is given by

Von5
2

e
@E~ l 9, j 9;0!2m#5

2

e
@E~ l 0 , j 0 ;0!1\v02m#, ~14!

where the subband quantum number (l 0 , j 0) represents the
ground state; i.e.,l 050, j 051, and (l 9, j 9) represents any
excited state with energy greater than\v0 above the ground
state. For case (B), the two subbands (l 0 , j 0) and (l 9, j 9)
coincide with the resonant subbands (l i , j i) and (l f , j f), re-
spectively, while the two sets of electron subbands do
coincide for case (C). The rapid increase forR5340.0 Å
near 72.6 meV corresponds to a resonant transition betw

rs
or
of

FIG. 2. EPR current vs voltage for various radii~resonant
cases: 340.0 and 118.7 Å, nonresonant case: 220.0 Å!. Confined
phonons are used in these calculations. The arrows indicate
resonances with participating electron subband quantum numb
Chemical potential and temperature are the same as in Fig. 1.



re
an
(

on
a
-
th

s

ti
h

b
ce
rty
ra
on

o
o

lec-
t the

lin-
on-
xist
nt
on
and
es.
ter-

iate
be
t is
as

ns
in
of

ro
ta
s

nce

ro-
ture

PRB 58 3583BRIEF REPORTS
two resonant states (l i , j i)5(1,3) and (l f , j f)5(0,2). Table I
summarizes the relations between the resonant radius,
nant voltage, onset voltage, and resonant transition subb
for the two types of transitions corresponding to casesB)
and (C).

The most distinctive differences between bulk and c
fined phonons are the selection rules. Electron intersubb
transitions between differentl quantum numbers are forbid
den for the case of bulk phonons, but they are allowed for
case of confined phonons@Eqs.~6! and~11!#. From the reso-
nant condition, we can easily obtain the radius at which re
nances can occur:

R5S \2

2m* \v
@~Xj f

l f !22~Xj i

l i !2# D 1/2

. ~15!

Figure 3 shows how the EPR current changes as a func
of radius when the applied voltage is fixed at 100 meV. T
confined phonons exhibit a peak near 119 Å, which is due
the transition between the electron states of quantum num
( l , j )5(0,1) and ~1,1!, whereas a bulk-phonon resonan
transition is forbidden by its selection rules. This prope
facilitates the design of experiments that clearly sepa
confined and bulk phonon effects that influence electr
phonon transport. These characteristics are not altered
adopting a finite quantum-barrier potential for the electr
instead of the infinite quantum barrier, since a different p

TABLE I. Values for resonant radius, resonant voltage, elect
states involved in the resonance, onset voltage, and electron s
involved in transitions at onset voltage for the two types of tran
tions corresponding to cases (B) and (C).

Type

Resonant
radius
~Å!

Resonant
electron

states (l , j )

Resonant
voltage
~meV!

Electron
states

at onset (l , j )

Onset
voltage
~meV!

B 118.7 (0,1)↔(1,1) 89.1 (0,1)↔(1,1) 89.1
B 197.7 (0,1)↔(0,2) 59.4 (0,1)↔(0,2) 59.4
B 330.7 (0,1)↔(0,3) 48.5 (0,1)↔(0,3) 48.5
C 340.0 (0,2)↔(1,3) 72.6 (0,1)↔(0,2) 47.8
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tential for the electron only changes both the resonant e
tron subband energies and the resonant radius but no
selection rule itself.

In summary, we have studied EPR phenomena in cy
drical quantum wires. The results show that EPR is c
trolled by changing the confinement radius and there e
three types of EPR~one nonresonant and two resona
types!. We have compared the EPR with two phon
representations—bulk phonon and confined-IF phonon—
found that different selection rules apply to these two cas
We suggest that electron transport experiments can de
mine if the confined-IF representation is a more appropr
treatment than the bulk phonon representation. This will
an interesting and novel test since phonon confinemen
usually measured experimentally by optical methods such
Raman scattering.

The authors gratefully acknowledge many discussio
with Professor G. J. Iafrate. This work was supported,
part, by the U.S. Army Research Office and the Office
Naval Research.
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FIG. 3. EPR current vs radius for a fixed voltage (V
5100 mV). The sharp peak at 118.7 Å indicates the resona
between the electron subbands~0,1! and~1,1! for the confined pho-
non, while the resonance for the bulk phonon at this radius is p
hibited by the selection rule. Chemical potential and tempera
are the same as in Fig. 1.
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