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Phase diagram of coupled ladders
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The two-legt-J ladder forms a spin liquid at half filling that evolves to a Luther-Emery liquid upon doping.
Our aim is to obtain a complete phase diagram for isotropic coupling~i.e., rungs and legs equal! as a function
of electron densityn and the ratioJ/t. Two known limiting cases aren,

1
2, which is a single band Luttinger

liquid, and small hole dopingd!1 for J/t→0, which is a Nagaoka ferromagnet. Using Lanczos techniques we
examine the region between the Nagaoka and Luther-Emery phases for 1.n.

1
2. We find evidences for gapless

behavior in both spin and charge channels forJ/t,0.3, consistent with Luttinger liquids in both bonding and
antibonding bands~i.e., C2S2!. This proposal is based on the behavior of spin and charge correlation func-
tions. For example, the hole-hole correlation function that displays hole pairing at largerJ/t shows hole-hole
repulsion in this region. As a further test, we examined the dependence of the energy on a relative phase shift
between bonding and antibonding bands. ForJ/t,0.3 this is very weak, indicating a lack of pairing between
these channels.@S0163-1829~98!06629-6#
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a discontinuous function of doping in the vicinity of half
I. INTRODUCTION

The surprising discovery of high-Tc materials by Bednorz
and Müller1 has sparked renewed interest in low-dimensio
strongly correlated quantum systems. A striking feature
these materials is that they show simple long-range ant
romagnetic order at low temperatures when they are
doped with holes.

Between the well-known one-dimensional systems a
the difficult two-dimensional system, coupled chains~or lad-
ders! are interesting intermediate systems. The most strik
feature of 2m-leg ladders is the appearance of a spin gap
half filling and small doping.2–8 For instance, compound
such as Srn21Cun11O2n have been shown to be well de
scribed by a lattice of couplednn-leg ladders, withnn5(n
11)/2.9,10 Another example containing two-leg ladders
the system Sr142xCaxCu24O41 ~Refs. 11 and 12!, which is a
material with doped ladders13,14and where superconductivit
~under high pressure! has been observed.15–17

An important step is the determination of the phase d
gram. Balents and Fisher18 have computed the phase diagra
of the Hubbard ladder in the weak-coupling limitU→0 in
the frame of bosonization and renormalization-group theo
To distinguish the different phases, they introduced the
tation CxSy for labeling phases withx gaplesscharge andy
gaplessspin excitations. Noack and co-workers19 then inves-
tigated the different phases numerically with density-ma
renormalization-group methods for intermediate coupl
and found good agreement with the analytical results of
weak-coupling limit. The main feature is the existence
two regions, the Luther-Emery~LE! region with a spin gap
(C1S0) and the Luttinger-Liquid~LL ! with one gapless ex
citation (C1S1).

The strong-couplingt-J model20,21 has also been studie
extensively by different authors. It is given by the Ham
tonian
PRB 580163-1829/98/58~6!/3425~13!/$15.00
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H5t'(
j s

~ c̃1 j ,s
† c̃2 j ,s1H.c.! ~1!

1t i(
l j s

~ c̃l j 11,s
† c̃l j ,s1H.c.!

1J'(
j

S S1 jS2 j2
1

4
n1 jn2 j D

1Ji(
l j

S Sl j 11Sl j 2
1

4
nl j 11nl j D , ~2!

where the indexl P$1,2% refers to legs andj to rungs. Thec̃
operators denote the fermion operators with projection o
the singly occupied states, i.e.,c̃l j ,s5cl j ,s(12nl j ,2s). In
this paper, we report a detailed study of the phase diag
for isotropic coupling~i.e., rungs and legs equal! as a func-
tion of electron densityn and the ratioJ/t.

In the strong-coupling limitJ'@Ji , the spin gap can be
easily represented. At half filling, the ground state is form
by spin singlets lying on each rung. Turning over one s
gives a triplet on the corresponding rung. The energy diff
ence between the two states, the spin gap, isD.J' . Nu-
merically, it is found that the spin gap in the isotropic ca
Ji5J' , reduces toD'J'/2.2–4 The spin gap of a doped
ladder forJ'@Ji is due to a qualitatively different proces
Some singlets have been replaced by hole pairs mov
along the ladder with a renormalized hoppingt̃ i . The lowest
excitation arises by breaking one hole pair~or, equivalently,
a singlet bond! and putting each unbound spin on we
separated rungs. Turning over one of the separate spins g
the lowest triplet excitation withD'J'22t'22t i, leading
to a finite spin gap~LE!. At the isotropic pointJ'5Ji and
for J/t>0.3, the spin gap still exists where now the bou
holes share neighboring rungs and strong singlet correlat
are measured on the remaining sites.6,22 The spin gap is thus
3425 © 1998 The American Physical Society
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3426 PRB 58T. F. A. MÜLLER AND T. M. RICE
filling. For higher values of the parameterJ/t, holes and
electrons separate completely at all doping levels.

Thus, the appearance of the spin gap in a doped ladd
directly correlated with the formation of hole pairs, and it
an interesting problem to study their stability. Poilblanc a
co-workers23 used a numerical method based on Lanczos
gorithms, which has allowed them to distinguish between
gapped and gapless regions in the phase diagram. Hay
and Poilblanc24 determined the nonuniversal correlation e
ponentsKr defining the behavior of the long-range corre
tions. They found that, at low electron densityn, 1

2, the sys-
tem is in a LL phase, while for a higher electron density
gapped phase with hole pairs is stabilized. A large region
this gapped phase exhibits dominant superconducting co
lations. The boundary of these two phases was determine
ben. 1

2 where, in the band picture, the Fermi energyEF just
touches the antibonding band.

However, some parts of the phase diagram are still
clear. First, the finite-size scaling process to determine
spin-gap region does not give clear results for values ofJ/t
,0.3. Second, the radius of the hole pairs increases w
decreasingJ/t, and it is not clear whether it diverges for
particular value, and if a transition to a gapless phase oc
for small J/t. For very small values ofJ/t, the t-J model is
similar to the Hubbard model withU→`. Since, for two
coupled chains, all spin configurations with a fixedSz are
coupled by hole hopping as in a two-dimensional system,
essential condition for the Nagaoka theorem26 is fulfilled. A
ferromagnetic phase occurs for very small values ofJ/t and
low hole doping. In this phase, no spin gap occurs and h
repel each other. With increasingJ/t, the ground state rap
idly evolves into a singlet state.

This part of the phase diagram will be extensively stud
on the basis of exact diagonalization results for small cl
ters, typically 10-rung ladders. Finite-size effects can be
portant for such systems, and it will be tried to minimi
them as much as possible.

II. BOUNDARY CONDITIONS

A Lanczos algorithm will be used to investigate the d
ferent phases. With current computers it is possible to inv
tigate two-leg ladders of lengthL510 at any filling. In order
to carry out a systematic analysis for different doping,
boundary conditions~BC’s! must be chosen carefully.

A. Definition of boundary conditions

Usually, the BC’s are defined in the noninteracting lim
of the model where the Hamiltonian is exactly described
two parallel bandsE6(k), also labeledE(kx ,ky) with ky
P$0,p%. Since the system is finite, thek5(kx ,ky) values
belong to a discrete set. In general,kx5(2p/L) l 1f, where
a priori f needs not be the same for bonding (ky50) and
antibonding (ky5p) branches. BC’s giving either fully oc
cupied or empty single-particle orbitals in the noninteract
case, called closed shell~CS! boundary conditions~CSBC’s!,
are chosen.

If this condition is not fulfilled, the ground state is dege
erate, This favors the pairing of spins atEF and enhances
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pairing instabilities. This configuration is called open sh
boundary conditions~OSBC’s!.

The definition of the BC’s for the bonding and antibon
ing operators

bj s5
1

A2
~c1 j ,s1c2 j ,s!, ~3!

aj s5
1

A2
~c1 j ,s2c2 j ,s!, ~4!

is given by the set of equations~the spin index is dropped fo
simplicity!

Tbj
†T215eifbj 11

† , 1< j ,L, ~5!

Taj
†T215eifaj 11

† , 1< j ,L, ~6!

TbL
†T215eifb1

† , ~7!

TaL
†T215ei ~f1mp!a1

† . ~8!

For m50, the usual BC’s with the geometry of a ring a
recovered. They will be generally referred to as RBC(fL).
fL50 (p) are the most-used phases, which will be calle
periodic ~antiperiodic! boundary condition or PBC~APBC!.
For m51, the operators at the end of the legs fulfill th
relationship

Tc1 L
† T215eifc2 1

† , ~9!

Tc2 L
† T215eifc1 1

† , ~10!

corresponding to the geometry of a Moebius band. They w
be called Moebius boundary conditions and denoted
MBC’s(fL). MBCs(0) means that periodic boundary co
ditions for bonding states and antiperiodic boundary con
tions for antibonding states are taken and vice versa
MBCs(p). In real space they can be viewed as a way
prevent antiferromagnetic frustration in some cases, as s
matically shown in Fig. 1 for a 10-rung ladder with tw
holes. For a phase differencemp other than 0 orp, the
translation of one particle leads to two states, each one w
one particle on each leg. This case will not be conside
further.

By introducing these BC’s, it is possible to get CSBC
for all doping with an even number of holes. In the situati
where two CSBC’s are possible, the one giving the minim
energyin the t-J modelwill be generally preferred.25

The Fourier transform

FIG. 1. A 10-rung ladder with two holes on the same rung. D
to MBC, the hole pair when sitting on the same rung does
frustrate the Ne´el ordering. The labeling convention used in futu
graphs is shown.
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f k5(
j

eikj f j , ~11!

with k5(kx ,ky) and j5( j 1 , j 2) will be computed consis-
tently by takingkx as a function ofkyP$0,p%,

kx~ky!5H 2p

L
l RBC,

2p

L
l 1

p

L
dky ,p MBC,

~12!

where l is an integer. The two possible sets ofk values are
summarized in Fig. 2.

III. NAGAOKA PHASE

As discussed in the introduction, a Nagaoka phase26 for
J/t→0 is expected at low doping. Numerically, Troyer a
co-workers6 have shown that the ground state ofL>4-rungs
t-J ladders with a doping of two holes is a saturated fer
magnet atJ/t50. In the following, the doping andJ/t de-
pendence of this phase will be investigated.

The analysis of that phase is simplified by first consid
ing the subspace of the completely polarized states (Sz

tot

5Ns/2, with Ns the number of spins! that is equivalent to a
spinless fermion system. The eigenvalues are exactly g
by the band pictureE6(k)522t i cos(kx)6t' and the eigen-
states are direct products of bonding and antibonding sta
For finite clusters, CSBC’s can be sometimes obtained w
different BC’s. For instance, for a 10-rung ladder with tw
holes and witht'5t i , both APBC and MBC(0) allow a CS
configuration with the same ground-state energy as schem
cally plotted in the upper graphs of Fig. 3. For higherJ/t,
when the ground state is a singlet, the corresponding CS
configurations are shown in the lower graphs of Fig. 3 wh
black circles stand for fully occupied states. Both MBC(
and MBC(p) are possible.

In Figs. 4 and 5 the ground-state energy is shown
different cases. In Fig. 4 the upper graph shows the low
energies for a 5-rung ladder with one hole and the low
graph for a 10-rung ladder with two holes. In Fig. 5 t
lowest energies for a 5-rung ladder with two holes and fo
10-rung ladder with four holes is shown in the upper a
lower graph, respectively. Each curve corresponds to dif

FIG. 2. The two different sets ofk values for RBC and MBC for
a 10-rung ladder. For MBC, the set ofk values atky5p is shifted
by p/L, respectively, to theky50 branch.
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ent BC. For each graph, the transition to the saturated fe
magnet where the energy isJ/t-independent is clearly see
for CSBC’s. The two other BC’s do not have CS and t
corresponding energy states are singlets showing a lin
J/t-dependent energy lying above the energy of the fu
polarized state. This case will not be considered further.

A crude finite-size scaling can be made by extrapolat
the critical values of a 5-rung and a 10-rung ladder.24 At a
doping ofd50.1, forL55 the lowest critical value is given
by APBC with value (J/t)5.0.052 while for L510 both
APBC and MBC(0) give the same critical value of (J/t)10

FIG. 3. The CSBC for a 10-rung ladder with two holes. T
upper graphs represent the filling of the band with APBC a
MBC~0! for a saturated ferromagnet. The lower graphs show
filling in the noninteracting limit for S50 for MBC(p) and
MBC~0!. Filled circles represent the doubly occupied states wh
open circles stand for empty states.

FIG. 4. The upper~lower! graph shows the data for a 5~10!-
rung ladder with 1~2! hole~s! for different BC. The insets show the
magnified region where the saturated ferromagnet appears. Th
tal spin of the ground state~using APBC! for the 10-rung ladder is
indicated at the bottom of the lower graph.
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.0.042. The infinite extrapolation gives (J/t)`.0.032. For
d50.2, the two values are (J/t)5.0.078 and (J/t)10
.0.056, respectively, and the extrapolation to infinity giv
(J/t)`.0.034. For higher doping, i.e., for a 5-rung ladd
with three holes and for a 10-rung ladder with five and
holes withJ/t>0, no ferromagnetic ground state has be
found. In conclusion, the diagonalization of small cluste
shows signs of saturated ferromagnetism up to a dopin
d.0.2 and for small values ofJ/t (J/t.0.033).

A. For J/t>„J/t… f , sign of partial ferromagnetism?

For some clusters, the transition from the Nagaoka ph
to the singlet phase does not occur immediately, but pa
through different phases with an intermediate spin 0,S
,NS/2. The lowest energy of thenh52, 10-rung ladder for
J/t,0.09 is always given by APBC~with the exception of a
very tiny region close toJ/t50.04). In that region, the spin
of the corresponding ground state passes through the fi
values S55 for 0.043<J/t<0.057 andS51 for 0.058
<J/t<0.062. ForJ/t50.062, the ground state is a singl
with a finite momentum ofk5p/5 and a singlet at zero
momentum forJ/t>0.083; they are mentioned at the botto
of Fig. 4. For a 10-rung ladder withnh54 ~Fig. 5!, some
partial ferromagnetism also occurs. For 0.057<J/t<0.072,
the spin isS52 with MBC(0) giving the lowest energy. Fo
J/t.0.072, the lowest energy is given by PBC atkx50 and
is a singlet.

FIG. 5. The upper~lower! graphs show the data for a 5~10!-
rung ladder with 2~4! holes for different BC. The insets show th
magnified region where the saturated ferromagnet appears. Th
tal spin of the ground state for the 10-rung ladder is indicated at
bottom of the lower graph.
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The spin-spin correlations for the 10-rung ladder w
nh52 and forSz5S are plotted in Fig. 6. The correlations i
real space are plotted in the uppermost graph where the
on the first leg are labeled 1< j <10, and on the second le
11< j <20, as pictured in Fig. 1. ForJ/t>0.05, they show
an alternating behavior around a ferromagnetic value indi
ing antiferromagnetic correlations. However, their Four
transform, plotted in the lower graph, do not clearly indica
a continuous process. ForJ/t50.07, the correlation func-
tions have a maximum in the branchky5p, indicating that
the sum of the interband scattering processes is greater
the intraband processes and thus, that the correlations
tween both bands are important. The correlations at o
values ofJ/t display a maximum in theky50 branch show-
ing that the intraband processes are now favored.

These effects are not found for small systems~L55!. It is
thus tempting to conclude the existence of narrow regi
with partial ferromagnetic phases in the thermodynamic lim
of the n-J phase diagram. However, the present results
not enough to draw a clear conclusion on this subject and
existence of these phases is still open.

IV. EXISTENCE OF A C2S2 REGION?

The spin gap of a doped system is intrinsically bound
the formation of hole pairs. Moreover, it is known that f
very low J/t, when the system is ferromagnetic, holes re
each other. The question of whether the transition betw
repulsive and attractive holes occurs at the ferromagneti

to-
e

FIG. 6. The spin-spin correlation for a 10-rung ladder dop
with two holes in real space and its respective Fourier transform
small values ofJ/t for Sz5S and using APBC. TheM(k50)
}^Sz

2& are out of the figure for theSz59 andSz55 cases.
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FIG. 7. The instantaneous hole-hole correlations for a 10-rung isotropic ladder at different doping. The upper graphs give the c
in the site representation while the lower graphs show their respective Fourier transforms. The convention of the labeling is that o
and 2. The correlations in the ferromagnetic phase are also given fornh52,4.
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paramagnetic transition will be addressed in this section.
merical evidence shows that a region of holes with repuls
residual interactions, and thus with gapless spin excitatio
occurs between the ferromagnetic and the LE phase.

A. Hole-hole correlations

A first insight into this question can be obtained by loo
ing at the hole-hole correlation function̂nh(1)nh( j )&. In
u-
e
s,

Fig. 7 the correlations are plotted for different values ofJ/t
and different fillings, namely,nh52 with MBC(p), nh54
with PBC,nh56 with MBC(0), andnh58 with PBC.27 For
nh52 andnh54, the correlation for the ferromagnetic sta
computed with APBC is also shown~circles!. The uppermost
graphs in the figure show the correlation functions in r
space with the site convention pictured in Fig. 1. Each c
relation is normalized such that^nh(1)nh(1)&51.
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The lower graphs show the Fourier transform

^nh~k!nh~2k!&}N~k![(
j

eikj ^nh~1!nh~ j !&, ~13!

wherek is defined in Sec. II. The normalization correspon
toN(0)5nh ~out of the graphs!. In Fourier space, the point
in theky50(p) branch are given by the left~right! curves in
each graph.

In real space, each graph shows the same behavior.
instance, fornh52 (d50.1) atJ/t50.1, the second hole i
found to sit at the farthest point from the first hole. WhenJ/t
is increased, the hole-hole correlation for having two ho
on the same rung increases. WhenJ/t51, the hole-hole cor-
relation clearly shows their bound character.

In the largeJ' ,t' limit, with J'.2t' , the hopping of
hole pairs between rungs is given in second-order pertu
tion theory byt̃ uu522t uu

2/(J'22t'). As the hole pairs act a
hard-core bosons, they repel each other in order to gain
maximal kinetic energy. This can be viewed in the low
graphs plotting the Fourier transform, where peaks in
ky50 branch appear. This feature clearly appears in the
different graphs. At the same time, the total weight in t
ky5p decreases.

This behavior raises the question of the existence of
intermediate phase below the LE phase. In fact, for two ho
and values of 0.05,J/t,0.2, the system seems to be in
phase where holes repel each other. According to the ab
picture, it would imply spin-gapless excitations. However
could also be a pure finite-size effect in that the radius o
two-hole bound state is greater than the length of the lad
sample. Thus, finite-size effects strongly complicate the
terpretation. The above correlations are not enough to c
clude definitively the existence of a new phase.

B. Spin-spin correlations

The spin-spin correlation of the systems are plotted in F
8. The uppermost graphs show the spin-spin correlati
^Sz(1)Sz( j )& in real space. They clearly show the antiferr
magnetic ordering of the spins along the chain. Fornh54
and nh56, and for the low value ofJ/t, the correlation
across the runĝSz(1)Sz(11)& is ferromagnetic, not antifer
romagnetic. IncreasingJ/t, however, stabilizes the system
have antiferromagnetic ordering across the rung.

This feature is also clearly emphasized by the Fou
transform, plotted in the lower graph of Fig. 8, which h
their maxima in theky50 branch. Their Fourier transform
M(k) also give information on the different scattering pr
cesses occurring between the different spins in the band
ture. In fact, they are proportional to the equal-time corre
tion function

M~k!}^Sz~k!Sz~2k!&5(
ua&

u^auSz~k!u0&u2, ~14!

where the sum is taken over all eigenstates ofH and where
u0& denotes the ground state. For the casenh52, the
MBC~p! has bonding states filled up tokF,b5p/2 and anti-
bonding tokF,a5p/5, as schematically shown in Fig. 3. Th
lowest energy intraband excitations in the bonding and a
bonding band occur atkb5(2kF,b1 2p/L,0)5(6p/5,0) and
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at ka5(2kF,a1 2p/L,0)5(3p/5,0), respectively. The corre
sponding curves in Fig. 8 show a maximum atkb while no
peaks appear atka , showing that these processes do n
dominate in the sum of Eq.~14!. Moreover, these processe
are quite small compared to the interband processes plo
in the right part of the graph. According to the band pictu
the lowest energy interband processes are atkab5(kF,b
1kF,a1 p/L,p) 5(9p/10 ,p). The curves display a maxi
mum at that point, dominating all the other processes
especially the intraband scattering ones. It leads to the in
pretation that the bonding and antibonding particles
strongly correlated atEF . In the next section a picture wil
be proposed in which the gapless phase is a manifestatio
the absence of correlation between bands. In such a pic
the correlation fornh52 is characteristic for a gapped phas

For nh54@PBC#, the band picture in the noninteractin
limit predicts dominant intrabonding band scattering p
cesses atkb5(p,0) and intra-antibonding band scatterin
processes atka5(3p/5,0). Dominant interband scatterin
processes occur atkab5(4p/5,p). These values correspon
to the ~local! maxima of the correlation, in agreement wi
the simple noninteracting band picture.

For nh56@MBC(0)#, the dominant scattering process
are expected atkb5(p,0), ka5(2p/5,0), and kab
5(7p/10,p). For nh58@PBC#, the dominant scattering pro
cesses are expected atkb5(p,0), ka5(p/5,0), and atkab
5(3p/5,p). The corresponding graphs display correspon
ing maxima in good agreement with the band-picture pred
tions.

In Fig. 9 the maxima of the correlation functions for th
ky50 ~circle! and theky5p ~square! branches are plotted
For nh54,6, andnh58, they show a crossover from a regio
with dominant intraband scattering to a region with domina
interband scattering. This suggests that the system has un
related bonding and antibonding bands atEF such that the
low-energy physics is analogous to that of two on
dimensional systems, with spin and charge gapless ex
tions (C2S2). A rough criterion for the transition can b
defined by taking the criticalJ/t at the crossover. This yield
(J/t)c.0.32,0.34,0.26 ford50.2,0.3, andd50.4, respec-
tively. For nh52, the interband scattering is always mu
bigger than the intraband scattering, yielding to the conc
sion that noC2S2 phase occurs for that particular filling
This emphasizes that care must be taken in interpreting
simple hole-hole correlations.

C. „Anti … bonding pair correlations

Defining the singletŜi
† and triplet T̂i0

† , T̂ia
† , aP$↑,↓%

creation operator on the rungi with

Ŝi
†5

1

A2
~c1i↑

† c2i↓
† 2c1i↓

† c2i↑
† !, ~15!

T̂i0
† 5

1

A2
~c1i↑

† c2i↓
† 1c1i↓

† c2i↑
† !, ~16!

T̂ia
† 5c1ia

† c2ia
† , ~17!
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FIG. 8. The instantaneous spin-spin correlations for a 10-rung isotropic ladder at different doping. The upper graphs give the co
in the site representation while the lower graphs show their respective Fourier transforms. The convention of the labeling is that o
and 2. The correlations in the ferromagnetic phase are also given fornh52,4 with sz50.
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the different pair correlations between bonding and antibo
ing states in the subspace of single occupied states ca
written as28

^bi↑
† bi↓

† aj↑aj↓&5
1

2
^Ŝi

†Ŝj&,

^bi↑
† ai↓

† bj↑aj↓&52
1

2
^T̂i0

† T̂j 0&, ~18!

^bia
† aia

† bj baj b&52^T̂ia
† T̂j b&.
-
be
In theC2S2 phase, when the bonding and antibonding sta
are not correlated, all pair correlations are short range. In
spin-gapped region, the ground state is characterized by
formation of an interchain singlet. Thus, long-range singl
singlet ~SS! pair correlations will appear while the triplet
triplet ~TT! pair correlations will remain short range.

For an undoped system, the pair correlations are fin
only on the same rungj 5 i , where they are proportional to
the number operator for singlet or triplet states, and dep
only on the ratioJ' /Ji . For Ji50, the singlet-singlet pair
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correlation atj 5 i is 1 while the triplet-triplet pair correla
tion at j 5 i is 0. At the isotropic point, the values for th
undoped 10-rung ladder are

^Ŝ†~1!Ŝ~1!&.0.7, ~19!

^T̂0
†~1!T̂0~1!&5^T̂↑

†~1!T̂↑~1!&.0.1. ~20!

In a doped system, the pair correlations at the isotropic p
depend on the ratioJ/t. In Fig. 10, ^Ŝ†(1)Ŝ(1)& and

^T̂0
†(1)T̂0(1)& are plotted as a function ofJ/t. The casenh

52 shows that̂ Ŝ†(1)Ŝ(1)&.^T̂0
†(1)T̂0(1)& for all plotted

valuesJ/t, It favors the scenario that a 10-rung ladder w

FIG. 9. 10-rung ladder at different fillings. The graphs show
maxima of the Fourier transformM(k) in the branchesky50,p.
They correspond to excitations atEF . The correspondingkx values
are given in the text.
nt

two holes has a gap for very lowJ/t values, in agreemen
with the discussion of the spin-spin correlation. With i
creasingJ/t the singlet number̂ Ŝ†(1)Ŝ(1)& rapidly in-
creases while the triplet number^T̂0

†(1)T̂0(1)& decreases. On
the contrary, fornh54 (6) a crossover between the singl
and triplet number occurs atJ/t.0.23 (0.17). This is in
agreement with the speculated gapless region at lowJ/t. The
case withnh58 exhibits a favored rung singlet configura
tion.

In Fig. 11 the pair correlation at different rungs is show
as a function ofJ/t for the different cases. To make a co
sistent comparison of the long-range order for variousJ/t,
the pair correlations are normalized according to the sin
number, ^Ŝ†(1)Ŝ( j )& r5^Ŝ†(1)Ŝ( j )&/^Ŝ†(1)Ŝ(1)&. For nh

FIG. 10. The pair correlationŝŜ†(1)Ŝ(1)&, ^T̂0
†(1)T̂0(1)& as a

function of J/t for a 10-rung isotropic ladder at different doping.
t

FIG. 11. The pair correlations

^Ŝ†(1)Ŝ(1)& r as function of J/t
for a 10-rung isotropic ladder a
different doping and for different
lattice sitej.
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52, the pair correlations uniformly tend to zero whenJ/t
decreases to zero. The solid and dotted lines show the
rivative ~forward difference! of the curves forj 52 and j
53. Both show a peak aroundJ/t50.3, indicating the value
of J/t below which the pair correlation becomes sh
ranged. The curve does not show any different behavior
J/t.0.1. Below this value, it has been seen that the sys
has a transition to a ferromagnetic phase atJ/t50.032. Be-
tween these two points some sign of partial ferromagnet
has been discussed, but no direct evidence for aC2S2 phase
has been observed.

The striking feature of the graphs fornh54,6, andnh
58 is the qualitatively different behavior of the differe
curves at smallJ/t. The normalized short-range pair corr
lation ^Ŝ†(1)Ŝ(2)& r shows a minimum atJ/t50.30, 0.45,
and 0.50 fornh54, 6, and 8, respectively. The solid an
dashed/dotted lines show the derivative of the differ
curves. Maxima in the derivatives appear in both cases
0.25,J/t,0.5, below which value the correlation gets sh
range.

A critical value will be defined to be at the point whe
the long-range pair correlation̂Ŝ†(1)Ŝ(5)& r changes the
slope of its curve. This gives the values (J/ t̃)c
.0,20,0.25,0.25 ford50.2,0.3, and 0.4, respectively.

V. TRANSFORMED HAMILTONIAN

In this section, the physical picture for theC2S2 phase
based on the absence of phase correlation between the b
ing and antibonding bands is examined. ForJ/t.0.5, phase
coherence between the bands atEF exists, leading to a LE
liquid with the spin-gap. The question whether this pha
coherence disappears for smallJ/t leading to two indepen-
dent LL (C2S2) will be investigated.29 The terms in the
Hamiltonian coupling both bands are of the for
bk1 ,s

† bk2 ,s8
† ak3 ,s8ak4 ,s1H.c. They must be irrelevant nea

EF in the gapless LL phase and become relevant whenJ/t
increases. To investigate this, we transform the Hamilton
by introducing a relative phase between the bonding
antibonding operators so that only terms of the above fo
are affected, then the dependence of the ground state on
phase difference will be studied.

A. Relative phase transformation

The transformation is defined by

H5PH~b,a!P→PH~eifbb,eifaa!P5H t , ~21!

where P is the projector onto singly occupied states a
H(a,b) is the t-J Hamiltonian ~without projection! written
in the bonding and antibonding basis. The hopping term
the Hamiltonian is diagonal in the bonding and antibond
basis and thus does not change. The introduction of a p
shift will only affect terms of the form

b†b†aa→ei2~fb2fa!b†b†aa,
e-

t
r

m

m

t
or
t

nd-

e

n
d

his

f
g
se

which occur in theHJi
andHJ'

part. They couple the bond
ing and the antibonding operators and are thus respons
for the appearance of the spin gap.

With g5fb2fa , the total transformation is summarize
through the definition

PH~cl j !P→PH~cl j ,t!P5H t~g!, ~22!

where the transformed HamiltonianH t(g) has a periodicity
of p in g. The site operators are transformed according
the rulecl j→cl j ,t with

c1 j ,t5
1
2 @~eifb1eifa!c1 j1~eifb2eifa!c2 j #, ~23!

c2 j ,t5
1
2 @~eifb2eifa!c1 j1~eifb1eifa!c2 j #. ~24!

The final transformed Hamiltonian can be written wi
three distinct terms,

H t5H t,h1H t,Ji
1H t,J'

,

where the first partH t,h is the hopping part, being the same
in the original Hamiltonian. The second termH t,Ji

, involv-
ing magnetic coupling along the chain, contains four disti
terms,

H t,Ji
5H t,Ji ,11H t,Ji ,21H t,Ji ,31H t,Ji ,4 , ~25!

which are listed and discussed in the Appendix. The inter
magnetic couplingH t,J'

vanishes atg5p ~see Appendix! in
agreement with the suppression of correlation between
bonding and antibonding operators.

B. Ground-state energy

The ground state may not be completely decoupled int
bonding and an antibonding part. Only the particles withk
value nearEF must be uncorrelated for two independent L
By calculating the ground-state energy ofH t , the influence
of the phase shift on all bonding and antibonding operator
included and it is thus possible that the influence of the ph
shift is qualitatively similar for different values ofJ/t. In
fact, in Fig. 12 the ground-state energy is plotted for a 1
rung ladder with four holes and using PBC. By switching

FIG. 12. The ground-state energy vsg for a 10-rung ladder with
4 holes. The ground-state energy is an increasing function ofg.
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g, the energy increases for all plotted values ofJ/t. How-
ever, no clear qualitative change in the evolution of the
ergy vsg for different J/t can be observed. This is a cons
quence of the fact that all particles~also away fromEF) are
involved. It is interesting to consider the different correlati
functions to look for signs if the system undergoes a ph
transition wheng is altered.

C. Correlation functions

In Fig. 13 the hole-hole correlations for a 10-rung ladd
with four holes are plotted. The correlations are shown
different J/t for different values ofg. The upper graphs
show the correlations in real space, and the lower their F
rier transform. ForJ/t<0.3, only small changes in the shap
of the correlations are observed wheng increases. ForJ/t
50.4 andJ/t51.0, the shape of the correlation is clear
changed, indicating a state with repulsive interactions ag
50.5p. The influence ofg for J/t51.0 is the most impor-
tant. The rung correlation̂nh(1)nh(11)& is clearly sup-
pressed, in agreement with the breaking of hole pairs.
diagonal correlation^nh(1)nh(12)& shows a peak atg
50.2p that is suppressed forg50.5p. The peak in the
branchky50 of the Fourier transform, characteristic of th
homogeneity of the hole-pair repartition, is also suppress

In Fig. 14 the spin-spin correlation for the same cluste
plotted. The measured antiferromagnetism is quite sens

FIG. 13. The instantaneous hole-hole correlation of a 10-r
isotropic ladder with four holes for different values ofJ/t and g.
The upper graphs show the correlation in the site representa
while the lower graphs show their Fourier transform. The conv
tion of the labeling is that of Figs. 1 and 2.
-

e

r
t

u-

e

d.
s
ve

to the phase shift. In real space the antiferromagnetic corre
lation across the rungs is turned into leg-independent behav
ior ~rung ferromagnetism!. However,M(k) measures all
spins in the band pictures, therefore not only those atEF ,

g

on
-

FIG. 14. The instantaneous spin-spin correlations of a 10-rung
isotropic ladder with four holes for different values ofJ/t and g.
The upper graphs show the correlations in the site representatio
while the lower graphs represent the Fourier transforms. The con-
vention of the labeling is that of Figs. 1 and 2.

FIG. 15. The maxima of the spin-spin correlations for a 10-rung
ladder with four holes in Fourier space in the branchesky50,p as
a function ofg/p.
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and a change in the correlation is also compatible with
gapless phase. The most striking picture of the spin-spin
relations is given by their Fourier transforms. As discuss
above, dominant peaks in the bonding channel (ky50) are
expected for the gapless phase, while dominant interb
(ky5p) scattering processes are expected in the gap
phase. This behavior appears clearly in all graphs.

In Fig. 15 the maxima of the spin-spin correlations as
function ofg are shown for the differentJ/t values. They are
at k5(p,0) ~circle! and k5@(4p/5) ,p# ~square! $with the

FIG. 16. The pair correlationŝŜ†(1)Ŝ( j )& and^T̂0
†(1)T̂0( j )& at

differentg values as function of the rung index for a 10-rung ladd
with nh54 holes. The upper graph shows data forJ/t50.1 and the
lower graph forJ/t51.0. The insets show the on-site pair corre

tions ^Ŝ†(1)Ŝ(1)& and ^T̂0
†(1)T̂0(1)& as a function ofg.

FIG. 17. Long-range normalized pair correlations^Ŝ†(1)Ŝ( j )& r

and ^T̂0
†(1)T̂0( j )& r as a function ofg.
e
r-
d

nd
ed

a

exception of J/t50.1, where the maximum is atk
5(3p/5,0) wheng>0.4p%, emphasizing the intraband pro
cesses in the antibonding band. The crossing of the max
for J/t>0.4 is related to the destruction of the hole pairs
occurs atg.0.11p for J/t50.4, while for J/t51.0 the
crossover occurs at a higherg.0.21p since the hole pairs
are more strongly bound.

The influence of the relative phaseg on the singlet and
triplet pair correlation functions is plotted in Figs. 16 and 1
In the upper graph of Fig. 16 the pair correlatio
^Ŝ†(1)Ŝ( j )& and ^T̂0

†(1)T̂0( j )& at J/t50.1 are plotted for
different g ’s. Pair correlations along the rung decrease r
idly to zero. At j 51 the pair correlation measures the num
ber of singlets~triplets! on the rung. The number of singlet
is much lower than the triplet number of the first rung,
agreement with the destruction of the singlet liquid state.
switching ong, the singlet number decreases while the tr
let number increases. The inset of the graph shows the n
ber operators as a function ofg. In the lower graph, the
singlet and triplet pair correlations are measured in the s
gapped phase atJ/t51.0. The singlet pair correlation star
with a higher value than the triplet pair correlation. It d
creases rapidly to a lower value and shows a finite value
j 56. When g is switched on, the on-site singlet is su
pressed while the triplet pair correlation is increased. T
crossover occurs atg.0.25p. This on-site behavior empha
sizes the picture of destroyed singlets on the rungs.

The long-range behavior is shown in Fig. 17, where
normalized SS~TT! pair correlation at sitej 56 are plotted as
functions of g. For J/t50.1, the pair correlations remai
nearly unaffected by the introduction ofg while for J/t
51.0 the pair correlations are suppressed and reach ne
the same value atg50.5p.

VI. CONCLUSIONS

In this paper, an extensive study of the smallJ/t region at
low doping using exact diagonalization results of small clu

r

FIG. 18. The speculative phase diagram. The phasesC1S0 and
C1S1 are taken from the work of Poilblanc and co-workers a
were discussed in the Introduction. The new phases discusse
this paper appear in the upper left of the phase diagram. The
gaska phase occurs at low values ofJ/t near half filling. At the
critical line J/t.0.03, signs for partially polarized phases hav
been found. For largerJ/t the system is in aC2S2 phase. The
critical line between this gapless phase and theC1S0 phase atJ/t
.0.3 has been estimated using different criteria discussed in
text.
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ters has been performed. First the hole-hole correlat
showed hole repulsion for smallJ/t for a certain doping
range, indicating the presence of aC2S2 phase.30 However,
finite-size effects strongly affect the result and different c
relations were introduced in order to examine other prop
ties of the system. For a very small doping (d<0.1), no
clear sign of the existence of such a region has been s
However, a very tiny region between the ferromagnetic a
the LE phase may occur.

For larger doping, clear signs of aC2S2 phase have been
observed. Two different sets of critical values were foun
Those obtained from the study of the crossover of the ma
mal value of the spin-spin correlation functionM(k) in Sec.
IV B are consistent with the values from the study of t
long-range singlet-singlet pair correlation of Sec. IV C. Th
mean values are (J/t)c.0.26, 0.29, and 0.25 ford50.2,
0.3, and 0.4, respectively. In Fig. 18 they are included in
previous phase diagram proposed by Hayward a
Poilblanc.24 In the very smallJ/t region the Nagaoka phas
is shown. At quarter filling, in the noninteracting limit,EF
just touches the antibonding band while Umklapp proces
occur in the bonding band. These features are difficult
simulate in finite clusters and will not be discussed here.
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APPENDIX: TRANSFORMED HAMILTONIAN

The introduction of the relative phase between bond
and antibonding operators does not transform the hopp
termHh but the magnetic part is considerably modified. T
first term of the magnetic coupling along the chain, Eq.~25!,

H t,Ji,1
5Juu(

i
F S 12

1

4
@12cos~2g!# D @S1iS1i 11

1S2iS2i 112 1
4 ~n1in1i 111n2in2i 11!#G ,

is similar to the original Hamiltonian with a renormalize
coupling constant that decreases asgP@0,p# increases. For
g5p, the coupling strength is half that ofg50.

The second term

H t,Ji,2
5Juu(

i
S 1

4
@12cos~2g!#@S1iS2i 11

1S2iS1i 112 1
4 ~n1in2i 111n2in1i 11!# D ,
n

-
r-

en.
d

.
i-

r

e
d

es
o

d

-

g
g

is similar to the first part but with antiferromagnetic couplin
along diagonals.

The third part,

H t,Ji,3
5Juu(

i
H 2

1

4
@12cos~2g!#

3F S c1i
† s

2
c2i2c2i

† s

2
c1i D

3S c1i 11
† s

2
c2i 112c2i 11

† s

2
c1i 11D

2 1
4 ~c1i

† 1c2i2c2i
† 1c1i !

3~c1i 11
† 1c2i 112c2i 11

† 1c1i 11!G J ,

features spin-dependent hopping terms involving a simul
neous hopping on two neighboring rungs. For the sake
simplicity, the spin indices are not shown.ci j

† (s/2)(ci j ) de-
notes

(
aa8

ci j a~saa8/2!ci j a8, a,a8P$↑,↓%.

The last part,

H t,Ji,4
5Juu(

i
H 2

i

4
@sin~2g!#

3F ~S1i2S2i !S c1i 11
† s

2
c2i 112c2i 11

† s

2
c1i 11D

1S c1i
† s

2
c2i2c2i

† s

2
c1i D ~S1i 112S2i 11!

2 1
4 ~n1i2n2i !~c1i 11

† 1c2i 112c2i 11
† 1c1i 11!

2 1
4 ~c1i

† 1c2i2c2i
† 1c1i !~n1i 112n2i 11!G J ,

is a combination of spin and hopping operators involving
spin-dependent hopping on one rung if the neighboring ru
is occupied.

The interchain magnetic coupling after some algebra c
be written as

H t,J'
5J'(

i
S 12

1

2
@12cos~2g!# D S S1iS2i2

1

4
n1in2i D ,

vanishing forg5p.
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