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Phase diagram and Wigner crystal of dipolar complexes in liquid helium
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The phase diagram of the two-dimensional dipolar system formed by tightly bound pairs of surface electrons
above a superfluid helium film and positive ions lying inside the film over a solid substrate is determined on the
basis of Lindeman'’s criterion and using the Kosterlitz-Thouless dislocation-mediated melting mechanism. The
ground-state energy, the phonon-dispersion curves, and the longitudinal and transversal sound velocities of the
dipolar crystal are evaluated within the harmonic approximation as a function of the distance between the
layers and for different substratd$0163-182008)02929-4

I. INTRODUCTION is first order while it should be continuous in systems with
long-range potentials. It is believed that melting in 2D sys-

Over the past decades there has been considerable théems should not be governed by a unique universality class
retical and experimental progress in understanding structurdlut it depends on the form of the interparticle potential.
and dynamical properties of classical Wigner crystals. Theylence the search for systems with different interactions
are realized mainly in two-dimension&2D) charged sys- among the particles.
tems, starting with the seminal paper by Grimes and Adams Surface electrons above a helium film deposited over a
in which the observation of the 2D crystal of electrons on thesubstrate constitute a unique system for investigating particle
surface of liquid helium was reported. Their results werecorrelations and phase transitions since the particle density
consistent with theoretical calculations that predict that elecand the interparticle potential can be drastically changed by
trons confined to a single 2D layer localize in a hexagonavarying accessible experimental parametéris contrast to
lattice?® Since then a lot of experimental and theoretical€lectrons on bulk helium, both the classical as well as the
work was devoted to the investigation of other possible 2Dquantum regimes can be achieved. The correlational proper-
charge systems where the particles could undergo a pha$iés and plasma oscillations of the 2D electron gas over he-
transition to the classical Wigner solid. For 2D degeneratdium films were investigated by MonarkHeand Rinoet al*’
electrons found in semiconductor heterostructures, this rdn the nondegenerate regime and by de Freitaal"® in the
gime is believed to occur because at strong perpendiculdl€generate regime. The description of the phase diagram was
magnetic field the kinetic energy should be quenched and th@ade by Peeters and Platzniaff and Saitolf! The esti-
classical limit should be achievéd. mated melting temperature is in good agreement with previ-

Another experimental system where classical particles exous experiments by Jiarg al?* and with more recent ones
hibit Wigner crystallization is composed of polymer colloids Performed by Misturaet al?®
confined between glass plate3he very complicated inter- ~ Another interesting system was proposed by Monarkha
particle interactions should be approximated in a simple waynd Kovdryd* and consists of surface electrons deposited
by the screened Coulom¥ukawa or dipolarr 3 potentials ~ over a helium fili?® or a He-*He microstratified mixturé
depending on the experimental configurations. Pools of ion#hat contains positive ions inside attached to a solid_sub-
trapped below the surface of superfluid helium are also googtrate. These dipole complexes have been named dipfos
candidates to show up the classical Wigner solid, since thegnd are schematically shown in Fig. 1. An isolated diplon
form 2D arrays of particles interacting through Coulombforms a 2D “atomic” state in which the electron is bound to
forces with very high effective mass&sThe quantum the ion by a nearly parabolic potential with a harmonic spec-
Wigner crystal in a double-layer structure has been studietfum for a film thickness larger than 200 A. The charac-
since it was suggestédhat in bilayer semiconductor struc- teristic frequency of the electron in the potential welkig
tures particle localization occurs at higher densities com=8x10"? Hz in the case of a glass substrate=(10) and
pared to those in a single layer. The phase diagram has be@r=100 A. However, the diplon system may become unstable
clarified by several authors both for zero magnetic fieldd
in the quantum Hall regim&.The bilayer classical Wigner
solid, which can be realized in a layerédle- “He solution
or in a superfluid helium film, has also been studied by Vil'k
and Monarkh& and Goldoni and Peetet5.

Most of these investigations were stimulated by the de- o
bate whether the melting transition proceeds by a continuous Substrate .
two-state process as developed by Kosterlitz, Thouless, Hal-
perin, Nelson, and Yourl§**or a usual liquid-solid first-
order transition. There is now some evidence that for sys-
tems with short-range interparticle interactions the transition FIG. 1. Schematic view of the diplon system.
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due to the following possibilitiedi) the positive ion can be assumed to be one. For small interparticle distancesd),
detached from the solid substrafi) the electron can tunnel we obtain essentially the Coulomb potentiél) =e* ?/r for
into the liquid phase due to surface deformation effe(iig; particles confined in a plane with a renormalized chate
the occurrence of an electrohydrodynamical instability of the=e\/(e,+3)/(es+1). If the diplons are far apant>d (low-
surface. Estimates of the first two effects indicate that thelensity regimg one has an asymptotic dipolar interaction
system is stable at film thicknesses larger than 70 A for a/(r)=p?/r3, where the dipole momenp=e'd with e’
glass substraté:* Moreover, analysis of system stability =2[e./(e,+1)]e. Note that in contrast to the system of
against the oscillations of the surface, i.e., the softening oélectrons on helium filnf§in which the dipolarlike regime is
the frequency spectrum of surface modes, gives a criticahchieved only for a metallic substrate, the diplon system is
density of the order of ¥§ cm™2 for the actual stability ~described by a dipolar interaction irrespective of the sub-
limit for a glass substrate witd=100 A2 strate.
Experimental evidence of diplon states was shown in  The 2D Fourier transform of the diplon-diplon potential is
Refs. 28—30. The data of microwave absorption from elecgiven by®
trons on a helium film with positive ions on the substrate
beneath the film were interpreted in terms of strongly bound 2 me?
diplons with a binding energy of the order of 100 K fdr ~ V(q)= {61[1—exp(—qd)]+ d,[1—exp(—2qd)]},
=300 A. The observation of narrow peaks in the power ab- )
sorption as a function of the temperature, which are absent in
the uncharged substrate, was attributed by Lehndarii3®  wheres;=4/(es+1) ands,=(es— 1)/(es+1). We also ob-
to resonances of electrons in the diplon state. We point owerve in the reciprocal space that in the long-wavelength
Ref. 27 for a comprehensive discussion of these resultdimit, qd<1, V(q) does not depend om and e, leading to
Dahnt’ also suggested the possibility of a Mott transition asthe same form for both diplons and surface electrons above a
the overlap of the electronic wave function was changed byielium film over a metallic substrate, i.&/(q)=4me?d. In
varying the film thickness. However, this transition shouldthe other limit, qd>1, one recovers the usua¥(q)
be forbidden in a simple model of a periodic potential in- =27e*?/q, which is similar to the system of electrons on
duced by the lattice formed by ions on the substrate, sinceulk helium, but with a different effective electron charge.
the melting temperature of the electron lattice is higher than A qualitative picture of the shape and nature of the phase
that of the screened positive ions. diagram can be obtained by calculating the ratio between the
The system of many diplons has a well-defined interparmean potential energ{y/) and the mean kinetic energi),
ticle interaction and the plasma dispersion as well as the

structural properties were investigated by de Freétaal3! (V)
under the assumption that the positive ions are mobile in the I'= Ky’ (€)
substrate.

In this paper, we follow previous work§>?1%%=%%0  pacause physically any liquid is expected to crystallize when
evaluate the dynamical properties of the Wigner crystal anghe (V) is large compared t0K). For the diplon system,
the phase diagram of diplons in liquid helium. We employ
the Kosterlitz-Thouless criterion to estimate the melting tem-
perature of the diplon system and analyze the effects of dif- <V>=e2\/ﬁ
ferent substrates and film thicknesses on the phase diagram.
The organization of the paper is as follows. Section Il is
devoted to the description of the interparticle potential be- "
tween the diplons and the calculation of the phase diagram.
In Sec. Il we evaluate the interaction energy of the diplon
crystal and the phonon spectrum of the triangular lattice irwheren=1/7a? is the diplon density, witta being the mean
the harmonic approximation. In Sec. IV we present our estidistance between the diplons ang= 1/47d?. The mean ki-
mate of the melting temperature and conclusions. netic energy per particléor diplons of massn) is given by

an integral over the Fermi function as

Sl1—- ——
1( (1+ n/nd)l/z)

: 4

52

(1+ n/4nd)1’2)

Il. PHASE DIAGRAM

. . . . 2 d?p Ep

The interaction energy between two diplons lying on a (K)y= _f 5 , (5)

substrate with dielectric constagy is nJ (2m)? efFpmH +1
4e? (1 1 where 8= 1/kgT, vyith T the te.mperature, anEp'z p2/2m.

V(r)= - The number density, defined in the usual way in terms of
et ri+d the chemical potential, is written as
2
e(es— 1)1 1

+ (Eil )<F_ 3 2), (1) nzzf d’p 1 o

s Vre+(2d) (277)2 BE 1

wherer is the distance between diplons ashds the distance
between the electron layer and the ion layer. In the above At any temperature and density, the integrals in E5.
expression the dielectric constant of the liquid helium wasand (7) can be evaluated analyticaft¢?® Substituting the
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FIG. 2. Phase diagramrn(T,d) for Wigner crystallization in the 10 | C, -
case of a substrate with=2 andny=4md?, whered is the dis- :0
tance between the layers of electrons and ions. Inside the curves is E
the solid phase. 0.5 C, _
CZ
results of these integrals into E@l), one obtains parametric DCI
equations ire=exp(—Bu), whereu is the chemical poten- 0.0 . . .
tial, which can be written as 0.0 0.2 04 0.6

(n/nc)1’2=—Fi(Z)

1
1_—
1( (1+ n/nd)1’2>

F3(2)
+ 6, 1— W) 1 (7
and
T
(n/nc>=(T—)F1<z), ®)

where F1(2)=3In(1+1/z), F3(2)=F2(2)—s[1/(1+2)]/2, '
ands(x) is the dilogarithm or Spence function given by T/TC

x In(1-vy) FIG. 3. The effect of the substrate on the phase diagram where
S(X) = — fo dYT- the curvesC, to C, refer to distances between the layers corre-

sponding tony/n.=0.08, 0.06, 0.04, and 0, respectively.

Equations(7) and(8) are expressed for convenience in units
of et al®® have performed molecular-dynamics calculations to
describe the dependence of the solid-liquid phase transition
of the diplon system on the substrate and film thickness. By
analyzing quantities like the total energy per particle and the
self-diffusion coefficient, the melting temperature was deter-
mined. They found =61+5 for the critical value in which
the system undergoes the Wigner transition for a glass sub-
whereag=%2/mée is the Bohr radius. By eliminating in  strate andd=500 A.
Egs. (7) and (8), one obtains a three-dimensional space In Fig. 2 we depict the influence of the layer thickness on
(n/n.,T/T.,ng/n.) that corresponds to the phase diagram.the phase diagram of the diplon system for a substrate with
Note that this qualitative phase diagram is parametrized irk;=2 (curvesC, to C3) as compared with the bulk lim{2D
such a way that the absolute magnitudes of the temperatuedectrons on heliumthat corresponds tay=0 (curve C,).
and density scale depend quadratically on the paranbeter As one can see, by decreasing the layer thickf@sscreas-

ne=(4/mail'?),
and

TC = 262/ kBaBFZ,

For the classical system of electrons on bulk helfui,
=137, we haven,=2.4x10' cm 2, and T,=33.6 K.
From computer simulations for the degeneraie=Q) 2D
electron gas, it was fourid I'=74, so one ha,=8.3

X 10' cm 2 . So the critical density is too high for elec-

trons on helium to achieve the quantum regime. Briani

ing ng~1/d) the (n,T) curves start to draw back and for
some smalld the solid region shrinks to a point. So, one
obtains a fluidlike region as—0 andT—0 for small layer
thickness. This picture is also found in the phase diagram of
electrons on helium films over a metallic substrate and
comes from the dipolar interaction among the particfes.
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FIG. 5. Static ground-state energy of the diplon crystal as a
function of the ratio ofd, the distance between the layers, anithe
diplon-diplon average distance for three different substrates.

This behavior becomes more apparent in Fig. 3 where we
have shown constant-thickness plots of the phase diagram- GROUND-STATE ENERGY AND PHONON SPECTRUM

(n,T) of Fig. 2 for different dielectric constants that corre- OF THE DIPLON SOLID

spond approximately to substrates like noztgle-gas solid or | this section we will evaluate the ground-state energy
PMMA [poly(methyl-methacrylatd (es=2)" glass €  and the phonon spectrum of a 2D crystal of diplons in the
=10), and metal §;==). We note that the well-known re- harmonic approximation. The interaction energy of one

sults for the electrons on bulk helium can be obtained ingjplon, which is taken at the origin, interacting with all other
CUrVeC4 for Eg= > (See the bulk result in F|g 4 of Ref. )].9 dip|ons can be written as

The low-density regime of the phase diagram can be better
visualized in Fig. 4 where we present the=0 cut of Fig. 3.

We observe that the quantum regime in the diplon system
could be in principle achieved independently of the substrate
(compare with Fig. 3 of Ref. 20However, due to the large whereR(l) is the lattice position of the diplon at siteand
mass of the diplon, this region is far away from reasonable/(R) is given by Eq.(1). The summation ovelr in Eq. (9)
diplon densities as one can see from estimates,dbr the ~ was made straightforwardly using Ewald’s metHothe re-

FIG. 4. T=0 cut of the phase diagram of Fig. 3.

/= im 3 (VIR-RO}-VRIL O

system. sult of the ground-state energy is
2\ 2Jm [ G Go
E,/Eo=——L(0,7%d3) 8, + L(0,47°d3) 5,] + ——L| —,7%d2 | 8, +L| —,47%d2 | &
1"Eo an[(ﬂo)l (0,47°d) 5,] G%Oaﬂ 4772770 1 4772710 2
—27 erf( ndg) erf(27dg)
+ W(51+52)+ do 1 2d, 2
erfo 7Ry) erfd p(RG+d3)"?]  erfe{ [R5+ (2do)*]1"%
+ 2 (1% 65)— 2 212 1 2 21112 20 (10
Ro70 Ro (R§+d5) [R5+ (2dg)?]

where n=Jwéla, dy=d/b, Go=|G|b. The paramete¢ is  and erfck) =1—erf(x) is the complementary error function.
the usual convergency constant in Ewald’s method, whiclFor the case of the hexagonal lattice, we find that+/3/2,
indicates at which distance the lattice sum is split up. They=(2x/./3)"2a, the normalized lattice vectors aRy=(m

normalization energy ifozezlb,_ with b being the lattice /2 \/3n/2), and the normalized reciprocal-lattice vectors
constant andv=a./b*, wherea, is the volume of the unit .o given by Go=(m,(—m+2n)/y3) with mn

cell. The special functions appearing in Ef0) are -012....

1dx We have found that t_he hexagonal_ Iattic_e has the lowest
L(Z’t):f T/Z(l—e”‘t)e’z’x, energy among all the five 2D Bravais lattices for several
0 X values of the distance between the layers of electrons and
ions and for all investigated substrates.
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' ' ' ' interaction energy decreases because the substrate favors the

dia= co

15 b 2 =095 e=10 | screening of the interparticle potential. For very latyeE,

T o tends to a constant value that was found in the case of elec-

trons on bulk helium. In the opposite limid/a— 0, where
the interparticle interaction potential is essentially dipolar,
we recover the result for electrons on thin films over a me-
tallic substrat&®

We now consider the dynamical properties of the diplon
crystal by determination of the phonon spectrum of such a
crystal. Following the same procedure of Refs. 3,20,25 and
33, the dynamical matrix is written

w/m,

2

Cy(a)=— [S;(@)~S,(0)], ap

where the matribS§;;(q) is defined by

FIG. 6. Phonon-dispersion curves of the Wigner diplon crystal 2

1 o
for wave vectors along the boundary of the first Brillouin zone of Sij(d)=— lim RIR. El V[R=R(I)Je "*RU-V(R)|.
the 2D hexagonal lattice for several values of the rdfia and for € IRI—07T T (12

es=10.
From the dynamical matrix, we obtain the normal mode fre-
Two limits are immediately recovered: fat—%, Eq.  quencies as
(20) reduces to the result of Bonsall and Maradudiee Eq.
(2.12 of Ref. 3] for electrons on bulk helium and that of ) 1
Peeterdsee Eq.(11) of Ref. 2 for electrons on a helum @=(lah)= 5{[Cxx(|Q|)+ny(|q|)]
film over a metallic substrate.
The results for ground-state energy/E, of the diplon *J(Cxx(|a)) = Cyy(lal))?+4C,(laD) Cyx(aD)}-
crystal with the hexagonal symmetry are shown in Fig. 5 as (13)
a function ofd/a for the same substrates as before. We ob-
serve that the energy is dependent on the substrate for inteBy inserting the interaction potentifiEqg. (1)] into Eq. (12)
mediate values af/a and, as expected, by decreasihghe  we obtain the dynamical matrix in a straightforward way as

2
—'jjz ,4n2d3> 5|

Cij(a) |q0i||q0j|[ |0ol? 7 . (qO'RO)
=n3 L ,m2d?| 6, +L ——> sir?| ——|[6; (H(7|Ro|) (81 + &
02 ™ 27 l 4,7 7°0g | 01 2\/;;0 I 2 [ (H1(7|Ro|)(81+ &2)

—Ha[7(|Ro| +d§) 81— H 1 { [ | Ro| + (2d0) 13 85) — | Roi||Roj| (Ha(7|Ro|)(81+ 82)

1
~Hal 7(IRol+ ) Y21 01— Ho{ nl|Ro|*+ (2d0)*1% 89+ 5 /3 3 ‘(qo+eo>i<qo+eo>,-

+Gol? +Gol?
% L(|Qo ol 2] sl L8 2o| ,4772d5)52 -

4772

|Gol? |Gol?
L| —=, 52d? | 8,4+ L| ——=,492d2 | 6, |,
<47]2 7 Yo |01 a7 7 Uo | 02

(14)

—1Go||Go.
. 1Go1Go)

where w3=8e*mb® and go=qgb. The functionsH,(x)  dielectric substrates= 10, and for several values of the ratio
=d,,5(x?) and Hy(x)=2D4,(x?), where ®,(x) are the of the separatiod, between the electron and the ion forming
Misra function® It is easy to show that the dynamical matrix the diplon, and the diplon-diplon average distarceThe
given by Eq.(14) reproduces previous ones given in the longitudinal and transverse phonon is acoustical-like with a
literature for electrons on bulk helium in the limit of large dispersion linear neay=0 and the velocities are shown in
separation between the electron and ion layers. The fuII|:|g. 7. Our numerical results reproduce quite well the linear

L . pendence dE, ;/Cy=d/a, whereCo=e/(mb)Y2 as calcu-
phonon-dispersion c.urves, where the wave vec.tors are allo ted by Yoshioka and Fukuyarfawe observe a small de-
the boundary of the irreducible element of the first Brillouin hondence of the sound velocities with the dielectric constants

zone for the 2D hexagonal lattice, are depicted in Fig. 6 for &f the substrate.
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layers of electrons and ions.

0.0 : : ) . -

0.00 0.25 0.50 0.75 Using our numerical values of the sound velocities, we
d/a present in Fig. 8 the results of the phase diagram based on
FIG. 7. Longitudinal and transverse sound velocity of the dipIonKT dislocation th_eory' We. observe that at low temperatures
solid as a function ofi/a. the curves for different distances between the layers look
quite similar and the dependence of the temperature with the
IV. CONCLUSIONS density obeys the power lail,cn®?22°

Melting of a dipolarlike solid was previously in- In conclusion, we have studied the static and dynamical
vestigated® by using Lindeman'’s criterion that states that the_proper‘ues of the diplon system in liquid helium due to the

solid melts when the root-mean-square deviation from th énteractlon between two layers formed by surface electrons

equilibrium position reaches some fraction of the Iatticeand ions above a substrate. The ground-state energy and the

spacing’’ This can be evaluated from the phonon spectrunPhonor? spectrum were eval_uated n th_e harmonic
obtained in Sec. Ill. We do not have justification for employ- @PProximation. The spectrum is acoustical-like and the
ing such a criterion since in 2D the mean-square dismaces_ound velocities were calculatgd numerlcally_. The phase dia-
ment diverges logarithmically at finite temperatdfd.inde- ~ 9ram was determined by Lindeman's criterion and by
man’s criterion should be equivalent to comparing the gairt'sing the theory of melting according to Kosterlitz and
of the potential energy forming the solid with the loss of the Thouless.

kinetic energy. This fact was used to give a good, even quali-

tative, picture of the phase diagram in Sec. Il. So, we con-

clude the paper with estimates of the melting temperature of ACKNOWLEDGMENTS
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