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Role of inhomogeneous widening in radiofrequency coherent superradiation
from highly polarized spin systems
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We discuss the coherent behavior of a highly polarized, nuclear or electron, spin system for which the
magnetic dipole radiation, emitted in the radio-frequency region, has a quadratic dependence on the number of
spins. Phenomenological theories are unable to completely predict many of the features of low-temperature
spin systems. Computer simulations provide a very effective and accurate method of describing such systems.
Our investigation is based on a microscopic model, which makes it possible to accurately analyze the role of
dipole interactions and inhomogeneous widening. Inhomogeneous widening complicates the behavior of the
system leading to a longer delay in the appearance of the superradiation pulse and a decrease in its intensity.
If the inhomogeneity is large enough, it destroys the coherence in a spin system at times shorter than the
characteristic dipole relaxation time.@S0163-1829~98!03622-4#
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INTRODUCTION

Superradiation phenomena are characterized by a
dratic dependence of the radiation intensity on the numbe
radiatorsN. The properties of such coherent effects in opti
for example, superfluorescence, superluminescence, co
tive induction, and photon echo, have been extensively s
ied. A detailed description of them may be found in ma
books as well as more recent studies.1 An effect similar to
optical superfluorescence but in the radio-frequency regio
much less well known. It is this superradiation~SR! phenom-
enon that is the topic of this study.

Although this phenomenon is very similar to optical s
perfluorescence, the physics governing SR in nuclear or e
tron spin systems is very different, thus requiring a co
pletely different mathematical approach.2 From a physical
standpoint the main difference between the present and
tical cases is that the radio-frequency wavelength is m
longer than the size of the system so that propagation eff
play no role. A theoretical investigation of SR for a syste
of nuclear spins using this technique was performed
Blombergen and Pound.3 Their results indicated that it migh
be experimentally possible to obtain a measurable SR si
and described the important features of the process. H
ever, it was not until 1977 that a successful experimen
observe radio-frequency superradiation was performed.4

It is well known in magnetic resonance theory that, d
spite the fact that the Bloch equations~involving a phenom-
enological relaxation time! are very useful, they lead to ce
tain incorrect predictions for low-temperature high
polarized spin systems. The SR phenomenon can only
observed in such spin systems. In Refs. 5 and 6 the comp
modeling of SR from a homogeneous spin system based
PRB 580163-1829/98/58~6!/3111~6!/$15.00
a-
of
,
c-

d-

is

c-
-

p-
h
ts

y

al
w-
o

-

be
ter

a

microscopic description is described. This analysis allow
the investigation of the role of dipole interactions, but it
known that in real systems inhomogeneous widening du
irregularities in the spin system can be at least as impor
as the homogeneous widening caused by dipole interacti

Our analysis takes into account two types of spin dam
ing: transverse damping due to dipole-dipole interactions
damping due to inhomogeneous widening. Longitudin
damping due to spin-lattice interactions plays no role on
time scale for which SR is observed. At very high polariz
tions the spin-lattice relaxation time ranges from minutes
hours, whereas the spin relaxation time is a few orders
magnitude shorter.2 In this article we present the results of a
investigation into the role of homogeneous widening in t
phenomenon of SR.

I. MICROSCOPIC SPIN MODEL

Consider a system ofN spins whose sites in real space a
enumerated by the indexi 51,2, . . . ,N. The spin operatorSW i
corresponds to the effective spinS51/2 of the paramagnetic
ions ~or nuclei! at the nodes of a regular rigid simple cub
lattice. The dipole interaction of spins has the form

Hi j 5
mW imW j

r i j
3

2
3~mW i•rW i j !~mW j•rW i j !

r i j
5

, ~1!

where the magnetic moments aremW i5mSW i , m5g\,
rW i j 5rW i2rW j , r i j 5urW i j u andg is the gyromagnetic ratio~g.0
for protons,g,0 for electrons!.

The system is under the influence of a constant exte
magnetic fieldHW 0. If there is a passive electric resonant c
cuit that is tuned to the Zeeman frequencyv05gH0, the
system ‘‘feels’’ an additional magnetic fieldHW res induced by
3111 © 1998 The American Physical Society
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the rotating spins of the system. The coupling with the circ
produces a coherent pulse in the spin system. This prob
was investigated in Ref. 3 using the Bloch equations wit
phenomenological ‘‘dipole’’ relaxation timeT2. With the
coil axis alongeW x , the field induced by the resonance circu
is given by

HW res52
2g

gN
eW x (

i
Ṡi

x5HreseW x . ~2!

In this equationg defines the strength of the coupling b
tween the spin system and the resonance circuitg
52phgrmQ/v0 ; whereQ5v0L/R is the quality factor of
the circuit,v05(LC)21/2 is the natural frequency of the cir
cuit, h.V/Vc , with V the sample volume andVc the coil
volume, andr5N/V is the density of the system.

If an alternating magnetic fieldHW 1(t)cos(vt) along thex
axis is also applied to the system, as in the case of magn
resonance, the total Hamiltonian has the form

Ĥ52mH0(
i

Si
z2

1

2
mHx(

i
~Si

11Si
2!1Ĥd1ĤD ,

~3!

where Hx5H1(t)cos (vt)1Hres and Ĥd is the dipole-
interaction part. The termĤD describes the inhomogeneou
widening, for example, due to the variations of the magne
g factors of the effective spins. This term is usually writt
in the form

ĤD52m(
i

D iSW i
z , ~4!

whereD i is the corresponding random inhomogeneous fi
at thei th spin. Using the mean-field approach, the effect
dipole Hamiltonian is given by

Ĥd5
1

2 (
iÞ j

$ai j ~Si
z^Sj

z&2 1
2 Si

1^Sj
2&!12ci j Si

1^Sj
z&

12ci j* Si
z^Sj

2&1ei j Si
1^Sj

1&1ei j* Si
2^Sj

2&%, ~5!

where the angular brackets represent the statistical ave
corresponding to mean polarization of the spin syste
which corresponds to its temperature.7 The coefficients
ai j ,ci j ,ei j are given by

ai j 5
g2\2

r i j
3 ~123 cos2 u i j !,

ci j 52
3g2\2

4r i j
3

sin 2u i j exp~2 if i j !, ~6!

ei j 52
3g2\2

4r i j
3

sin2 u i j exp~22if i j !.

The usual way to proceed in magnetic resonance applicat
is by the use of perturbation theory in the small quan
uHloc /H0u,2 whereHloc represents the local magnetic field
However, coherent effects are described by essentially n
linear equations for which this method is not applicable. T
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equations of motion are to be written using the total Ham
tonian ~5! rather than only its secular part as in perturbati
theory.

With the notationv05gH0 , v15gH1 , and v i5gD i
the Heisenberg equations of motion for the spin operators

i
dSi

z

dt
5

v1

2
~Si

22Si
1!cosvt2

g

2N
~Si

22Si
1!

d

dt(j
~Sj

2

1Sj
1!1

1

\ (
j ~Þ i !

H ai j

4
~Si

2Sj
12Si

1Sj
2!1~ci j Si

1

2ci j* Si
2!Sj

z1ei j Si
1Sj

12ei j* Si
2Sj

2J , ~7!

i
dSi

2

dt
52~v01v i !Si

21v1Si
z cosvt2

g

N
Si

z d

dt (
j

~Sj
2

1Sj
1!1

1

\ (
j ~Þ i !

H ai j

2
~Si

zSj
212Si

2Sj
z!1ci j ~Si

2Sj
1

22Si
zSj

z!1ci j* Si
2Sj

222ei j Si
zSj

1J , ~8!

and the conjugate equation to Eq.~8!. It is not feasible to
diagonalize the quantum Hamiltonian for spin systems o
size necessary for this type of modeling. Numerical simu
tions for ‘‘classical’’ spin systems have been used by ma
authors to investigate such topics as magnetic resonance
shapes and free induction decay,8 spin diffusion9 and spin
glasses~see Ref. 10 and references therein!. In this case the
solution is obtained from 3N differential equations describ
ing the classical spins. In those situations where a quan
phenomenological approach is reasonable, such as
method of moments or the truncated dipolar interaction
proximation, the results of these methods are qualitativ
similar to the classical methodology and both are in agr
ment with experiment. There is particularly good agreem
over the time scales involved in this study.

Using this method the spins are considered as class
vectors whose initial distribution, defining the initial cond
tions for the differential equations, is determined by a Mon
Carlo technique similar to the procedure of Metropo
et al.11 in the thermodynamic averaging over a canonical
semble at a given temperature. A random configuration
spins $SW i% i 51

N is taken as the first member of a Gibbs e
semble of spin arrays and its polarizationpinit is evaluated.
A new, random direction is chosen for an arbitrary spin a
the new total polarizationp8 is calculated. IfDp5up82p0u
is less thanDpinit5upinit2p0u ~wherep0 is the desired ini-
tial polarization of the system! then the array with the
changed spin is chosen as the second member of the G
ensemble; otherwise, it is rejected. This procedure is t
repeated to obtain the third member of the ensemble an
on until we obtain an array whose polarization is very clo
to p0. This array is taken as the initial distribution of ou
system.

The differential equations describing the classical s
vectors are solved numerically via the Runge-Kutta meth
The equations are made dimensionless by means of the
tor vL5T2

215a3/g2\2, wherea is the lattice constant and
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we use the notationT2 to facilitate comparison with the di
pole spin-spin relaxation time in the phenomenological eq
tions. The summations in Eqs.~7! and ~8! are limited to the
N21 nearest spins.

To take into account inhomogeneous widening the se
frequencies$v i% i 51

N must be modeled. Their random natu
requires a statistical methodology.v i is modeled using a
normally distributed random value with zero average a
dispersions. The frequenciesv i are expressed in units o
vL and the dispersions in realistic situations varies from
zero to a fewvL . In our simulationsv0 is in the range
1022103vL andv1 is of ordervL , corresponding to actua
values in magnetic resonance experiments.

In order to ensure that each spin in our cubic lattice
the same number of neighbors we adhere to the com
practice in the modeling of paramagnetic materials12 of re-
quiring that the system obey periodic boundary conditio
For a cube of sideL, centered at the origin, with vectorsLW 1,
LW 2, and LW 3 defined by LW 15(L,0,0), LW 25(0,L,0), and
LW 35(0,0,L) the boundary conditions are given by

SW ~xW !5SW ~xW6LW a!, a51,2,3,

for any pointxW . The results of the modeling of spin system
over short time periods is known to be insensitive to
number of spins,8–10 thus reducing the possible effect of r
quiring periodic boundary conditions. For our analysis t
validity of using periodic boundary conditions was verifie
by observation of only minimal differences in the shape
the curves in Figs. 2–6 for spin systems of 125 and 3
nodes.

II. RESULTS OF CALCULATIONS

In the phenomenon of SR a coherent addition of radiat
magnetic moments creates a macroscopic magnetic mo
proportional to the number of spins. The charactersitic ti
in which this takes place is called the delay time. Cohere
is created by the common field in the resonator or the field
the external pumping.

We have calculated the time dependence of the m
characteristics: radiation intensity, absorbed power, co
ence coefficients, andz component of the average spin. Th
intensity of magnetodipole radiation is

I 5
2

3c3
uMẄ u2, ~9!

whereMW 5m( i^SW i& is the total magnetic moment of the sy
tem. The intensity~9! can be presented as a sum of incoh
ent and coherent terms

I 5I inc1I coh5
2m2

3c3(i
u^SẄ i&u21

2m2

3c3(iÞ j
^SẄ i SẄ j&. ~10!

The latter quantity is similar to the sum of off-diagonal e
ments of the density matrix, essential for the coherent sta
The relative contribution of coherent radiation to the to
intensity can be characterized by the coherence coeffic
Ccoh5I coh /I inc .
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The other observable quantity describing the process
radiation is the power absorbed by the coilP5^Uind

2 &/2R, in
which Uind is the voltage induced in the coil andR is the
resistance of the circuit. In our situation this power is giv
by the sum of incoherent and coherent terms

P5Pinc1Pcoh5
g\

N (
i

S ReK dSi
2

dt L D 2

1
g\

N (
iÞ j

ReK dSi
2

dt L ReK dSj
2

dt L . ~11!

The absorbed powerP contains an additional factorQl3/V
and is always larger than the radiation intensityI . We have
also calculated thez component of the mean spin

pz~ t !5(
i 51

N

^Si
z&/N. ~12!

To illustrate the influence of inhomogeneous widenin
we have performed calculations withs50 ~no widening,
ĤD50) and with different values ofs. All quantities are
given in dimensionless units. The frequenciesv0 ,v1 ,v i ,
and v are measured in units ofvL5T2

21 and time is mea-
sured in units ofvL

21 , so thatT251. The radiation intensity
is presented in units of 2vL

4m2/3c3, becoming

I (t)5( i , jSẄ iSẄ j . In such units we usev0;1022103, v1;1,
and 0,g,0.1, reflecting the usual ratios in magnetic res
nance and SR experiments.

Initially our spin system is created in a state characteri
by the large polarization of spins along thez axis. Due to the
coupling with a passive coil or external resonance pumpi
the transverse spin components gradually begin to grow.
speed of this process reaches a maximum att5t0 whenpz(t)
is changing most rapidly. The phenomenon of superrad
tion, in which the maximum value ofI or P is proportional
to N2, is observed to take place att;t0. At this time the
coherence is proportional toN and, assuming that the initia
polarizationpz

(0) is large enough, the spins in the system a
moving coherently. In order to show that the radiation inte
sity is indeed proportional to the square of the number
spins Fig. 1~a! includes results forN527, 125, and 343, in
the case of the presence of a resonance circuit. In each
we use v05200.0, v15v50.0 ~no external pumping!,
g50.0005, andpz

(0)50.475. The ratio of the maximum val
ues of theI is found to be approximately 272:1252:3432, as
expected. From Fig. 1~a! it can also be seen that the time
which the maximum radiation intensity is obtained is a
proximately proportional to 1/N. It is the 1/N dependence
that leads to theN2 superradiation phenomenon. It is impo
tant to realize that the radiation at its maximum value
coherent despite the fact that the initial spins had differ
phase displacements. Figure 1~b! shows clearly the linear
dependence of the coherence coefficientCcoh on the number
of spinsN.

As indicated in Sec. I, we use a statistical methodology
take into account the effect of inhomogeneous wideni
Whens50 thev i for each spin is zero. Ifs51.0 then the
v i are assigned such that the distribution of thev i is Gauss-
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ian with zero average and dispersion~standard deviation!
equal to 1.0. There is an infinite number of ways in whi
the assignments ofv i can be made for each spin in order
reproduce the required Gaussian distribution forv i . Each
different set ofv i assignments will produce a unique sp
system with a unique time evolution. In Figs. 2~a!, 2~b!, and
2~c! we have chosen to represent this effect fors51.0
(v05200.0, v15v50.0, g50.0005, andpz

(0)50.475) by
means of broadening the curves for intensity, intensity
herence coefficient, and thez component of the mean spin
respectively. Each curve is centered on the average over
tiple sets ofv i , the width of the ‘‘band’’ corresponding to
twice the standard deviation of the set of values at eact.
Similar ‘‘bandwidths’’ are obtained for different values ofs.

When considering the effect of different magnitudes
inhomogeneous widening~different s ’s! the fact that each
value of s is represented by a band, rather than a sin
curve must be taken into account. While this phenome
reduces our ‘‘resolution’’ in differentiating small changes
intensity, power, coherence, andpz it does not alter the over
all conclusions of this work. In Figs. 3–6, we represent
sults for differents ’s by single curves rather than band
This is done in order not to overly complicate the figur
with multiple bands. However, in every case there is an
derlying band structure with characteristic width indicated
Fig. 2.

Figures 3 and 4 display the evolution of the intensi
intensity coherence coefficient, andz component of the mean
spin of the system for various values ofs and for two dif-
ferent values of the coupling constantg. In each case
N5125, v05200.0, v15v50.0, and pz

(0)50.475. For
g50.0005~Fig. 3! the time at which the maximum value o
the intensity and coherence occurst0 is less thanT2(51.0),

FIG. 1. Radiation intensityI and coherence coefficientCcoh as
functions of time in the case of the spin system coupled wit
resonance circuit for the parameterspz

(0)50.475,v05200,
g50.0005, v15v50, and no inhomogeneous widening (s
50.0). The solid line is forN5343, the dashed line forN5125,
and the dotted line forN527.
-

ul-

f

le
n

-

-

,

except fors55.0. Wheng50.00025~Fig. 4! t0 is larger
thanT2. SinceT2 represents the dipole relaxation time it
clear that at times significantly smaller thanT2 dipole inter-
actions will have only a small effect on the behavior of t

FIG. 3. Radiation intensityI , coherence coefficientCcoh , andz
projection of polarizationpz as functions of time under the sam
conditions as in Fig. 2. The solid line is fors50, the dashed line
for s51.0, the dotted line fors52.0, and the dot-dashed line fo
s55.0.

a FIG. 2. Radiation intensityI , coherence coefficientCcoh , andz
projection of polarizationpz as functions of time in the case of th
spin system coupled with a resonance circuit for the parame
N5125, pz

(0)50.475, v05200, g50.0005, andv15v50. The
inhomogeneous widening parameters51.0 and the ‘‘bands’’ cor-
respond to the broadening caused by different initial assignmen
the frequenciesv i .
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system. The effect of the inhomogeneous widening is a
small. The results presented in Figs. 3 and 4 are consis
with this conclusion. Withg50.0005 @Fig. 3~a!# when
s51.0 the intensity relative tos50.0 is reduced by no more
than 5%. Due to the necessity to describe each value ofs by
a band rather than a single curve, such a reduction is
statistically significant. However, withg50.00025 @Fig.
4~a!# thes51.0 intensity is reduced by at least 30% relati
to s50.0, a reduction much larger than thes51.0 band-
width. Similarly, a reduction of the intensity to about 20%
the s50.0 value requiress55.0 for g50.0005, but only
s52.0 for g50.00025. The same qualitative behavior is o
served in the intensity coherence coefficient@Figs. 3~b! and
4~b!#. The effect of increasings on the time dependence o
the z component of the spin of the system@Figs. 3~c! and
4~c!# is to inhibit the spin inversion observed whens50.0. It
is also worth noting that, even allowing for the bandwidth
eachs, the time before the appearance of the SR pulset0
gradually increases with increasings. If t0 is smaller thanT2
and the widening is not large, the finalpz'2pz(0), corre-
sponding to the conservation of the length of the Blo
vector.3

When the initial polarizationpz
(0) is smaller~0.25!, with

g50.00025 and all other parameters the same as in Fig
and 4, we observe a broadening and reduction in the inten
and coherence of the superradiation pulse@Figs. 5~a! and
5~b!#. Even whens50.0 the spin system does not under
spin inversion@Fig. 5~c!#. The introduction of inhomoge
neous widening~nonzeros) leads to results qualitatively
similar to thepz

(0)50.475 case.
Consider now a spin system without a passive resona

electric circuit g50. In this case the coherence can
caused by external pumping as illustrated in Fig. 6. To p
duce coherence in the spin system the pumping mus

FIG. 4. Radiation intensityI , coherence coefficientCcoh , andz
projection of polarizationpz as functions of time under the sam
conditions as in Fig. 2, exceptg50.000 25. The solid line is for
s50, the dashed line fors51.0, and the dotted line fors52.0.
o
nt
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ce

-
be

strong and, more importantly, resonant (v5v0). In Fig. 6,
v05v5200.0, v155.0,andpz

(0)50.475 for four different
values of the inhomogeneous widening. Whens50,
v155.0 is large enough to almost completely invertpz after
a time;T2. The inclusion of inhomogeneous widening ca

FIG. 5. Radiation intensityI , coherence coefficientCcoh , andz
projection of polarizationpz as functions of time under the sam
conditions as Fig. 4, exceptpz

(0)50.25. The solid line is fors50,
the dashed line fors51.0, and the dotted line fors52.0.

FIG. 6. Radiation intensityI , coherence coefficientCcoh , andz
projection of polarizationpz as functions of time in the case of th
spin system without a resonator (g50.0), for the parameters
N5125, v155.0, pz

(0)50.475, v05v5200, and g50.000 25.
The solid line is fors50, the dashed line fors51.0, the dotted
line for s52.0, and the dot-dashed line fors55.0.
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be seen to significantly reduce the magnitude of the osc
tions in intensity, coherence, andpz . In fact, whens50.5,
the external pumping is unable to invert the polarizationpz .

The time evolution of the absorbed power has also b
investigated for the situations described in Figs. 3–6. In e
case the power behaves in a manner almost identical to
intensity as we vary the widening parameters.

CONCLUSION

In this paper we have presented the results of comp
simulations of the coherent behavior of a polarized spin s
tem for which the magnetic dipole radiation has a quadr
dependence on the number of spins. The simulation is ba
on a microscopic model, which makes it possible to ac
rately analyze the role of dipole interactions and inhomo
neous widening. The latter effect cannot be ignored in m
physical situations and, as we have demonstrated, play
important role in the phenomenon of superradiation. If
widening is large enough the coherence in a spin system
destroyed after a time of orderT2.

For many of the problems of spin systems at low tempe
tures, computer simulations provide the only adequ
method of investigation. Phenomenological models based
the Bloch-type equations have played an outstanding rol
the understanding of coherent processes. However, it is
known2 that at low temperatures such equations can lea
s
.
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certain incorrect predictions. In the SR process, for exam
such models always lead to a delay time less thanT2. Other
models that reduce very complicated multiparticle spin s
tems to a sort of single-particle system, due to their ma
simplifications, lead to essentially a phenomenological
scription. These models do not allow the possibility of inve
tigating the time evolution dependence on initial polariz
tion, initial spin distribution, parameters of homogeneo
and inhomogeneous widenings, etc., and can even lea
incorrect conclusions regarding the role of dipole intera
tions at times corresponding to the beginning of SR. Furth
these models must produce results that are consistent
microscopic simulations.

The situation becomes even more complicated when
scribing a disordered system having random, irregular,
tributions of spins in the lattice. This problem, which w
intend to discuss in a forthcoming paper, is impossible
formulate in the framework of any single-particle approx
mation. In this case the only possible avenue of investiga
is the microscopic approach, via computer simulation,
scribed in this article.
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