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Kinetic energy of 4He along theT56.1 K isotherm
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We report the results of a neutron Compton scattering experiment on4He, on theT56.1 K isotherm, in a
wide density range extending from the low-density gas phase to the compressed solid. These experiments give
access to the atomic momentum distribution and we have derived the average kinetic energy. This is a function
of the density, due to the increasing effect of interactions in the quantum fluid, and equals the classical value
3
2 kBT only in the zero-density limit. The data allow us to give a coherent picture of the evolution of the kinetic
energy of 4He, on theT56.1 K isotherm, up to the compressed solid phase (pmax5539 bars! where the
measured value of the kinetic energy is;5 times larger than the classical value. The data in the fluid phase are
well described by a power law in the density with exponent 2.46. We confirm that the kinetic energy data
display a change of behavior across the freezing transition, with the solid datalower than the extrapolation of
the fluid data.@S0163-1829~98!02922-1#
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I. INTRODUCTION

Deep inelastic neutron scattering is an experimental te
nique that can be used to probedirectly the momentum dis-
tribution of atoms in condensed matter.1,2 In fact, if very-
high-energy neutrons are used as a probe and the mome
transfer becomes sufficiently high that the interference
fects due to the correlations between neighbors become
ligible, then theincoherent scattering approximationholds
and the process simply becomes a sum of single-atom s
tering events where the neutron loses some of its energy
is transferred to the nucleus as a recoil energy.3 This energy
is related to the momentum transfer\q by the simple rela-
tion \v5(\q)2/2m, wherem is the mass of the recoiling
atom.3 Since the energy of the neutrons is much larger th
any energy involved in the atomic system~5 eV corresponds
to 58 000 K!, the process is not expected to be influenced
the local environment of the nuclei.4 For this reason, the
phenomenon is also referred to as neutron Compton sca
ing ~NCS!.5 By means of NCS we have direct access to
momentum distribution of particles, which is the space F
rier transform of the single-particle density matrix. A com
prehensive review of the field can be found in Ref. 6.

For monatomic classical systems~e.g., liquid and solid
argon, krypton, and xenon, at not too low temperature! the
momentum distributionn(p) is generated by the Maxwell
Boltzmann distribution, i.e., it has a Gaussian shape wh
width is simply given by the mean kinetic energyEk
5 3

2 kBT.7 As the atomic mass decreases, like, for example
neon, quantum effects emerge and the kinetic energy
creases with respect to the classical expectation. The s
of the momentum distribution, however, is still assum
Gaussian.8–10

The case of helium is particular. Due to the combin
effects of the small atomic mass and the low temperatur
the condensed phases, quantum effects can no longer be
sidered a small correction to an essentially classical beha
PRB 580163-1829/98/58~1!/242~6!/$15.00
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and the discrepancy between the measured kinetic en
and its classical counterpart becomes sizable. Again,
shape of the momentum distribution appears to
Gaussian.11 However, more recent experiments on liqu
4He were analyzed by assuming for the shape of the mom
tum distribution a sum of two Gaussians with the same p
position.12 At any rate, the kinetic energy, which is propo
tional to the second moment of the scattering functio
shows a definite breakdown of the classical picture.

NCS experiments on helium were carried out with the a
of measuring the atomic kinetic energy in a condensed qu
tum system. At first sight, it appears that this quantity do
not depend on the microscopic structure but only on the d
sity. In fact, experiments carried out in a hcp solid at 1.60
and 0.96 K,1 in a bcc solid at 1.70 K,13 and in the liquid
phase at 4.0 K, all at the same density of 27.7 nm23, resulted
in a common value for the kinetic energyEk519.5 K.14 In
contrast, the theoretical values obtained by using the Gr
function Monte Carlo method were 20.7 K and 21.8 K f
the liquid and the solid, respectively.15 In a more recent
experiment,12 the average kinetic energy of liquid4He was
measured on the 4.25-K isotherm between the liquid-va
saturation line (n518.8 nm23) up to a pressure of 103.4
bars, corresponding to the densityn530.1 nm23. The aver-
age kinetic energy shows a clear dependence on the den
A quadratic fit to the data seems to describe quite well
density behavior, even though no theoretical justification
ists for this function. The data were also compared with
path integral Monte Carlo~PIMC! simulations of Ceperley
and Pollock16 and satisfactory agreement was found. Ho
ever, it appears that this agreement becomes of lesser qu
at the highest densities.

A similar parabolic law of the kinetic energy as a functio
of density~at constant temperature! was also found to fit the
PIMC simulations of solid para-hydrogen.17 Also in this
case, the agreement between the simulation data and
experiment18 is satisfactory. However, the extension of th
242 © 1998 The American Physical Society
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PRB 58 243KINETIC ENERGY OF 4He ALONG THE T56.1 K ISOTHERM
simulations to the liquid phase reveals that either the
served parabolic law breaks down at the lowest densitie
its coefficients may depend on the phase of the system
fact, the simulation data suggest that, in the liquid phase,
kinetic energy has a density behavior different from that
the solid.19 Whether this is a signature of some kind of d
pendence upon the microscopic structure of the system
just a mere failure of the simple heuristic parabolic law is n
known.

For helium, no such extended range of experimental d
was available from a single experiment. In fact, an extens
measurement of the kinetic energy as a function of den
was reported by Herwiget al.,12 which only covers a portion
of the liquid range~up to about 100 bars! on the 4.25-K
isotherm. More experimental data were reported later
Blasdellet al.,20 who extended the measurements to the so
phase. However, the authors did not consider the h
density data free from systematic uncertainties.

For these reasons, with the aim of obtaining from a sin
experiment information covering a wide density range a
eventually crossing the melting transition, we carried ou
NCS experiment on helium at constant temperatureT 54.35
K.21 The pressure interval was between 35 and 500 b
This ample pressure range allowed us to cross the me
transition of helium, thus extending the experimental inv
tigation on both phases. The data in the liquid phase tur
out consistently with the previous experiments. In additi
we found a discontinuity in the density behavior of the
netic energy across the melting transition with the values
the kinetic energy, measured in the solid phase,lower than
the extrapolation of the liquid phase data.21 Unfortunately,
the densities that were assigned to the solid phase data in
experiment were found to be erroneous in a following che
due to a likely difference between the internal and exter
pressure of the sample.

We discovered the mistake after performing asecondex-
periment, carried out at a slightly different temperatureT
56.1 K!, in which we had taken advantage of the possibil
offered by the resonance spectrometer eVS of measurin
the same time, the momentum distributionand the diffrac-
tion pattern of the sample.22 This experiment was characte
ized by an improved accuracy in the density determination
the solid phase, measured from the position of the Br
peaks in the neutron diffraction spectra of helium. A sh
account of the second experiment has been already publi
and we recall here the main results that were reported in
2 of Ref. 22. Even though we had found a confirmation
the previous qualitative behavior, i.e., that the solid st
kinetic energy data werelower than the extrapolation of the
fluid phase data, we were not fully satisfied with these
sults. We note that there is a lack of experimental data in
intermediate-density range and that, in practice, the ch
between the different functional forms was mainly based
an interpolation of experimental points that were taken b
third party.23 As any experiment is affected byits systematic
errors, though small, this could have represented a w
point in our conclusions.

For this reason, we have carried out athird experiment,
using essentially the same experimental setup as the sec
with the aim of covering the intermediate-density region.
this way we were able to build up a very coherent picture
-
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the density behavior of the kinetic energy of4He on theT
56.1 K isotherm. The main advantage of operating at a te
perature slightly above the critical value is that the expe
ment in the fluid phase could be carried out in the wh
density range between the ideal gas limit and the freez
transition. Here we will give a full description of the whol
experiments atT56.1 K and we will describe the details o
the data analysis. Finally, we will show that our finding f
the kinetic energy in the solid phase is actuallylower than
the extrapolation of the liquid phase data.

II. DESCRIPTION OF EXPERIMENT

The experiments were carried out on the eVS spectro
eter of the pulsed neutron source ISIS. This is an inve
geometry inelastic spectrometer that uses a resonance
sorption filter~a gold foil! as an energy analyzer in the se
ondary neutron path. A detailed description of the instrum
and its calibration procedure is reported in Ref. 24.

In order to evenly cover the whole density range of h
lium between 0 and 539 bars atT56.1 K, the experiment
was completed in two steps. The same aluminum al
~7075! was used to manufacture two sample containers
the first experimental run, we used a pressure vessel ab
hold the maximum planned pressure of 500 bars with a s
able security factor. In the second, to compensate for
decrease in the recorded signal at lower densities, a thin
wall and a larger sample volume were designed. In this c
the maximum allowed pressure was only of 50 bars.

In either case, the sample cell was adapted into a liq
helium cryostat. This was connected to the external gas h
dling system by means of a stainless steel tube of 1/16
outside diameter. The filling tube was wrapped with an el
tric heater in order to avoid blockage. The upper and low
body of the cell were in good thermal contact with copp
blocks, which were independently temperature control
and stabilized. The temperature stability during the wh
experiment was found to be better than 0.02 K. The temp
ture difference between the top and bottom copper blo
was always less than 0.1 K. We assume, for our heli
sample, an average temperatureT56.160.1 K.

For the high-pressure experiment, the scattering cell w
initially filled with gaseous helium (p.150 bars! and then
cooled down to the desired temperature. Once the sys
was in thermal equilibrium, we started the data collection
two different pressures~171 and 220 bars! in the fluid phase.
The sample was then pressurized, up to a maximum pres
of 539 bars, to collect the data from the solid phase~nine
thermodynamic points!. Each time we carried out a pressu
change, the heater on the inlet pipe was temporarily tur
on and we observed a rise in the temperature of the cell.
system was then stabilized back to the equilibrium tempe
ture (T56.1 K! and the following data acquisition run wa
started. Finally, we ended this experimental cycle with fo
more runs in the fluid phase. The details of this experim
are reported in Table I and a brief account of the results
been reported in Ref. 22.

For the low-pressure experiment, we started with
highest pressure of 34.8 bars, followed by four lower pr
sure points. In this case, no particular problem in tempera
stabilization was observed. The details of this experimen
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244 PRB 58M. CELLI, M. ZOPPI, AND J. MAYERS
cycle are reported in Table II.
While the determination of the sample density in the flu

phase was straightforward,25 the same procedure appeared
give erroneous results in the solid phase. As explai
above, we had observed that heating the inlet pipe of the
in order to release part of the pressure, the sample slig
changed its thermal status, essentially because of the
heat capacity at this low temperature. During the subseq
relaxation towards the thermal equilibrium, we could o
serve the evolution of the sample from the changes in t
perature and in pressure. However, after turning off
heater, we could not make sure that the sample inside the
experienced the same pressure that we could read on
~external! gauge, because of the freezing of helium in t
inlet pipe. We were able to overtake this difficulty when w
realized that we could extend the time range of the time
flight ~TOF! spectra up to a point including the Bragg pea

TABLE I. Experimental details of the first experimental cycl
dense fluid and solid in the high-pressure container. The pres
was measured on an external gauge connected to the gas han
system. The temperature of the sample wasT56.160.1 K. The
densities in the fluid phase were calculated using Ref. 25. For
solid phase we used the experimental determination of the la
parameters by means of the Bragg peaks. IPC stands for integ
proton current and is a measure of the duration of the run.

p ~bars! n (nm23) IPC (mAh! Phase

53965 44.460.1 1979 solid
50265 43.760.1 997 solid
49165 43.660.1 2180 solid
45765 42.760.1 2190 solid
39465 42.260.2 2152 solid
34765 41.260.1 887 solid
33565 40.860.1 1011 solid
31465 40.760.1 1071 solid
26463 39.560.2 2044 solid
22063 35.260.2 2475 fluid
19963 34.560.2 1181 fluid
17163 33.260.2 2993 fluid
10763 30.760.2 1788 fluid
7363 28.560.2 2117 fluid
2.960.5 6.062.0 2030 fluid

TABLE II. Experimental details of the second experimen
cycle: fluid helium in the low-pressure container. The pressure
measured on an external gauge connected to the gas handling
tem. The temperature of the sample wasT56.160.1 K. The den-
sities in the fluid phase were calculated using Ref. 25. IPC sta
for integrated proton current and is a measure of the duration o
run.

p ~bars! n (nm23) IPC (mAh! Phase

34.8560.05 25.0460.01 1730 fluid
23.2060.05 23.2460.01 2304 fluid
11.7060.05 20.1960.02 2131 fluid
5.8160.05 16.1060.03 3294 fluid
3.8460.05 10.1860.03 4296 fluid
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of solid helium. This information could be used for dens
calibration. The solid phase densities, reported in Table I,
obtained by this procedure.

In both experimental cycles, we used four detector ban
each made of eight scintillator counters, placed in alm
backscattering geometry. In the first one, the measured
gular interval was in the range 92.25°2147.80°. Given the
measured value of the energy resonance of the gold foil,
value of the momentum transfer, evaluated on the recoil p
of helium, is between 81.6 and 122.3 Å21. In the second, the
interval of scattering angles was between 83.5° and 148
and the corresponding momentum transfer interval tur
out to be between 73.6 and 122.6 Å21. The measured reso
nance energy of the gold foil turned out to be 4.909 eV w
a half-width of 127 meV.

There are five independent contributions to the instrum
resolution function. Four are of geometrical origin and der
from the uncertainties in the primary pathL0, the secondary
pathL1, the neutron time of flightt, and the finite size of the
collection solid angle. The fifth is determined by the width
the resonance absorption line of the analyzing filter. Fo
gold foil, the overall shape of the absorption line is a Lore
zian function.26 The geometrical contributions, instead, a
well represented by Gaussian distributions and are evalu
by means of a Monte Carlo simulation routine. Therefo
the overall resolution function turns out to be a Voigt profi
In the present experimental configuration, the standard
viation of the angular contribution~Gaussian! is 3 times
smaller than the gold foil term. The other geometrical co
tributions are even smaller. Thus we end up with an intrin
instrumental resolution function whose half-width at ha
maximum is of the order of 150 meV.

The observed spectra are of similar quality in both expe
ments, with an improved signal-to-background ratio in t
low-density experiment, where a thinner container was us
Typical TOF spectra were shown in Fig. 1 of Ref. 22. W
observe that the container contribution to the TOF spe
can be easily removed, as it affects a different spectral
gion. Moreover, the contributions from multiple scatterin
processes were evaluated by means of a Monte Carlo rou
and were found to be very small with respect to the prim
scattering.

III. DATA ANALYSIS AND RESULTS

Given the high values of the momentum transfer that
probed by the present experiment, we could safely ope
within the impulse approximation~IA ! framework.2 The va-
lidity of such a formalism was successfully tested by Herw
et al.12 in a previous experiment on liquid helium where th
momentum transfer was limited to;23 Å21. This is also
substantiated, for normal liquid helium above thel transi-
tion, by Silver’s theoretical work.27 However, below the su-
perfluid transition, or for lower values of the momentu
transfer, the broadening induced by final-state effects sho
be taken into account.28,27

Within the range of validity of the IA, a scaling variabley
can be defined as2

y5S m

\qD S v2
\q2

2m D , ~1!
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where\q and \v are the momentum and energy transf
respectively, andm is the mass of the target nucleus. Wi
this definitiony has the same dimension asq. Thus the scat-
tering function can be expressed by means of the sca
variable and becomes

S~q,v!5
m

\q
J~ q̂,y!, ~2!

whereJ(q̂,y), usually referred to as theCompton profile, is
defined as

J~ q̂,y!5E n~p!dF S p–q

q D2yGdp ~3!

and q̂ represents the unit vector ofq, while \p5mv is the
momentum of the target atom.

As we have seen in the Sec. II, the width of the inst
mental resolution function is of the order of 150 meV. Th
is considerably larger than the width of the intrinsic mome
tum distribution. For example, at the smallest scatter
angle~lowestq) the intrinsic width ranges between;55 and
;80 meV~lowest and highest density of the present expe
ment!, while at the highestq value these values become;95
and ;135 meV, respectively. As a consequence, in
present experimental configuration, it ends up being very
ficult to make evident in the Compton profile deviations fro
a pure Gaussian shape, as it was suggested by the P
simulations by Ceperley and Pollock.16 At any rate, we have
attempted such a procedure and we found that includin
second Gaussian component in the fitting function, with
imposing arbitrary constraints on the parameters, affects
stability of the fitting procedure. Therefore, also to mainta
a coherent picture with the previous experiment, we h
assumed that the momentum distributionn(p) can be fitted
with a pure Gaussian profile.

Returning to Eq.~3!, we obtain that the same Gaussi
profile is characteristic of the functionJ(q̂,y). In the fluid
phase, the sample is isotropic and the dependence on the
vector q̂ becomes irrelevant. However, also in the so
phase, no evidence of anisotropic behavior has been
served by NCS.29 Therefore, the Compton profile becom
simply J(y) for both the fluid and the solid phase and
functional form reduces to

J~y!5~2ps2!21/2expS 2
y2

2s2D , ~4!

wheres is given by the average atomic kinetic energy

^Ek&5
3

2

~\s!2

m
. ~5!

Due to the different scattering angle of the various det
tors, each experimental spectrum was analyzed separa
After subtracting the container contribution, the width of t
experimental Compton profile was obtained, according
Eq. ~4!, using a convolution between a pure Gaussian sh
and the instrumental resolution function. Then, for ea
spectrum, the value for the atomic average kinetic ene
was derived using Eq.~5!. In this way, the final average an
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error onEk was determined by the value and the variance
the 32 independent data obtained by the various spectra
point out, once again, that exactly the same procedure
applied to both the fluid and the solid phase data. Theref
should any systematic error affect the experimental data,
would influence equally all the measured points.

In Fig. 1 we report the density evolution of the kinet
energy of helium in the fluid phase. The present data
represented by the triangles, while the full circles repres
the results of the first experimental cycle. The point atn
50 is the classical value that is obtained from the tempe
ture of the sample. In this isotropic phase, the interacti
give a rather large contribution to the kinetic energy th
increases by more than a factor of 3 from the low- to t
high-density region. First the data were fitted using a pa
bolic law in addition to the classical term3

2 kBT. This is
represented by the dashed line in Fig. 1. The agreement i
from satisfactory. In fact, the reducedx2 for this fit turns out
to be rather large (x red

2 54.02). Then we attempted a nonlin
ear fit using a power law. The result is a density depende
Ek5 3

2 kBT1Bn2.46 and is represented by the full line in th
graph. This function appears to be much closer to the exp
mental results, as is confirmed by the reducedx2 that, for
this fit, turns out to be much lower and isx red

2 51.56. Of
course we have no theoretical justification for either funct
and we base our choice for the power law only on the va
of the reducedx2.

In Fig. 2 we report the kinetic energy of helium in a
extended density range on theT56.1 K isotherm. The freez-
ing pressure at this temperature is 258 bars, correspondin
a liquid density of 36.3 nm23. The data beyond this poin
belong to the solid phase. As it appears from the figure,
kinetic energy of solid helium is lower than the extrapolati
that is obtained by extending the fitting function of the flu
phase data~power law!.

FIG. 1. Mean experimental kinetic energy of fluid helium as
function of density at constant temperatureT56.1 K. The triangles
represent the present data, the full circles refer to the previous
periment, and the open circle atn50 is the classical value that i
obtained from the temperature of the sample. The error bars
obtained by averaging over the 32 independent detector spe
The full line is the best fit using a power law with exponent 2.
~see the text!. The reducedx2 for this fit turns out to be 1.56. The
dashed line is a parabolic fit. In this case the reducedx2 is 4.02.
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IV. CONCLUSIONS

We have measured the kinetic energy of fluid and so
helium on the isothermT56.1 K. The pressure range wa
extended up to 539 bars and the data points cover a w
density range, crossing the gap between the fluid and
solid phase. As the critical temperature of helium isTc
55.2 K, there is no gap in the data at low density. Quant
effects on the kinetic energy are relevant and result i
rather strong density dependence. The measure at the hi
density is almost a factor of 5 larger than the classical lo
density value.

The experimental data forEk(n), in the fluid phase, have
been fitted using a power law of exponent 2.46. This va
improves a previous determination~exponent 2.7! that was
based on a smaller set of data points.22 An attempt to use a
parabolic fit to the data turned out to be of much lesser q
ity ~cf. Fig. 1!. It is worthwhile to point out that the presen
data are the combined result of two independent exp
ments, with the second experiment carried out more than
year after the first. The two experiments are in excell

FIG. 2. Mean experimental kinetic energy of fluid and so
helium as a function of density at constant temperatureT56.1 K
~full circles with error bars now refer to the two experiments me
tioned in the text!. The data beyond 36.3 nm23 belong to the solid
phase. The full line is the best fit~power law! of the fluid phase data
that has been extrapolated to higher densities.
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agreement. Moreover, the present experimental data ar
rather good agreement with previous results that were car
out at lower temperature~below the critical point!, as it is
testified by Fig. 3 of Ref. 22.

Extending the fitting function to higher density, so as
include the solid state data range, results in a discrepa
with the measured values. The difference is not very la
but is significant~cf. Fig. 2!. The solid state kinetic energ
data turn out to belower than the extrapolation. It is inter
esting to note that the kinetic energy behavior, as a func
of density, resembles that of the pressure, with a gap cros
the freezing transition. This is not unreasonable, as the
netic energy is one of the two contributions~the second be-
ing the virial contribution! to the value of the pressure.

A lower value for the kinetic energy of the solid, wit
respect to the extrapolation of the fluid phase, is also con
tent with the physical intuition. In fact, a phase transition
expected when, keeping constant the two independent t
modynamic variables, density and temperature, the sec
phase is characterized by a lower value of the internal
ergy. If we assume for a moment that the equipartition th
rem applies, lowering the kinetic energy is equivalent to lo
ering the total energy. Therefore, the observed phenome
is exactly what one should expect for a phase transition.

Finally, the present observations allow us to draw so
considerations. Let us assume, for example, two equiva
configurations~same density and temperature!, one in an or-
dered crystal phase and the other in a disordered fluid ph
A lower kinetic energy in the ordered phase and the appl
tion of the Heisenberg uncertainty principle result in a larg
volume that each atom can use, in the crystal phase
spread its wave function. As a consequence, if we think
each particle as confined by the cage of its neighbors, it is
lack of fixed lattice positions that makes smaller, on the
erage, the volume available for an atom in the disorde
phase, with respect to the corresponding volume that is av
able in the ordered crystal phase. It would be interesting
know how this is related to the differences in the density
states of the two phases.
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