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We discuss the coherent behavior of a highly polarized, nuclear or electron, spin system for which the
magnetic dipole radiation, emitted in the radio-frequency region, has a quadratic dependence on the number of
spins. Phenomenological theories are unable to completely predict many of the features of low-temperature
spin systems. Computer simulations provide a very effective and accurate method of describing such systems.
Our investigation is based on a microscopic model, which makes it possible to accurately analyze the role of
dipole interactions and inhomogeneous widening. Inhomogeneous widening complicates the behavior of the
system leading to a longer delay in the appearance of the superradiation pulse and a decrease in its intensity.
If the inhomogeneity is large enough, it destroys the coherence in a spin system at times shorter than the
characteristic dipole relaxation timgS0163-18208)03622-4

INTRODUCTION microscopic description is described. This analysis allowed
the investigation of the role of dipole interactions, but it is
Superradiation phenomena are characterized by a qu&hown that in real systems inhomogeneous widening due to
dratic dependence of the radiation intensity on the number dfregularities in the spin system can be at least as important
radiatorsN. The properties of such coherent effects in optics,as the homogeneous widening caused by dipole interactions.
for example, superfluorescence, superluminescence, collec- OUr analysis takes into account two types of spin damp-
tive induction, and photon echo, have been extensively stud9: transverse damping due to dipole-dipole interactions and
ied. A detailed description of them may be found in manyd@mping due to inhomogeneous widening. Longitudinal
books as well as more recent studiesn effect similar to  42MPing due to spin-lattice interactions plays no role on the
optical superfluorescence but in the radio-frequency region i me scale for which SR is observed. At very high polariza-

much less well known. It is this superradiatié8R) phenom- lons the spin-lattice relaxation time ranges from minutes to
. T : P P hours, whereas the spin relaxation time is a few orders of
enon that is the topic of this study.

. X - . magnitude shortérn this article we present the results of an
Although this phenomenon is very similar to optical su- g b

. . ; investigation into the role of homogeneous widening in the
perfluorescence, the physics governing SR in nuclear or ele‘bhenomenon of SR.

tron spin systems is very different, thus requiring a com-
pletely different mathematical approatirom a physical I. MICROSCOPIC SPIN MODEL
standpoint the main difference between the present and op- . . o
tical cases is that the radio-frequency wavelength is much Consider a system o spins whose sites in real space are
longer than the size of the system so that propagation effecenumerated by the index =1,2,...N. The spin operatd,
play no role. A theoretical investigation of SR for a systemcorresponds to the effective s+ 1/2 of the paramagnetic
of nuclear spins using this technique was performed byons (or nuclej at the nodes of a regular rigid simple cubic
Blombergen and PourtiTheir results indicated that it might 1atice. The dipole interaction of spins has the form
be experimentally possible to obtain a measurable SR signal - - 3( T (BT )
and described the important features of the process. How- VA Lo Bt ST A W
ever, it was not until 1977 that a successful experiment to ! r r
observe radio-frequency superradiation was perforfned. . > >

It is well known in magnetic resonance theory that, de-Where the magnetic moments arg;=uS, u=1vh,
spite the fact that the Bloch equatiofisvolving a phenom-  Tij=ri—rj, rij=|r;;| andy is the gyromagnetic ratioy>0
enological relaxation timeare very useful, they lead to cer- for protons,y<0 for electrons
tain incorrect predictions for low-temperature highly The systemals under the influence of a constant external
polarized spin systems. The SR phenomenon can only b@agnetic fieldH,. If there is a passive electric resonant cir-
observed in such spin systems. In Refs. 5 and 6 the computépit that is tuned to the Zeeman frequenoy=yH,, the
modeling of SR from a homogeneous spin system based onsystem “feels” an additional magnetic field, . induced by
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the rotating spins of the system. The coupling with the circuitequations of motion are to be written using the total Hamil-
produces a coherent pulse in the spin system. This problemonian (5) rather than only its secular part as in perturbation
was investigated in Ref. 3 using the Bloch equations with gheory.

phenomenological “dipole” relaxation timd,. With the With the notationwg=yHg, w;=vyH;, and w;=vA,

coil axis alonge, , the field induced by the resonance circuit the Heisenberg equations of motion for the spin operators are
is given by

d ® d
i 29 .« ., i id—i’:71(s;—sr)cosm—%(s‘—sf)a2 (S
Hres= — ’y_N €x EI S =Hiecb- ¥l )
. . . . o, 1 2 Aj ot ota +
In this equationg defines the strength of the coupling be- +S)+ 5 2 {T(S S =S §)+(c;S

tween the spin system and the resonance cirait

=2mnypuQlwy; whereQ=wyL/R is the quality factor of _ - o
the circuit, o= (LC) ~*?is the natural frequency of the cir- —CiS)Si+e;S S —efS S @)
cuit, n=V/V., with V the sample volume an¥, the coil
volume, andp=N/V is the density of the system. ds d
_ Jensity a5 _ . g S (s
If an alternating magnetic fieltli,(t)cosgt) along thex I = " (@t w)S + w1 coswt— TS 4 : (S

axis is also applied to the system, as in the case of magnetic
resonance, the total Hamiltonian has the form L1 aj . .
+S, )+g_<§_) - (S5 +25 8)+c;(S'S
A 1 A . j(#i
H==pHoX Si=5uH 2 (ST+8)+HatHa,

3 —25/Sh) +¢fS'S —2e;S'S’ J : ®

where H,=H(t)cos wt)+H,s and Hy is the dipole- and the conjugate equation to E@). It is not feasible to
interaction part. The territ{, describes the inhomogeneous diagonalize the quantum Hamiltonian for spin systems of a
widening, for example, due to the variations of the magneticsize necessary for this type of modeling. Numerical simula-
g factors of the effective spins. This term is usually writtentions for “classical” spin systems have been used by many
in the form authors to investigate such topics as magnetic resonance line
shapes and free induction decagpin diffusior? and spin
glasseqdsee Ref. 10 and references thejein this case the
solution is obtained from 9 differential equations describ-

) ) ) . ing the classical spins. In those situations where a quantum
whereA,; is the corresponding random inhomogeneous fielthhenomenological approach is reasonable, such as the
at theith spin. Using the mean-field approach, the effectivemethod of moments or the truncated dipolar interaction ap-

ﬂf—@ AT (4)

dipole Hamiltonian is given by proximation, the results of these methods are qualitatively
1 similar to the classical methodology and both are in agree-
Hdzz 2‘] {aij(Sz<st>_ %31+<3f>)+20i13.+<3jz> ment with experiment. There is particularly good agreement

over the time scales involved in this study.

2] e R * e e Using this method the spins are considered as classical
+2¢;S(S; ) +e; S (§) T &S (S, ®) vectorsgwhose initial distribStion, defining the initial condi-
where the angular brackets represent the statistical averadigns for the differential equations, is determined by a Monte
corresponding to mean polarization of the spin systemCarlo technique similar to the procedure of Metropolis
which corresponds to its temperatdréThe coefficients et altin the thermodynamic averaging over a canonical en-
ajj ,Cjj ,&; are given by semble at a given temperature. A random configuration of

spins{S}I\, is taken as the first member of a Gibbs en-

2ﬁ2 . . . . .
- Y (1-3co 6) semble of spin arrays and its polarizatipp;; is evaluat_ed.
g re o A new, random direction is chosen for an arbitrary spin and
. the new total polarizatiop’ is calculated. IfAp=|p’ —py|
3242 is less tham pjnit=|Pinit— Pol (Wherepy is the desired ini-
Cij=———3Sin 26;; exp(—i¢;;), (6) tial polarization of the systemthen the array with the
ars; changed spin is chosen as the second member of the Gibbs
ensemble; otherwise, it is rejected. This procedure is then
3y?%h? ) repeated to obtain the third member of the ensemble and so
&=~ 3 sin’ 6 exp(—2i ¢;)). on until we obtain an array whose polarization is very close

g to po. This array is taken as the initial distribution of our
The usual way to proceed in magnetic resonance applicatiorgystem.
is by the use of perturbation theory in the small quantity The differential equations describing the classical spin
[H,oc/Hol,2 whereH,,. represents the local magnetic fields. vectors are solved numerically via the Runge-Kutta method.
However, coherent effects are described by essentially nonFhe equations are made dimensionless by means of the fac-
linear equations for which this method is not applicable. Thetor w, =T, *=a®% y?42, wherea is the lattice constant and
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we use the notatioil, to facilitate comparison with the di- The other observable quantity describing the process of

pole spin-spin relaxation time in the phenomenological equaradiation is the power absorbed by the d%Hr(Uiznd /2R, in

tions. The summations in Eq&l) and(8) are limited to the  which U;,4 is the voltage induced in the coil aridl is the

N—1 nearest spins. resistance of the circuit. In our situation this power is given
To take into account inhomogeneous widening the set oby the sum of incoherent and coherent terms

frequencies w;}!"_; must be modeled. Their random nature

requires a statistical methodology,; is modeled using a gh das 2

normally distributed random value with zero average and P:Pinc+Pcoh:W§i: ( G<W>>
dispersiono. The frequenciess; are expressed in units of

o and the dispersiowr in realistic situations varies from gh ds” as

zero to a fewe, . In our simulationsw, is in the range +W2 Re\ o /R84t /- (11)
10— 10°w, andw, is of orderw, , corresponding to actual 7

values in magnetic resonance experiments. The absorbed powd? contains an additional fact@x®/V

In order to ensure that each spin in our cubic lattice hagind is always larger than the radiation intendityWe have
the same number of neighbors we adhere to the commoalso calculated the component of the mean spin
practice in the modeling of paramagnetic matetfatsf re-

quiring that the system obey periodic boundary conditions. N

For a cube of sidé, centered at the origin, with vectoks, pz(t)=21 (SN, (12

L, and Ly defined by L;=(L,0,0), L,=(0,L,0), and

I:3=(0,OJ_) the boundary conditions are given by To illustrate the influence of inhomogeneous widening,
S we have performed calculations with=0 (no widening,
S(x)=S(x*xL,), «=123, H,=0) and with different values of. All quantities are

¢ intz. Th its of th deli ¢ spi ) given in dimensionless units. The frequencies,w.,w;,
or any pointx. The results of the modeling of spin systems ; ; -1 P 3
over short time periods is known to be insensitive to theandw are r_neasu[eld in units @, =T, and_ t|_me_|s mea
a0 . : sured in units ok, -, so thatT,=1. The radiation intensity
number of spin§; 1° thus reducing the possible effect of re- ed i i £ @23t b .
quiring periodic boundary conditions. For our analysis the'S Presente i units 0 LpTSC, ecoming
validity of using periodic .bc.>undar_y condltlons was verified I(t)==;;SS;. In such units we use,~ 17— 10, w,~1,
by observation of only minimal differences in the shape ofand 0<g<0.1, reflecting the usual ratios in magnetic reso-
the curves in Figs. 2—6 for spin systems of 125 and 343 3nce and SR experiments.
nodes. Initially our spin system is created in a state characterized
by the large polarization of spins along thaxis. Due to the
Il. RESULTS OF CALCULATIONS coupling with a passive coil or external resonance pumping,
the transverse spin components gradually begin to grow. The

In the phenomenon of SR a coherent addition of radiatin% eed of this process reaches a maximutr=d, whenp,(t)
z

magnetic moments creates a macroscopic magnetic momel tchanging most rapidly. The phenomenon of superradia-

propqrtiona_ll o the numbgr of spins. The Cha_tractersitic time[ion in which the maximum value df or P is proportional
in which this takes place is called the delay time. CoherencE .

: ted by th field in th i the field of° N2, is observed to take place &tty. At this time the
IS created by the common hield in the resonator or th€ 1Ield O e rance is proportional t8 and, assuming that the initial
the external pumping.

We have calculated the time dependence of the maiHoIanzatman is large enough, the spins in the system are

characteristics: radiation intensity, absorbed power, coheOVINY coherently. In order to show that the radiation inten-

. : sity is indeed proportional to the square of the number of
ence coefficients, and component of the average spin. The ~ . : ;
intensity of magnetodipolepradiation is ge sp spins Fig. 1a) includes results foN=27, 125, and 343, in

the case of the presence of a resonance circuit. In each case
5 .- we use wg=200.0, w;=w=0.0 (no external pumping
| = _||\7| 2, (9)  9=0.0005, and{¥=0.475. The ratio of the maximum val-
3c3 ues of thel is found to be approximately 37125:34%, as
- L ) expected. From Fig.(&) it can also be seen that the time at
whereM = u2(S;) is the total magnetic moment of the sys- which the maximum radiation intensity is obtained is ap-
tem. The intensity9) can be presented as a sum of incoher—proximate|y proportional to N. It is the 1N dependence
ent and coherent terms that leads to thé&l? superradiation phenomenon. It is impor-
0,2 0,2 tar;]t to reglize tha:] thfe rac:]iatiorr: at itslmaximlrjlmd \:jafI;Je is
M > M s coherent despite the fact that the initial spins had different
IZI‘”CHCO*‘:@Z (S)I%+ @; (55). (19 phase displacements. Figur¢bll shows clearly the linear
dependence of the coherence coefficiégs,, on the number
The latter quantity is similar to the sum of off-diagonal ele- of spinsN.
ments of the density matrix, essential for the coherent states. As indicated in Sec. |, we use a statistical methodology to
The relative contribution of coherent radiation to the totaltake into account the effect of inhomogeneous widening.
intensity can be characterized by the coherence coefficie/hen o=0 the w; for each spin is zero. l&=1.0 then the
Ceon=lcon/linc - w; are assigned such that the distribution of #hds Gauss-
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FIG. 1. Radiation intensity and coherence coefficief,, as ()

functions of time in the case of the spin system coupled with a FIG. 2. Radiation intensity, coherence coefficier@,,,, andz
resonance circuit for the parameterpgo):0.475,w0:200, projection of polarizatiorp, as functions of time in the case of the
9=0.0005, w;=w=0, and no inhomogeneous widenings (  spin system coupled with a resonance circuit for the parameters
=0.0). The solid line is foN=343, the dashed line fdN=125, ~N=125, p{”=0.475, wo=200, g=0.0005, andw;=w=0. The
and the dotted line foN=27. inhomogeneous widening paramete+ 1.0 and the “bands” cor-
respond to the broadening caused by different initial assignments of
ian with zero average and dispersi¢standard deviation the frequencies; .
equal to 1.0. There is an infinite number of ways in which
the assignments af; can be made for each spin in order to €xcept fore=5.0. Wheng=0.00025(Fig. 4 t, is larger
reproduce the required Gaussian distribution égr Each  thanT,. SinceT, represents the dipole relaxation time it is
different set ofw; assignments will produce a unique spin clear that at times significantly smaller than dipole inter-
system with a unique time evolution. In Figga® 2(b), and actions will have only a small effect on the behavior of the
2(c) we have chosen to represent this effect ter 1.0
(wo=200.0, w;=w=0.0, g=0.0005, ancp{")=0.475) by x10°
means of broadening the curves for intensity, intensity co- 2 *°°F
herence coefficient, and ttecomponent of the mean spin,
respectively. Each curve is centered on the average over mul
tiple sets ofw;, the width of the “band” corresponding to
twice the standard deviation of the set of values at dach o)
Similar “bandwidths” are obtained for different values @f ° ' ' ' ’ T @
When considering the effect of different magnitudes of
inhomogeneous widenin@ifferent ¢’s) the fact that each
value of o is represented by a band, rather than a single :
curve must be taken into account. While this phenomenon®© , ¢
reduces our “resolution” in differentiating small changes in ;
intensity, power, coherence, apdit does not alter the over- ol
all conclusions of this work. In Figs. 3—6, we represent re-
sults for differento’s by single curves rather than bands.
This is done in order not to overly complicate the figures
with multiple bands. However, in every case there is an un-
derlying band structure with characteristic width indicated in
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Figures 3 and 4 display the evolution of the intensity, -05 bbbl T
intensity coherence coefficient, am@omponent of the mean ()

spin of the system for variogs values efand for two dif- FIG. 3. Radiation intensity, coherence coefficier®.,,, andz
ferent values of the coupling ConStagEO)ln each case proiection of polarizatiomp, as functions of time under the same
N=125, w;=200.0, ;=©=0.0, and p;’=0.475. For conditions as in Fig. 2. The solid line is fer=0, the dashed line

g=0.0005(Fig. 3) the time at which the maximum value of for ¢=1.0, the dotted line forr=2.0, and the dot-dashed line for
the intensity and coherence occtigss less tharil,(=1.0), ¢=5.0.
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FIG. 4. Radiation intensity, coherence coefficiel@,,, andz FIG. 5. Radiation intensity, coherence coefficier@con, andz
projection of polarizatiorp, as functions of time under the same Projection of polarizatiorp, as functions of time under the same
conditions as in Fig. 2, except=0.000 25. The solid line is for conditions as Fig. 4, excep” =0.25. The solid line is for =0,

o =0, the dashed line for=1.0, and the dotted line far=2.0. the dashed line for=1.0, and the dotted line far=2.0.

system. The effect of the inhomogeneous widening is alsatrong and, more importantly, resonami= wg). In Fig. 6,
small. The results presented in Figs. 3 and 4 are consistenf,= w=200.0, w;=5.0,andp!{")=0.475 for four different
with this conclusion. Withg=0.0005 [Fig. 3(@] when values of the inhomogeneous widening. Wher=0,
o=1.0 the intensity relative to=0.0 is reduced by no more ,,=5.0 is large enough to almost completely inveytafter

than 5%. Due to the necessity to describe each valuelf  a time ~T,. The inclusion of inhomogeneous widening can
a band rather than a single curve, such a reduction is not

statistically significant. However, withg=0.00025 [Fig. 105
4(a)] the o=1.0 intensity is reduced by at least 30% relative _ 5.,
to ¢=0.0, a reduction much larger than tlhe=1.0 band- '
width. Similarly, a reduction of the intensity to about 20% of
the ¢=0.0 value requiresr=>5.0 for g=0.0005, but only
o=2.0 forg=0.00025. The same qualitative behavior is ob-
served in the intensity coherence coefficifffigs. 3b) and ot
4(b)]. The effect of increasing on the time dependence of
the z component of the spin of the systdrigs. 3c) and
4(c)] is to inhibit the spin inversion observed when-0.0. It

is also worth noting that, even allowing for the bandwidth at -
eacho, the time before the appearance of the SR ptdse 50 [ f
gradually increases with increasing If ty is smaller tharT, F
and the widening is not large, the finp}~ —p,(0), corre- S —
sponding to the conservation of the length of the Bloch
vector?

When the initial polarizatiorpgo) is smaller(0.25, with
g=0.00025 and all other parameters the same as in Figs. &
and 4, we observe a broadening and reduction in the intensity "
and coherence of the superradiation pulBeys. 5a) and
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5(b)]. Even wheno=0.0 the spin system does not undergo o es 1 sz 25 s
spin inversion[Fig. 5c)]. The introduction of inhomoge- ©
neous widening(nonzeroo) leads to results qualitatively £ 6. Radiation intensity, coherence coefficiet@op, andz

similar to thep{?’=0.475 case. projection of polarizatiorp, as functions of time in the case of the

Consider now a spin system without a passive resonancgin system without a resonatog#0.0), for the parameters
electric circuit g=0. In this case the coherence can beN=125, w;=5.0, p{?=0.475, wy=w=200, and g=0.000 25.
caused by external pumping as illustrated in Fig. 6. To pro-The solid line is foro=0, the dashed line fos-=1.0, the dotted
duce coherence in the spin system the pumping must bine for 0=2.0, and the dot-dashed line for=>5.0.
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be seen to significantly reduce the magnitude of the oscillaeertain incorrect predictions. In the SR process, for example,

tions in intensity, coherence, amg. In fact, wheno=0.5,  such models always lead to a delay time less thanOther

the external pumping is unable to invert the polarizapggn ~ models that reduce very complicated multiparticle spin sys-
The time evolution of the absorbed power has also beetems to a sort of single-particle system, due to their many

investigated for the situations described in Figs. 3—6. In eackimplifications, lead to essentially a phenomenological de-

case the power behaves in a manner almost identical to theeription. These models do not allow the possibility of inves-

intensity as we vary the widening parameter tigating the time evolution dependence on initial polariza-
tion, initial spin distribution, parameters of homogeneous
CONCLUSION and inhomogeneous widenings, etc., and can even lead to

] incorrect conclusions regarding the role of dipole interac-
In this paper we have presented the results of computejons at times corresponding to the beginning of SR. Further,
simulations of the coherent behavior of a polarized spin systhese models must produce results that are consistent with
tem for which the magnetic dipole radiation has a quadratinicroscopic simulations.
dependence on the number of spins. The simulation is based The situation becomes even more complicated when de-
on a microscopic model, which makes it possible to accuscribing a disordered system having random, irregular, dis-
rately analyze the role of dipole interactions and inhomogeyyiputions of spins in the lattice. This problem, which we
neous widening. The latter effect cannot be ignored in Mosfhtend to discuss in a forthcoming paper, is impossible to
physical situations and, as we have demonstrated, plays 3grmulate in the framework of any single-particle approxi-
important role in the phenomenon of superradiation. If themation. In this case the only possible avenue of investigation

widening is large enough the coherence in a spin system ig the microscopic approach, via computer simulation, de-
destroyed after a time of orddm,. scribed in this article.

For many of the problems of spin systems at low tempera-
tures, computer simulations provide the only adequate
method of |nvest|gat|(_)n. Phenomenological models_ based on ACKNOWLEDGMENT
the Bloch-type equations have played an outstanding role in
the understanding of coherent processes. However, it is well We are indebted to P. Kochunov for help with the calcu-
knowrf that at low temperatures such equations can lead t&ations.
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