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Elastic moduli of tungsten to 15 Mbar, phase transition at 6.5 Mbar, and rheology to 6 Mbar
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The elastic constants of the bcc and fcc structures of W at 0 K versus reduced volume and pressure were
obtained from first-principles, all-electron, density-functional calculations toV/V050.40 (P515.3 Mbar). The
dhcp and the fcc phase were calculated to be more stable than the bcc phase above 6.5 Mbar. The energy
versusc/a along Bain’s path was calculated for different fractional volumes. The single-crystal constants of
the bcc structure were used to calculate the shear modulusG of the polycrystalline bcc aggregate versus
pressure. These results were used with the Chua and Ruoff pressure scaling relation to show that at 6 Mbar, the
yield strength has increased by a factor of 4.5. The pressure dependence of the yield strength is compared with
recent measurements.@S0163-1829~98!02930-0#
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I. INTRODUCTION

Of the metallic elements at atmospheric pressure, W
Re have the largest bulk and shear moduli. The large va
of the shear moduli help explain the high compress
strength of these metals. Both materials have been use
gaskets in diamond-anvil cells for this reason.1,2 The sub-
stantial increase in the shear moduli at ultrahigh press
increases the strength~pressure strengthening! and makes it
possible to contain pressures greater than that at the ea
core using gaskets of these materials.3 The high strength of
W has made it possible to achieve pressures above 3 M
on hydrogen in attempts to metallize it.4

For many solids, there have been extensive calculation
the bulk modulus over a large pressure range.5 There have
been fewer calculations of the complete set of elastic c
stants over a wide pressure range, although some stu
have been made.6,7 In the present case, a detailed study w
made of the elastic moduli of W for both the bcc pha
~which is calculated to be the equilibrium structure to 6
Mbar! and the fcc phase to a volume fractionV/V050.40.
The results for the shear constantsC85(C112C12)/2,
C44 and the bulk modulusB of the bcc phase are used wi
the variational method of Hashin and Shtrikman8 to compute
the shear modulusG(P) and the Poisson ration(P) of the
randomly oriented polycrystalline aggregate. From these
the Chua and Ruoff scaling law,9 the pressure dependence
the yield strengths0(P) was obtained.

II. CALCULATION OF SINGLE-CRYSTAL
ELASTIC CONSTANTS

The elastic shear constants for tungsten single crys
were calculated from first principles by means of the sa
methods as were used for Mo.10 This means that the local
density approximation to the density-functional theory11 was
used together with the full-potential~FP! ~Ref. 12! imple-
mentation of the linear muffin-tin orbital~LMTO! method13
PRB 580163-1829/98/58~6!/2998~5!/$15.00
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to calculate total energies of the crystal in various str
modes. We applied a scalar relativistic version of the LMT
scheme, i.e., relativistic shifts are correctly included, b
spin-orbit splittings are omitted. Applying volume conser
ing strains in the@001# and @111# directions then allowed
calculation of the tetragonal,C85 1

2 (C112C12), and trigonal,
C44, shear constants.

The FP-LMTO calculations were performed for volum
ranging from a 15% expansion down to 0.40V0, whereV0 is
the experimental equilibrium volume corresponding to a l
tice constanta53.165 Å of the body-centered-cubic~bcc!
unit cell. The calculations cover a large volume range, a
this means that some states, which can be considered a
ing corelike for the zero-pressure volume, form rather bro
bands at the strongly reduced volumes. For the sake of
merical continuity of the calculated energy versus volu
relations, we used, at all volumes, the same grouping
‘‘core’’ and ‘‘valence’’ electrons, and all calculations wer
performed in two energy ‘‘panels.’’ We considered 38 ele
trons as ‘‘valence’’ electrons, 18 of which~4d, 5s, 5p! were
treated in the lower ‘‘semicore’’ panel, whereas 20 electro
occupied 4f-, 5d-, 6s-, and 6p-derived states in the uppe
energy range. The remaining electrons were considere
belonging to the core, but their wave functions were relax
i.e., recalculated in each iteration. Three sets of envel
functions were used~‘‘triple- k ’’ basis!. Their formal kinetic
energies were chosen to be20.01, 21.0, and22.3 Ry, re-
spectively. The maximum angular momentum included
the basis were 3~spdf!, 3 ~spdf!, and 2~spd! for the three tail
kinetic energies, respectively. This means that 41 functi
per atom were included.

Reciprocal-space integrations were performed by sa
pling special points for the lower panel contribution
whereas the tetrahedron method14,15 was used in the uppe
panel. More than 1400 irreduciblek points were required to
obtain sufficient numerical accuracy in the total-ener
variations.

The total energies were calculated for five tetragonal a
2998 © 1998 The American Physical Society
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five trigonal volume conserving distortions for each of
chosen volumes in the range mentioned earlier. Polynom
least-squares fits of the energy versus strain parameter
then used to derive the elastic constants as functions of
ume. The theoretical pressure-volume (P-V) relation was
obtained from the volume derivative of the energy-vers
volume (E-V) curve as obtained by fitting a suitable seri
to the energies obtained for the unsheared crystal. This
yielded the bulk modulusB as a function of volume.

III. CALCULATED PHASE STABILITY

The stability of the bcc phase of tungsten at high pr
sures was examined by comparing its theoretical total ene
to those of other structures. The authors decided to cons
the fcc, hpc, dhcp, and thev titanium phases~see Ref. 16!.
From the calculatedE-V andP-V relations we then derived
the enthalpy for each of the phases versus pressure, as s
in Fig. 1. It is seen that the calculations predict that forT
50, the bcc structure is stable up to'6.5 Mbar, at least
when comparison is made within this selection of structur
Figure 1 also suggests that the dhcp structure is energeti
favored over the fcc at high pressures, but the enthalpy
ferences are so small that a definite order assignment ca
be made on the basis of these calculations. Thus, our ca
lations suggest that W undergoes a structural change f

FIG. 1. Calculated enthalpies versus pressure of W in thev
phase, hcp, fcc, bcc, and dhcp phases. The bcc structure has
used as a reference.

FIG. 2. The shear constants of bcc W as calculated as a func
of volume.C85(C112C12)/2.
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bcc to either fcc or dhcp when the applied pressure exce
'6.5 Mbar.

IV. ELASTIC CONSTANT RESULTS

Results of the calculations of pressure and elastic c
stants versus fractional volume are listed in Table I. T
theoretical equilibrium volume is 0.9894V0, i.e., '1%
smaller than the experimental volume atP50. The bulk
modulus is 3.065 Mbar forV5V0, close to the observed
room-temperature value, 3.11 Mbar.17

Experimental values18 at V/V051 for C44 at T50 K and
300 K are 1.631 and 1.607 Mbar, respectively, whereas R
19 gives the values 1.627 at 77 K and 1.604 at 300 K. T
measuredC8 values are 1.638~0 K, Ref. 18!, 1.594~300 K,
Ref. 18!, 1.633~77 K, Ref. 19!, and 1.598 Mbar~300 K, Ref.
18!. As follows from Table I, our calculated elastic con
stants, C4451.705 and C851.668 Mbar, are somewha
larger. The recent study of phonon instabilities in W, of R
7, also included the calculation of the elastic constan

TABLE I. Tungsten~bcc!: Lattice constant,a ~Å!, relative vol-
ume, V/V0, V0 being the experimental equilibrium volume, pre
sure,P, bulk modulus,B,tetragonal,C8, and trigonal,C44, shear
constants.P, B, C8 and C44 are in units of Mbar.@C85

1
2 (C11

2C12)#.

a V/V0 P B C8 C44

3.165 1.00 -0.033 3.065 1.668 1.705
3.111 0.95 0.141 3.754 1.844 2.102
3.055 0.90 0.366 4.576 2.056 2.396
2.998 0.85 0.655 5.563 2.446 2.895
2.938 0.80 1.028 6.756 2.619 3.391
2.875 0.75 1.510 8.213 3.013 4.213
2.810 0.70 2.137 10.02 3.350 5.034
2.741 0.65 2.962 12.31 3.569 6.037
2.669 0.60 4.062 15.29 3.918 7.852
2.593 0.55 5.562 19.33 4.175 9.984
2.512 0.50 7.662 25.00 3.928 13.05
2.425 0.45 10.71 33.23 3.630 16.96
2.332 0.40 15.30 45.08 2.544 22.56

een

on FIG. 3. Energy versusc/a ratio along Bain’s transition path fo
various values ofV/V0.
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These norm-conserving pseudopotential calculations g
C4451.49 Mbar,C851.74 Mbar, andB53.2 Mbar. Thus,
C8 of Ref. 7 is very close to our value whereas theirC44 is
considerably lower, and even below the measured val
We can also compare the pressure variations of the ela
constants as obtained in Ref. 7, and by us by evaluating
ratios C(V/V0)/C(1). We getC8(0.656)/C8(1)51.98 and
C44(0.656)/C44~1! 53.58, and the corresponding results
Ref. 7 are 1.54 and 3.30, respectively.

The pressure coefficients]C44/]P,]C8/]P and ]B/]P
were measured by Katahara and co-workers20 to be ~at P
50): 1.609, 1.406, and 4.29, respectively. Our correspo
ing theoretical pressure coefficients are 1.99, 1.51, and 4
again illustrating that ourC44 is overestimated. Comparin
instead the pressure coefficients to those correspondin
relative changes, it is found that the experimental20 values of
(C44)

21]C44/]P,(C8)21]C8/]P,and B21]B/]P, 1.00,
0.88, and 1.38 Mbar21 are very close to those obtained in th
present calculations; 1.08, 0.88, and 1.33 Mbar21.

The phase instability~preceding section! can also be seen
in the constants. WhereasC44 increases withP, as illustrated
in Fig. 2 ~Table I as well!, C8 softens dramatically when
V/V0 is reduced below'0.55. This softening can be assoc
ated with an instability of the bcc structure to a tetrago
deformation that changes the structure to fcc along Ba
path ~bcc is bct withc/a51, fcc is bct withc/a5A2) ~see
Fig. 3!. In Ref. 7 this instability was examined, including th
pressure-induced anomalies in the phonon dispersion
tions. Figure 4 shows the computed elastic constants of
possible high-pressure fcc structure of tungsten. Note
there is a macroscopic elastic instability forV/V0 above
'0.65.

V. EQUATION OF STATE

There is a comprehensive shock-based equation of s
available for tungsten.21 It is useful to compare this and th

TABLE II. Experimental and theoretical values ofB0 andB08 for
W and of the pressure ata/a050.8625 atT50K.

EOS B0 ~GPa! B08 Ref.
P~GPa! for

a/a050.8625

Shock 20 327.4
~FP! LMTO ~Birch! 326.8 3.685 20 324.7
~FP! LMTP ~Vinet! 318.8 3.959 20 325.5
DFL-R ~Birch! 320 3.80 7 328

FIG. 4. The shear constants of the fcc structures of tungste
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present theoretical results in a practical range of pressure
experiments on hydrogen, at the highest pressure,22 the lat-
tice parameters ratio wasa/a050.8625 for the x-ray marker
tungsten. The 0 K pressures obtained for this ratio are sho
in Table II. ~The shock-based 300 K isotherm give
P5327.4 Mbar.! The theoretical data has been fitted to t
two-parameter Birch equation23 of state and to the two-
parameter Vinet equation24 to obtain the parameters calle
B0 andB08 . These are sensitive to the form of the equati
used in the fit. The agreement of the four pressures is q
good, with a spread of 1%.

VI. MULTIMEGABAR RHEOLOGY

The plastic flow of materials at multimegabar pressure
of interest in the earth and other planets and in the diamo
anvil cell where the plastically flowing metal gasket conta
the sample. The increase of the compressive yield stress
pressure, or pressure strengthening, has been consider

FIG. 5. The variation of the shear modulusG and the Poisson
ratio n of polycrystalline tungsten with pressure.

FIG. 6. The pressure strengthening factorF and the variation of
G/B with pressure.
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detail theoretically for molybdenum.10 The containment of
samples within gaskets of Mo, W, and Fe at multimega
pressures is possible because of pressure strengthening
variation of the yield strength of tungsten versus pressure
been studied experimentally using x-ray diffraction in t
diamond-anvil cell.25 An excellent historical description o
the development of stress measurement~or elastic coefficient
measurement! by x-ray diffraction is given in the book by
Noyan and Cohen.26 While the data of Ref. 25 show consid
erable scatter, it is possible that future studies will sh
improvement. It is therefore reasonable to examine the p
sure strengthening of tungsten theoretically. Tungsten is
important because it was the gasket material in the first s
experiment on H2 to exceed 3 Mbar,4 and appears not to
react with H2 at room pressure.

Chua and Ruoff9 noted that for a polycrystalline aggrega
that was elastically isotropic, the yield stress, if controlled
the motion of screw dislocations or by the motion of ed
dislocations, scales with the shear modulusG or G/(12n),
wheren is Poisson’s ratio. High-pressure experimental st
ies favor the latter,9 so for the yield stress at pressur
s0(P),

s0~P!5@G~12n0 !/G0~12n!#s005F~P!s00. ~1!

Here,s00 is the yield stress at zero pressure andF(P) is the
pressure-strengthening factor.

The upper and lower bounds of the shear modulusG of a
randomly oriented aggregate can be calculated from the t
elastic constants of the single crystal using the method
Hashin and Shtrikman,8 and G itself can be assumed to b
the average of these bounds. From G and the bulk mod
B, n can be obtained. The variation ofG andn is shown in
Fig. 5. In this wayF(P) is obtained as shown in Fig. 6. Th
function is well described by F(P)5110.829P
20.0431P2 (P<6 Mbar!. When F(P)s00 is least-squares
fitted to the experimental yield stress data for tungste25

s0(P), the value ofs00 that best fits the data is found to b
s0054.9 GPa. Direct measurement of the yield strength
the center region of a preindented gasket at atmosph
pressure would be very useful. This, together with mu
more accurate experimental measurements ofs0(P), would
provide a direct comparison with theF(P) computed here.
.

c

ev

s

r
The
as

s-
so
tic

y

-

ee
of

us

f
ric
h

There have been many studies on the nature of the va
tion of the bulk modulus versus pressure. In particular, sh
data gives extensive data onB(P). WereG to have the same
pressure dependence asB, then G(P) could be obtained
readily. This hypothesis is tested in Fig. 6. There is subst
tial variation of G/Bwith pressure, the value dropping ove
the range of available static pressures@560 GPa~Ref. 27!# by
33% in the present case. Of courseG/B would not vary with
pressure ifn did not vary with pressure~see Fig. 5!.

VII. CONCLUSIONS

Theoretical calculations have progressed from the ca
lation of the bulk modulus and the equation of state to
calculation of single-crystal moduli as a function of pressu
and now to the calculation of rheological properties, such
the pressure dependence of the yield stress in the m
megabar range.

The equation of state computed here for W shows ex
lent agreement with the shock-based equation of state. B
C44 and B increase monotonically with pressure, whileC8
reaches a maximum in the neighborhood of the phase t
sition calculated at 6.5 Mbar and then decreases substan
with pressure~if the bcc phase is assumed to persist!. The
shear elastic constants of the high-pressure fcc phase
negative at low pressure but become positive at higher p
sures and continue to increase with pressure at high p
sures. The energy barrier for the Bain transition path fr
bcc to fcc W was computed. The elastic moduli of a ra
domly oriented polycrystalline aggregate of tungsten w
computed from the single-crystal moduli. This was used
compute the pressure dependence of the yield strength th
required for calculating the plastic behavior of the gaske
the anvil cell. It is the large pressure-strengthening fac
~4.5 at 6 Mbar! that makes possible the attainment of mul
megabar pressures in the diamond-anvil cell.

ACKNOWLEDGMENT

We acknowledge support by the National Science Fo
dation Grant No. DMR-9530634.
ev.

d
in,
1 A. L. Ruoff, in High Pressure Science and Technology, edited by
W. A. Trzeciakowski~World Scientific, New Jersey, 1996!, p.
511.

2Y. K. Vohra, S. J. Duclos, and A. L. Ruoff, Phys. Rev. B36,
9790 ~1987!.

3A. L. Ruoff, H. Xia, H. Luo, and Y. K. Vohra, Rev. Sci. Instrum
61, 3830~1990!.

4C. Narayana, J. Orloff, and A. L. Ruoff, Rev. High Pressure S
Technol.7, 772 ~1998!.

5D. A. Young, Phase Diagrams of the Elements~University of
California, Los Angeles, 1991!.

6N. E. Christensen, A. L. Ruoff, and C. O. Rodriguez, Phys. R
B 52, 9121~1995!.

7K. Einarsdotter, B. Sadigh, G. Grimvall, and V. Ozolins, Phy
Rev. Lett.79, 2073~1997!.
i.

.

.

8Z. Hashin and S. Shtrikman, J. Mech. Phys. Solids10, 343
~1962!.

9J. O. Chua and A. L. Ruoff, J. Appl. Phys.46, 4659~1975!.
10N. E. Christensen, A. L. Ruoff, and C. O. Rodriguez, Phys. R

B 52, 9121~1995!.
11P. Hohenberg and W. Kohn, Phys. Rev.136, B864 ~1964!; W.

Kohn and L. J. Sham,ibid. 140, A1133 ~1965!; L. J. Sham and
W. Kohn, ibid. 145, 561 ~1966!; the present calculations use
the parametrization of Barth-Hedin, U. von Barth, and L. Hed
J. Phys. C5, 1629~1972!.

12M. Methfessel, Phys. Rev. B38, 1537~1988!; M. Methfessel, C.
O. Rodriguez, and O. K. Andersen,ibid. 40, 2009~1989!.

13O. K. Andersen, Phys. Rev. B12, 3060~1975!.
14O. Jepsen and O. K. Andersen, Phys. Rev. B29, 5965~1984!.



by

n-

y

3002 PRB 58RUOFF, RODRIGUEZ, AND CHRISTENSEN
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