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Josephson plasma resonance in superconducting multilayers

N. F. Pedersen* and Shigeki Sakai
Electrotechnical Laboratory, 1-1-4, Umezono, Tsukuba-shi, Ibaraki 305, Japan

~Received 16 March 1998!

We derive an analytical solution for the Josephson plasma resonance of superconducting multilayers. This
analytical solution is derived mainly for low-Tc systems with magnetic coupling between the superconducting
layers, but many features of our results are more general, and thus an application to the recently derived plasma
resonance phenomena for high-Tc superconductors of the Bi2Sr2CaCu2Ox type is discussed. Our approach
allows us to give full details of the different plasma resonance excitations, and we also predict the existence of
new nonlinear effects, so far only identified in single junctions.
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I. INTRODUCTION

The phenomenon of plasma resonance has been know
low-Tc single junctions for many years.1,2 The measuremen
of this resonance in low-Tc junctions has been an importa
diagnostic tool leading, for example, to the verification of t
so-called cosw term.3 The plasma resonance has also be
utilized in the construction of parametric amplifiers.4

In this paper we extend the theory of the plasma re
nance from the single Josephson junction to a stack of l
Josephson junctions. The motivation for this is the consid
able interest in the Josephson stacks that has been see
cently. An important step for the theoretical understanding
Josephson stacks was a theoretical model published by
kai, Bodin, and Pedersen~SBP! in which the system is rep
resented by a set of coupled sine-Gordon equations inclu
losses and biases.5 The most interesting case occurs when
thickness of the superconducting layer is smaller than
London penetration depth, such that a strong inductive c
pling is expected. For low-Tc Nb AlOx stacks the SBP mode
accounted very well for experimental observation works
the flux-flow mode and Fiske-like resonances.6–8

As was pointed out by SBP~Ref. 5!, the inductively
coupled model may also be applicable to stacked intrin
high-Tc Josephson junctions of the Bi2Sr2CaCu2Ox
~BSCCO! type. In fact, equivalent theoretical models usi
different notations appeared lately,9,10 and were used for the
interpretation of measurements on stacks of BSCCO intrin
Josephson junctions. The observed overall features dep
ing on the applied magnetic field, the flux flow velocitie
and the microwave emission are excellently explained by
SBP or equivalent models.11,12

Recently the plasma resonance was ‘‘reinvented’’ in c
nection with layered high-Tc superconductors of the BSCC
type. Microwave absorption experiments13–15 have been re-
ported, and a model considering a charging effect in the
perconducting layers in high-Tc intrinsic stacks has been re
cently proposed by Tachiki and his group.16 This model
results in a modified second Josephson relation, where
time derivative of the phase difference of a junction is re
resented not only by the voltage of this junction but also
the voltages of adjacent junctions.16 They propose a longitu
dinal plasma resonance~a collective excitation transverse t
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the layers! due to this coupling mechanism.
In the SBP model, the coupling in the longitudinal dire

tion occurs inductively through the screening current for
magnetic field. In this paper, we clarify which kind o
plasma resonance may appear within the range of applica
ity of the SBP model. We demonstrate the existence o
variety of plasma resonance excitations, and derive the
responding equations, which in some cases are an exten
of the well-known single junction case.

The paper is organized in the following way. Section
contains the derivation of the plasma resonance for anN
stack. In Sec. III possible resonance modes are discus
and a comparison is given between our results and the re
derived from other models. Section IV discusses other n
linear phenomena connected with the plasma resonance.
results are summarized in Sec. V.

II. DERIVATION OF THE PLASMA RESONANCE
IN SUPERCONDUCTING MULTILAYERS

For a single small area Josephson junction with
equivalent diagram shown in Fig. 1, the derivation of t
plasma resonance was made in Refs. 1–3. Kirchhoff’s
for the equivalent circuit in Fig. 1 leads to

CJdV/dt1V/R1 i 0sin w5 i dc1 i rfsin vt ~1!

with ]w/]t5(2e/\)V, where all variables and paramete
have their standard meaning. Assuming thati dc, i 0 andi rf / i 0
are small, we may assumew5w01w1 , with sinw05idc/ i 0
and uw1u!1. After some algebra we find1–3,17

FIG. 1. Equivalent circuit for a single Josephson junction w
dc and rf bias current sources.
2820 © 1998 The American Physical Society
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w15
2eirf

\CJA~v22vpS
2 !21~v/CJR!2

sin~vt1Q! ~2!

and the rf-voltage amplitudeVrf is given by

Vrf5~\v/2e!w1 . ~3!

The plasma frequencyvpS in Eq. ~2! is given by

vpS5A2ei0cosw0 /\CJ. ~4!

TheQ of the plasma resonance is given byQ5vpSCJR. We
note that the plasma oscillation is a longitudinal oscillat
of Cooper pairs across the barrier. Alternatively we may
scribe it as an inductance-and-capacitance resonance
tween the Josephson inductanceLJ5\/(2ei0cosw0) and the
capacitanceCJ . It is typically in the microwave frequenc
range.

For an N-layer stack of long Josephson junctions
shown in Fig. 2~a!, we will use the equations derived b
Sakaiet al. in Refs. 5 and 6. We will also adopt the notatio
from these papers. Figure 2~b! shows details of the supercon
ducting layersi and i 21. To clarify the problem and avoi
confusion, the coupled equations to be solved are wri
here again:
-
be-

n

FIG. 2. ~a! Schematic picture of a verticallyN-stacked Joseph-
son junction.~b! Enlarged diagram for showing the parameter n
tation in this paper.
\
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]xx3
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]
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fN,N21

4 53
d1,08 s1

s1 d2,18 s2 0

� � �

si 21 di ,i 218 si

� � �

0 � � sN21

sN21 dN,N218

4 3
DJ1,0

Z

]

]

DJi ,i 21
Z

]

]

DJN,N21
Z

4 , ~5!
where

DJi ,i 21
Z 5Ji ,i 21

Z 2I B , ~6!

Ji ,i 21
Z [

\

2e
Ci ,i 21] ttf i ,i 211

\

2e
Gi ,i 21] tf i ,i 21

1Ji ,i 21sin f i ,i 21 , ~7!
di ,i 218 5di ,i 211l i 21cothF t i 21

l i 21
G1l icothF t i

l i
G , ~8!

and

si52
l i

sinh~ t i /l i !
. ~9!
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HereJi ,i 21
Z is the total current flowing in thei th junction and

I B is the bias current per unit length which is supplied to
Nth S layer and extracted from the 0thS layer.di ,i 218 may be
called the effective thickness of the junction that includes
shielding current effect for the magnetic flux density in t
i th insulating layer.si , which expresses the shielding curre
effect of the magnetic flux density in the adjacent insulat
layer, may be called the coupling parameter. To simplify
matrix expression in Eq.~5! we have definedsi,0. di ,i 21 is
the barrier thickness of thei th junction,l i is the magnetic
penetration depth of thei th superconducting layer,Ci ,i 21
andGi ,i 21 are the capacitance and quasiparticle tunnel c
ductance, respectively, per unit length.Ji ,i 21 is the dc maxi-
mum Josephson current.

If the magnetic flux densityBa is applied in parallel to the
y direction defined in Fig. 2, the boundary conditions to
satisfied are, at bothx50 andx5L,

2
\

2e
]xf i ,i 215Ba~si 211di ,i 218 1si !

5BaH di ,i 211l i 21 tanhS t i 21

2l i 21
D

1l i tanhS t i

2l i
D J for i 51,2, . . .,N.

~10!

In this paper, we discuss the case of no applied magn
field, Ba50.

Let us consider a small rf bias current in addition to the
bias current, similarly to the single junction case, Eq.~1!. In
the present paper, however, we will assume a spatially
pendent rf current such that
e

e

t
g
e

-

tic

c

e-

I B5I dc1I rf cos~kx2vt !. ~11!

A spatially dependent bias is physically realistic. For i
stance, a current concentration near the edges may occu
superconducting current lead. In such cases, the rf bias
be expanded in its Fourier components. When the rf term
small and the system becomes linear, the solution of
system is a superposition of the solution for each Fou
component and thus considering the case of Eq.~11! is gen-
eral and sufficient.

For the phase differencesf i ,i 21 between the supercon
ducting layersi and i 21 we will—in analogy with the deri-
vation in Ref. 17—assume the form

f i ,i 215f i ,i 21
~0! 1f i ,i 21

~1! , ~12!

wheref i ,i 21
(0) is a dc term anduf i ,i 21

(1) u!1. Accordingly we
find

sin f i ,i 21>sin f i ,i 21
~0! 1cos~f i ,i 21

~0! !f i ,i 21
~1! . ~13!

Inserting the bias current, Eq.~11!, into Eqs.~5! and~6! and
applying the approximation Eq.~13! we obtain equations for
the terms at zero frequency and the terms at the ang
frequencyv.

The equation for the dc terms gives

I dc5Ji ,i 21 sin f i ,i 21
~0! ~14!

which determines the dc part of the phasesf i , j 21
(0) . For the

remaining terms at angular frequencyv we get the following
coupled linear equations:
lution in
\

2em0
]xx3

f1,0
~1!

]

]

f i ,i 21
~1!

]

]

fN,N21
~1!

4 53
d1,08 s1

s1 d2,18 s2 0

� � �

si 21 di ,i 218 si

� � �

0 � � sN21

sN21 dN,N218

4 3
DJ1,0

Z~1!

]

]

DJi ,i 21
Z~1!

]

]

DJN,N21
Z~1!

4 , ~15!

where

DJi ,i 21
Z~1! 5

\

2e
Ci ,i 21] l tf i ,i 21

~1! 1
\

2e
Gi ,i 21] tf i ,i 21

~1! 1Ji ,i 21~cosf i ,i 21
~0! !f i ,i 21

~1! 2I rfcos~kx2vt !. ~16!

For mathematical convenience,I rf cos(kx2vt) is here replaced with the complex form (I rf/2)exp@ j(kx2vt)#, where j 2521.
As is well known, the final physical quantities can be obtained by a summation of the solution in this case and the so
the case where the bias has its complex conjugate form. Then the solution to Eq.~15! is f i ,i 21

(1) 5Ai ,i 21exp@ j (kx2vt)#, where
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V i ,i 21[m0Ci ,i 21v22
2em0

\
Ji ,i 21cosf i ,i 21

~0!

1 j vm0Gi ,i 21 . ~18!

In the following we will simplify the problem by assum
ing identical layers. This permits us to drop unnecessary s
scripts in the equation above, and by introducing the nota
H5d8V andS5s/d8, we get

S H2k2 SH

SH H2k2 0

� � �

SH H2k2 SH

� � �

0 � � SH

SH H2k2

D
3S A1,0

]

]

Ai ,i 21

]

]

AN,N21

D 52
1

lexc
2 S 11S

112S

]

112S

]

112S

11S

D , ~19!

where

lexc
225

2em0d8

\

I rf

2
~20!

defines a length scale for the applied rf bias current.
First we will find the solution to Eq.~19! with no applied

rf current, i.e., having the right-hand side of Eq.~19! equal to
b-
n

zero. In that case we find, in a similar way as in Ref. 6, b
using the opposite ordering definition with respect tom,

k25HH 122S cosS mp

N11D J for m51,2, . . . ,N,

~21!

whereN is the number of stacks andm is the mode number
The solutionAi ,i 2 i for mode numberm is

Ai ,i 21
m 5A 2

N11
sinF i ~N112m!p

N11 G . ~22!

From Eq.~21!, we get explicitly thek2v plasma dispersion
relation for each modem,

v22vp
22@cm

~N!#2k21 j vG/C50, ~23!

where

vp5A2eJ cosf~0!/\C ~24!

and

cm
~N!5

c0

F122S cosS mp

N11D G1/2, ~25!

with c05(m0d8C)21/2. Note that the plasma frequency@Eq.
~23!# has the same form as that@Eq. ~4!# in the case of the
single barrier Josephson junction. We find from Eq.~23! that
k is imaginary due to the presence of losses, and thus a m
which is once excited is damped with time. In the lossle
limit, we havek2v dispersion curves,v25vp

21@cm
(N)#2k2.

Figure 3 shows the dispersion curves for the case ofN53.
At v@vp , dv/dk approaches asymptotically the Swiha
type velocitiescm

(N) in the case of anN stack, i.e., the char-
acteristic velocities of electromagnetic waves in theN-stack
system with no tunnel currents. As will be shown below,
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the presence of an rf bias current, plasma resonances
appear on some selected modes of thesek2v dispersion
curves.

As the simplest nontrivial case let us first study the c
N52 with an rf excitation of the formI rfcos(kx2vt). Equa-
tion ~19! gives a solution of the form

H f1,0
~1!

f2,1
~1!J 5

2eIrf

\C

cos~kx2vt1u!

A~v22vp
22c1

2 k2!21~vG/C!2
H1
1J

~26!

with

tan u5
vG/C

~v22vp
22c1

2 k2!
and c2

~2![c15
c0

A11S
.

We notice that Eq.~26! has a form analogous to Eq.~2! for
the single junction case. Note also thatf1,0

(1) andf2,1
(1) are in

phase and identical, and their magnitudes are enhance
the plasma dispersion curve corresponding to thec1 mode,
i.e., the plasma resonance takes place on thec1 dispersion
curve. On the other hand on thec2 dispersion curve with the
characteristic velocityc1

(2)[c25c0 /A12S, and where the
opposite phase relation (f1,0

(1)52f2,1
(1)) is found, a resonance

does not appear, because, for reasons of symmetry, it is
being exited byI rf , applied in series through the two junc
tions.

In the case of a three junction stack (N53), the solution
to Eq. ~19! becomes

A1,05A3,252
1

lexc
2

~11S!~H22k2!2~112S!SH

@~11&S!H2k2#@~12&S!H2k2#
,

~27!

A2,152
1

lexc
2

~112S!~H22k2!22~11S!SH

@~11&S!H2k2#@~12&S!H2k2#
.

~28!

FIG. 3. Plasma dispersion relation curves forN53. S520.4 is
used in this calculation.
ay

e

on

ot

We change the terms appearing in the denominators in E
~27! and ~28! to the more explicit forms

~11&S!H2k25c1
22$~v22vp

22c1
2k2!1 ivG/C%

~29!

and

~12&S!H2k25c3
22$~v22vp

22c3
2k2!1 ivG/C%

~30!

with

c1
~3![c15

c0

A12&S
and c3

~3![c35
c0

A11&S
.

These equations show that resonances take place on
plasma dispersive curves of thec1 andc3 modes.~See Fig.
3.! The c2 mode does not appear as a resonance, whic
also understandable from symmetry considerations. Equa
~27! also assuresf1,0

(1)5f3,2
(1) in any case, i.e., the oscillatio

of the first and third junctions are completely in phase a
identical.

In order to determine the relationship betweenA10 and
A21 we take the ratioA21/A10. Let us first consider the cas
where thek2v relationship is on thec3 dispersion curve,
i.e., v25vp

21c3
2k2. In this case we find

A2,1

A1,0
5

2&k2c0
2~11& !S1 j v~122S2!G/C

2k2c0
2~11& !S1 j v~122S2!G/C

. ~31!

From this equation and recallingS,0, we find thatA21
andA10 changes with time almost in phase anduA21u.uA10u.
This case is shown in Fig. 4~a!. Due to the losses, the phas
of A10 is slightly delayed with respect to the phase ofA21. In
the lossless limit, we see thatA21 and A10 are perfectly in
phase anduA21u/uA10u5&.

Similarly, at the resonance condition of thec1 mode
(v25vp

21c1
2k2), we obtain

FIG. 4. Schematic drawing on a complex number domain
possible plasma resonance modes forN53. The phase and voltag
~the time derivative of the phase! are shown as vectors rotating wit
time ase2 j vt. Real quantities are the projection to a major axis
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A2,1

A1,0

5
2&k2c0

2~&21!S1 j v~12S2!G/C

k2c0
2~&21!S1 j v~12S2!G/C

. ~32!

Again we find thatuA21u.uA10u, but A21 and A10 changes
with time almost in an antiphase manner as shown in F
4~b!. In the lossless limit,uA21u/uA10u5& and A21 has the
perfectly opposite phase ofA32. From Fig. 4, a large voltage
amplitude across the stack may be expected as for thc3
resonance condition.

For the case ofN stacks we find that the highest pha
velocity cN

(N) mode always corresponds to all junctions osc
lating in phase at the plasma resonance. The general pic
may be understood from Fig. 5. Possible dispersion mo
with stack plasma resonances are found for every sec
mode obtained by counting downwards from thecN

(N) mode,
which has the highest velocity.

III. DISCUSSION

Our model implies that the coupling between the junct
is a magnetic field coupling through the superconducting l
ers. We note from Eq.~5!, that in order for such a coupling
to take place we must have a second order spatial deriva
which is different than zero. Thus for the uniform~in the x
direction! solution case the junctions are completely dec
pled in thez direction. Nevertheless there will be a plasm
resonance in the usual sense, since each of the stacked
tions has a plasma frequency given by Eq.~24!, as can be
seen by settingDJi ,i 21

Z(1) 50 in Eq. ~16!. On the other hand
this resonance is hardly a longitudinal collective excitation
the sense of for example Ref. 16, since all the junctions
decoupled.

In our inductively coupled junction model, the couplin
between the layers may take place under various conditi
~i! If fluxons are presentfxx is different than zero and a
coupling takes place.~ii ! The finite size of the sample nec

FIG. 5. Possible resonance modes under a bias current app
tion as in Fig. 2~a!. The open circles indicate possible modes a
the crosses are prohibited modes.
.
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essarily introduces a spatial dependence of the appliedI rf
@Eq. ~11!# and thusw itself will have spatial frequencies
commensurate with the sample dimension in thex direction.
~iii ! If a magnetic field is applied in they direction the nec-
essary spatial variation for a coupling between layers is
troduced.

We see from the form of the equations derived in t
previous section that we have the so-called transverse pla
excitations with the transverse wave numbers given by
~23!. We also note that the dispersion relation contains
coupling coefficients and this is a collective excitation for t
whole system. For the highest velocity excitation~corre-
sponding to the velocitycN

(N)! we find from Eqs.~26! and
~31! that, although a slight phase delay forN.2 exists due
to the losses, all the rf voltage across the layers are almo
phase and thus adds to a large total voltage in thez direction.

The nature of this excitation was shown in Fig. 5 f
arbitrary N cases. For the lowest velocityc1

(3) of N53 we
find, as shown in Fig. 4, that voltage of the neighbori
junctions are out of phase, and thus we get a spatial de
dence of the voltage in thez direction. For solutions with
intermediate velocities such asc2

(4) andc3
(5) we find a spatial

dependence in thez direction intermediate to the situation
shown in Figs. 4~a! and 4~b!. Such a spatial dependence
thez direction that is suggested by Eq.~22! may be relevant
to the z-direction Fiske modes found previously b
Kleiner.18

Recently a model introduced by Tachikiet al.,16 where
the coupling between layers take place by a charging ef
~CE! in the superconducting electrodes, has been use
explaining plasma resonance experiments in BSC
samples. We find it relevant here to discuss the differen
between our inductive coupling~IC! model and the CE
model in Ref. 16. In most cases the CE model has been u
to interpret experiments on BSCCO samples13–15 and the IC
model to interpret experiments with stacks made of tra
tional superconductors.6–8 However the IC model has als
been used to successfully interpret experiments on BSC
samples.11–12 In the charging effect model,16 one finds that
purely collective longitudinal plasma excitations exist ev
with kx50 but, as for transverse plasma excitations withkx
Þ0, only all-in-phasekz50 excitations are discussed.

In the IC model,5 there is no restriction for the thicknes
of superconducting layers, and thus within the range of
inductive coupling the zero thickness limit case such as
in Ref. 16 is correctly included. Furthermore, since t
model takes spatialx dependence into account, the presen
of plural propagation modes based on their characteristic
locities@Eq. ~25!# has been demonstrated.6,18 Inevitably these
plural modes result in the presence of longitudinal~z direc-
tion! states for the Fiske modes18 and the plasma mode in
this paper.

IV. SUBHARMONIC GENERATION

The results for a two stack and ann stack has the sam
appearance as for the case of a single junction, at least w
we use the largest wave velocity and consequently the v
ages over all the layers are added in phase. From a com
son with Ref. 17 it is then clear that just in the same way
derived there, half harmonic generation at the plasma re

ca-
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2826 PRB 58N. F. PEDERSEN AND SHIGEKI SAKAI
nance frequency in a stack may be done. We have not
plicitly written the relevant equations down since it is
trivial extension of the results in Ref. 17. We note that
singly degenerate parametric amplifier of the same type a
Refs. 4 and 17 can be made. However, because of
stacked structure the serious problem of impedance matc
may be easier to handle.

For intrinsic stacks experimental attempts have alrea
been made,19 however, so far no more results have be
reported. Other nonlinear results from single junctions m
by analogy, also be found in then stack with the in phase
excitation corresponding to the highest wave velocity.
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V. SUMMARY

We derived analytic equations for describing plasma re
nances in vertically stacked Josephson junction syste
When a bias current consisting of dc and rf terms were
troduced to the top superconducting layers and extra
from the bottom layer, possible resonance modes in col
tive excitations for the whole system were discussed.
highest velocity mode always exists as a stable mode.
phase behavior of this mode is all in phase among junct
in the lossless limit and thus large rf voltage outputs
expected.
o

t

,

.

.

pl.
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