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Independent and correlated composition behavior of material properties: Application to energy
band gaps for the GaaIn12aPbAs12b and GaaIn12aPbSbgAs12b2g alloys
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A correlated function expansion~CFE! is introduced~a! to identify the role of independent and correlated
composition variations upon a desired material property, and~b! to provide an efficient means to compute the
property throughout the composition space. As an example the contributions of independent and correlated
composition behavior upon the principal energy band gaps for the alloys GaaIn12aPbAs12b and
GaaIn12aPbSbgAs12b2g are calculated and analyzed by applying the CFE to the universal tight-binding~UTB!
Hamiltonian model of the alloys. The convergence properties of the CFE over the entire composition variable
space~a,b,g! are examined upon including independent, pair-, and triple-correlated terms. By retaining only
independent component contributions in the CFE it was possible to represent the UTB results to better than
90% accuracy for both the alloys GaaIn12aPbAs12b and GaaIn12aPbSbgAs12b2g. Pair composition correlations
contributed approximately 5–10 % to the band gaps in both alloys and for GaaIn12aPbSbgAs12b2g the
triple correlations were at the level of;3%. The CFE is a generic tool capable of simplifying efforts at
finding desired alloy compositions for material properties.@S0163-1829~98!07028-3#
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I. INTRODUCTION

Recently there has been increasing interest in the st
tural and electronic properties of the III-V semiconduc
alloys and consequently in their electro-optical applicatio
as high-efficiency light-emitting diodes and high-spe
switching devices.1–3 The independent and correlated beha
ior of the alloy components determines the electro-opt
properties and give rise to nonlinear phenomena. Howe
no theoretical analysis has been reported on the effects o
independent and correlated component behavior in the I
alloys with the number of componentsN satisfying N>2.
This situation is apparently due to the computational di
culties and complexity of dealing with disorder in the alloy
although marked differences with composition variati
have been observed.4–8 Extensive and systematic search
for desirable alloy compositions must be pursued to deve
new materials. This effort will likely require new theoretic
concepts and mathematical tools to provide the neces
physical insight and guidance to accelerate the labora
efforts.

In this paper, a correlated function expansion~CFE! is
introduced based on a high-dimensional model represe
tion technique9 to identify the independent and correlate
composition behavior of multicomponent materials. T
CFE is applied to investigate the contributions of indep
dent and correlated composition behavior upon theG, L, and
X energy band gaps for the alloys GaaIn12aPbAs12b and
GaaIn12aPbSbgAs12b2g based on the universal tight-bindin
~UTB! model.10 By utilizing a judiciously chosensubsetof
alloy compositions, the CFE can deduce theG, L, and X
energy gaps for theentire composition variable space. Th
PRB 580163-1829/98/58~4!/1940~7!/$15.00
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convergence properties of the CFE as a predictive tool
explored by examining the absolute error for the first- a
second-order CFE expansion for 121 grid points~i.e., com-
positions! for the GaaIn12aPbAs12b alloys and 726 grid
points for the GaaIn12aPbSbgAs12b2g alloys. Here, first- and
second-order refer, respectively, to the independent and p
correlated behavior amongst the composition variables.
found that the first-order CFE prediction is sufficient to re
resent the full composition space UTB theoretical values
over 90% accuracy. At this level of accuracy the first-ord
CFE predictions for both alloys correspond to computatio
savings of approximately factors of 6 and 40 for the resp
tive alloys GaaIn12aPbAs12b and GaaIn12aPbSbgAs12b2g.
Small, but significant, pair-correlation composition behav
was evident. For the GaaIn12aPbAs12b alloy 100% accuracy
occurs at second order with the pair correlations contribut
approximately 5–10 % to theG band-gap value. In the
GaaIn12aPbSbgAs12b2g system there were similar compos
tion correlations as the CFE with terms up to second or
predicted all the band gaps to better than 95% accuracy
an example, in the latter alloy the independent, pair, a
triple composition correlation contributions to theG band
gap were, respectively, at the levels of 90%, 5.2%, and 4.
These CFE results have significant implications for simpli
ing alloy composition design efforts, as well as for analogo
broader applications in materials science.11

II. CFE FOR MATERIALS DESIGN

The material property of interest~e.g., a band gap! is ex-
pressed asj(x) wherex5$x1 ,x2 ,...,xN% is the collection of
N component fractions. We seek a systematic and exact
mulation for j(x), which can identify the key role of eac
1940 © 1998 The American Physical Society
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PRB 58 1941INDEPENDENT AND CORRELATED COMPOSITION . . .
componentxi with the aim of providing a basis to mor
efficiently determine useful new material composition
Problems of this type have the apparent character of b
nonpolynomial ~NP! complete12 to scale exponentially in
computational effort;SN, whereS sample values are take
for each composition variable. The CFE can convert this t
to only polynomic scaling inN and can also clearly identify
the independent and correlated roles of the composition v
ables. Furthermore, the CFE technique does not employ
gression analysis13 and it permits arbitrary structure to exi
in the composition space of the propertyj(x).

In the CFE, the model output property for a multicomp
nent systemj(x)5j(x1 ,x2 ,...,xN) is expressed as a hiera
chical correlated function expansion in terms of the inp
composition variables,

j~x!5j01(
i 51

N

j i~xi !1 (
1< i , j <N

j i j ~xi ,xj !

1¯1j123,...,N~x1 ,x2 ,...,xN!

[(
l 50

N

h l~ x̂l !. ~1!

Here,j0 is a constant,j i(xi) describes the independent ro
of the i th component,j i j (xi ,xj ) gives the correlated actio
of the variablesxi andxj , etc. The CFE has a finite numbe
of terms and is always anexactrepresentation ofj(x) when
sufficient terms are included~i.e., the last term picks up an
final residualNth-order correlations completing the descri
tion!. Thel th functionh l( x̂l) represents a sum of all possib
correlated functions at thel th order such that

h l~ x̂l ![ (
1< i 1, i 2, i l<N

j i 1i 2 ...i l
~xi 1

,xi 2
,...,xi l

!,

where x̂l[$xi 1
xi 2

¯xi 1
%,x. For example,h05j0 , h1( x̂1)

5S ij i(xi), h2( x̂2)5S i , jj i j (xi ,xj ), etc. Each membe
of the l th-order collection of correlated functionsh l( x̂l)
can be determined by a corresponding projection op
tion over the original function given byj i 1i 2¯ i l

( x̂l)

5*Pi 1i 2¯ i l
( x̂l ;x)j(x)dx, where the integral is over allN

composition variables andPi 1i 2¯ i l
( x̂l ;x) is one member of

the set ofl th-order projection operators

(
1< i 1, i 2, i l<N

Pi 1i 2 ...i l
~ x̂l ;x![Pl~ x̂l ;x!,

which has the properties of othogonality and idempoten
The full set of such operatorsPi 1i 2¯ i l

( x̂l ;x) for 0< l<N

provides a resolution of the identity operator, and the out
property functionj i 1i 2¯ i l

( x̂l) is invariant under the assoc

ated projection operatorPl( x̂l ,x). Thus, each correlate
functionj i 1i 2¯ i l

( x̂l) provides independent and unique phy
cal information on the relationships among the input com
sition variables for their action upon the output mater
property. Furthermore, no restrictions are placed on the fu
tional form of the correlation terms, thereby admitting high
nonlinear material properties with respect to the constitu
composition. Thus, for example, a truncation of the C
.
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even to first order@i.e.,j(x);h01h1( x̂1)# is generally not a
linear combination of fractional composition contribution
due to the nonlinear nature of the functionsj i(xi). The con-
cept of material composition correlations introduced here
not statistically based, but rather its origin lies in the inher
behavior of the material property composition space.

Various choices for the projection operators are possib9

but the following one is especially useful,

Pi 1i 2 ••• i l
~ x̂l ;x8!5)

s51

l

@d~xi s
8 2xi s

!2d~xi s
8 2 x̄i s

!#

3 )
k5 l 11

N

d~x1k
8 2 x̄i k

!, l>1, ~2!

with the additional zeroth-order projection operator

P05)
i 51

N

d~xi2 x̄i !.

These projection operators will uniquely specify all the co
related functions order by order, wherex̄5( x̄1 ,x̄2 ,...,x̄N) is
a chosen fixed composition point in the variable space, ca
a cut center. It is implicitly understood thatPl denotes one
member of a set of projection operators at thel th order as
specified by the choice of the components constitutingx̂l .
The cut centerx̄ would typically be a chosen reference m
terial around which composition explorations~i.e., perhaps
large, including the entire space! would be made. When the
CFE is taken out to convergence, then the choice ofx̄ is
irrelevant. Operating with the projection operator defined
Eq. ~2! upon the original material function results in the fo
lowing CFE terms:

j05j~ x̄!,

j i~xi !5j~xi ; x̄i !2j0 , ~3!

j i j ~xixj !5j~xi ,xj ; x̄i j !2j i~xi !2j j~xj !2j0,

etc. Here,j0 is the model output material property for th
all of the composition variables fixed at the reference va
x̄. The termj(xi ,x̄i) is the model output material property a
a function of the single componentxi ~i.e., a cut alongxi
through the cut center in the composition space!, while the
other variables,xj[ x̄ j , j Þ i , are fixed at the cut center
Therefore, the behavior ofj i(xi) determines the property
response upon the independent action of the material c
ponent variablexi with respect to the reference system.
the same manner,j(xi ,xj ; x̄i j ) indicates the model outpu
material property for all the composition variables,xk[ x̄k ,
kÞ i , j , fixed at the cut center except forxi and xj . Thus,
j i j (xi ,xj ) describes the pair-correlated behavior between
variablesxi and xj with respect to the reference materi
identified at the cut center. A similar interpretation wou
apply to additional higher-order CFE terms. In this mann
the CFE operational procedure determines all the correla
composition behavior with each term having a clear phys
meaning on the right-hand side of Eq.~1! tailored to any
complex material propertyj(x)5j(x1 ,x2 ,...,xN).

In most physical~i.e., material! systems, one anticipate
that higher-order correlations are unlikely to be significa
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1942 PRB 58KYURHEE SHIM AND HERSCHEL RABITZ
This implies that the CFE is expected to converge at l
order and thereby to save in computational efforts at exp
ing the composition space. There is considerable evide
supporting rapid convergence from statistics for many ot
problems where only low-order~e.g., up to second orde
typically! multivariable variances are adequate, and rece
the fast convergence of the CFE has been observed in a
spheric research.14 This paper also shows that the CFE tak
to just first order can provide good accuracy to describe
composition variation of the energy band gaps of the all
GaaIn12aPbAs12b ~Ref. 10! and GaaIn12aPbSbgAs12b2g
~Ref. 15! based on the UTB model.

Operationally the material propertyj( x̃) at an arbitrary
point x̃ in the component space would be evaluated by p
jecting x̃ onto the various contributing cuts~i.e., lines, sur-
faces, volumes, etc.! and performing the associated low
dimensional interpolations on the cuts. The lat
interpolations are extremely fast to perform. Althou
sample cuts through a high-dimensional composition sp
are natural to consider, without the formal guiding structu
of the CFE it would not be evident how to employ the cu
for a global determination ofj( x̃).

The computational savings afforded by the CFE can e
ily be estimated. If the CFE converges atmth order with
acceptable accuracy and considering a sampling ofS com-
position values in each variable, then the total number
operations needed to calculate the CFE is~considering the
number of correlated functions at each order!

(
k50

m
N!

~N2k!!k!
~S21!k. ~4!

It was assumed that the cut center is at one of the sam
composition values. When taking this result to the extre
limit of the CFE requiring all terms up toNth order, we find
that the total number of sampling operations isSN

†5(k50
N @N!/(N2k)!k! #(S21)k

‡. This limit is exactly the
exponentially difficult NP complete scaling that one wou
normally expect without consideration of the unlikelihood
finding high-order correlations. Therefore, the CFE can
no worse thanSN scaling, and on physical grounds we expe
a dramatic savings with evidence suggesting thatm!N. For
example, consider anN58 variable physical system
sampled withS510 points per variable and assume that
CFE yields acceptable convergence~e.g., to a few percen
error as indicated in Sec. III! at second order, then the rat
of the computational effort of CFE to that of convention
NP scaling is

H (
k50

2
N!

~N2k!!k!
~S21!kJ Y $SN%;1025.

Thus, the CFE operation can render the original expon
tially difficult computations down to a problem of only poly
nomial complexity. The substantiation of this dramatic co
putational savings could have a profound impact on mate
design efforts at finding new materials in the laboratory. A
other measure of savings is the cost of calculating the m
rial property at a new pointx̃ by the CFE relative to the
effort by the electronic structural code. The savings here
be equally as dramatic, since the CFE evaluated at low o
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with interpolation over its stored grid is a very rapidly pe
formed calculation. Furthermore, the extracted individu
CFE terms provide clear physical insight and guidance
the composition correlations contributing to the desir
physical and/or chemical properties. The illustrations in
following section are modest in complexity, but they do su
port this key low-order CFE convergence behavior alrea
demonstrated in other physical systems of very h
dimensions.9

III. APPLICATION TO THE Ga aIn12aPbAs12b

AND GaaIn12aPbSbgAs12b2g ALLOYS

The independent and correlated composition variable
pendence of the principal energy band gapsE in the III-V
alloys ~here, GaaIn12aPbAs12b and GaaIn12aPbSbgAs12b2g!
can be identified by applying the CFE~in Sec. II! to the UTB
alloy Hamiltonian.10,15 In UTB, the alloy Hamiltonian is rep-
resented by an effective matrix consisting of both orde
and disordered composition-dependent components indu
by the atomic orbital interaction.10 The composition-
dependent energy band gaps are obtained by diagonal
the alloy Hamiltonian matrix. The composition variable
~a,b,g! are embedded in the Hamiltonian matrix elements
input parameters and the composition dependence of en
band structure and band gaps are the output material pro
ties obtained through the diagonalization of the alloy Ham
tonian. The CFE application to the UTB theory will dete
mine the band-gapE(a,b,g) dependence upon the materi
component variables~i.e., a,b,g! through their independen
(Ea ,Eb ,Eg ,...), pair- (Eab ,Ebg ,Eag ,...), and triple-
(Eabg) correlated actions with respect to the reference m
terial at the cut center (ā,b̄,ḡ).

The energy band gaps of the reference allo
GaāIn12āPb̄As12b̄ and GaāIn12āPb̄SbḡAs12b̄2ḡ are obtained
by fixing all the composition variables at the reference va
(ā,b̄,ḡ) such thatE0[^Ĥ(ā,b̄,ḡ)&, where^Ĥ& denotes the
diagonalization of the Hamiltonian to obtain the band ga
The independent composition behavior (Ea ,Eb ,Eg) re-
sponse to each composition variable with respect to the
erence material is determined from Eq.~3! as follows: Ea

[^Ĥ(a,b̄,ḡ)&2E0 , etc. In the same manner, the pair- a
triple-correlated composition behaviors (Eab ,...,Eabg) can
be obtained from Eq.~3! such thatEab[^Ĥ(a,b,ḡ)&2Ea

2Eb2E0 , andEabg[^Ĥ(a,b,g)&2Eab2Eag2Ebg2Ea
2Eb2Eg2E0 , etc. The total composition dependence of
energy band gap is expressed by the CFE in Eq.~3! as

E~a,b,g!5E01 (
i 5a,b,g

Ei1 (
i , j 5a,b,g

Ei j 1Eabg .

If the CFE operation is taken up toNth order~cf. N52 or 3
for the two alloys treated here!, the energy band gap exactl
equals that of the UTB model. There is noEabg term for the
N52 alloy and the expansion is exact at second order in
case.

In order to examine the convergence of the CFE up tomth
order (Em), we define the CFE partial sums

E0[E0 , E1[E01 (
i 5a,b,g

Ei ,
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TABLE I. Independent and correlated composition band-gap behavior of GaaIn12aPbSbgAs12b2g. The
calculated independent (Ea ,Eb ,Eg), pair- (Eab ,Ebg ,Eag), and triple- (Eabg) correlated values and th
zeroth- (E0), first- (E1), and second-order (E2) CFE results along with the UTB value (EUTB) for the
principal energy band gaps at three different compositions~a,b,g! for the GaaIn12aPbSbgAs12b2g alloy @a
[(0,0,0):InAs; b[(0.2, 0.2, 0.2):Ga0.2In0.8P0.2Sb0.2As0.6; andc[(0.4, 0.4, 0.4):Ga0.4In0.6P0.4Sb0.4As0.2#.
All units are in eV.

rW:Gap Ea Eb Eg Eab Ebg Eag Eabg E0 E1 E2 EUTB

a:G 20.467 20.332 0.161 0.074 0.07720.047 0.075 0.830 0.192 0.296 0.37
a:L 20.210 20.208 0.212 0.054 0.039 0.035 0.028 1.553 1.347 1.475 1.
a:X 0.055 0.079 0.233 20.072 20.004 0.042 0.063 1.884 2.251 2.217 2.28
b:G 20.310 20.122 0.037 0.009 0.00920.017 0.005 0.830 0.435 0.436 0.44
b:L 20.138 20.075 0.060 0.011 0.005 0.001 0.002 1.553 1.400 1.417 1.
b:X 0.024 0.026 0.067 20.012 ;0 0.003 0.004 1.884 2.002 1.992 1.99
c:G 20.114 0.134 20.021 ;0 0.01 0.009 0.002 0.830 0.829 0.847 0.84
c;L 20.050 0.078 20.049 20.004 0.004 0.002 0.002 1.553 1.533 1.535 1.5
c:X 0.005 20.025 20.056 0.003 ;0 ;0 0.002 1.884 1.809 1.813 1.81
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E2[E01 (
i 5a,b,g

Ei1 (
i , j 5a,b,g

Ei j ,

etc. The absolute fractional errore i
m at an arbitrary pointi

[(a i ,b i ,g i) for the mth-order CFE in relation to the tru
model output valueEi is defined ase i

m5uEm2E(a i ,b i ,g i)
u/E(a i ,b i ,g i). The average error (ēm) over the whole com-
position variable space is

ēm5~1/n! (
i

all space

e i
m ,

wheren is the total number of composition grid points in th
variable space: in the present casesn5121 for
GaaIn12aPbAs12b and n5726 for GaaIn12aPbSbgAs12b2g.
The average error provides an overall measure of the con
gence of the CFE.

IV. RESULTS AND DISCUSSION

The energy band structure and band gaps at arbit
component compositions for GaaIn12aPbAs12b (N
52;a,b) and GaaIn12aPbSbgAs12b2g (N53;a,b,g) have
been calculated by the UTB method. Applying the CFE
the UTB model revealed the independent and correlated
havior of the three principal energy band gaps@E(G), E(L),
and E(X)# for both systems. The TB parameters and bo
lengths for the six constituent binaries~InP, InAs, InSb, GaP,
GaAs, and GaSb! were taken from Refs. 10, 16, and 17. T
cut center was chosen to be roughly in the middle of
composition variable space, so that (ā,b̄)5(0.5, 0.5) for
GaaIn12aPbAs12b and (ā,b̄,ḡ)5(0.5, 0.3, 0.3) for
GaaIn12aPbSbgAs12b2g. Although picking the center of the
space is reasonable, little sensitivity was found with resp
to the choice~i.e., the CFE is invariant to the choice at fu
convergence!. Each order of CFE expansion was tested o
the entire range of composition space as discussed abo

In Table I, the independent, pair-, and triple-correlat
composition behaviors of theE(G), E(L), andE(X) band
gaps predicted by the CFE are shown and compared with
true UTB output model value for three sampled compo
r-

ry

e-

d

e

ct

r
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d

he
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tions of the GaaIn12aPbSbgAs12b2g alloy along the@1,1,1#
variable direction from the origin~0,0,0!. The absolute mag-
nitude of the independent (Ei), pair- (Ei j ), and triple- (Ei jk)
correlated contributions to the energy band gaps gener
decreases with order such thatuEi u@uEi j u.;uEi jk u, while
their sign ~1 or 2! indicates that the contribution accord
ingly acts to increase or decrease the band gaps. Also
values predicted by the CFE are excellent even at first o
especially as the composition variable gets close to the
center. The CFE converges rapidly to accurate values in
cases with the exception of theE(G) gap at the~0,0,0! com-
position, but even here the accuracy is better than 80%
second order. In general we find that although there are s
isolated regions of moderate accuracy, the average error
the entire composition space for all the band gaps is ex
lent ~cf. Table II discussed later!.

Figures 1 and 2 display examples of the independent
pair-correlated composition contributions for th
GaaIn12aPbAs12b and GaaIn12aPbSbgAs12b2g alloys. Figure
1 shows that the components acting independently~i.e., the
individual action of Ga, P, and Sb in the alloys! play differ-
ent roles for the distinct band gaps: in some cases the en
gaps increase while in other cases they decrease, and g
ally nonlinearly, with component fraction. The independe
behavior depends on the type of band gap and the spe
composition region. A noticeable feature of the independ
behaviors is that they are not linear. Linear variable behav
has been often assumed in many approximations such a
virtual crystal approximation~VCA!. However, extensive
experimental reports on the band-gap variation for the III
ternary alloys AlxGa12xAs, GaxIn12xP, InxGa12xAs,
InxAs12xP, etc. exhibit nonlinear bowing behavior.6–8 The
E(G) band gaps of the In12aGaaAs and InAs12bPb ternary
alloys predicted by the first-order CFE are plotted in Fig.
respectively, as theb50 or a50 limits for the
GaaIn12aPbAs12b alloy. Comparing the calculations with th
experimental data in the figure shows that there is excel
agreement for the In12aGaaAs alloy and good agreement fo
the InAs12bPb alloy. These results support the quality of th
UTB calculations and show that the first-order CFE is su
cient to represent the band gaps to good accuracy. In
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TABLE II. Overall percent accuracy (12 ēm)3100% for the band gaps from the zeroth-, first-, a
second-order CFE predictions over the entire composition variable space.

Alloy system Gap
(12 ē0)

3100(%)
(12 ē1)

3100(%)
(12 ē2)

3100(%) References~eV!a

G 53.6 95.4 100 E0(G)51.218
0.37,E(G),2.88

GaaIn12aPbAs12b L 87.6 98.2 100 E0(L)51.905
1.60,E(L),2.72

X 96.5 98.5 100 E0(X)52.071
1.97,E(X),2.18

G 27.8 90.0 94.8 E0(G)50.830
0.25,E(G),2.88

GaaIn12aPbSbgAs12b2g L 82.9 97.3 97.9 E0(L)51.553
0.97,E(L),2.72

X 93.8 98.3 97.7 E0(X)51.884
1.69,E(X),2.28

aThe reference value and range of the band gaps are indicated.
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the
UTB model, the independent composition behavior of
energy band gaps can be analyzed with respect to the r
ence material, in which the nonlinearity of the band gap
induced by the atomic orbital electronic interaction of t
disordered units through bond alternation. The addition of
on the anion site in the alloy leaves the independent beha
of Ga and P similar to that found in theN52 case. The
band-gap response to the total action of all the indepen
variables could be simple or complex depending on the c

FIG. 1. Examples of independent composition behavior;~a!
Ei(G) for the GaaIn12aPbAs12b alloy, ~b! Ei(X) for the
GaaIn12aPbAs12b alloy, ~c! Ei(G) for the GaaIn12aPbSbgAs12b2g

alloy, and~d! Ei(X) for the GaaIn12aPbSbgAs12b2g alloy. Here,i
5Ga is the solid line,i 5P is the dashed line, andi 5Sb is the
dotted line.
e
er-
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position region and band-gap type@E(G), E(L), andE(X)#.
Examples of the pair correlated composition behaviors

shown in Fig. 2. These pair terms are associated w
second-order atomic orbital interactions between the com
nents already disordered through bond alternation. They
readjust the conduction-band minimum level as a function
composition to some degree and especially in terms of
band-gap bowing. The correlated function surfaces have c
siderable structure according to the combination of variab
variable range, and band-gap type. Comparing the correl
behaviors forN53 with that for N52, we notice that the
absolute magnitude of the correlated behavior decreases
the addition of the Sb component. This result implies th
generally the independent component behavior in

FIG. 2. Examples of pair-correlated composition behavior;~a!
Eab(G) for the GaaIn12aPbAs12b alloy, ~b! Eab(G) for the
GaaIn12aPbSbgAs12b2g alloy, ~c! Ebg(L) for the
GaaIn12aPbSbgAs12b2g alloy, and ~d! Eag(X) for the
GaaIn12aPbSbgAs12b2g alloy.
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GaaIn12aPbSbgAs12b2g alloy (N53) is more dominant than
in the GaaIn12aPbAs12b alloy (N52). This observation
holds, despite the fact that there are more second-order t
for N53 thanN52. The absolute magnitude of the corr
lated behavior increases when moving further away from
cut reference frame and similar effects are evident in
independent behavior plots. Note that along any of the c
the associated second-order surfaces are zero. This pro
indicates that the CFE should be very accurate around
cuts and especially the cut center. The exact value of a p
correlated contribution depends on the particular variab
their region, and band-gap type. The independent contr
tions of the first-order terms can either reinforce or detr
from what is found in the second-order terms. By examin
the collective behaviors of all the terms one can deduce
various combinations of components that give desirable
terial properties~here, the band gap!. This type of composi-
tion identification is a very important issue for these sem
conductors as well as for other analogous mater
applications.11

The average percent accuracy, (12 ēm)3100% defined in
Sec. III is shown in Table II. The results for the avera
accuracy versus CFE orderm50, 1, and 2 for theE(G),
E(L), and E(X) gaps give a simple global measure of t
CFE quality. Excellent accuracy (>90%) occurs in the vi-
cinity of cut center even for the first-order CFE, but larg
errors~more than 10%! occur around the edge of the variab
space even for the second-order CFE. For
GaaIn12aPbSbgAs12b2g alloy (N53), theE(G) gap shows
the most dramatic improvement order by order when we c
sider the wide range of theE(G) gap variation @0.25
,E(G),2.88# over the entire composition space. Th
zeroth-, first-, and second-order CFE for theE(G) gap pre-
dicted the UTB values with an accuracy of;28%, ;90%,
and;95%, respectively. Thus, the band gaps can be rap
predicted over a wide scale by a low-order CFE to very go
accuracy. This is a very important aspect of the CFE wh
we consider that the computational savings of approxima
factors of 6 forN52 and of 40 forN53 result from using
the first-order CFE. Furthermore, for alloys with large nu
bers (N@1) of components the computational savings c
be dramatic as indicated in Sec. II. For theE(L) andE(X)
band gaps, the CFE reproduced the UTB values over the
space to 97–98 % accuracy even at the first-order level.

FIG. 3. The compositionE(G) gap variation by the first-orde
CFE ~solid line! E1 for the ternary alloys~a! GaaIn12aAs, ~b!
InPbAs12b compared with the experimental data~d! ~Ref. 6!.
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all the band gaps with a first-order CFE the gap stand
deviations~not shown! are quite small over the entire com
position range. Considering all the band gaps over the
composition space, it was found that the pair and triple~for
N53! component correlations contribute 5–10 % and;3%,
respectively. The accuracy of the first-order CFE depends
the range of variation of the output material property; i.e.
smaller range yields better accuracy at any particular C
order. In one isolated location~x;1 and y;1! we found
that theE(X) band gap for the second-order CFE had low
accuracy (;80%) than the first-order CFE. This results
the average error at second order in Table II appare
showing no improvement over first order; however, in mo
of the other regions the accuracy of the second-order CF
improved over the first-order CFE.

In order to examine the role of the cut center upon
average errorē, we performed another CFE for theN52
case by taking the cut center off to one side at~0,0!. The
average accuracy with the first-order CFE was approxima
90% forE(G), 95% forE(L), and 97% forE(X) band gaps.
These results are only slightly less accurate than those fo
for the more natural cut center at~0.5, 0.5! throughout the
full variable space. Thus, the choice of cut center is no
critical issue, but as expected better accuracy was foun
the vicinity of the cut center for either case@e.g., near~0,0!
where the composition is InAs#. Considering both of these
cut centers, the independent and pair composition corr
tions contribute approximately 90–95 % and 5–10 %,
spectively, to theE(G) band gap in the GaaIn12aPbAs12b
alloy (N52). In practice a particular cut center would like
be chosen around a known interesting alloy composition
the desired material property.

V. CONCLUSION

The CFE was presented to identify the role of indepe
dent and correlated composition variations upon a des
material property. It was successfully applied to comp
the energy band gaps for the GaaIn12aPbAs12b and
GaaIn12aPbSbgAs12b2g alloys. The contributions of inde
pendent and correlated composition behavior to the princ
energy band gaps@E(G),E(L),E(X)# for these two alloys
are obtained by applying the CFE to the UTB Hamiltoni
model. From these investigations, we found the followin
~1! The independent component behavior is not linear.~2!
The band gaps in the region around the cut center were
dicted well by the first-order CFE to over 95% accuracy.~3!
The average accuracy was;90% over the entire composi
tion space for both alloys at just the first-order CFE. Th
the first-order CFE is generally sufficient to represent
material band-gap properties.~4! The pair-correlated compo
sition behavior for the GaaIn12aPbAs12b alloy (N52) is re-
duced by adding the Sb component in the anion site@i.e., for
the GaaIn12aPbSbgAs12b2g alloy (N53)#. ~5! The contribu-
tions of the independent, pair, and triple composition cor
lations were approximately at the levels of;90%, 5–10 %,
and;3% in the GaaIn12aPbSbgAs12b2g alloy over the en-
tire composition space.~6! All the independent and corre
lated behaviors have some variability according to the co
bination of components and band-gap type, but some sim
behavior could be identified. As argued in Sec. II, the C



io
tin

t
a
d
er
iti
e

i

a
-
r

the

by
full
ly in
w

un-
l

1946 PRB 58KYURHEE SHIM AND HERSCHEL RABITZ
can greatly accelerate an exploration of the full composit
space of the material. A related issue is the cost of evalua
the CFE at a new composition value~i.e., through interpola-
tion among the stored CFE terms! vs that of calculating tha
composition by performing another electronic structure c
culation. In the case of the UTB model and the second-or
CFE, the savings by the CFE per evaluation was sev
orders of magnitude. Such savings open up the possibil
of systematic materials searches that were previously v
difficult to perform.

Although the focus in this paper was on band gaps
semiconductors, the same CFE tools could be applied
other material properties. In the context of combinatorial m
terials synthesis11 one could view the electronic wave func
tions evaluated and stored over the composition cuts as fo
a

,

n,
n
g

l-
er
al
es
ry

n
to
-

m-

ing a library for various applications~naturally, the reliability
of the CFE materials property predictions will depend on
quality of the wave functions making up the library!. Impor-
tantly this library would have selected members designed
CFE concepts rather than a random sampling of the
space. Furthermore analogous tools can be applied direct
the laboratory to aid in the systematic identification of ne
materials.18
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