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Elementary excitations in dimerized and frustrated Heisenberg chains
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We present a detailed numerical analysis of the low-energy excitation spectrum of a frustrated and dimerized
spin S=1/2 Heisenberg chain. In particular, we show that in the commensurate spin-Peierls phase the ratio of
the singlet and triplet excitation gap is a universal function which depends on the frustration parameter only.
We identify the conditions for which a second elementary triplet branch in the excitation spectrum splits from
the continuum. We compare our results with predictions from the continuum limit field theory. We discuss the
relevance of our data in connection with recent experiments on Cy®&¥,05, and (VO),P,0.
[S0163-182698)05930-X

[. INTRODUCTION ventional magnons carrying spin 1 are deconfined into spin-

1/2 spinons. In dimerized spin-Peierls compounds the exci-

Low-dimensional quantum spin systems have attracteddtion spectrum is always gapped and the low lying
considerable attention from theorists over the decades. Mo§Xcitations are triplets. In addition, a massive singlet branch
of the interesting and fascinating features observed in thedB2Y €xist above the triplet excitation branch in frustrated

systems are pure quantum effects uniquely due to their lowystems. As it will be shown in the following, even a second

dimensionality. Peculiar properties of one-dimensional quantr'plet branch can appear helow the continuum. Hence in

tum antiferromagnets such as e.g., exotic ground states GPESE Systems spinons are confined back into triplet mag-
nons. The interaction between magnons can lead to massive

unconventional excitation spectra are not accessible to tradj-

fioral method t . nurbation th ,.pinglet and triplet excitations below the continuldrff and
lonal methods such as spin-wave or perturbation theory, b, ey 5 sequence of further massive excitatfdrBurther-

require the use of numerical or field-theoretical approaches;qre the dimerized frustrated Heisenberg model can also
These methods are complementary to each other and t@ugcribe the two-leg ladder with frustratigh.

gether with exact Bethe ansatz solutions of particular models |, recent years the field-theoretical continuum-limit ap-
they allow for a complete description of low-dimensional proaches were successfully used to study spin-Peierls com-
guantum spin systems. In particular, the fieId-theoreticaBounds and spin-ladder systefif$:?* These studies show
methods have been used successfully to predict the scalingiechanisms for spinon confinement from the alternation of
behavior of the one-dimensional spl=1/2 Heisenberg exchange couplings in spin-Peierls compounds and from the
model; the existence of gapless and gapped phases in thaterchain coupling in spin-ladder systems. Although univer-
S=1/2 frustrated Heisenberg chdimnd the existence of an sal features of the physical system are usually properly cap-
excitation gap in the spi$=1 Heisenberg chaih.On the tured in field theoretical studies, important details governed
other hand, only numerical methods allow us to determingyy the physics at short length scales remain out of range for
the critical value of frustration beyond which the gappedthe applicability of these methods. Moreover, due to the per-
phase appedts and to determine details of the ground stateturbative nature of the continuum-limit approach, its predic-
propertie§ or the behavior of the excitation gap itséff. tions are less accurate in the physically more realistic strong
Recently the interest in one-dimensional spin systems hasoupling limit where details of the short-distance physics are
been particularly boosted by the discovery of various nonorvery important. Therefore, there is still a number of open
ganic quasi-one-dimensional compounds, in particular, thguestions motivating further theoretical studies of spin-
spin-Peierls materials CuGgQ@Ref. 9 and Na\,Os (Refs.  Peierls and spin-ladder systems — especially in the strong
10-13 and spin ladder compounds such as S@u  coupling limit — by using exact methods.
SKL,CW0s, or possibly (VOYP,0,.2471 A common feature of In this paper we present specifically a detailed numerical
these compounds is an excitation spectrum which is dramatanalysis of the low-energy excitation spectrum of t8e
cally different from the spinS=1/2 Heisenberg chain. A =1/2 antiferromagnetic Heisenberg chain with frustration
remarkable fact about the Heisenberg chain is that its exciand dimerization, as proposed in particular to describe the
tation spectrum consists of spin-1/2 particlespinons.’®  magnetic properties of CuGg® The Hamiltonian reads
Physically such excitations can be created only in pairs be-
cause upon flipping one spin the total spin projection is _ _ile . )
changed byAS,=1. Thus, in the Heisenberg chain the con- H JZ {[1+8-118 SeataS-Seoh (@)
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wherei denotes the sites of a chain with lendgttandS are u ) . do)\?
S=1/2 spin operatorsl>0 is the nearest-neighbor exchange Hbos:f dx) 5| K IITHKTH = | [+ Mscos(Bsé)
coupling, a the frustration parameter from next-nearest-
neighbor coupling and is the dimerization parameter.
Besides its relevance to real spin-Peierls compounds the TMCos(Bad) |, 2

model is interesting purely from a theoretical point of view i ] )
as it contains two independent mechanisms for spin-gap fotVNereu is the spin wave velocityg, = V8, Bs=v2m, K

mation. At 5=0 the model is characterized by a critical =[1-(a—agl[1+(a—aJ]l, M =J(a—ac), andM;

value of frustrationa, (Ref. 2 which was accurately deter- 'Il'h | £ th itical f . is d ined b
mined by numerical studiest.=0.2412*° For a<a, the h behva_ue ?‘tL N crl?ca ;us;rat;c:jqct IS ete_rmln_?d y d
frustration is irrelevant, the system renormalizes to the € behavior ot Ine system at short distances, 1.€., 1t epenas

Heisenberd fixed point: the around state corresponds to 37 nonuniversal parameters of the continuum limit theory.
9 point. 9 " P ‘?herefore, differently constructed continuum limit theories

Sgive rather different values of this parameté?:*The exact

spinons. Ata= a, there is a transition into a spontaneously ;¢ ofa, was determined only within numerical studfes,
dimerized ground state. The spectrum acquires a gap and teyt the nonuniversal parameters of the continuum limit

elementary excitation is a massive spirfo@n the other _ Hamiltonian could be always chosen in such a way to ensure
hand, at any5#0 the singlet ground state of the model is the proper value of the critical frustratian, .

also dimerized with a gap in the spin excitation spectrum, but Contrary to the standard SG modefamiltonian(2) with
the elementary excitation is a magroff. only 1 “cosine term” M cos (3¢)], which is exactly solv-

For the special casea2+ 6=1 the ground state of the able and well understootthe theory of the quantum double
spin Hamiltonian Eq(1) is known exactly to be a product SG model is much less developed. However, in two limiting
wave function of nearest-neighbor singlet pai&This line  cases the model Ed2) reduces to the SG theory and pro-
in the (o, 5) parameter plane separates two distinct regimesvides exact knowledge about the characteristic properties of
for 2a+ 6—1=<0 the dominant peak in the static magnetic the system.
structure factor is at* =, while in the other caser/2 Let us first consider the case=0 (M ;=0) correspond-
<g* <. In this latter incommensurate phasg, continu-  ing to the frustrated Heisenberg chain. The behavior of this
OUS|y decreases from with increasingll and 5, and asymp- model is determined by the marginal interaction which is
totically approachesr/2.7 controlled by the frustrationd= 8,=\87. For a<a, the

In a recent work?® the existence of a massive singlet ex- interaction is irrelevant and the system scales to the Gaussian

citation has been confirmed numerically for the Hamiltonianfixed point: elementary excitations are massless spinons. For
Eq. (1) with a=0.35 ands=0.012. In addition to the el- a> a, the interaction is marginally relevant and the effective
ementary triplet and singlet excitations and depending on thiteraction renormalizes to large values. An exponentially

. R : .
set of parametersa(,8) another triplet excitation was found _small gapM _ocexp[ cl(e aC)].'S Qynamlcally geperated
to split from the continuuni®?’ in the excitation spectrum, the fielflis ordered leading to a

In this paper we will analyze in detail the intriguing struc- spontaneously dimerized ground state with the finite order

ture of the excitation spectrum for different frustration andparameter

dimerization parameters, and we compare our numerical data R 1 _

with the available results from field theoretical methods. The (Og)= T 2 (-1)(S-1:S—S-S+1) )- 3)
paper is organized as follows. In Sec. Il we summarize the !

procedure and the results of the continuum limit field theoryThus, the elementary excitations in the massive phase of the
and outline the open questions inaccessible by these analyfrustrated Heisenberg chain are described by solitons
cal methods. In Sec. Il we focus our attention on the single{“kinks” ) of the quantum SG model witB= /8.2 There

to triplet energy gap ratidR(«,d)=A¢/A, and show that are no soliton-antisoliton bound states in this case and the
R(«, 8) only depends omx when 2+ §<1; the field theory  system is characterized by the only one scale spin fjap
prediction R= V3 is precisely realized for alb only when  =2M*. Excitations above the given vacuum are created by
a=a,. In Sec. IV we discuss the conditions for which a breaking singlet bonds. Each broken bond gives rise to a pair
second triplet excitation branch may exist below the conof decoupled spins 1/2 on neighboring sites. Once created,

tinuum. Finally, in Sec. V we connect our results to recentthese isolated spins can propagate coherently along different
experimental data on different spin chain compounds. sublattices and constitute elementary excitations of the mas-

sive spinon type.
We now consider the cas®* 0 anda=«a, (M,=0 and
M s#0). The excitation spectrum of the SG model &t
=Bs=/27 is exactly knowr' and at this point consists of
soliton and antisoliton excitations with masstéb=My
The first insight into the structure of the excitation spec-=M and two bound statereatherswith massedM ;=M
trum of the model Eq(1) is obtained from bosonization and andM,= J3M. The soliton excitation carries sp8f=1, the
the continuum limit renormalization group appro&thin antisoliton excitationS’=—1, and the two breathers with
terms of the continuum fiel@(x) the bosonized version of opposite parityS’=0. The lower-energy breather mode is
the initial spin model is the double sine-Gord@G) model  degenerate with the kink and antikink and these three exci-

II. THE CONTINUUM-LIMIT FIELD-THEORY
APPROACH
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tations correspond to a triplet excitation branch in the origi- 22 . - . .
nal spin model language. The second bound state, in fact, haR
its counterpart in a spin singlet excitatidithese two modes 2 0B — — ———————— e _

are the only elementary excitations in this case and the ratic
of their excitation gaps is exactly3.

The standard renormalization gro(RG) approac
to the double SG model EqR) is based on the fact that the
critical dimensions of the two cosine terms arising from the 1.6
smooth and staggered part of the exchanges, respectively, ai
different:

FI4,30,32 1.8

-0 804 :

| 38602 | |
M aasol . ED :
dim cos(/2 =1, dim cos(y8 =2. 4 #—% 8=0.05 | |
m cos(vamd) m cos(v8md) @ 2| ®#500 DMRG!

Thus, thes cos (27 ¢) term is strongly relevant, while the
J(a—ag) cos (8w¢) term is marginal. Therefore, the es- . o . .
sential physics as determined by the relevant term is — at 9.0 0.10 020 O 030 0.40 0.50
least for <1 — similar to that of the above discussed SG o

model with 8=/27, and the marginal interaction leads to
logarithmic corrections only. Therefore one assumes that th
excitation spectrum of the spin-Peierls state consists of tw

FIG. 1. Extrapolated singlet-triplet gap rai{«, ) =Ag/A; vs
rustration« for different dimerization paramete The symbols

excitation branches with gaps, (triplet excitation and A marked with a cross have been calculated in the incommensurate
9 P S phase. ED indicates exact diagonalization results extrapolated to the

=RA, (singlet excitatiop with R slightly different from 3 infinite chain limit. In addition we have added data points from

. . . 32 .
due to the logarithmic CorreCt'.o'%- However, since frus-  gensity matrix renormalization grouPMRG) calculations(Ref.
tration and dimerization provide two principally different 33

mechanisms for spin gap formation, interference between

these interactions is nontrivial especially in the limit of sjze scaling behavior. Whila, is a monotonically decreas-
strong initial interactions. A very sensitive tool to study thesejng function of 1L, A is nonmonotonic in 1/ and develops
particular effects is to explore the detailed structure of theéy minimum for a particular chain length which varies with
of the dimerized and frustrated Heisenberg chain(EDpro-  es forA, and A, to the infinite chain limit, we need two

vides another way for the determination of the critical pa-gjfferent finite size scaling fit functions. For the triplet gap
rametera. . Only for a= a. is the structure of the excitation e have used the three-parameter af8atz

spectrum exactly the same as that of the SG model with
=\27. Therefore, a, is determined from the condition A L
R(S,a) = 3. At(L)zApLEexp(—L—
Due to the different critical dimensions of the cosine i
terms in the double SG model one may attempt, in a firs©On the other hand, in order to account for the nonmonotonic
approximation, to neglect the coéa_mb) term and to con- behavior ofA; we have chosen the four-parameter ansatz
sider the usual SG model with the ca@@ ) term only.
However, as we demonstrate in the subsequent sections, we A(L)=Atexp
have to conclude from our numerical results that this com- s s

monly accepted procedure is not valid and the structure of i i
the excitations is quite different. For example, we fiRd with A>0 andB<0. Note that both fit functions proved to

—2 in the absence of frustration=0 which means that 9ive an excellent agreement with density matrix renormaliza-

there is no long wavelength singlet excitation branch and thd°n 9roup(DMRG) data withL of order 100, in particular in

singlet excitation energy coincides with the edge of the conth€ region where the spin-spin correlation length is shorter

; 33
tinuum. Furthermore we obtain that far< a, and smalls  than the chain lengtff _ _
the ratioR=A./A, is a “universal” function of« alone. So In Fig. 1 we show the rati®(«, 6) as a function ot for

although the continuum limit Hamiltonian is a proper de-different values of the dimerization parameter (G:02
scription of the spin lattice model Eql) the commonly ~ <0-4) using the extrapolated valuesikfandAs. Since we
adopted field theoretical tools for the double SG model ardind that the width of the singlet dispersion is smaller than
not sufficient for a complete understanding of the excitatiori® Width of the triplet dispersion, the necessary condition

spectrum as we will show from our exact diagonalizationfor the singlet excitation branch to split from the continuum
data. over the whole Brillouin zone iR(«, §)<2. Figure 1 clearly

shows that the ratio depends on the frustration parameter in

an essentialay. Fora< a, we obtainR(a, 8)> /3 imply-

ing that the cos\8m¢) term in the double SG model is
Our numerical study is performed using exact diagonalindeed relevant for alkv# o, and cannot be omitted. We

ization technigques with periodic boundary conditions forrecall the field theoretical expectation that the deviations

chains with up td_= 26 sites. As previously reported in Ref. from /3 should be logarithmically small. Furthermore, the

26 the triplet and singlet gaps, andAg have different finite  exact diagonalization data show that the rafois for «

. (5

AB
E+

L , (6)

lll. GAP RATIO
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<a, insensitive to the dimerization paramet®fto be more ' ' '
precise, for6>0.05 within the accuracy of our finite size 19 i
studie$ which in the continuum limit field theory controls E-E
the relevant interaction in the double SG modek /3 is -7 |
indeed obtained at criticality = « for any finite 5, weak or 15 |
strong. In the absence of frustration,=0, and for any ’
dimerization we findR(a=0,5)=2. Therefore, there is no Bp—5 58 o o o o8 i
well defined singlet excitation aj=0 (or equivalentlyq -0
=) since A;=2A, coincides with the lower edge of the 11 L i
continuum. T

In addition we find thati) R(«, 6) is auniversalfunction 0.9 - j
of a for 2a+ <1 and(ii) R(«, §) depends on both param-
eters in the incommensurate phase far26>1. We note 0.7 i
that the deviations observed for weak valuesdofi.e., &
=0.05) in Fig. 1 result from a lack of precision in the deter- 0.5 ' . -
mination of the extrapolated. High precision is lost when (@) 020 030 o 040 050
the spin-spin correlation length becomes comparable to ol
longer than the chain length for small On the other hand ' ' ' ' ' ' ' '
the comparison with DMRG calculations far<100 shows 0080 I 5 a0 y
that the ansatz for the scaling of the singlet dap Eq. (5), Weight! c—0-01
remains very accurate even in the region of long correlation  0.070 | ﬁgg .
lengths(small gap. To demonstrate the consistency with the 0004
diagonalization data we have added in Fig. 1 DMRG data gggo L _
points calculated fos=0.023 The DMRG data support the
observation that the rati_a(a,é) depends onx only in the 0.050 I | 8=0.2
commensurate phase, i.e., as long ast2d<1. We have
indicated in Fig. 1(with a cros$ the data points for which
the parameter pairsa(8) belong to the incommensurate 0.040 - 1
phase. We emphasize that for these sets of parameters tt
finite size effects are extremely small and the values of  0.030 - 1
R(«a, 6) are thus very accurate.

A similar behavior has recently been found by Yokoyama

0.020 L ) . . . L L L
0.000 0.010 0.020 0.030 0.040 0.050 0.060 0.070 0.080

et al. for the leadings power law dependence of the triplet 1L

excitation gapA, 87, where the exponeng is a monotonic ()
continuous function ofx.?” In this work it was shown that
the Cross-Fisher valug=2 (Ref. 34 is realized only for
a=ag, buty+3 for a<a.

FIG. 2. (a) Energy of the three lowest excitations vs frustration
calculated at fixed dimerizatiof=0.2 and momenturq=0 (resp.
7). The continuous line indicates the edge of the continuum at
2A;. Ty, are triplet excitations an8, is the lowest singlet excita-
tion. (b) Spectral weightV of the tripletT, as a function of 1/ (L
is the size of the systenfor §=0.2 and different values af. The

) o full symbols correspond to cases for whidhscales to finite values
Another peculiar observation is made when the parampy, the infinite chain limit.

eters ,5) are increased towards stronger dimerization in

that a second triplet excitation branch splits from the cons, agreement with the results reported previously in Ref. 26.

tinuum. I_n analogy to the singlet excitation this secqnd triplet In order to verify that the tripleT, is indeed a well de-
may be interpreted as a bound state between a triplet and.a o a
. o . . ; ._fined elementary excitation g= 7 only whena>0.28 (for
singlet excitation. In order to investigate this feature we fix . ) '
6=0.2), we have also evaluated its spectral weigtit

the dimerization paramete6=0.2 and discuss the low- . ) -
i ion i =|(T,|O|0)|? versus 1L in the dynamical structure factor
energy spectrum as a function of frustration in the subsector I\ '2

of total momentung=0. For this purpose we have show in S(7,®) for different frustration parameters[see Fig. 20)]
Fig. 2a) the energies of the three lowest excited states, exwhere|0) is the ground state wave function atd=S*()
trapolated toL—, as a function ofa. In this figure the =(1L)Z, exp (ir 1)S’. We observe that for<0.28, W
lower edge of the continuum atA? is indicated by a con- has a strong size dependence, and the data indicat&\that
tinuous bold line. We observe that fer<0.28, there are —0 with L—o. However, for a>0.28 the curvature of
only two well defined excitations below the continuum, oneW(1/L) changes indicating that the weigit(1/L) scales to
triplet and one singlet as discussed above. The energy of the finite value consistent with the identification ©5 as an
next excited state is found to scale to the lower edge of thelementary excitation below the continuum.

continuum withL — . In contrast to the triplet, the singlet By evaluating the excitation spectrum in different mo-
excitation gap remains almost constant with changihg mentum sectors we find that the tripl€ splits from the
However, we observe that far>0.28 another triplet exci- continuum first ag=#/2. In Fig. 3a), we have plotted the
tation T, splits from the continuunti.e., Er,< 2A,). Thisiis  ratio

IV. A SECOND TRIPLET BRANCH
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T T T 2_5
1.08 | 1 Conti
A—A 502 ontinuum

R‘ 1.04 | —a 5=0.1 4 (O'(q)

1.00

0.96

4

0.92

0.88 |

0.84 - 1

0.80 - .

0.76 L L L 0.0 1 1 1 1

0.00 0.10 0.20 0.30 0.00 0.10 0.20 0.30 0.40 0.50
(@ a a4/
G—0 §0.05 FIG. 4. Dispersionw;(q)=E;(q) — Eq of the three lowest exci-
2.20 G—8&0.1 T tations fora=0.2 and5=0.2. The full symbols correspond to the

R L1802 triplets T, and T, and the open symbols to the singl8t. The
2 E,/e\g\& continuum is indicated by the shaded area.
2,00 A A

—o. R;<1 implies that the excitation is split from the con-
tinuum atq=#2. Figure 3a) shows that for large enough
180 1 | dimerization(e.g., =0.2) the tripletT, is well defined at

’ Q=0,7 g=w/2 for any . However, as we reduce the dimerization
parametefe.g., to5=0.1), we observe that stronger frustra-
tion is needed in order to separdtgfrom the continuum. In
fact, for 5=0.1 ande<0.12,R;~1, i.e., the energy of the
second triplet excitation scales to the lower edge of the con-
tinuum. Thus our data suggest that in the absence of frustra-
1.49 : ; . ' tion, there is a minimal values,,;;>0.1 above which the

() 07° 020 030 o 0% 00 triplet T, appears. The fact thd®,~0.98 instead of 1, for
6=0.1 anda<0.12 shows that this excitation is not well

1.60 R

0.4 ' ' ' ' defined, the finite size analysis is not valid for excitations in
Clmin ] the continuum. The kink iR, clearly indicates the minimum
° O ~1/3 (1= 8) value of the frustration for which the excitation separates
030 F & - 1 from the lower edge of the continuum. Similarly, the value
e a=0.28 [see Fig. 2a)] is the minimal frustrationa ,,(8
T =0.2) for the second triplet to be a well defined excitation
branch over the entire Brillouin zone. In other words, for a
0.20 | A 1 given 8, the momentum range for which the triplgj is split
L% | from the continuum is centered arouwg= 7/2 increasing
continuously with increasing. As an example, we show in
010 b _ Fig. 4 the dispersion of the three lowest excitations dor
e =0.2 and$=0.2, for which the tripletT, is split from the
'\\ ; continuum in the momentum rangerfb>q> qin~7/5.
b In order to determine thé dependence a#,;,, we have
0005 o2 04 5 o6 08 o plotted in Fig. 3b) the ratio
©

B E(S=1,7,2)—E,
FIG. 3. (8 R; and (b) R, as a function ofa calculated for 2 A ’

different values of the parametér For the definitions of the ratios for diff | 5 Th o . i
R, andR, see Eqs(7) and(8), respectively. In(c), we have plotted versusca for different values of6. The excitationT, is split

i as a function of, the dashed line is a linear fit of the data, from the continuum wherR,<2. Figure 3b) shows that
amin increases wherd is reduced, for instancey,x(0.2)

E(S=1,7/2,2)—E(S=1,m/2,1) ~0.28 anda;;,(0.05)~0.32. We have plotted in Fig.(8
R;= A , (7)  amp as a function ofs for §<1. Our results suggest that
t amin IS Within a good approximation a simple linear function
versusa whereE(S,q,n) is thenth energy level in the sub- of the paramete®, ani=~(1—9)/3. Thus, in the special lim-
sector with total momenturg and spinS extrapolated td iting cases— 1, and restricting ourselves to the commensu-

()
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rate region we observe that,;,—0. Note that the result ent photon polarization geometries suggesting that this exci-
cannot be extended at the special pdirt1, since the spec- tation is probably not of magnetic origin. An alternative ori-
trum at this point consists of a discrete set of eigenvalue§in IS a charg+e excitation due to a local charge transfer from
E,=nA,, thus there is no continuum in the vicinity of\2. a to a V" chain. All these observations indicate some

However, for 0.5 8< 1, the spectrum consists of minibands IMPortant qualitative differences between the spin chain
with finite band gaps, thus the notion of continuum has &-°MPounds CuGePand NaV,0s. . .
Finally we discuss the case of (V@,0; — a spin chain

meesatlgi?hgaitnﬂt]f;esvigi(;irtgn? fi 52\ é.oriurlteklzlrmg;eﬁ;é%;ensault :};J g compound whose magnetic properties have given rise to con-
\?vhen 5<05 Thg other interestiﬁg po%nt correspondgs o thetrove_rsial interpre;ations. This .compound has begn initially
o ~ . . Lo E .-, considered as an ideal realization of a two-leg antiferromag-
!|m|t.6—.>O.. Indeed, if the linear approximation is still valid netic Heisenberg spin ladd&r Subsequently, however, it has
in this limit, our data shows that i, —1/3. been shown that the susceptibility data on polycristalline ma-
terial could be well fitted by either a ladder or an alternating
chain modef** Early neutron scattering data indicated a spin
gap of about 50 K and supported the two-leg ladder
V. DISCUSSION OF EXPERIMENTAL DATA picture?® Recently, inelastic neutron scattering experiments
have been performed on a collection of many oriented single
We now try to connect these results to some recent exgrystals'® Observed features such as, e.g., the strong disper-
perimental data on CuGgONaV;0s, and (VOLP;0;.  sjon in the rung direction lead to the conclusion that the data
CuGeQ (Ref. 9 and Na\Os (Refs. 10,35,11 are spin-  are not consistent with a spin ladder description and that
Peierls systems with transition temperatufes~14 and 35 (VO),P,0; is better described as an alternating spin chain
K, respectively. Previously it has been shown that the magdirected in the rung direction. Remarkably, in addition to the
netic susceptibility of CuGegin the uniform phase can be lowest triplet another well defined higher energy triplet ex-
accurately reproduced by a frustrated Heisenberg chainitation below the continuum was observed ngar. If we
model with Ref. 37; from this fit the frustration was esti- assume that this compound is well described by an unfrus-
mated to bex~0.35, close to the previous estimate of Rieratrated (@=0) dimerized chain with a dimerization of order
and Dobry®® With an exchange couplind~160 K and« 6~0.1 (i.e., an alternating exchange coupling in the rung
=0.36 the experimental value for the gap=2.1 meV as direction, then we find a contradiction with our present re-
determined by inelastic neutron scatteffhgs obtained sults. In fact, for6~0.1 anda=0, there is no well defined
within the frustrated and dimerized Heisenberg chain mode$econd triplet atg=w. The microscopic structure of
with a dimerization5=0.0122% With this parameter set a (VO),P,0;, however, does not allow us to identify any ob-
singlet-triplet gap ratioR(0.35,0.012»1.50 follows (see  Vious superexchange path which can lead to frustration. At
Fig. 1). However, the experimental ratio Re,,=1.72~ J3; this point we can only point out that bo;h picterg— a two-
according to Fig. 1, this would corresponds de~a., a €9 ladder or an unfrustrated alternating chain — do not
value for a which was previously proposed by Castilla Properly describe the low-energy excitation spectrum in this
et al® compound. The correct modeling of the magnetic properties
There are different possibilities how to resolve this quan-of (VO).P,O; remains an unresolved problem.
titative problem. First, the effects of interchain coupling
along the crystab direction in CuGe@ are experimentally
well established but little is known from theoretical studi®s.
Second, the dynamics resulting from the spin-lattice cou-
pling is expected to play an important role. Indeed, including In this paper we have studied the elementary excitations
dynamical phonons will renormalize the spin excitation specof frustrated and dimerized Heisenberg chains. We have
trum and as a direct consequence the rait shown that in the commensurate dimerized phase the singlet-
Recently, it has been proposed that the low-temperaturgiplet gap ratioR(«,5) only depends on the frustration pa-
phase of the compound NaWs is well described by an un- rameter for arbitrary values of the dimerizatioA=0.02).
frustrated @¢=0) dimerized chain modéP. Following the  The magnitude of this ratio gives a direct measure for the
same procedure as used for CuGete dimerization was strength of the frustrating exchange coupling. Without frus-
estimated to be of orde¥~0.048* If we assume that this is tration R(«=0,6)=2 implying the absence of a long wave-
indeed the case then — according to our results — we expetength singlet excitation below the continuum. We have
a singlet-triplet gap rati®(0,0.048)=2, i.e., there is no well shown that away from criticalityr# a the frustration term
defined long wavelength singlet excitation below the con-plays an important role for the low-energy excitation spec-
tinuum. As a consequence, we expect no magnetic Ramanum. Therefore, the commonly adopted procedure of disre-
response at frequencies below the lower edge of the corgarding the frustration term in the bosonized continuum limit
tinuum at 2A,. However, in a recent Raman scattering ex-Hamiltonian fora<<a. is at least questionable since it is not
periment on NayOs (Ref. 42 it has been observed that the marginally irrelevant. However, for= «., our exact diago-
energy of the lowest excitation in the dimerized phase is ahalization results give preciseR(a.) = /3 in perfect agree-
64 cm %; for this compound the measured triplet excitationment with the field theoretical treatment of the SG model.
gap from inelastic neutron scattering i§~59 cm **  Furthermore, we have demonstrated the conditions for the
Thus the energy of the lowest excitation in the Raman specexistence of another triplet excitation branch which we inter-
tra is very close to the singlet-triplet gap . Furthermore, it pret as a bound state of elementary triplet and singlet exci-
was observed that this feature remains unchanged for diffetations. Depending on the dimerization strength the second
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