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High-pressure elastic constants of solid krypton from quasiharmonic lattice-dynamics
calculations
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The elastic constants of face-centered-cubic solid krypton in the pressure range 0–8 GPa at 300 K have been
calculated from the classical quasiharmonic lattice-dynamics method using several empirical potentials. The
calculated equation of state and elastic constants are in excellent agreement with experiments. The theoretical
results confirm the observed trendC11.C12.C44 derived recently from Brillouin-scattering measurements.
Analysis of the mechanical stability conditions show no evidence of structural instability that may lead to a
suggested phase transformation above 30 GPa.@S0163-1829~98!03030-6#
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I. INTRODUCTION

Recently, the pressure dependence of the three adia
elastic constants (C11,C12,C44) of solid krypton have been
determined directly byin situ Brillouin-scattering spectros
copy up to 8 GPa on a single crystal.1 The trend,C11.C12
.C44, is observed over the entire pressure range. This
servation differs fundamentally from an earlier paper ba
on the analysis of the sound velocities, refractive index,
the density where the trend,C11.C44.C12, was derived.2

Furthermore, according to the latter assignment, the de
tion from the Cauchy condition,2,3 d5(C442C1212P)/
C12, will be significant at pressures higher than 30 GP
which might lead to a phase transformation. The assumpt
used for the derivation of the elastic constants in the ea
paper have been criticized.1 The discrepancy between th
two sets of elastic constants was attributed to the signific
deviation of the ratio of the adiabatic (BS) to isothermal
(BT) bulk modulus,g5BS /BT , from unity. In the presen
paper, the adiabatic elastic constants and isothermal
modulus in the pressure range 0–8 GPa of solid krypton
calculated from the quasiharmonic lattice-dynamics metho4

The theoretical elastic constants are in good agreement
the most recent experimental results.1 Analysis of the me-
chanical stability conditions shows solid krypton hydrate
stable at 30 GPa and no structural phase transformatio
expected. The organization of this paper is as follows. In
next section, the theoretical background and details on
calculation of the elastic constants are presented, then
results are compared with experimental data and the p
concludes with a discussion of the main results.

II. THEORETICAL AND COMPUTATIONAL DETAILS

Theoretical calculation of the elastic constants of sol
under different thermodynamic conditions (T,P) can be ap-
PRB 580163-1829/98/58~5!/2365~4!/$15.00
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proached in a number of ways. The adiabatic elastic c
stants under pressure can be obtained from the fluctuatio
the strain in a constant pressure-constant enthalpy molec
dynamics calculation.6 This method has been applied to th
calculation of the elastic constants of solid argon employ
a Lennard-Jones potential.7 A drawback of this approach is
the large statistical error and very long simulation time
quired for greater accuracy.7 An alternative approach is to
employ lattice dynamics in the quasiharmonic approximat
in which the free energy of a given system (Fqh) is calcu-
lated by4,5

Fqh5Fo1Fvib ,

whereFo is the configurational potential energy andFvib is
the vibrational contribution. The quasiharmonic approxim
tion is well documented and will not be presented here. R
cently, we have derived the necessary equations approp
for the calculation of the elastic constants for molecu
systems.8 In essence, the appropriate matrix elements of
dynamical matrix are related to the appropriate acou
sound velocities at the long-wavelength limit For a cub
crystal, the nonvanishing elastic constants areC11, C12, and
C44.9 A detailed comparison of the calculated thermod
namic properties and elastic constants of rare-gas solids
cluding solid krytpon and using simple Lennard-Jones pot
tials, have shown that the accuracy of the quasiharmo
lattice-dynamics approximation is comparable to the Mo
Carlo method.10 Moreover, the calculated elastic constants
solid krypton at 115 K and ambient pressure are in go
agreement with experimental measurements.11 Therefore, we
expected that the quasiharmonic lattice-dynamics appr
mation will be valid for the calculation of the elastic prope
ties of solid krypton under external pressure.
2365 © 1998 The American Physical Society
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Quasiharmonic lattice-dynamics calculations were p
formed with a reference cubic cell consisting of 8 krypt
atoms and a lattice constant of 5.4 Å.12 All calculations were
performed at 300 K. The vibrational part of the elastic co
stant is computed from a uniform sampling of 53535 k
points inside the Brillouin zone. Three two-body interatom
Kr-Kr potentials were used. The first potential~I! is a
Lennard-Jones~12-6! potential with «/k5175 K and s
53.65 Å.13 The second potential~II ! is a simplified
Bobetic-Barker potential14 without the triplet interaction
term. This potential was parametrized by fitting to the ze
temperature lattice constant, Debye temperature, and s
mation energy. A more sophisticated Morse-Spline-van
Waals interatomic potential function~III ! derived by Buck
et al. ~case 2 in Table III of Ref. 15! is also used.15 This
potential was obtained from fitting the cross-section data
the Kr1Kr scattering reactions and had been shown to
produce the second virial coefficient of liquid Kr and th
experimental vibrational-level spacings of Kr2 very well.

III. RESULTS AND DISCUSSION

A. Equation of state

We first examine the adequacy of the various empiri
krypton potential models~I, II, and III! in reproducing the
structure of face-centered-cubic krypton at high pressure
Fig. 1, the equation of state~EOS! ~pressure vs volume!
computed from the three empirical potentials are compa
with the room-temperature experimental results obtai
from energy-dispersive x-ray diffraction using synchrotr
radiation.14 The agreement between the theoretical and
perimental results ranges from highly satisfactory~potentials
I and II! to excellent~potential III! over the entire pressur
range from 0 to 8 GPa. In the low-pressure region, the p
dicted densities at 2.53 GPa of 3.80, 3.85, and 3.95 g/cm3 for
potentials I, II, and III, respectively, are in good accord w
the observed value of 3.78 g/cm3. At high pressure, the pre
dicted density at 7.72 GPa of 4.58, 4.74, and 4.88 g/cm3 for
potentials I, II, and III compare favorably with the observ
density of 4.80– 4.98 g/cm3. It is apparent that both poten
tials I and II underestimate the density of solid krypton at

FIG. 1. The equation of state for solid krypton from 1 to 8 GP
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high-pressure end and the accuracy of the simplifi
Bobetic-Baker potential is somewhat better than the sim
Lennard-Jones potential. Potential III is by far the best e
pirical potential model for predicting the equation of state
solid krypton. Nevertheless, as will be shown later, the
sults obtained for the elastic constants are not critically
pendent on the potential used. The excellent agreemen
tween the calculated and experimental EOS confirms
applicability of the quasiharmonic lattice-dynamics appro
mation for high-pressure solid krypton.

B. Adiabatic elastic constants

The calculated adiabatic elastic constantsC11, C12, and
C44 from potentials I, II, and III as a function of pressure a
shown in Fig. 2. With the exception of potential I, the pr
dicted adiabatic elastic constants from potentials II and
are in excellent agreement with those obtained from the
cent Brillouin-scattering experiments over the entire press
range.1 The elastic constants calculated from potential I se
to be higher than the corresponding observed values.
example, at 8 GPa, the computed elastic constants ofC11
560.5 GPa, C12544.2 GPa, C44526.4 GPa are signifi-
cantly higher than the extrapolated observed values ofC11
552.6 GPa,C12536.2 GPa,C44520.1 GPa. In contrast, the
elastic constants obtained from potential II,C11552.0 GPa,
C12539.4 GPa,C44522.4 GPa and those for potential II
C11549.0 GPa,C12538.4 GPa,C44520.9 GPa are in much
better agreement with experiment.

The pressure dependence of the elastic constants is al
linear in the range 2–8 GPa. The experimental pressure
rivatives of the elastic constants13 (]Ci j /]P) are estimated
to be 6.1, 4.1, and 2.4 forC11, C12, andC44, respectively.
The corresponding theoretical values are 7.3, 5.3, and 3.2
potential I, 5.8, 4.5, and 2.5, for potential II, and 5.7, 4.4, a
2.4 for potential III. As expected, the results calculated fro

.

FIG. 2. Elastic constants for solid krypton calculated from se
eral interatomic potentials~see text!. ~a! Lennard-Jones~potential
I!; ~b! Bobetic~potential II!, and~c! Buck ~potential III!. The solid
symbols indicate experimental measurements from Ref. 1.
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the simplified Bobetic-Baker potential II and the Buck’s p
tential III are superior to those obtained from the simp
Lennard-Jones potential I. The adiabatic elastic constant
crease monotonically with increasing pressure. At press
higher than 2 GPa, the following sequenceC11.C12.C44 is
always observed forall the potentials used here. The the
retically predicted trend is the same as that reported fo
direction-dependent measurement of the acoustic veloc
from Brillouin-scattering spectroscopy1 and at variance with
the trend,C11.C44,.C12, reported in an early study.2

It is interesting to examine the importance of the vib
tional contributions to adiabatic elastic constants. The vib
tions have only a minor effect onC44 andC12, and do not
seem to affectC11. The elastic constants calculated fro
potential III without the vibrational components at 300 K a
0.89 GPa areC1157.6 ~7.9!, C1254.7 ~6.8!, C4454.2 ~3.5!
GPa, where the numbers in the parentheses are the co
values. The vibrational effects seems to diminish at hig
pressure. This observation is not too surprising since the
quency spectrum of the solid shifts to higher energy w
pressure. For example, at 6.1 GPa,C11539.5 ~39.7!, C12
528.3 ~30.6!, C44517.7 ~16.9! GPa.

The discrepancy between the two sets of measurem
on the elastic constants of solid krypton has been attribu
to a problem associated with the estimation of the envel
of sound velocities in the earlier Brillouin-scatterin
experiments.1 One of the critical assumptions made was th
the ratio of the adiabatic (BS) to isothermal (BT) bulk modu-
lus, g5BS /BT'1. However, in general,g.1 for simple
molecular solids and only decreases to 1 at high pressu16

The isothermal and adiabatic bulk modulus can be compu
directly from quasiharmonic lattice-dynamics calculation
The ratiog obtained from potential III from 0.8 to 8 GPa i
depicted in Fig. 3. As expected,g deviates significantly from
unity at low pressure but decreases rapidly to the theore
limit at high pressure. The predictedg is 1.30 at 1 GPa and
1.04 at 6 GPa. The results obtained here fully support
argument presented in the recent paper that the assum
of a constantg51 in the earlier work is not valid.

C. Mechanical instability

The stability of a crystal is determined by Born’s stabili
conditions.3,8 For a cubic crystal to be stable, the followin
conditions must be satisfied:
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C112C12.0,

C44.0.

The first stability condition was found to be violated
around 0.6 GPa for potential I and 0.7 GPa for potentials
and III. These calculated critical pressures are very clos
the melting point of solid krypton at 0.83 GPa at room te
perature. Therefore, the calculated instability probably in
cates the onset of a melting transition. The suggestion o
possible structural instability above 30 GPa was also inv
tigated. According to the theoretical results, in the ent
pressure range up to 30 GPa the deviation from the Cau
condition ~d! remains small and the Born’s stability cond
tions are obeyed. Our results, therefore, do not suppo
possible phase transformation at this pressure.

IV. CONCLUSIONS

Quasiharmonic lattice-dynamics calculations have b
employed to determine the elastic constants for solid kryp
in the pressure range 0–8 GPa. The theoretical results
tained using the potential proposed by Bucket al.15 are al-
most in quantitative agreement with the experimental str
tural and elastic constant data. The theory reproduces
trend, C11.C12.C44, reported in the recent Brillouin-
scattering measurements.1 It is shown that the assumption o
g'1 over the entire pressure range employed in an ea
analysis of the acoustic sound velocities is incorrect.

FIG. 3. Calculated ratio~g! of adiabatic (BS) and isothermal
(BT) vs pressure.
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