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Josephson plasma resonance in superconducting multilayers
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(Received 16 March 1998

We derive an analytical solution for the Josephson plasma resonance of superconducting multilayers. This
analytical solution is derived mainly for loWw; systems with magnetic coupling between the superconducting
layers, but many features of our results are more general, and thus an application to the recently derived plasma
resonance phenomena for high-superconductors of the Br,CaCyO, type is discussed. Our approach
allows us to give full details of the different plasma resonance excitations, and we also predict the existence of
new nonlinear effects, so far only identified in single junctions.
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I. INTRODUCTION the layer$ due to this coupling mechanism.
In the SBP model, the coupling in the longitudinal direc-

The phenomenon of plasma resonance has been known filon occurs inductively through the screening current for the
low-T, single junctions for many yeals The measurement magnetic field. In this paper, we clarify which kind of
of this resonance in low-, junctions has been an important plasma resonance may appear within the range of applicabil-
diagnostic tool leading, for example, to the verification of theity of the SBP model. We demonstrate the existence of a
so-called cosp term? The plasma resonance has also beetvariety of plasma resonance excitations, and derive the cor-
utilized in the construction of parametric amplifiérs. responding equations, which in some cases are an extension

In this paper we extend the theory of the plasma resopf the well-known single junction case.
nance from the single Josephson junction to a stack of long The paper is organized in the following way. Section Il
Josephson junctions. The motivation for this is the considerzontains the derivation of the plasma resonance foNan
able interest in the Josephson stacks that has been seen Lg: |n sec. 1l possible resonance modes are discussed,

cently. An important step for the theoretical under_standing 95nd a comparison is given between our results and the results
Josephson stacks was a theoretical model published by Saérived from other models. Section IV discusses other non-

kai, Bodin, and Pedersgi$BP in which the system is rep- | .
. . : . linear phenomena connected with the plasma resonance. Our
resented by a set of coupled sine-Gordon equations includin : .
sults are summarized in Sec. V.

losses and bias@sThe most interesting case occurs when the
thickness of the superconducting layer is smaller than the
London penetration depth, such that a strong inductive cou-

pling is expected. For low~, Nb AlO, stacks the SBP model Il. DERIVATION OF THE PLASMA RESONANCE
accounted very well for experimental observation works of IN SUPERCONDUCTING MULTILAYERS
the flux-flow mode and Fiske-like resonanée®.

As was pointed out by SBRRef. 5, the inductively For a single small area Josephson junction with the

coupled model may also be applicable to stacked intrinsi€quivalent diagram shown in Fig. 1, the derivation of the
high-T, Josephson junctions of the BiL,CaCyO, plasma resonance was made in Refs. 1-3. Kirchhoff's law
(BSCCOQ type. In fact, equivalent theoretical models usingfor the equivalent circuit in Fig. 1 leads to

different notations appeared latéhy° and were used for the

interpretation of measurements on stacks of BSCCO intrinsic

Josephson junctions. The observed overall features depend- C,dV/dt+V/IR+igsin o=igy.+ 1SN wt (N}

ing on the applied magnetic field, the flux flow velocities,

and the microwave emission are excellently explained by the .
SBP or equivalent modefd:'2 with de/dt=(2e/h)V, where all variables and parameters

Recently the plasma resonance was “reinvented” in conhave their standard meaning. Assuming ihgtio andi/io
nection with layered high-, superconductors of the BSCCO are small, we may assume= @o+ ¢1, With singg=iqc/io
type. Microwave absorption experimehits® have been re- and|ei|<1. After some algebra we fifd™*’
ported, and a model considering a charging effect in the su-
perconducting layers in high intrinsic stacks has been re-

D % irg Sinot

cently proposed by Tachiki and his grotfThis model l + 7
results in a modified second Josephson relation, where the C;j Insing v R 'dCC
time derivative of the phase difference of a junction is rep- T 0 -

resented not only by the voltage of this junction but also by
the voltages of adjacent junctiofsThey propose a longitu- FIG. 1. Equivalent circuit for a single Josephson junction with
dinal plasma resonanda collective excitation transverse to dc and rf bias current sources.
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(a)

2ei
Q1= sinwt+0) (2
HC\ (@’ — w292+ (wICyR)?
and the rf-voltage amplitud¥€ ; is given by z

Yy
V= (hwl2e) ¢, 3) l<

The plasma frequency,s in Eq. (2) is given by

pr: \/ZEiOCOSqJO/ﬁCJ. (4)

TheQ of the plasma resonance is givenQy- w,sC;R. We

L . F L b :
note that the plasma oscillation is a longitudinal oscillation ® '

of Cooper pairs across the barrier. Alternatively we may de-
scribe it as an inductance-and-capacitance resonance be
tween the Josephson inductancg=#/(2eiycoseg) and the
capacitanceC;. It is typically in the microwave frequency
range.

For an N-layer stack of long Josephson junctions as '
shown in Fig. 2a), we will use the equations derived by
Sakaiet al.in Refs. 5 and 6. We will also adopt the notation
from these papers. Figurélf shows details of the supercon-  FIG. 2. (a) Schematic picture of a verticallM-stacked Joseph-
ducting layers andi—1. To clarify the problem and avoid son junction.(b) Enlarged diagram for showing the parameter no-
confusion, the coupled equations to be solved are writtefftion in this paper.

here again:
M 10 ] [dio S 0 A, T
s1 dyp S 0
h , .
maxx bii-1 | = si-r diic1 s Aii-1 |, 5
0 SN*l
L oun-ad SN-1 dl,\l,Nfl..A‘Jﬁ,Nfl.
|
where t t
di"i_1=di'i_1+)\i_lcot }\_ +)\iC0t )\_, (8)
. .
A 1=3F 118, (6) I I

and

JZ Eic.. i i +£G-- oy |
Li-17 5g i,i—10ttPii—1 %2e i,i—1%tPii—-1 )\i
S =

+Ji’i_lSin ¢i,i—1l (7) - Sin“ti /)\|) . ©
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HereJ?; _, is the total current flowing in thith junction and lg=1lg4ct 1 COTKkX— wt). (11
| g is the bias current per unit length which is supplied to the
Nth S layer and extracted from the OBilayer.d;; _; may be A spatially dependent bias is physically realistic. For in-
called the effective thickness of the junction that includes thestance, a current concentration near the edges may occur in a
shielding current effect for the magnetic flux density in thesuperconducting current lead. In such cases, the rf bias may
ith insulating layers;, which expresses the shielding current be expanded in its Fourier components. When the rf term is
effect of the magnetic flux density in the adjacent insulatingsmall and the system becomes linear, the solution of the
layer, may be called the coupling parameter. To simplify thesystem is a superposition of the solution for each Fourier
matrix expression in E5) we have defined;<0.d; ;_; is  component and thus considering the case of(Et). is gen-
the barrier thickness of thih junction, \; is the magnetic eral and sufficient.
penetration depth of theth superconducting layelC; ;_; For the phase differenceg; ;_, between the supercon-
andG; ;_, are the capacitance and quasiparticle tunnel conducting layerd andi—1 we will—in analogy with the deri-
ductance, respectively, per unit lengdh;_, is the dc maxi-  vation in Ref. 17—assume the form
mum Josephson current.

If the magnetic flux densit,, is applied in parallel to the =9 (1)
y direction defined in Fig. 2, the boundary conditions to be Piica= bzt diiea, (12

satisfied are, at botk=0 andx=L, where (%), is a dc term and#{}),|<1. Accordingly we

3 find
~ % dxpii—1=Ba(si—1+d{;_1+5)
. sSin ¢; ;_1=sin ¢i(,?)—1"' cos{¢fﬁ)_1)¢i(,1i)_l. (13
=B, d;; 1+\_, tanH —— )
a: pim el I‘(Z)\il Inserting the bias current, E(L1), into Egs.(5) and(6) and
¢ applying the approximation E@l3) we obtain equations for
DY tanl‘(—i)] for i=1,2,...N. the terms at zero frequency and the terms at the angular
2\, frequencyw.
(10) The equation for the dc terms gives

In this paper, we discuss the case of no applied magnetic 0

field, B,=0. lgc=Jii-1 SN &ji, (14)
Let us consider a small rf bias current in addition to the dc

bias current, similarly to the single junction case, Eqg. In  which determines the dc part of the pha&ﬁg)_l. For the

the present paper, however, we will assume a spatially decemaining terms at angular frequenoywve get the following

pendent rf current such that coupled linear equations:
- ¢&1()) - -di,o s - A\]i(ol) -
S; dy; S 0
h ¢(1) _ ’ AJZ(l)
26, Ikl Pii-1 | = Si-1 Oii—1 Si el | (15
0 SN-1
1 , Z(1
L ¢§\1,)N—1. L Sn-1 dun-1d L A‘]N(,N)—l.
where
Z(1) h (1) h (1) (0) (1)
AJi,i—lzﬁ Cii-1dii_t % Gii-10ipii-11Jii-1(cos di i 1) ¢ii_ 1 — 1 1COLKX— wt). (16)

For mathematical conveniendg; coskx—wt) is here replaced with the complex forrh(2)exd j(kx—wt)], wherej?=—1.
As is well known, the final physical quantities can be obtained by a summation of the solution in this case and the solution in
the case where the bias has its complex conjugate form. Then the solution(itSEq.géf,lill:Ai,i_1exp[j (kx—wt)], where
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di,oQLo_ k? $14251
$1010 dé,lﬂzl_ k? So(235 0
S-1Qi15-2 dli1Qii 1K 5Qi1y
0 .
L dN,NflﬂN,Nfl_kz_
Ao diot st
: dy,ts;+s;
2euq Iy

X Ai’i_l - — h ? di,’i71+si_l+si y (17)
ANN-1 din-1FSn-1
|

2eu, zero. In that case we find, in a similar way as in Ref. 6, but

Qi,i—lzﬂoci,i—lwz— 5 Jii-1c0s d’i(,(?)_l using the opposite ordering definition with respectrp

+jouGi 1. (18

for m=1,2,... N,

K=H{1-25 cod
= COS N+1

In the following we will simplify the problem by assum-
ing identical layers. This permits us to drop unnecessary sub-

scripts in the equation above, and by introducing the notatiof/"€reN is the number of stacks amd is the mode number.
H=d'Q andS=s/d’, we get The solutionA, ;_; for mode numbem is

(21)

2 2 i(N+1—m)m
H-k? SH AT = /N+1Si” ( o ) } 22
SH H-K? 0
) . From Eq.(21), we get explicitly the&k— w plasma dispersion
5 relation for each moden,
SH H-k“ SH
w?— w5~ [c]%K?+jwG/C=0, (23)
0 . SH where
SH H-k? 5
wp=2eJ cos ¢ O/hC (24)
A 1+S
10 and
1+2S
. Co
A L | 1428 ' m | % 2
X Pie =— + , 19 - -
|| 1 )\gxc ‘ ( ) [1 ZSCO{N'F].
: 1495 with co=(ued’ C) ~Y2. Note that the plasma frequenfq.
) (23)] has the same form as thidqg. (4)] in the case of the
ANN-1 1+S single barrier Josephson junction. We find from E2p) that
where k is imaginary due to the presence of losses, and thus a mode
which is once excited is damped with time. In the lossless
, 2eued’ Iy limit, we havek— w dispersion curvesy?=wp+[c{” 1%k’
exc= 5 o (20 Figure 3 shows the dispersion curves for the cashlof3.

At w>w,, do/dk approaches asymptotically the Swihart-

defines a length scale for the applied rf bias current.
First we will find the solution to Eg(19) with no applied
rf current, i.e., having the right-hand side of Efj9) equal to

type velocitiesc\) in the case of alN stack, i.e., the char-
acteristic velocities of electromagnetic waves in Mwstack
system with no tunnel currents. As will be shown below, in
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FIG. 3. Plasma dispersion relation curves for 3. S=—-0.4 is
used in this calculation.
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FIG. 4. Schematic drawing on a complex number domain of
possible plasma resonance modesNer 3. The phase and voltage
(the time derivative of the phasare shown as vectors rotating with
time ase 1!, Real quantities are the projection to a major axis.

We change the terms appearing in the denominators in Eqs.
(27) and(28) to the more explicit forms

the presence of an rf bias current, plasma resonances may

appear on some selected modes of thkesav dispersion
curves.

(1+v29)H—-Kk?=c; {(0’— w —clk2)+|wG/C}

As the simplest nontrivial case let us first study the case

N=2 with an rf excitation of the form ;coskx— wt). Equa-
tion (19) gives a solution of the form

{d,(ll] 2ely cog kx— wt+ 6) {1}

1)

$21)  HC (02— w2-c2k)?+(wGIC)?

(26)
with
tan 6= wGIC and cP=c,= i

(= a?— 2K = -
(@ k) T J1+s

We notice that Eq(26) has a form analogous to E(®) for
the single junction case. Note also thgif} and 5 are in

phase and identical, and their magnitudes are enhanced @p7) also assure@

the plasma dispersion curve corresponding todhemode,
i.e., the plasma resonance takes place oncthelispersion
curve. On the other hand on the dispersion curve with the
characteristic veI00|typ(2)—c,=c0/\/1—S, and where the
opposite phase relations{’)= — ¢S is found, a resonance

does not appear, because, for reasons of symmetry, it is noe., w?=
being exited byl s, applied in series through the two junc-

tions.
In the case of a three junction stadd+£ 3), the solution
to Eq. (19 becomes

A A L (1+S)(H?~k?) —(1+2S)SH
LOTTRZT N2 [(1+vV2S)H - K2 [(1—V2S)H— k2]
(27)
1 (1+2S)(H?-k?®—2(1+S)SH
A21=~ 5~ 2 27
A [(1+V2S)H—K?|[(1—v2S)H —k?]
(28)

(29
and
(1-v2S)H—k?=c3 *{(w?~ w;—c3k?) +iwG/C}
(30)
with
c c
e — 0 (3 n 0
cyV’=cq,= and c3y’=cy=——.
RN Y 2T 1425

These equations show that resonances take place on the
plasma dispersive curves of tlog andc; modes.(See Fig.
3.) The c, mode does not appear as a resonance, which is
also understandable from symmetry considerations. Equation
¢(312) in any case, i.e., the oscillation
of the first and thlrd junctions are completely in phase and
identical.

In order to determine the relationship betwe&yp, and
A,1 we take the ratid\,1/A . Let us first consider the case
where thek— w relationship is on the; dispersion curve,
w3+ c5k%. In this case we find

Ay —V2KXCH(1+V2)S+]w(1-25)GIC D
Ao —K2C2(1+V2)S+jw(1-2S%)GIC

From this equation and recalling<0, we find thatA,;
andA;, changes with time almost in phase did,|>|A.
This case is shown in Fig.(d). Due to the losses, the phase
of A, is slightly delayed with respect to the phase®ai. In
the lossless limit, we see that,; and A, are perfectly in
phase andA,,|/|Ad =v2

Similarly, at the resonance condition of tl|g mode

(w?=w’+cik?), we obtain
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5 A O essarily introduces a spatial dependence of the applied
[Eq. (12)] and thuse itself will have spatial frequencies
commensurate with the sample dimension inxhdirection.

X (iii) If a magnetic field is applied in the direction the nec-

essary spatial variation for a coupling between layers is in-

troduced.

O We see from the form of the equations derived in the
previous section that we have the so-called transverse plasma
excitations with the transverse wave numbers given by Eq.

X (23). We also note that the dispersion relation contains the

O

€0}

Suffix i of Plasma Mode c,

?

coupling coefficients and this is a collective excitation for the

whole system. For the highest velocity excitati¢corre-

sponding to the velocite{!) we find from Egs.(26) and

(31) that, although a slight phase delay fdi>2 exists due

I | | A Ly to the losses, all the rf voltage across the Iay_ers are :_allmost in
phase and thus adds to a large total voltage irzttieection.

1 2 3 4 5 The nature of this excitation was shown in Fig. 5 for

arbitrary N cases. For the lowest velocitf®) of N=3 we

find, as shown in Fig. 4, that voltage of the neighboring

FIG. 5. Possible resonance modes under a bias current applic Inctions are out of phase, and thus we get a spatial depen-

tion as in Fig. Za). The open circles indicate possible modes and’ ence Of_ the VOItqg.e in the dizection. 5For S(?Iutions W.ith
the crosses are prohibited modes. intermediate velocities such a§" andc$® we find a spatial

dependence in the direction intermediate to the situations
shown in Figs. 4a) and 4b). Such a spatial dependence in
the z direction that is suggested by E@2) may be relevant

|
O
X
X O X O

Total Layer Number of Stacks, N

Ay —V2kXi(V2—1)S+jw(1-SA)GIC

p:) kzcé(ﬁ—l)Snij(l—Sz)G/C Rz to the g-direction Fiske modes found previously by
’ Kleiner?!
H ; 16
Again we find that|Ay|>|A,d, but A,; and Ay, changes Recently a model introduced by Tachikt al,™ where

with time almost in an antiphase manner as shown in Figth€ coupling between layers take place by a charging effect
4(b). In the lossless limit|Ayy|/|A;d=v2 and Ay has the (CE) in the superconducting eIectrode;, has b(_aen used in
perfectly opposite phase éf;,. From Fig. 4, a large voltage explaining plasma resonance experiments in BSCCO

amplitude across the stack may be expected as forcshe samples. We find it relevant here to discuss the differences
resonance condition. between our inductive couplinglC) model and the CE

For the case of stacks we find that the highest phasemOdeI in Ref. 16. In most cases the CE model has been used

velocity cf\l’\') mode always corresponds to all junctions oscil—t0 interpret experiments on BSCCO sampfe®and the IC

T .~ model to interpret experiments with stacks made of tradi-
lating in phase at the plasma resonance. The general p|ctU{%na| superconductofs? However the IC model has also

may be understood from Fig. 5. Possible dispersion mode . .
with stack plasma resonances are found for every secon en used to successfully interpret experiments on BSCCO

1-12 H :
. . K sampled!~*2In the charging effect modéf, one finds that
mo.de obtained by counting _downwards from mode, purely collective longitudinal plasma excitations exist even
which has the highest velocity.

with k,=0 but, as for transverse plasma excitations with
#0, only all-in-phase,= 0 excitations are discussed.
ll. DISCUSSION In the IC modeF there is no restriction for the thickness

o i i . of superconducting layers, and thus within the range of the
. Our model implies that the coupling between the junctionjnqctive coupling the zero thickness limit case such as that
is a magnetic field coupling through the superconducting layj, ‘Ref. 16 is correctly included. Furthermore, since the
ers. We note from Ed5), that in order for such a coupling el takes spatiat dependence into account, the presence
to take place we must have a second order spatial derivativgs o ral propagation modes based on their characteristic ve-

which is different than zero. Thus for the uniforiim the X |4cities[Eq. (25)] has been demonstraté Inevitably these

direction solution case the junctions are completely deco“'plural modes result in the presence of longituditetiirec-

pled in thez direction. Nevertheless there will be a plasmation) states for the Fiske modésand the plasma mode in
resonance in the usual sense, since each of the stacked jupgis paper.

tions has a plasma frequency given by E2¢), as can be
seen by settingdJ{Y);=0 in Eq. (16). On the other hand
this resonance is hardly a longitudinal collective excitation in
the sense of for example Ref. 16, since all the junctions are The results for a two stack and anstack has the same
decoupled. appearance as for the case of a single junction, at least when
In our inductively coupled junction model, the coupling we use the largest wave velocity and consequently the volt-
between the layers may take place under various conditionsges over all the layers are added in phase. From a compari-
(i) If fluxons are present,, is different than zero and a son with Ref. 17 it is then clear that just in the same way as
coupling takes placdii) The finite size of the sample nec- derived there, half harmonic generation at the plasma reso-

IV. SUBHARMONIC GENERATION



2826 N. F. PEDERSEN AND SHIGEKI SAKAI PRB 58

nance frequency in a stack may be done. We have not ex- V. SUMMARY
plicitly written the relevant equations down since it is a
trivial extension of the results in Ref. 17. We note that a We derived analytic equations for describing plasma reso-
singly degenerate parametric amplifier of the same type as inances in vertically stacked Josephson junction systems.
Refs. 4 and 17 can be made. However, because of thé&/hen a bias current consisting of dc and rf terms were in-
stacked structure the serious problem of impedance matchirtgoduced to the top superconducting layers and extracted
may be easier to handle. from the bottom layer, possible resonance modes in collec-
For intrinsic stacks experimental attempts have alreadyive excitations for the whole system were discussed. The
been madé® however, so far no more results have beenhighest velocity mode always exists as a stable mode. The
reported. Other nonlinear results from single junctions mayphase behavior of this mode is all in phase among junctions
by analogy, also be found in the stack with the in phase in the lossless limit and thus large rf voltage outputs are
excitation corresponding to the highest wave velocity. expected.
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