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Density of superfluid helium droplets
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The classical integral cross sections of large superfluid4HeN droplets and the number of atoms in the
droplets (N51032104) have been measured in molecular beam scattering experiments. These measurements
are in good agreement with the cross sections predicted from density functional calculations of the radial
density distributions. By using a simple model for the density profile a 10–90 % surface thickness of about 6–8
Å is extracted directly from the data.@S0163-1829~98!02530-2#
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I. INTRODUCTION

The study of the properties of4He clusters is currently an
active area of theoretical and experimental research.1,2 The
interest is based on the fact that4He clusters provide an
easily accessible example of a finite size quantum system
strongly correlated particles. One of the primary aims of
cluster research is to search for manifestations of superfl
ity in mesoscopic systems. Recent spectroscopic studie
glyoxal molecules embedded in4He droplets with about
5000 atoms produced in free jet expansions give the
evidence that these droplets are indeed superfluid.3 The in-
ternal temperature of these droplets has also been mea
spectroscopically to be about 0.4 K~Ref. 4! in agreement
with theory.5

Even though there has been notable progress in theore
work on He clusters during the last few years the agreem
between theory and experiments is not yet entir
satisfactory.1 The implementation ofab initio calculations
still remains difficult for inhomogeneous systems with mo
than a few hundred atoms, while phenomenological theor
which work well for describing macroscopic properties, a
often not adequate for systems of finite size. In order to
this gap density functional~DF! theories have been recent
developed.6

The understanding of the density profiles in the surfa
region of a quantum fluid has long been considered a v
important basic problem.7 For this reason significant effor
has gone into the experimental determination of the thi
ness of the bulk liquid-vapor4He interface.7 At least three
different experimental methods have been used to mea
the surface thickness of bulk liquid He. The first involve
atomic scattering experiments8 yielding an interfacial width
~10–90 %! of about 4 Å. A surface thickness of about 9
was measured with an ellipsometric method.9 Finally, x-ray
measurements give a surface thickness of the order of
providing also information on the shape of the interface.10 In
droplets the surface atoms represent a significant fractio
the total number of atoms. For example, in a droplet w
5000 atoms about one half of the atoms are located in
surface region. Thus the physical properties of4He droplets
are strongly influenced by the surface. Moreover, the surf
PRB 580163-1829/98/58~6!/3341~10!/$15.00
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region is particularly interesting because recent calculati
predict that the Bose-condensed fraction, which in bulk4He
is about 10%, approaches 100% in regions where the den
is still within 10% of the bulk density.11

In this paper the liquid-vapor interface of large4He drop-
lets (N51032104) is investigated. The experiment consis
in measuring both the integral cross section of the drop
and also their number size distributions. From the integ
cross section and the average number of atoms an effe
droplet volume as well as an average density is determin
The results are compared with theoretical predictions.
though a large number of calculations have been perform
for the density profiles of small4He clusters (N,103)1,12–18

no calculations for the large droplets investigated here h
been reported so far. In the present work DF theory is use
calculate the density profiles of large4He droplets. The den-
sity functional used was recently introduced by the Ors
Trento Collaboration.6 This functional provides density pro
files and energies12 very close to the results ofab initio
Monte Carlo calculations13–15 in the case of small cluster
and has the advantage that it can easily be applied to dro
with several thousands of atoms. These density profiles
be compared directly with the experimental data and go
agreement is found within the experimental errors.

The droplet beam scattering apparatus is described in
following section. The procedure used to measure the n
ber of atoms in the droplets and their classical integral cr
sections are described in Secs. II A and II B. In Sec. II C
experimental results are presented and in Sec. III they
compared with the DF predictions. A final discussion
given in Sec. IV.

II. EXPERIMENT

Since the experimental methods and the apparatus us
this work have already been described in some detail in p
vious publications19,20 the experimental procedure will b
only briefly described here. The4He droplet beam is pro-
duced by a free jet expansion of4He from a stagnation
source chamber at a high pressure and at low tempera
~typically P0552100 bar, T054230 K) through a thin
walled (20 mm) nozzle with 561 mm diameter. After the
3341 © 1998 The American Physical Society
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3342 PRB 58JAN HARMS, J. PETER TOENNIES, AND FRANCO DALFOVO
droplets have passed the skimmer and several differe
pumping stages they are scattered by a secondary beam
duced in another free jet expansion beam source wh
crosses the droplet beam at an angle of 40°. The scatt
droplets are detected with a home-made electron impact
izer optimized for a high ionization efficiency followed by
magnetic mass spectrometer. The detector can be ro
around the scattering region in the plane of the two bea
To avoid capture collisions with the residual gas the ba
ground nonhelium pressures in the differential pump
stages between source and scattering chamber were kep
low 1027 mbar.

A. The number of atoms in the droplets

The atom number distributionP(N) of the helium drop-
lets is determined from the angular distribution resulti
from scattering by the secondary beam. A small port
~5–10 %! of the droplets is deflected by the momentu
transfer imparted by single collisions of the secondary be
gas atoms, most of which are captured by the droplets.20

The measurements described in the present study
been carried out at source pressures ofP0540 bar andP0
580 bar and nozzle temperatures betweenT0513 K and
T0526 K. For these conditions the droplet velocity dist
butions are very narrow (Dv/v'2%) with well known
mean speeds.21 The secondary beam gases Ar and Kr we
expanded from stagnation temperatures of about 300 K
several hundred millibar of stagnation pressure from
40 mm diameter nozzle. The secondary beam contains
appreciable amount of dimers or larger clusters, and ha
narrow velocity distribution (Dv/v'20%).

The angular distribution of the deflected droplet beam
measured by rotating the detector in small angular inc
ments ~typically 300 mrad) around the scattering cente
Due to the large mass of the droplets the deflection an
are very small and a high angular resolution is necess
This is achieved by collimating the incident beam with
50 mm slit in front of the scattering center and a 25mm slit
in front of the detector. The width of the expansion zone a
the broadening due to collisions with the residual ba
ground gas~mostly helium! leads to a full width at half
maximum ~FWHM! of the beam profile of about 1.5 mra
which defines the effective angular resolution.

Figure 1 shows three typical measured angular distri
tions with and without a flag in front of the seconda
beam.19 The small difference between the two signals is
tributed to droplets which were deflected after capturing
secondary beam atom. Assuming complete momentum tr
fer the angle of deflection is directly dependent on the nu
ber of atoms in droplet. As is discussed in more detail bel
the present experiments give further justification for the
pothesis of complete momentum transfer. The measu
droplet atom number distributions can be very well fitt
with a log-normal distribution19,20

P~N!5
1

A2pNd
expF2

~ ln N2m!2

2d2 G , ~1!

where the mean number of atomsN̄ and the width~FWHM!
are
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N̄5expS m1
d2

2 D ~2!

and

DN1/25exp~m2d21dA2 ln2!2exp~m2d22dA2 ln2!,
~3!

respectively. The FWHM is comparable withN̄. Table I lists
the results forN̄, DN1/2, d, andm , measured using Ar and
Kr as deflecting atoms for a wide range of different4He
source pressures and temperatures. The values ofN̄ and
DN1/2 obtained using Ar or Kr for identical4He source con-
ditions do not always agree exactly, since they depend s
sitively on the nozzle diameter and on the nozzle-skimm
distance which was optimized for each experiment and
fered slightly. In particular the mean droplet sizes forP0
580 bar with krypton as secondary gas are somew
smaller by about 30% since the nozzle used in these exp
ments had a diameter of only about 4mm as estimated from

FIG. 1. Three typical measured angular distributions for
source pressure ofP0580 bar and source temperatures ofT0

525 K ~a!, 20 K ~b!, and 17 K~c!. Krypton was used as seconda
beam gas. The signals with~filled circles! and without ~open
circles! a flag in front of the secondary beam are shown on a lo
rithmic scale. The weighted differences of the two signals~dia-
monds! with the standard deviations are shown on a linear sc

The mean number of atoms in the droplets are~a! N̄52602, ~b!

N̄56174, ~c! N̄59834. The integral cross section is determin
from the attenuation of the forward peak, i.e., 0 mrad.
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TABLE I. Experimental results as function of source temperature (T0), source pressure (P0), and sec-

ondary gas. The mean number of atomsN̄ and the half widthDN1/2 are the results of fitting the measure
mass distributions from the deflection experiment with a log-normal distribution@parametersd andm, see Eq.

~1!#. The mean classical integral cross sections̄ is obtained by attenuation of the droplet beam with t

secondary beam. From this data the mean density of the dropletsr̄ as a fraction of the known bulk densit
(rbulk50.0218 Å23) is obtained directly.

T0 @K# P0 @bar# sec. gas N̄ DN1/2 d m s̄ @Å 2# r̄/rbulk

24.0 40 Kr 703 667 0.426 6.46 2266 0.40
22.0 40 Kr 1700 1632 0.407 7.36 3138 0.59
20.0 40 Kr 2617 2373 0.528 7.73 4519 0.53
18.0 40 Kr 4700 4158 0.573 8.29 6259 0.58
17.0 40 Kr 6130 5331 0.603 8.54 7108 0.62
16.0 40 Kr 7741 6484 0.662 8.74 7661 0.70
15.0 40 Kr 8900 7719 0.607 8.91 8540 0.69
13.5 40 Kr 13 000 11 240 0.612 9.29 9538 0.85
26.0a 80 Kr 1460 1298 0.565 7.13 3106 0.51
24.0a 80 Kr 2700 2524 0.468 7.79 4111 0.62
18.0a 80 Kr 5260 4374 0.673 8.34 6270 0.65
26.0 80 Ar 2114 1967 0.478 7.54 3431 0.64
24.0 80 Ar 3103 2835 0.514 7.91 4443 0.64
20.0 80 Ar 6458 5916 0.509 8.64 6615 0.70
18.0 80 Ar 9487 8530 0.544 9.01 9025 0.67

aThe smaller cluster number sizes found with Kr instead of Ar as scattering gas atP0580 bar is a conse-
quence of a smaller nozzle with an estimated diameter of about 4mm.
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the total gas flow into the nozzle chamber. These deviati
however have no appreciable effect on the average dens
The latter depend on the number of atoms in the droplets
the integral cross sections, both of which are determine
the same experiment under identical source conditions~see
below!.

B. Integral cross sections

The integral cross sections of the droplets are determ
by measuring the attenuation of the forward peak in the
flection pattern~see Fig. 1!. The attenuation is related to th
integral cross sections̄ of the droplets according to Beer’
law20

I

I 0
5expF2

s̄nsecLeffv relFa0

vdrop
G , ~4!

where I and I 0 are the intensities of the4He droplet beam
with and without attenuation,nsec is the number density o
the secondary beam gas atoms in the scattering center
Leff is the effective length of the scattering volume. Mor
over, vdrop is the speed of the droplets andv rel the relative
collision velocity.Fa0 takes account of the smearing resu
ing from the velocity distributions of the two nozzle beams22

and leads to a correction smaller than about 1%.
The product of the density in the scattering center and

effective length of the scattering volume (nsecLeff) was cali-
brated to within an error of approximately 5% by measur
the attenuation of a nearly monoenergetic helium ato
beam, for which the integral cross section can be accura
calculated quantum mechanically from the well-establish
s
es.
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-
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-
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d

interaction potential.23 The density was calibrated three time
with krypton and two times with argon at different collisio
energies and there was no evidence of systematic errors.
values of the absolute integral cross sections of the drop
are also listed in Table I.

The interpretation of the integral cross sections in Eq.~4!
is straightforward only in the ideal case of an infinite angu
resolution. In this case one gets the quantum-mechanica
tegral cross section, which includes the forward peaked
fraction part. In the present case of finite angular resolut
the measured integral cross section is smaller since a frac
of the forward diffraction part of the differential cross se
tion is not included. In order to estimate this correction, t
quantum-mechanical differential cross section for elas
scattering was calculated using a partial wave expans
method.24 The calculations, which are described in detail
Appendix A, indicate that the contribution of the diffractio
part to the elastic cross section is negligible with the angu
resolution of our apparatus. Thus the measured integral c
sectionsapp

int turns out to be very close to the classical cro
sectionsclass. The two cross sections agree to within 1% f
droplets with 1000 atoms and for larger droplets the agr
ment is even better.

The finite width of the beam-profile also has the effe
that the deflections of the largest droplets in the atom num
distributions are too small to lead to a measurable attenua
of the beam. This error, however, can be estimated since
atom number distributions of the droplets and the beam p
files S(Q) are both well known from the measurements. T
calculation yields a correction of about 1% for mean ato
numbers of 103 and of about 10% for droplets with 104 at-
oms.
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C. Mean droplet densities

Measured values of the integral cross sections̄ as a func-
tion of the mean atom numbersN̄ are reported in Fig. 2. The
values obtained with argon and krypton as secondary gas
on a common curve and so we can conclude that the inte
cross section is independent of the nature of the secon
beam, within the estimated accuracy. The overall experim
tal errors are estimated to be about 5% and result ma
from the uncertainty in the determination of the density
the secondary beam atoms in the scattering volume.

From the measured cross section an effective mean
sity r̄, defined as the density of a uniform sphere with
sharp step edge~liquid drop model! having the same class
cal integral cross section, is determined:

r̄5
3

4
Ap

s̄
3N̄. ~5!

The values ofr̄, normalized to the bulk helium densit
rbulk50.0218 Å23, are given in the last column of Table
and the integral cross sections for spheres of different den
are shown in Fig. 2 as dashed lines. Here the average inte
cross sections̄ is calculated from the measured log-norm
atom number distributionsP(N) by means of the following
equation:

s~N̄!̄5E
0

`

P~N!p1/3S 3N

4r̄
D 2/3

dN. ~6!

As can be seen, the experimental effective droplet den
goes from about 0.5rbulk , for droplets with 103 atoms, to

FIG. 2. The classical integral cross sections averaged over
measured number size distributions as functions of mean numb

atomsN̄. The empty symbols show the experimental results. T
solid line with filled diamonds is the result of the DF calculation
For comparison, the mean classical cross sections of spherical d
lets with constant density are indicated as dashed lines for diffe
values of the density (rbulk50.0218 Å23). The different empty
symbols indicate the different experimental parameters. Trian
P0540 bar, secondary gas5Kr; square: P0580 bar, secondary
gas5Kr; circle: P0580 bar, secondary gas5Ar.
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0.7rbulk for droplets with 104 atoms. This trend is consisten
with the fact that a significant part of the atoms are in t
outer surface region, where the density is less than the b
density.

III. DENSITY PROFILES

The measured integral cross sections can be used to
tract information about the density distributionr(r ). Since
theoretical predictions ofr(r ) were not available for such
large droplets, density functional calculations using the i
proved functional recently developed in Ref. 6 are presen
In this approach, the energy of the system is assumed to
functional of the particle densityE5*drH@r# and the equi-
librium configuration is obtained by minimizing the energ
with respect tor. The functional is written in the form

E5Ec@r#1E dr
\2

2m
~¹Ar!2, ~7!

where the second term on the right-hand side is a quan
pressure, corresponding to the kinetic energy of a Bose
of nonuniform density. The quantityEc@r# is a correlation
energy, which incorporates the effects of dynamic corre
tions resulting from the interactions between the individu
He atoms. The energy minimization then gives the nonlin
Schrödinger equation

H 2
\2

2m
¹21U@r,r #JAr~r !5m4Ar~r !, ~8!

whereU@r,r #[dEc /dr(r ) acts as a mean field, while th
chemical potentialm4 is introduced in order to ensure th
proper normalization of the density to a fixed number
particlesN. The density dependence of the correlation e
ergy is parametrized in a phenomenological way, by cho
ing a functional form compatible with basic physical requir
ments and fixing a few parameters in accordance with
known properties of the bulk liquid. The detailed form ofEc
is given in Appendix B. The DF theory is particularly sui
able for the calculation of the density profiles of relative
large droplets. In fact, the density functional of Ref. 6
accurate, by construction, in the limit of the uniform liqui
It also has been tested in the opposite limit of small clust
with 20–70 atoms12 for which it provides density profiles in
close agreement withab initio Monte Carlo calculations.

The density profiles shown in the upper part of Fig. 3 a
obtained by solving Eq.~8! for N5103–104. In order to
estimate the contribution to the effective integral cross s
tion seff from the outer region of the theoretical profiles, th
transmission coefficientT(b) of the droplets is calculated a
a function of the impact parameterb for argon and krypton
using Beer’s law@see the inset in Fig. 3~b!#. For this the
trajectory of relative motion is integrated along a straig
path z, which is a good approximation in the outer regio
where the density is about 1% of the core density~see be-
low!:

T~b!5expS 2E s~Erel!r~z!dzD . ~9!
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PRB 58 3345DENSITY OF SUPERFLUID HELIUM DROPLETS
The atom-atom integral cross sectionss(Erel) were again
calculated using the method given in Appendix A, with t
relative velocities of the experiment. Here, the more reali
Tang-Toennies potentials23 are used in place of the Lennard
Jones~12,6! potentials. The calculated transmissionT(b) of
the droplets is illustrated in Fig. 3~b!. The differences be-
tween argon and krypton are less than 1% and can there
be neglected. The transmission for densities larger than a
10% of the central density is almost zero, so that the cr
section is largely determined by the outer region of the dr
let. Since the transmission rises very steeply the effec
droplet-border is rather sharp and corresponds to a ra
(Reff) where the density has fallen to approximately 1%. T
integral cross section of the droplets is then calculated w
the following equation:

seff52pE
0

`

@12T~b!#bdb. ~10!

In a subsequent step the cross sections are averaged ov
distribution in the number of atomsP(N). The calculated
results for the effective radiiReff5Aseff /p, seff , the aver-
age relative densitiesr̄/rbulk , and the 10–90 % thicknesst
are reported in Table II. The average relative densi
r̄/rbulk in Fig. 2 ~filled diamonds! lie between 0.64 and 0.8
and are somewhat larger than the experimental values
about 10–25 %. This discrepancy suggests that the theo
cal surface thicknesses are somewhat smaller than the ex
mental values.

A simple model calculation can be used to check the
fect of the surface thickness on the integral cross sect
Since all theoretical calculations predict the core density

FIG. 3. The density distributions~a! calculated with a density
functional method for droplets with betweenN5103 and N5104

atoms with steps of 103. The corresponding transmission for a bea
of krypton or argon atoms is shown in~b!. The effective radiusReff

for a droplet with 104 atoms is also indicated.
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these large droplets to be equal to the bulk density, the d
sity profile can be rather realistically described by a sim
analytic function25,26

r~r !5
rbulk

2 F12tanhS 2
r 2R

g D G , ~11!

whereR indicates the point where the density is reduced
50% of the central density andg is a parameter controlling
the surface thickness. By relating the density profile to
integral cross section using the same procedure descr
above, an experimental surface thickness is estimated by
ting the experimental cross section for the different drople
The resulting values oft are shown in Fig. 4. We obtain
mean 10–90 % thickness of 6.461.3 Å, which is somewhat
larger than the results of the DF calculation~Table II! but

TABLE II. The effective radiiReff5Aseff /p and cross sections
seff obtained using Eq.~10! and DF calculations of density profiles

The effective densityr̄ as a fraction of the known bulk densit
(rbulk50.0218 Å23) and the 10–90 % surface thicknesst are
listed.

N Reff @Å # seff @Å 2# r̄/rbulk
t @Å #

1000 25.75 2083 0.64 5.6
2000 31.59 3135 0.69 5.6
3000 35.69 4000 0.72 5.7
4000 38.94 4763 0.74 5.7
5000 41.69 5459 0.76 5.7
6000 44.09 6106 0.77 5.7
7000 46.22 6713 0.78 5.7
8000 48.18 7292 0.78 5.7
9000 49.97 7843 0.79 5.7

10 000 51.63 8373 0.80 5.7

FIG. 4. The experimental 10–90 % surface thickness of

droplets as function of the mean number of atomsN̄ assuming the
symmetric density profile@Eq. ~11!# shown in the inset. The mea
value oft is 6.461.3 Å. The DF values are shown as a dashed l
and the value from the bulk x-ray experiment~Ref. 10! extrapolated
to 0 K is shown as a dotted line. The different empty symbo
indicate the different experimental parameters. Triangle:P0

540 bar, secondary gas5Kr; square:P0580 bar, secondary ga
5Kr; circle: P0580 bar, secondary gas5Ar.
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TABLE III. The 10–90 % surface thickness of4HeN droplets and bulk liquid helium from differen
published experimental and theoretical works, whereN is the number of atoms in the droplets andT the
temperature~the values forN5` refer to the planar free surface!.

N method T@K# t@Å #

Osborne~Ref. 9! ` ellipsometry 1.8 9.4
Lurio et al. ~Ref. 10! ` X-Ray 1.13 9.2

extrapol. 0 7.6
Pandharipandeet al. ~Ref. 16! ,728 GFMC,VMC 0 5.5–7.2
Stringari, Treiner~Ref. 18! ,728 DF 0 8.8–9.2

` DF 0 7
Sindzingre, Klein, Ceperley~Ref. 13! 64–128 PIMC 0.5–2 .6
Guirao, Centelles, Barrancoet al. ~Ref. 27! ` DF 0–4 6.5~at 0.4 K!

Chin, Krotscheck~Ref. 14! 20–112 DMC 0 .6
20–1000 HNC 0 .6

Barnett, Whaley~Ref. 15! ,112 DMC 0 .6
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still within the error limits. One has to stress here that
results are dependent on the model used forr(r ); in particu-
lar, it assumes a symmetric density profile. Most of the p
dicted density profiles are, however, slightly asymmet
with a steeper slope in the outer part of the surface. By us
an asymmetric profile, with an asymmetry similar to the o
of the DF profiles in Fig. 3, the estimated surface thicknes
about 1–2 Å larger than the values shown in Fig. 4.

IV. DISCUSSION

The experimental and theoretical results for the surf
thickness of the bulk and droplets are compared in Table
with several other calculations for smaller droplets and
bulk liquid surface. The present DF calculations for lar
droplets predict a surface thicknesst>5.7 Å ~see also Table
II ! which is slightly less than other calculations. For e
ample, previous DF calculations for a planar free surfac27

gave t>7 Å, while from ab initio calculations on smal
clusters13–18 values between 6 and 7 Å are predicted. It is
also worth mentioning that the recent measurements of
10 suggest an even larger thickness, but the value extr
lated to T50 is still compatible with the present resul
within the accuracy~see Fig. 4!.

Since the differences between the experiment and the
in the average densities shown in Fig. 2 are greater than
experimental statistical uncertainties, which are expecte
be less than65%, the possible sources of systematic err
have to be considered. The possibility that the measu
droplet atom numbersN̄ are too small, which would shift the
mean effective density to smaller values, seems unlik
This would require a momentum transfer in the deflect
experiment even larger than the momentumpsec of the im-
pinging secondary atom. For elastic backscattering of
atoms in central collisions from a hard sphere the momen
transfer would indeed be 2psec. The momentum transfer av
eraged overall impact parameters for elastic scattering fro
hard sphere is, however, equal to the momentum of the
coming particlepsec. Thus even in the unlikely case of ela
tic recoil scattering, which in view of the large mass of t
argon and krypton atom compared to that of the He at
seems very unlikely and is not even expected for the sca
e
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ing from a liquid helium surface,8 the same results would
still hold. Recoil scattering would also be in contradiction
the observation that the secondary gas is captured by the
droplets and that the measured angular distributions of
deflected droplets are the same, independent of whether
are detected on the mass of the He2

1 ion fragments or on the
mass of the particles picked up from the secondary beam.19,20

Another possibility is a backward directed vaporization
helium induced by the impinging secondary gas atom,
proposed by Gspann.28 According to ordinary fluid dynamics
this would also seem implausibly, since the impact spe
are greater than the velocity of first sound of about 240 m
~Ref. 28! and therefore a conical Mach shock should be c
ated which degenerates into a spherical sound wave.
sound wave would more probably induce vaporization in
forward direction which would tend to shift our results
greater droplet atom numbersN̄ and would increase the dis
crepancy with the theoretical results.

Another possibility is that the measured cross sections
affected by elastic processes. As discussed in Appendi
the scattering from the effective long range potential lea
only to a small increase (,1%) of the measured integra
cross sections compared with the classical cross sections
the other hand, glancing collisions in which the atoms a
proach the droplet surface at small angles of incidence co
conceivably also undergo an elastic collision and not cont
ute to the measured integral cross section. An upper limit
this effect can be estimated by assuming that the reflecti
of Ar and Kr from liquid He surfaces is equal to the refle
tivity of 4He, which can be estimated from experiment8

The reflectivity of 4He at the relative speeds ofv rel
'400 m/s used here is small and is expected to be la
than 1022 only for angles of incidence smaller than about 5
Even if the reflectivity were unity the overall effect would b
less than about 1%.

At finite temperatures the surface will be additiona
broadened~finite-T broadening! by the excitations of the sur
face vibrational modes which have frequencies of the or
of 0.1 K ~Ref. 14! well below the temperature of the drop
lets. These vibrations could increase the cross section
respect to the one of spherical droplets atT50. This effect
also seems to be small since, for example, the path-inte
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Monte Carlo calculations of Ref. 13 for small droplets atT
50.5 K, which include the finite-T broadening, show a den
sity profile very similar to the other Monte Carlo calculatio
at zero temperature. At the other extreme of a planar
surface~see Table III!, the calculations of Ref. 27 give aga
an almost temperature-independent profile up to 1 K. Th
even though direct theoretical estimates of the finite-T broad-
ening for large clusters are not yet available, this effec
expected to be negligible at the low temperature of the dr
lets, 0.4 K.

A final source of experimental error could arise from
nonspherical shape of the droplet. Such a distortion m
result from the large angular momentum~several 1000\)
which some of the droplets may have as a result of collisi
with the residual gas before arriving in the scattering regi
A simple estimate indicates that in view of the large mass
the droplet, the resulting rotation speed is slow compa
with the colliding secondary beam atoms and thus the dr
lets can be considered as being stationary during the c
sion. Thus the effect of a possible deformation on the exp
mental results can be estimated from the calcula
geometrical cross section of a rotational ellipsoid avera
over all orientations.

The radius of the ellipsoid is assumed to have the lenga
and the radius of the axis of rotational symmetry is given
b. For a.b one gets an oblate and fora,b a prolate ellip-
soid. The geometrical cross sectionsell under an angle of
view v can be written as~see Appendix C!

sell5
4

3
paAb41a4tan2v

b21a2tan2v
sinFv1arctanS b2

a2tanv
D G .

~12!

The effective cross section is obtained by averaging num
cally over all orientations,

sell̄5
1

2E0

p

dv sin~v!sell~v!. ~13!

The resulting mean cross section is shown as a functio
the ratio of the radiib/a in Fig. 5, scaled to the cross sectio

FIG. 5. The effective integral cross section of an ellipsoid av
aged over all possible orientations in units of the cross section
sphere with the same volume. The radiusb is the axis of symmetry
anda indicates the other radius.
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of a sphere with the same volume. For a real droplet w
lower density at the surface the effect will be even grea
since the surface area of the ellipsoid is larger. To explain
difference of 5–10 % between the DF results and the exp
ments, oblate shaped droplets with a value ofb/a'0.6 or
prolate droplets withb/a'2.5 would be required. Oblate
shapes with such small averageb/a ratios seem unlikely in
view of the relatively small fraction ('15%) of the incident
beam droplets which undergo collisions with the resid
gas. Thus we conclude that even in the very unlikely c
that the droplets are somewhat distorted this has little ef
on the measured surface thickness.

In summarizing these considerations of experimen
shortcomings it appears that the systematic errors in our
perimental results are quite small and comparable to the
tistical errors of 65%. The discrepancy of the order o
10–20 % indicated by the comparison with the theoreti
values probably originates from some more fundamen
shortcomings in the DF method. This conclusion is su
ported by the comparisons between DF calculations for
bulk liquid surface and experiments listed in Table III f
which a similar discrepancy is found.

Finally it is interesting to note that the same qualitati
agreement between the measured cross sections and
obtained from the DF calculations over the entire range
number sizes provides evidence in support of the trend s
in the calculations that the width of the surface profile do
not change with droplet size. This observation and the co
parisons in Table III all suggest that the true surface thi
ness of these large droplets could also be estimated f
calculations of much smaller clusters with at least 100 ato
for which the central density is invariably predicted to
equal to the bulk density.

V. CONCLUSIONS

By using a combination of scattering techniques~deflec-
tion and attenuation!, it has been possible to measure t
average densities of large helium droplets withN5103 to
104 atoms. These results have been compared with den
functional calculations. Overall agreement can be conside
to be satisfactory but on closer examination the predic
effective integral cross sections are too small by ab
10–20 % and the mean densities too large by ab
10–25 %, which is larger than the errors which are estima
to be about65%. An attempt to fit the experimental da
using a symmetric model density profile yields a value
the 10–90 % thickness oft56.461.3 Å which is larger
than the density functional value of 5.7 Å and is consist
with the differences in the average densities. The assu
tions made in the analysis were critically examined and
explanation for the small discrepancy cannot be at pres
provided. As discussed in connection with Table III the si
ation is similar to the surface of the bulk where experime
also yield thicknesses which are larger than predicted
most theories. The experimental method has also been
cently applied to3He droplets29 and there the average den
sities relative to the bulk are even smaller than found here
4He, a trend which is consistent with recent Thomas-Fe
theoretical calculations.30

In the future it is conceivable that the present experim

-
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tal method can be further improved to provide a sensit
quantitative probe of the outer surface region of large dr
lets. Here it is interesting to speculate what effect the la
condensate fraction in this outer region11 would have on the
cross section. One can also explore the existence of a La
velocity below which the interaction should disappear, a
happens in the bulk liquid at 57 m/s. Experiments under s
conditions are now possible31 and are envisaged in the fu
ture.
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APPENDIX A: INTEGRAL CROSS SECTION

The quantum-mechanical differential cross section
elastic scattering from the secondary beam gas atoms
calculated using a partial wave expansion method24 in order
to estimate the effect of the forward diffraction contributio
on our results. The following spherical model potential o
tained by integrating the Lennard-Jones 12-6 potential
tween the scattering atom and the He atoms of the dro
was assumed:32

VN~r !5
4N«k6

~r 22R2!3
F k6S r 61

21

5
r 4R213r 2R41

1

3
R6D

~r 22R2!6

21G ; r .R. ~A1!

The integration is simplified by assuming the He atoms to
homogeneously distributed within a sphere of radiusR. Here
the effective radiusR corresponds to the radiusRN5r 0N1/3

of a droplet withN atoms reduced by the effective radiusr 0
of one atom in the same droplet, i.e.,R5RN2r 05(N1/3

21)r 0. Estimates of the effective radiusr 0 of one helium
atom in a droplet can be extracted from quantum many-b
calculations. For instance, Pandharipandeet al.16 reported
the valuer 0(N)52.2410.38N21/312.59N22/3. The param-
eters« and k are such that, in the limiting caseN51, the
potentialVN reduces to the two-body Lennard-Jones He-
or He-Ar potential

V1~r !54«@~k/r !122~k/r !6#[«F S Rm

r D 12

22S Rm

r D 6G ,
~A2!

where Rm521/6k. We use«52.67 meV andRm53.70 Å
for He-Kr, and«52.59 meV andRm53.40 Å for He-Ar.33

Although the inner repulsive potential is not realistic for ce
tral collisions with the strongly absorbing liquid core of th
He droplet, the potential Eq.~A1! should be a good approxi
mation for describing the glancing collisions, which are t
relevant ones in determining the elastic contribution to
integral cross section.
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The integral cross section of real He droplets consists
the elastic cross sectionse resulting from diffraction in large
impact collisions and the absorption cross sectionsa in more
central collisions. In the calculations with the hard core p
tential Eq.~A1! the angularly distributed isotropic part of th
differential cross section takes account of the effect of
absorption cross sectionsa . In our case, where the de Bro
glie wavelength of relative motionl is much smaller than
the droplet radius, all particles with impact parameter sma
than approximatelyRN are expected to be absorbed. T
contribution of particles with angular momentuml to the
cross section is given bys l5(2l 11)p|2.34 Then the inte-
gral cross section is given approximately by

s. (
l 50

RN /|

~2l 11!p|21 (
l 5RN /|

`

s
el,l

.pRN
2 1se . ~A3!

The partse was calculated quantum mechanically exac
for the potential Eq.~A1!. Since the calculated elastic sca
tering is found to be sharply peaked in the forward direct
its contribution to the integral cross section can be neglec
for center of mass anglesq larger than about 5°. The labo
ratory scattering angleQ is in the case ofmdrop@msecrelated
to q by

Q~q!5
msec

vdrop~msec1mdrop!
H v relsinFarcsinS vsecsin b

v rel
D1qG

2vsecsin bJ , ~A4!

wherev rel is the relative speed of the two beams andb is the
angle between them. Since the massmdrop of the primary
beam droplets is much larger than the massmsec of the sec-
ondary gas atoms the angleQ turns out to be very small. Fo
example, a center of mass angleq55° corresponds to labo
ratory anglesQ of about 1 mrad for droplets with 100
atoms, which is comparable with the angular resolution
our apparatus.

The theoretical differential cross sections were convolu
with the angular distributionsS(Q) of the incident beam
~beam profiles!. These latter angular distributions were me
sured with the same method as described in Sec. II A w
the secondary beam blocked with a beam flag located in
scattering chamber. In this arrangement the residual gas p
sure and its effect on the beam profile is the same as in
scattering experiment. The predicted effective integral cr
section is then given by

sapp
int 52pE

qapp

p

dq sin~q!H E
2p

p

dzS ds~q2z!

dv D
th

s~z!J ,

~A5!

where theqapp represents the effective geometrical center
mass resolution given by the slit in front of the scatteri
center and in front of the detector ands(q) is the measured
angular profile of the unscattered beam transformed into
center of mass system. The quantity (ds/dv) th is the calcu-
lated elastic differential cross section. Fortunately the res
ing value ofsapp

int turns out to be very close to the classic
cross sectionsclass5pRN

2 ; the two cross sections agree
within 1% for droplets with 1000 atoms and for larger dro
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lets the agreement is even better. Thus the corrections
cussed above justify the assumption that the classical c
section is measured.

APPENDIX B: DENSITY FUNCTIONAL

The explicit expression of the correlation energyEc , en-
tering the density functional~7!, is given by6,12

Ec@r#5E dr H 1

2E dr 8r~r !Vl~ ur2r 8u!r~r 8!1
c2

2
r~r !

3@r h̄~r !#21
c3

3
r~r !@r h̄~r !#3

2
\2

4m
asE dr 8 F~ ur2r 8u!S 12

r~r !

r0s
D

3¹r~r !•¹r~r 8!S 12
r~r !

r0s
D J . ~B1!

The two-body interactionVl is the Lennard-Jones inter
atomic potential, with the standard parametersa52.556 Å
and «510.22 K, screened at short distance (Vl[0 for r
,h, with h52.1903 Å). The two terms with the paramete
c2522.411 8573104 K Å 6 and c351.858 496
3106 K Å 9 account phenomenologically for short-ran
correlations between atoms. The weighted densityr h̄(r ) is
the average ofr over a sphere of radiush centered inr . The
last term, depending on the gradient of the density in diff
ent points, is introduced to reproduce the static respo
function in the roton region. The functionF is a simple
Gaussian F(r )5p23/2l 23exp(2r2/l 2) with l 51 Å,
while as554.31 Å3 andr0s50.04 Å23.

APPENDIX C: MEAN GEOMETRICAL CROSS SECTION
OF A ROTATIONAL ELLIPSOID

A rotational ellipsoid is assumed with the axis of rot
tional symmetryb parallel to thez axis and the other two
radii a:

x21y2

a2
1

z2

b2
51. ~C1!

This can be written in spherical coordinates

r ~Q,F!5
b

12e2 sin2~Q!
, e5

Aa22b2

a
,1. ~C2!

Since the visible cross sectionsell of the ellipsoid from a
viewing point with a polar anglev does not depend on th
azimuth angleF, the problem can be reduced to thex-z
plane. The visible cross sectionsell is given by the projection
of the cutting plane through the ellipsoid which is defined
the tangents with anglev. Since every cutting plane of a
ellipsoid is an ellipse, the area of the cutting planess can be
written as
is-
ss

-
se

ss~v!5pars~v!. ~C3!

The projection on a plane perpendicular to the viewing
rection is given by

sell~v!5ss~v!cos~v2Qs!. ~C4!

To find the vectorr s5(p2Qs

r s )5(zs

xs) lying in the cutting plane

the equation of a tangent at the ellipse has to be calcula

15
xxs

a2
1

zzs

b2
~C5!

which yields

z5
b2

zs
2

b2xs

a2zs

x. ~C6!

The tangent must be parallel to the viewing directionv:

cot~v!5
dz

dx
52

b2xs

a2zs

. ~C7!

With Eq. ~C1! follows

xs
25

a4cot2~v!

b21a2cot2~v!
, ~C8!

and forzs and r s

zs
25

b4

b21a2cot2~v!
, ~C9!

r s
25xs

21zs
25

b41a4cot2~v!

b21a2cot2~v!
. ~C10!

From Eqs.~C8! and ~C9! Qs can be calculated:

tan~Qs!5
zs

xs
5

b2

a2cot~v!
. ~C11!

The visible cross section of an ellipsoid follows from Eq
~C3! and ~C4!:

sell~v!5paAb41a4cot2~v!

b21a2cot2~v!

3cosFv2arctanS b2

a2cot~v!
D G . ~C12!

The mean cross section is derived by integration overv:

sell~v !̄5
1

2E0

p

dv sin~v!sell~v!. ~C13!
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