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Phase diagram and Wigner crystal of dipolar complexes in liquid helium
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The phase diagram of the two-dimensional dipolar system formed by tightly bound pairs of surface electrons
above a superfluid helium film and positive ions lying inside the film over a solid substrate is determined on the
basis of Lindeman’s criterion and using the Kosterlitz-Thouless dislocation-mediated melting mechanism. The
ground-state energy, the phonon-dispersion curves, and the longitudinal and transversal sound velocities of the
dipolar crystal are evaluated within the harmonic approximation as a function of the distance between the
layers and for different substrates.@S0163-1829~98!02929-4#
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I. INTRODUCTION

Over the past decades there has been considerable
retical and experimental progress in understanding struct
and dynamical properties of classical Wigner crystals. Th
are realized mainly in two-dimensional~2D! charged sys-
tems, starting with the seminal paper by Grimes and Ada1

in which the observation of the 2D crystal of electrons on
surface of liquid helium was reported. Their results we
consistent with theoretical calculations that predict that e
trons confined to a single 2D layer localize in a hexago
lattice.2,3 Since then a lot of experimental and theoretic
work was devoted to the investigation of other possible
charge systems where the particles could undergo a p
transition to the classical Wigner solid. For 2D degener
electrons found in semiconductor heterostructures, this
gime is believed to occur because at strong perpendic
magnetic field the kinetic energy should be quenched and
classical limit should be achieved.4

Another experimental system where classical particles
hibit Wigner crystallization is composed of polymer colloid
confined between glass plates.5 The very complicated inter
particle interactions should be approximated in a simple w
by the screened Coulomb~Yukawa! or dipolarr 23 potentials
depending on the experimental configurations. Pools of i
trapped below the surface of superfluid helium are also g
candidates to show up the classical Wigner solid, since t
form 2D arrays of particles interacting through Coulom
forces with very high effective masses.6 The quantum
Wigner crystal in a double-layer structure has been stud
since it was suggested7 that in bilayer semiconductor struc
tures particle localization occurs at higher densities co
pared to those in a single layer. The phase diagram has
clarified by several authors both for zero magnetic field8 and
in the quantum Hall regime.9 The bilayer classical Wigne
solid, which can be realized in a layered3He- 4He solution
or in a superfluid helium film, has also been studied by Vi
and Monarkha10 and Goldoni and Peeters.11

Most of these investigations were stimulated by the
bate whether the melting transition proceeds by a continu
two-state process as developed by Kosterlitz, Thouless,
perin, Nelson, and Young12–14 or a usual liquid-solid first-
order transition. There is now some evidence that for s
tems with short-range interparticle interactions the transit
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is first order while it should be continuous in systems w
long-range potentials. It is believed that melting in 2D sy
tems should not be governed by a unique universality c
but it depends on the form of the interparticle potenti
Hence the search for systems with different interactio
among the particles.

Surface electrons above a helium film deposited ove
substrate constitute a unique system for investigating par
correlations and phase transitions since the particle den
and the interparticle potential can be drastically changed
varying accessible experimental parameters.15 In contrast to
electrons on bulk helium, both the classical as well as
quantum regimes can be achieved. The correlational pro
ties and plasma oscillations of the 2D electron gas over
lium films were investigated by Monarkha16 and Rinoet al.17

in the nondegenerate regime and by de Freitaset al.18 in the
degenerate regime. The description of the phase diagram
made by Peeters and Platzman19,20 and Saitoh.21 The esti-
mated melting temperature is in good agreement with pre
ous experiments by Jianget al.22 and with more recent one
performed by Misturaet al.23

Another interesting system was proposed by Monark
and Kovdrya24 and consists of surface electrons deposi
over a helium film25 or a 3He-4He microstratified mixture26

that contains positive ions inside attached to a solid s
strate. These dipole complexes have been named diplon15,27

and are schematically shown in Fig. 1. An isolated dipl
forms a 2D ‘‘atomic’’ state in which the electron is bound
the ion by a nearly parabolic potential with a harmonic sp
trum for a film thicknessd larger than 200 Å. The charac
teristic frequency of the electron in the potential well isv0
.831012 Hz in the case of a glass substrate («510) and
d.100 Å. However, the diplon system may become unsta

FIG. 1. Schematic view of the diplon system.
2844 © 1998 The American Physical Society
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PRB 58 2845PHASE DIAGRAM AND WIGNER CRYSTAL OF DIPOLAR . . .
due to the following possibilities:~i! the positive ion can be
detached from the solid substrate;~ii ! the electron can tunne
into the liquid phase due to surface deformation effects;~iii !
the occurrence of an electrohydrodynamical instability of
surface. Estimates of the first two effects indicate that
system is stable at film thicknesses larger than 70 Å fo
glass substrate.24,25 Moreover, analysis of system stabilit
against the oscillations of the surface, i.e., the softening
the frequency spectrum of surface modes, gives a crit
density of the order of 1010 cm22 for the actual stability
limit for a glass substrate withd5100 Å.24

Experimental evidence of diplon states was shown
Refs. 28–30. The data of microwave absorption from el
trons on a helium film with positive ions on the substra
beneath the film were interpreted in terms of strongly bou
diplons with a binding energy of the order of 100 K ford
5300 Å. The observation of narrow peaks in the power
sorption as a function of the temperature, which are abse
the uncharged substrate, was attributed by Lehndorffet al.30

to resonances of electrons in the diplon state. We point
Ref. 27 for a comprehensive discussion of these res
Dahm27 also suggested the possibility of a Mott transition
the overlap of the electronic wave function was changed
varying the film thickness. However, this transition shou
be forbidden in a simple model of a periodic potential
duced by the lattice formed by ions on the substrate, si
the melting temperature of the electron lattice is higher th
that of the screened positive ions.

The system of many diplons has a well-defined interp
ticle interaction and the plasma dispersion as well as
structural properties were investigated by de Freitaset al.31

under the assumption that the positive ions are mobile in
substrate.

In this paper, we follow previous works3,20,21,25,32–34to
evaluate the dynamical properties of the Wigner crystal
the phase diagram of diplons in liquid helium. We empl
the Kosterlitz-Thouless criterion to estimate the melting te
perature of the diplon system and analyze the effects of
ferent substrates and film thicknesses on the phase diag
The organization of the paper is as follows. Section II
devoted to the description of the interparticle potential
tween the diplons and the calculation of the phase diagr
In Sec. III we evaluate the interaction energy of the dipl
crystal and the phonon spectrum of the triangular lattice
the harmonic approximation. In Sec. IV we present our e
mate of the melting temperature and conclusions.

II. PHASE DIAGRAM

The interaction energy between two diplons lying on
substrate with dielectric constantes is

V~r !5
4e2

es11S 1

r
2

1

Ar 21d2D
1

e2~es21!

es11 S 1

r
2

1

Ar 21~2d!2D , ~1!

wherer is the distance between diplons andd is the distance
between the electron layer and the ion layer. In the ab
expression the dielectric constant of the liquid helium w
e
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assumed to be one. For small interparticle distances (r !d),
we obtain essentially the Coulomb potentialV(r )5e* 2/r for
particles confined in a plane with a renormalized chargee*
5eA(es13)/(es11). If the diplons are far apart,r @d ~low-
density regime!, one has an asymptotic dipolar interactio
V(r )5p2/r 3, where the dipole momentp5e8d with e8
52@es /(es11)#e. Note that in contrast to the system o
electrons on helium films20 in which the dipolarlike regime is
achieved only for a metallic substrate, the diplon system
described by a dipolar interaction irrespective of the s
strate.

The 2D Fourier transform of the diplon-diplon potential
given by25

V~q!5
2pe2

q
$d1@12exp~2qd!#1d2@12exp~22qd!#%,

~2!

whered154/(es11) andd25(es21)/(es11). We also ob-
serve in the reciprocal space that in the long-wavelen
limit, qd!1, V(q) does not depend onq andes , leading to
the same form for both diplons and surface electrons abo
helium film over a metallic substrate, i.e.,V(q)>4pe2d. In
the other limit, qd@1, one recovers the usualV(q)
52pe* 2/q, which is similar to the system of electrons o
bulk helium, but with a different effective electron charge

A qualitative picture of the shape and nature of the ph
diagram can be obtained by calculating the ratio between
mean potential energŷV& and the mean kinetic energy^K&,

G5
^V&

^K&
, ~3!

because physically any liquid is expected to crystallize wh
the ^V& is large compared tôK&. For the diplon system,

^V&5e2ApnFd1S 12
1

~11n/nd!1/2D
1d2S 12

1

~11n/4nd!1/2D G , ~4!

wheren51/pa2 is the diplon density, witha being the mean
distance between the diplons andnd51/4pd2. The mean ki-
netic energy per particle~for diplons of massm) is given by
an integral over the Fermi function as

^K&5
2

nE d2p

~2p!2

Ep

eb~Ep2m!11
, ~5!

whereb51/kBT, with T the temperature, andEp5p2/2m.
The number densityn, defined in the usual way in terms o
the chemical potential, is written as

n52E d2p

~2p!2

1

eb~Ep2m!11
. ~6!

At any temperature and density, the integrals in Eqs.~6!
and ~7! can be evaluated analytically.32,20 Substituting the
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2846 PRB 58CÂNDIDO, RINO, AND STUDART
results of these integrals into Eq.~4!, one obtains parametri
equations inz5exp(2bm), wherem is the chemical poten
tial, which can be written as

~n/nc!
1/25

F1
2~z!

F3~z!Fd1S 12
1

~11n/nd!1/2D
1d2S 12

1

~11n/4nd!1/2D G ~7!

and

~n/nc!5S T

Tc
DF1~z!, ~8!

where F1(z)5 1
2 ln(111/z), F3(z)5F1

2(z)2s@1/(11z)#/2,
ands(x) is the dilogarithm or Spence function given by

s~x!52E
0

x

dy
ln~12y!

y
.

Equations~7! and~8! are expressed for convenience in un
of

nc5~4/paB
2G2!,

and

Tc52e2/kBaBG2,

whereaB5\2/me2 is the Bohr radius. By eliminatingz in
Eqs. ~7! and ~8!, one obtains a three-dimensional spa
(n/nc ,T/Tc ,nd /nc) that corresponds to the phase diagra
Note that this qualitative phase diagram is parametrized
such a way that the absolute magnitudes of the tempera
and density scale depend quadratically on the parameteG.
For the classical system of electrons on bulk helium,1 G
5137, we havenc52.431012 cm22, and Tc533.6 K.
From computer simulations for the degenerate (T50) 2D
electron gas, it was found35 G574, so one hasnc58.3
31012 cm22 . So the critical density is too high for elec
trons on helium to achieve the quantum regime. Branı´cio

FIG. 2. Phase diagram (n,T,d) for Wigner crystallization in the
case of a substrate withes52 andnd54pd2, whered is the dis-
tance between the layers of electrons and ions. Inside the curv
the solid phase.
e
.
in
re

et al.36 have performed molecular-dynamics calculations
describe the dependence of the solid-liquid phase trans
of the diplon system on the substrate and film thickness.
analyzing quantities like the total energy per particle and
self-diffusion coefficient, the melting temperature was det
mined. They foundG56165 for the critical value in which
the system undergoes the Wigner transition for a glass s
strate andd5500 Å.

In Fig. 2 we depict the influence of the layer thickness
the phase diagram of the diplon system for a substrate w
es52 ~curvesC1 to C3) as compared with the bulk limit~2D
electrons on helium! that corresponds tond50 ~curve C4).
As one can see, by decreasing the layer thickness~or increas-
ing nd;1/d) the (n,T) curves start to draw back and fo
some smalld the solid region shrinks to a point. So, on
obtains a fluidlike region asn→0 andT→0 for small layer
thickness. This picture is also found in the phase diagram
electrons on helium films over a metallic substrate a
comes from the dipolar interaction among the particles.19,20

is

FIG. 3. The effect of the substrate on the phase diagram wh
the curvesC1 to C4 refer to distances between the layers cor
sponding tond /nc50.08, 0.06, 0.04, and 0, respectively.
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This behavior becomes more apparent in Fig. 3 where
have shown constant-thickness plots of the phase diag
(n,T) of Fig. 2 for different dielectric constants that corr
spond approximately to substrates like noble-gas solid
PMMA @poly~methyl-methacrylate!# (es52),23 glass (es
510), and metal (es5`). We note that the well-known re
sults for the electrons on bulk helium can be obtained
curveC4 for «s5` ~see the bulk result in Fig. 4 of Ref. 19!.
The low-density regime of the phase diagram can be be
visualized in Fig. 4 where we present theT50 cut of Fig. 3.
We observe that the quantum regime in the diplon sys
could be in principle achieved independently of the subst
~compare with Fig. 3 of Ref. 20!. However, due to the large
mass of the diplon, this region is far away from reasona
diplon densities as one can see from estimates ofnc for the
system.

FIG. 4. T50 cut of the phase diagram of Fig. 3.
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III. GROUND-STATE ENERGY AND PHONON SPECTRUM
OF THE DIPLON SOLID

In this section we will evaluate the ground-state ene
and the phonon spectrum of a 2D crystal of diplons in
harmonic approximation. The interaction energy of o
diplon, which is taken at the origin, interacting with all oth
diplons can be written as

EI
d5 lim

uRu→0
(

l
@V$R2R~ l !%2V~R!#, ~9!

whereR( l ) is the lattice position of the diplon at sitel and
V(R) is given by Eq.~1!. The summation overl in Eq. ~9!
was made straightforwardly using Ewald’s method.3 The re-
sult of the ground-state energy is

FIG. 5. Static ground-state energy of the diplon crystal a
function of the ratio ofd, the distance between the layers, anda the
diplon-diplon average distance for three different substrates.
EI /E05
2Ap

ah
@L~0,h2d0

2!d11L~0,4h2d0
2!d2#1 (

G0Þ0

2Ap

ah FLS G0

4h2
,h2d0

2D d11LS G0

4h2
,4h2d0

2D d2G
1S 22h

Ap
~d11d2!1

erf~hd0!

d0
d11

erf~2hd0!

2d0
d2D

1 (
R0Þ0

S erfc~hR0!

R0
~d11d2!2

erfc@h~R0
21d0

2!1/2#

~R0
21d0

2!1/2
d12

erfc$h@R0
21~2d0!2#1/2%

@R0
21~2d0!2#1/2

d2D , ~10!
.

rs

est
ral
and
whereh5Apj/a, d05d/b, G05uGub. The parameterj is
the usual convergency constant in Ewald’s method, wh
indicates at which distance the lattice sum is split up. T
normalization energy isE05e2/b, with b being the lattice
constant anda5ac /b2, whereac is the volume of the unit
cell. The special functions appearing in Eq.~10! are

L~z,t !5E
0

1 dx

x3/2
~12e2xt!e2z/x,
h
e

and erfc(x)512erf(x) is the complementary error function
For the case of the hexagonal lattice, we find thata5A3/2,
b5(2p/A3)1/2a, the normalized lattice vectors areR05(m
1n/2,A3n/2), and the normalized reciprocal-lattice vecto
are given by G05(m,(2m12n)/A3) with m,n
50,1,2, . . . .

We have found that the hexagonal lattice has the low
energy among all the five 2D Bravais lattices for seve
values of the distance between the layers of electrons
ions and for all investigated substrates.
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2848 PRB 58CÂNDIDO, RINO, AND STUDART
Two limits are immediately recovered: ford→`, Eq.
~10! reduces to the result of Bonsall and Maradudin@see Eq.
~2.12! of Ref. 3# for electrons on bulk helium and that o
Peeters@see Eq.~11! of Ref. 20# for electrons on a helium
film over a metallic substrate.

The results for ground-state energyEI /E0 of the diplon
crystal with the hexagonal symmetry are shown in Fig. 5
a function ofd/a for the same substrates as before. We
serve that the energy is dependent on the substrate for i
mediate values ofd/a and, as expected, by decreasingd, the

FIG. 6. Phonon-dispersion curves of the Wigner diplon crys
for wave vectors along the boundary of the first Brillouin zone
the 2D hexagonal lattice for several values of the ratiod/a and for
es510.
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interaction energy decreases because the substrate favo
screening of the interparticle potential. For very larged, EI
tends to a constant value that was found in the case of e
trons on bulk helium. In the opposite limit,d/a→0, where
the interparticle interaction potential is essentially dipol
we recover the result for electrons on thin films over a m
tallic substrate.20

We now consider the dynamical properties of the dipl
crystal by determination of the phonon spectrum of suc
crystal. Following the same procedure of Refs. 3,20,25
33, the dynamical matrix is written

Ci j ~q!52
e2

m
@Si j ~q!2Si j ~0!#, ~11!

where the matrixSi j (q) is defined by

Si j ~q!5
1

e2
lim

uRu→0

]2

]Ri]Rj
F(

l
V@R2R~ l !#e2 iq•R~ l !2V~R!G .

~12!

From the dynamical matrix, we obtain the normal mode f
quencies as

v6
2 ~ uqu!5

1

2
$@Cxx~ uqu!1Cyy~ uqu!#

6A~Cxx~ uqu!2Cyy~ uqu!!214Cxy~ uqu!Cyx~ uqu!%.

~13!

By inserting the interaction potential@Eq. ~1!# into Eq. ~12!
we obtain the dynamical matrix in a straightforward way

l
f

Ci j ~q!

v0
2

5Ap/3
uq0i

uuq0 j
u

2h FLS uq0u2

4h2
,h2d0

2D d11LS uq0u2

4h2
,4h2d0

2D d2G2
h3

2Ap
(
RÞ0

sin2S q0•R0

2 D †d i j „H1~huR0u!~d11d2!

2H1@h~ uR0u1d0
2!1/2#d12H1$h@ uR0u1~2d0!2#1/2%d2…2h2uR0i

uuR0 j
u„H2~huR0u!~d11d2!

2H2@h~ uR0u21d0
2!1/2#d12H2$h@ uR0u21~2d0!2#1/2%d2…‡1

1

2h
Ap/3(

GÞ0
H ~q01G0! i~q01G0! j

3FLS uq01G0u2

4h2
,h2d0

2D d11LS uq01G0u2

4h2
,4h2d0

2D d2G2uG0i
uuG0 j

uFLS uG0u2

4h2
,h2d0

2D d11LS uG0u2

4h2
,4h2d0

2D d2G J ,

~14!
io
g

a
n
ar

-
nts
where v0
258e2/mb3 and q05qb. The functions H1(x)

5F1/2(x
2) and H2(x)52F3/2(x

2), where Fm(x) are the
Misra function.3 It is easy to show that the dynamical matr
given by Eq. ~14! reproduces previous ones given in t
literature for electrons on bulk helium in the limit of larg
separation between the electron and ion layers. The
phonon-dispersion curves, where the wave vectors are a

the boundary of the irreducible element of the first Brillou
zone for the 2D hexagonal lattice, are depicted in Fig. 6 fo
ll
ng

a

dielectric substratees510, and for several values of the rat
of the separationd, between the electron and the ion formin
the diplon, and the diplon-diplon average distancea. The
longitudinal and transverse phonon is acoustical-like with
dispersion linear nearq50 and the velocities are shown i
Fig. 7. Our numerical results reproduce quite well the line
dependence ofCl ,t /C0}d/a, whereC05e/(mb)1/2 as calcu-
lated by Yoshioka and Fukuyama.33 We observe a small de
pendence of the sound velocities with the dielectric consta
of the substrate.
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IV. CONCLUSIONS

Melting of a dipolarlike solid was previously in
vestigated33 by using Lindeman’s criterion that states that t
solid melts when the root-mean-square deviation from
equilibrium position reaches some fraction of the latt
spacing.37 This can be evaluated from the phonon spectr
obtained in Sec. III. We do not have justification for emplo
ing such a criterion since in 2D the mean-square displa
ment diverges logarithmically at finite temperature.38 Linde-
man’s criterion should be equivalent to comparing the g
of the potential energy forming the solid with the loss of t
kinetic energy. This fact was used to give a good, even qu
tative, picture of the phase diagram in Sec. II. So, we c
clude the paper with estimates of the melting temperatur
the diplon crystal according to the Kosterlitz-Thouless~KT!
defect-mediated phase-transition theory. The KT melting
mediated by the unbinding of dislocations pairs at the te
peratureTm given by12,21

Tm5
nmb2

4pkB
Ct

2~d!S 12
Ct

2~d!

Cl
2~d!

D . ~15!

FIG. 7. Longitudinal and transverse sound velocity of the dip
solid as a function ofd/a.
et
.

e

e-

n

li-
-

of

is
-

Using our numerical values of the sound velocities,
present in Fig. 8 the results of the phase diagram base
KT dislocation theory. We observe that at low temperatu
the curves for different distances between the layers l
quite similar and the dependence of the temperature with
density obeys the power lawTm}n3/2.25

In conclusion, we have studied the static and dynam
properties of the diplon system in liquid helium due to t
interaction between two layers formed by surface electr
and ions above a substrate. The ground-state energy an
phonon spectrum were evaluated in the harmo
approximation. The spectrum is acoustical-like and
sound velocities were calculated numerically. The phase
gram was determined by Lindeman’s criterion and
using the theory of melting according to Kosterlitz an
Thouless.
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