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Anomalous pinning behavior in an incommensurate two-chain model of friction
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Pinning phenomena in an incommensurate two-chain model of friction are studied numerically. The pinning
effect due to the breaking of analyticity exists in the present model. The pinning behavior is, however, quite
different from that for the breaking of the analyticity state of the Frenkel-Kontorova model. When the elasticity
of chains or the strength of interchain interaction is changed, pinning force and maximum static frictional force
show anomalously complicated behavior accompanied by a successive phase transition and they vanish com-
pletely under certain conditions.@S0163-1829~98!03947-2#
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I. INTRODUCTION

In recent years, the study of friction has been attract
much attention in physics.1 Nanoscale frictional phenomen
have been examined experimentally using frictional fo
microscopes,2 quartz microvalance techniques,3 and so on. In
theoretical studies, the Frenkel-Kontorova~FK! model4 and
its related ones have been employed as a promising mod
such nanoscale friction by several researchers.5–8 The FK
model, in general, consists of an atomic chain on a subs
with periodic potential. In the chain harmonic force wor
between neighboring atoms. When the mean atomic dista
and the period of the potential is incommensurate, the
model shows a phase transition, which has been discuss
detail by Aubry and co-worker.9,10 Hence this phase trans
tion is called the Aubry transition. The Aubry transition h
the following features. When the amplitude of the substr
potential is smaller than a certain critical value, the low
phonon excitation is gapless and, therefore, a free-slid
mode appears. This means vanishing maximum-static
tional force. Above the critical amplitude, however, the
oms in the chain are pinned strongly nearby the poten
minima and a finite gap exists in the phonon excitation. T
state is called the breaking of the analyticity state. Then fin
energy is needed to slide the chain, and, therefore,
maximum-static frictional force becomes finite. The e
tended FK model, which consists of interacting two defor
able chains, also have been investigated so far. The s
structural properties of two-chain models have been inve
gated in Refs. 11–14, where each chain is often treated
continuum elastic line. The continuum approximation wor
effectively in the study on the commensurat
incommensurate transition.12 However, the pinning effec
that arises from the discrete nature of lattices are smeared
inevitably. In other words, the Aubry transition never occu
in the continuum models. On the basis of a two-chain mo
with discrete lattice structures, Matsukawa and Fukuya
investigated the static and the kinetic frictional forces.15,16

The model proposed in their study consists of two atom
chains, where interchain atomic force works between ato
in one chain and in another and harmonic force works
tween neighbor atoms in each chain. In some cases of el
parameters of chains, they found that the maximum st
PRB 580163-1829/98/58~23!/15866~12!/$15.00
g

e

of

te

ce
K
in

e
t
g

c-
-
al
s
e
e

-
-
tic
ti-
s a
s

ut

el
a

c
s
-
tic
ic

frictional force for the two-chain model becomes larger th
that for the FK model with the same strength of the int
chain interaction. Furthermore, they discussed the relat
ship between the strength of the maximum-static frictio
force and the velocity dependence of kinetic frictional forc

In this paper, we revisit the two-chain model of frictio
employed in Ref. 15 and examine the frictional phenome
in a wide range of model parameters. In particular, pinn
states are investigated thoroughly in connection with
breaking of the analyticity state due to the Aubry transitio
It turns out that the maximum-static frictional force show
complicated behavior against the change in elastic par
eters and vanishes completely in certain conditions. T
anomalous pinning behavior is discussed in relation to
static lattice structures. We also focus on the velocity dep
dence of the kinetic frictional force in sliding states.

II. TWO-CHAIN MODEL OF FRICTION

The two-chain model of friction employed here is sum
marized in the following.15 We consider two atomic chains
i.e., an upper chain and a lower chain. Each atom ha
one-dimensional degree of freedom parallel to the chain.
trachain interaction with harmonic form and interchain inte
action are taken into consideration. The effects of ene
dissipation are assumed to be proportional to the differe
between the velocity of each atom and that of the cente
gravity of the chain. The upper chain is driven by the ext
nal force parallel to the chain. Assuming overdamped m
tion, we get the equations of motion of the atoms in t
upper and the lower chains given by

maga~ u̇i2^u̇i& i !5Ka~ui 111ui 2122ui !

1(
j Pb

Nb

FI~ui2v j !1Fex , ~1!

mbgb~ v̇ i2^v̇ i& i !5Kb~v i 111v i 2122v i !

1(
j Pa

Na

FI~v i2uj !2Ks~v i2 icb!, ~2!
15 866 ©1998 The American Physical Society
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PRB 58 15 867ANOMALOUS PINNING BEHAVIOR IN AN . . .
whereui (v i), ma (mb), ga (gb), Ka (Kb), andNa (Nb) are
the position of theith atom, the atomic mass, the parame
of energy dissipation, the strength of the interatomic for
and the number of atoms in the upper~lower! chain, respec-
tively. Ks denotes the strength of the interatomic force b
tween the lower chain and the substrate, which is neces
to bind the lower chain.̂ & i represents the average with r
spect toi . FI and Fex are the interchain force between th
two atomic chains and the external force, respectively. T
interchain atomic potential is chosen as follows:

UI52
KI

2
expF24S x

cb
D 2G , ~3!

whereKI is the strength of the interchain potential, andcb
the mean atomic spacing of the lower chain. The interato
force is given byFI(x)52 (d/dx) UI . The time-averaged
total frictional force of the present model is given by

F fric52(
i Pa

Na

(
j Pb

Nb

^FI~v i2uj !& t5Na^Fex& t . ~4!

This expression of the frictional force is valid for both sta
and kinetic ones. The form of interchain force,FI(x)
52 (d/dx) UI , is approximated in the following two limit-
ing cases.17 When the atoms in the lower chain are rigid a
fixed at the regular sites, which corresponds to the cas
Kb /Ka→` or Ks /Ka→`, the interchain force that acts o
the upper chain is approximated by one term in a Fou
series:

(
j Pb

Nb

FI~ui2v j !U
v j 5 jcb

.20.47KIsinS 2p
ui

cb
D . ~5!

Then the two-chain model is reduced to the FK model. In
opposite limit, when the upper chain is fixed at the regu
sites (Ka /Kb@1), the interchain interaction that acts on t
lower chain is also described by one term in a Fourier ser

(
i Pa

Na

FI~ui2v j !U
ui5 ica

.20.83KIsinS 2p
v j

ca
D , ~6!

where ca is the mean atomic spacing of the upper cha
These approximations on the interchain force are valid o
in the above two limiting cases on elastic parameters,
they may break in intermediate cases. This is a crucial p
in the following discussion.

III. NUMERICAL METHOD

For the numerical simulation of the model, the Rung
Kutta ~RK! formula is employed to solve the equations
motion. The periodic boundary conditions are employed
both chains. Hence, the ratioca /cb is equal to Nb /Na ,
whereNa andNb are the numbers of atoms in the upper a
lower bodies.

ca

cb
5

Nb

Na
5

233

144
51.618... , ~7!
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where the ratio is determined by using a continued-fract
expansion of the golden mean to emulate incommensura
ity. Throughout the present study we set the values of
model parameters as

Na5144, Nb5233, ca51.618... , cb51,

ma5mb51, Ka51, ga5gb51. ~8!

We control the elasticity of chains by changing the spri
constantsKs andKb , and the strength of interchain intera
tion by KI .

In numerical simulations we mainly employ an initia
atomic configuration where atoms are located at regular s
periodically. During the RK steps the chains are relaxed
stable states and finally reach there. In Sec. IV A 5 we w
refer to the effect of the initial atomic configuration in co
nection with pinning behavior.

We employ the following numerical criterion and met
ods in the calculations of several quantities. Ifu̇i and v̇ i
calculated during the RK steps satisfy a velocity conditio
A@(Na

i(u̇i)
21(Nb

i( v̇ i)
2#/(Na1Nb),10210, the RK calcu-

lation is stopped, and the state obtained then is considere
be static. The phonon frequency is calculated using a
namical matrix for this stationary state. The maximum-sta
frictional force is evaluated as the critical force above wh
the velocity condition is not satisfied. Using the criterion, t
difference between pinned and sliding states is distingu
able. The frictional force is calculated according to Eq.~4! or
the method used in Ref. 15. In a sliding state, after the s
tem reaches a steady state, the temporal average is perfo
in calculating the kinetic frictional force over a time perio
much longer than a time during which the center of grav
of the system moves by the system lengthNaca(5Nbcb).

IV. RESULTS

A. Pinned states

1. Lowest phonon frequency

In this section we investigate the pinning effect of t
two-chain model in the absence of external force. To inv
tigate the feature of pinned states, we first calculate
lowest-phonon frequency, which is a significant quantity b
cause finite lowest phonon frequency, i.e., the phonon g
means the presence of pinning and its square is proporti
to the restoring force due to pinning effects.

For the comparison with the two-chain model, we fir
show the squared lowest-phonon frequency (v lpf

2 ) of the FK
model described by Eqs.~1! and~5! with KI51 in Fig. 1. In
this case the elastic parameter isKa only, and there exists its
critical value. Below the criticalKa , v lpf

2 becomes finite,
corresponding to the appearance of the breaking of the
lyticity state due to the Aubry transition. Above the critic
Ka , v lpf

2 vanishes. The change ofv lpf
2 is continuous at the

critical point. Such behavior ofv lpf
2 for the FK model was

reported in Ref. 10. In the present study on the two-ch
model we have another elastic parameter in the lower ch
Hence, we focus on the effect of the elastic relaxation of
lower chain, and thenKs andKb are chosen as variable ela
tic parameters.

In Fig. 2~a! we showv lpf
2 as a function of an elastic con

stantKb in the case of strong interchain interactionKI51
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and Ks51. The strength of the interchain interaction (KI

51) is chosen to be greater than the critical value of
Aubry transition for the FK model,KI ,FK

critical'0.33 for Ka

51. Because of strong interchain interaction, the phonon
is finite and almost constant in the region of large value
Kb (2.4,Kb). However, steep valleys appear in the ran
0.81,Kb,2.4. The amount ofv lpf

2 changes there more tha
two orders of magnitude. It is considered thatv lpf

2 vanishes at
each valley. The finite values ofv lpf

2 at the bottom of the
valleys will be due to the numerical accuracy of the pres
calculation and the finite magnitude of changing inKb .
When Kb becomes smaller than a certain value ('0.81),
v lpf

2 increases sharply and then becomes almost constant
vanishing phonon gap at each valley seems to indicate a
of phase transition.

When the interchain interactionKI is somewhat weak-
ened, but its strength is still greater thanKI ,FK

critical , more dras-
tic behavior of phonon gaps is observed. Figure 2~b! shows
v lpf

2 obtained forKI50.45 andKs51. Finite phonon gaps
exist both in small and largeKb regimes, and steep valley
appear in the intermediate regime 0.2,Kb,0.6. Such be-
havior is quite similar to that forKI51. In a wide regime,
0.6,Kb,1.4; however, the phonon gap vanishes comple
within a numerical accuracy. This regime is quite distin
from other regimes with narrow valleys seen in Fig. 2~a! as
discussed in the next subsection. The anomalous behavi
the phonon gap disappears when a large value ofKs is cho-
sen as in Fig. 2~c!, whereKs510 (KI51). It is obvious that
the behavior of the phonon gap depends on the elastic
rameterKs as well asKb . In Fig. 2~a! the behavior of the
phonon gap looks self-similar. If this is the case, the phon
gap reveals more complicated behavior against a sm
change inKb in the intermediateKb regime.

The discontinuous and complicated behavior ofv lpf
2

against the change in elastic parameters for the two-c
model is obviously quite different from that for the F
model shown in Fig. 1. We confirmed that the magnitude
the phonon gap at allKb’s chosen in Figs. 2~a!–2~c! is en-
tirely insensitive to the enlargement of the system size de

FIG. 1. Squared lowest-phonon frequency for the FK mo
(Ka5KI51 andKb5Ks5`).
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mean in Eq.~7!.

2. Maximum-static frictional force

Next we calculate the maximum-static frictional force n
merically by applying the external force to the pinned stat
Figures 3~a! and 3~b! show the maximum-static frictiona
force calculated for pinned states shown in Figs. 2~a! and
2~b!, respectively. The maximum-static frictional force al
shows anomalous behavior, which obviously reflects
phonon gap structures in Figs. 2~a! and 2~b!. In Fig. 3~a!,
where the values of the parametersKI51 andKs51 are the

l

FIG. 2. Squared lowest phonon frequency vsKb . ~a! KI51 and
Ks51, ~b! KI50.45 andKs51, and~c! KI51 andKs510. Ka is
fixed at unity. We will refer to insetted numbered arrows later
Figs. 5, 6, and 8.
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PRB 58 15 869ANOMALOUS PINNING BEHAVIOR IN AN . . .
same with those in Fig. 2~a!, the maximum-static frictiona
force shows multivalley structures. The magnitude of
maximum-static frictional force is finite in the wholeKb re-
gime. We note that the values ofKb at the local minima and
maxima of the maximum-static frictional force do not corr
spond exactly to those ofv lpf

2 shown in Fig. 2~a!. This may
be considered to be the effect of the external force, by wh
the pinned lattice structures are distorted and the depin
threshold force would be affected slightly. On the oth
hand, as seen in Fig. 3~b! for KI50.45 andKs51, the
maximum-static frictional force vanishes completely in t
characteristicKb regime where the completely vanishin
phonon gap is observed in Fig. 2~b!. In the case thatKI51
and Ks510, it is confirmed that the maximum-static fric
tional force as well as the phonon gap in Fig. 2~c! does not
show any anomalous behavior and changes smoothly
Kb .

3. Hull functions and lattice structures

To investigate further the above anomalous pinning
havior observed for the phonon gap and the maximum-st
frictional force, we analyze the lattice structures of t
pinned states by examining hull functions. Although a h
function has been employed to analyze the breaking of
analyticity state for the FK model,9,10 it has been reported

FIG. 3. Maximum static frictional force vsKb . ~a! KI51 and
Ks51, ~b! KI50.45 andKs51. Ka is fixed at unity.
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that hull functions defined in two chains are also useful
analyze the lattice structures both in pinned and sliding st
for the two-chain model.17 The hull functions for the two-
chain model are defined as

ui5 ica1a1ha~ ica1a!, ~9!

v i5 icb1b1hb~ icb1b!, ~10!

whereha andhb are the hull functions in the upper and low
chains, respectively, anda and b are constant phases. Th
periodicities of the hull functions are expressed as

ha~x!5ha~x1cb!, hb~x!5hb~x1ca!. ~11!

When the chains are not deformed and hence the atoms
arrayed periodically, the interchain interaction potential
sinusoidal as mentioned in Eqs.~5! and ~6!, and then the
position of the potential maximum in one period is located
the half of the period of the hull functionx5cb/2 (ca/2) for
ha(x) @hb(x)# in our choicea5b50.

For the convenience of later discussions, we briefly su
marize here some features of the hull function for the
model. When the strength of the interchain interaction is l
than the critical value of the Aubry transition, the hull fun
tion is smooth and continuous. Above the critical point, ho
ever, the breaking of analyticity due to the Aubry transiti
occurs, and then the hull function changes its form fro
continuous to discrete and shows a complicated struc
with many gaps. Among the gaps the largest one is locate
the half of the period of the hull function. The continuou
form means continuous spatial atomic distribution in the u
derlying potential, and then no gap exists in the phonon
citation. On the other hand, the discrete one corresponds
pinned state, which is accompanied by a finite gap in
phonon excitation. The spatial atomic distribution is vanis
ing at the maxima of the potential and the atoms are confi
nearby the minima of the potential. Then the hull functi
shows the largest central gap, which characterizes the br
ing of the analyticity state for the Aubry transition.

Now we consider the case of the two-chain model. F
ures 4~I!–4~VII ! show the hull functionsha andhb for sev-
eral values ofKb indicated by arrows~I!–~VII ! in Fig. 2~a!,
where the magnitudes of the parametersKI51 andKs51
are the same as those in Fig. 2~a!. The hull functionhb in
Fig. 4~I! [Kb50.1; ~I! in Fig. 2~a!# shows the largest centra
gap atx5ca/2'0.809. This gap structure is essentially t
same with that for the Aubry transition in the FK model a
indicates that the lower chain is in the conventional break
of the analyticity state due to the Aubry transition. On t
other hand,ha shows a discrete feature but does not hav
central gap. Such a state in the upper chain where the ce
gap of the hull function is absent is not well defined in t
context of the conventional breaking of the analyticity sta
due to the Aubry transition of the FK model, but it is obv
ously a sort of breaking of the analyticity states because
the presence of gaps of the hull function. These gap st
tures ofha and hb remain even forKb50.702 @Fig. 4~II !#.
This reflects the constantv lpf

2 observed in the smallKb re-
gime (Kb,0.81) in Fig. 2~a!. As Kb increases further (Kb
.0.81), however, the central gap ofhb is destroyed and no
central gap exists both inha andhb . Some other gaps als
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vanish or shrink, otherwise enlarge, and furthermore ne
gaps appear at several positions. Fig. 4~III !–4~V! show ha

and hb at several values ofKb , wherev lpf
2 shows a local

maximum against the change inKb @see arrows~III !–~V! in
Fig. 2~a!#. It should be noted here that the gap structures
ha and hb shown in ~III !–~V! in Fig. 4 are different from
each other. In aKb regime between two nearest-neighbo

FIG. 4. Hull functions forKI51, Ka51, andKs51. The graphs
in the left ~right! row are the hull functions for the upper~lower!
chain. The values ofKb , ~I! 0.1, ~II ! 0.702,~III ! 1.3, ~IV ! 1.83, ~V!
2.11, ~VI ! 4.09, and~VII ! 8.14, correspond to arrows indicated in
Fig. 2~a!.
w

f

valleys of v lpf
2 , both the gap structures ofha and hb , are

almost unchanged. Only whenKb is changed crossing
through the valley ofv lpf

2 , the gap structures are sudden
changed, i.e., new gaps appear. In the largeKb regime
(Kb.2.4), as shown in~VI ! in Fig. 4, the central gap ap
pears inha , but it is absent inhb , and the gaps ofhb as a
whole are highly reduced. This behavior indicates that
upper chain is in the conventional breaking of the analytic
state due to the Aubry transition. These gap structures oha
andhb retain up to infiniteKb while the amplitude ofhb as a
whole shrinks asKb is increased@~VI ! and ~VII ! in Fig. 4#.
Thev lpf

2 also does not change in this largeKb regime. To see
how the change of gap structures of hull functions tak
place at the valleys ofv lpf

2 , in Figs. 5~a! and 5~c!, we show
hull functions for two nearest-neighbor valleys~local
minima! of v lpf

2 at Kb51.18 and 1.58. Note here that theKb

for ~III ! in Fig. 4 is located in theKb regime between thes
two nearest-neighbor valleys ofv lpf

2 . For the comparison
with these states at valleys, the graph of~III ! in Fig. 4 is
plotted again in Fig. 5~b!. In Figs. 5~a! and 5~c! several gaps
of the hull functions observed in Fig. 5~b! are destroyed by
the appearance of certain states in gaps, i.e., the formatio
new gap structures at theKb’s. As mentioned above, the ga
structures of hull functions for Fig. 5~b! are stable and almos
unchanged in the regime of 1.18,Kb,1.58 where no valley
of v lpf

2 exists. Similar behavior is observed around each v
ley of v lpf

2 . WhenKb reaches one of the critical value, th
old gap structure becomes unstable and new states appe
gaps, which accompany the decrease of the phonon gap

FIG. 5. Hull functions forKI51, Ka51, andKs51. The values
of Kb are ~a! 1.18, ~b! 1.3, and~c! 1.58, where~a! and ~c! corre-
spond to local minima ofv lpf

2 and~b! corresponds to a local maxi
mum of v lpf

2 indicated by the arrow~III ! in Fig. 2~a!.
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PRB 58 15 871ANOMALOUS PINNING BEHAVIOR IN AN . . .
then the pinning force. WhenKb crosses the critical value
new gap structure becomes stable and the phonon ga
creases. Further change ofKb moves the system to the ne
critical value and then the successive phase transition occ

In Fig. 6 we show the hull functionsha andhb for several
values ofKb in the case of weak interchain interactionKI
50.45, andKs51, which are the same values with those
Fig. 2~b!. In the small and largeKb regimes@~I!, ~II !, and

FIG. 6. Hull functions forKI50.45, Ka51, andKs51. The
values ofKb , ~I! 0.01, ~II ! 0.15, ~III ! 0.27, ~IV ! 0.305, ~V! 0.43,
~VI ! 3.21, and~VII ! 9.71, correspond to arrows indicated in Fi
2~b!.
in-

rs.

~VI !, ~VII ! in Figs. 6, respectively# wherev lpf
2 is almost con-

stant, both the gap structures ofha and hb are unchanged
one of which shows the central gap. This indicates that
of the upper and lower chains is in the conventional break
of the analyticity state due to the Aubry transition in th
large and smallKb regime, respectively. In the intermedia
regime@~III !–~V! in Fig. 6#, the gap structures as a whole a
rather sensitive to the change inKb , but also in this case the
gap structures are almost unchanged in a smallKb regime
between two nearest-neighbor valleys ofv lpf

2 . Thus, the be-
havior ofha andhb is similar to that in Fig. 4 in this regime
However, in theKb regime 0.6,Kb,1.4, for KI50.45,
wherev lpf

2 is vanishing, both the hull functions show a p
culiar feature. In Fig. 7 we show several typicalha andhb in
this Kb regime. It is clearly observed that both hull function
ha andhb are continuous and show sinusoidal forms, whi
are quite similar to that of the hull function for the FK mod
in the absence of the breaking of analyticity. These cor
spond to states in which all atoms of both chains locate n
its regular sites periodically and are weakly affected by
almost sinusoidal interchain force caused by atoms in
other chain. Since the continuous hull functions mean t
the atomic distribution is spatially continuous both in t
upper and lower chains, every atom in the upper chain mo
smoothly when the upper chain is driven by the exter
force. Therefore, there are no energy costs against the sli
motion of the upper chain. Hence the maximum static fr
tional force vanishes as observed in Fig. 2~b!.

For Ks510 andKI51 @~I!–~IV ! in Fig. 8#, ha does not
show any remarkable changes of gap structures.hb gradually
changes its gap structure only in a largeKb regime (Kb
.10), but the effect of the change is almost negligible b
cause the amplitude of the gaps ofhb becomes very small for
such largeKb’s. Therefore, all elastic effects come from th
upper chain. The behavior of the hull functions reflects

FIG. 7. Hull functions forKI50.45, Ka51, andKs51. The
values ofKb are ~a! 0.8, ~b! 0.9, and~c! 1.0.
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15 872 PRB 58TAKAAKI KAWAGUCHI AND HIROSHI MATSUKAWA
smooth change in the phonon gap in Fig. 1~c!. In all regime
of Kb , ha shows the largest central gap, buthb does not.
Thus, in these pinned states the conventional breaking
analyticity due to the Aubry transition occurs in the upp
chain for the whole range ofKb . Then the magnitude of the
central gap inha is quite larger than those of the gaps inhb
and almost unchanged against the change inKb .

It can be confirmed that the breaking of the analytic
states exist in the present two-chain model, but they
rather complicated and different from the conventional o
due to the Aubry transition of the FK model. In the sm
~large! Kb regime, however, the gap structure ofhb (ha) is
the same as the conventional one observed in the breakin
the analyticity state in the FK model, while that ofha (hb) is
different. That is, in the two-chain model, it is consider
that whether the conventional breaking of the analytic
state characterized by the largest central gap exists in
upper or lower chain depends on the elasticity of the t
chains. When the lower~upper! chain is highly stiffer than

FIG. 8. Hull functions forKI51, Ka51, and Ks510. The
graphs in the left~right! row are the hull functions for the uppe
~lower! chain. The values ofKb , ~I! 0.01, ~II ! 1, ~III ! 10, and~IV !
100, correspond to arrows indicated in Fig. 2~c!.
of
r

re
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l

of

he
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the upper~lower! one, i.e.,Kb /Ka or Ks /Ka@1 (!1), the
atoms in the upper~lower! chain tend to relax into potentia
minima created by the atoms in the lower~upper! chain, and
then the conventional breaking of the analyticity state
pears in the upper~lower! chain. In the intermediateKb re-
gime, however, quite different states from the conventio
breaking of the analyticity state observed for the FK mo
appear. We will again discuss this point later by calculat
the energy quantities of the system.

It should be noted here that all the hull functions shown
Figs. 4–8 do not contain irregular points that break a ro
tional symmetry byp of hull functions. This fact means tha
atomic configurations obtained above are not disordered,
they exactly reflect the discreteness of hull functions in
incommensurate system. This feature of the pinned ato
configuration is the same as that for the FK model.10

It is helpful here to observe the change of the pinn
lattice structures in real space. Figure 9 shows the local
tice structure in the pinned state forKI51 andKs51, which
are the same values with those in Figs. 2~a!, 3~a! and 4. Here
the atomic displacements from the regular periodic sites
the two chainsdui anddv i are plotted in Figs. 9~a! and 9~b!,
respectively, forKb’s indicated by arrows~II !–~VI ! in Fig.
2~a!. In the smallKb regime (Kb,0.8), the lattice structure
is essentially unchanged@~1! in Figs. 9~a! and 9~b!#. In the
intermediate regime (0.8,Kb,2.4), however, bothdui and
dv i are very sensitive to the change inKb . Figures~2! and
~3! in Figs. 9~a! and 9~b! correspond to atomic displacemen
at local maxima of the phonon gapv lpf

2 in Fig. 2~a!. It is
obvious that the spatial modulation patterns ofdui anddv i
show quasiperiodicity approximately for eachKb , but the
spatial patterns are different for different values ofKb .
When Kb increases further (Kb.2.5), the reconstruction
does not occur any more and the lattice structures as
served in~5! in Figs. 9~a! and 9~b! retain up to infiniteKb ,
but the atomic displacement in the lower chaindv i as a
whole decreases its magnitude more and more. Sim
changes of local lattice structures are observed also in
intermediateKb regime forKI50.45 andKs51. Note here
that if the behavior of the phonon gap has a self-sim
nature as noticed in Fig. 2~a!, then infinite sorts of local
lattice structures would exist in the intermediateKb regime.

4. Analysis of energy and discussion on the pinning mechanism

We discuss further the anomalous pinning behavior
examining the energy of the system. Here it is useful
define the following energy quantities. Elastic energy in t
upper chainEela-a and that in the lower chainEela-b are given
by

Eela-a5
Ka

2 (
i

Na

~ui 112ui2ca!2, ~12!

Eela-b5
Kb

2 (
i

Nb

~v i 112v i2cb!2. ~13!

Elastic energy between the lower chain and the subst
Eela-s is given by
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FIG. 9. Local lattice structures of the upper and lower chains forKI51, Ka51, andKs51. Local atomic displacementsdui anddv j are
plotted against periodic regular sitesica and jcb in ~a! and~b!, respectively. The values ofKb are~1! 0.702,~2! 1.3, ~3! 1.83, ~4! 2.11, and
~5! 4.09, which correspond to arrows~II !, ~III !, ~IV !, ~V!, and~VI ! in Fig. 2~a!, respectively.
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Eela-s5
Ks

2 (
i

Nb

~v i2 icb!2. ~14!

Total elastic energyEela-total is the sum of

Eela-total5Eela-a1Eela-b1Eela-s . ~15!

Interchain interaction energyEint is expressed as

Eint5
1

2(i

Na

(
j

Nb

@UI~ui2v j !2UI~ ica2 jcb!#, ~16!

where the contribution in the case of periodic rigid atom
configurations is subtracted. To evaluate Eqs.~12!–~16! we
used the atomic configuration obtained in the calculation
v lpf

2 . Figures 10~a!–10~d! show these energy quantities plo
ted againstKb for KI51 and Ks51, which are the same
values with those in Figs. 2~a!, 3~a!, 4, 5, and 9. WhenKb is
very small (Kb!1), the absolute value of the interchain i
teraction energyuEintu is much greater thanEela-a , but not so
much greater thanEela-s . The upper chain deforms little, bu
the lower chain deforms so large to gain the interchain in
action. In fact the hull function of the lower chainhb shows
the central largest gap, butha does not and its magnitude
small. These behaviors indicate that the upper chain ha
almost periodic structure, but the lower chain adjusts its lo
period to that of the upper chain to gain the interchain int
f

r-

an
al
-

action, that is, the lower chain forms a kind of discomme
surate structure or the soliton lattice. WhenKb is increased,
the deformation of the lower chain andEela-s decrease. On
the other hand,Eela-b increases because its coupling consta
itself, increases. WhenuEintu becomes comparable to the tot
elastic energy, the lattice structures of both chains in
small Kb regime becomes unstable and another structure
pears. The presence of kinks for all energy curves in Fig.
indicates that the structural change is a phase transitio
the first order. The difference in the lattice structures b
tween phases is observable directly in Figs. 9~a! and 9~b!.
The disappearance of the central gap of the hull functionhb
in Fig. 4 is attributed to the structural phase transition. B
chains form complicated discommensurate structures wh
both chains deform to make the local commensurate st
ture in order to gain the interchain interaction. The occ
rence of the structural phase transition leads to the sud
decrease~or vanishing! of the phonon gap atKb'0.81 as
observed in Fig. 2~a!. In the intermediateKb regime (0.81
,Kb,2.4), many, or an infinite number of lattice structur
appear there, each of which corresponds to a different
commensurate structure. WhenKb is increased small or in-
finitesimally, lattice structures change to another one b
structural phase transition. Such phase transitions occur
cessively in this regime against the change inKb . As the
lower chain becomes stiffer, the atomic displacement in
lower chain dv i is suppressed, and thenEela-b and Eela-s
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decrease. Because in thisKb regime a slight change inKb
causes a structural phase transition, the phonon gap an
hull functions also change their structures correspondingl
should be noted that the absence of the central gap in
hull functions characterizes the lattice structures in this in
mediateKb regime, where the successive structural ph
transition occurs@Figs. 4~III !–4~V!#. This indicates compli-
cated discommensurate structures of both chains. In the l
Kb regime (Kb.2.4), the structural phase transition does n
occur and a quite stable lattice structure appears in e
chain, which is characterized by the largest central gap
ha . These behaviors indicate that the lower chain forms
almost periodic structure, but the upper chain forms a d
commensurate structure. In this regime the major contri
tion to Eela-total comes fromEela-a because the atomic dis
placementdv i is suppressed anddui ’s are fixed into a locally
commensurate configuration. Therefore,Eela-a and Eint are
almost constant. Consequently, almost the same gap s
tures of the hull functions as those in Fig. 4~IV ! and the same
atomic configurations as those in~5! in Figs. 9~a! and 9~b!

FIG. 10. Energy quantities vsKb for KI51, Ka51, and Ks

51; ~a! Eela-a , ~b! Eela-b , ~c! Eela-s , and~d! Eint .
the
It
th

r-
e

ge
t
ch
of
n
-
-

c-

hold up to infiniteKb . We note here that these features, su
as the kinks for energy and the vanishing of the phonon g
which mean a first-order phase transition, are never expe
in the case of the FK model because the Aubry transit
observed in the FK model is a higher-order phase transit

In Fig. 11 we show the energy quantities for the para
etersKI50.45 andKs51 employed in Figs. 2~b!, 3~b!, 6,
and 7. Also, in this case kinks are observed for all ene
curves. Within theKb regime (0.6,Kb,1.4) where the pho-
non gap and maximum-static frictional force are vanish
completely, any anomaly such as a kink is not observed.
considered that one particular lattice structure of both cha
appears in thisKb regime.

The energy quantities obtained forKs510 andKI51 are
plotted in Figs. 12~a!–12~d!. In this case, because of th
large value ofKs , the lower chain is much stiffer than th
upper chain. Then all energy quantities change smoo
with Kb . This means that these pinned states in allKb re-
gimes are understood essentially in the context of the c
ventional breaking of the analyticity state due to the Aub
transition for the FK model. Namely, the feature of pinn

FIG. 11. Energy quantities vsKb for KI50.45, Ka51, andKs

51; ~a! Eela-a , ~b! Eela-b , ~c! Eela-s , and~d! Eint .
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states forKs510 andKI51 are the same as those in th
large Kb regime shown in Fig. 10, whereKs51 and KI
51.

For simplicity, we have changed the elasticity of t
lower chain, while the elasticity of the upper chain is fix
~i.e., Ka51). In general, it is considered that the releva
parameters to the pinning behavior of the present model
normalized ones:Kb /Ka , Ks /Ka , andKI /Ka .

5. Hysteretic behavior of phonon gap

We have discussed the structural phase transitions o
first order. Then we expect hysteretic behaviors around
critical points. It is to be noted here that in all the resu
shown in Figs. 1–12, the initial configurations of atoms
each value ofKb are regular and periodic. In Fig. 13 w
show phonon gaps for the same parameters (KI5Ks51) as
those in Fig. 2~a! whenKb is swept, that is, the initial atomic
configuration for a certain value ofKb is the final stable
configuration for its previous value. The solid lines wi
circles indicate the results obtained for the sweep with~a!

FIG. 12. Energy quantities vsKb for KI51, Ka51, and Ks

510; ~a! Eela-a , ~b! Eela-b , ~c! Eela-s , and~d! Eint .
t
re

he
e

r

increasing and~b! decreasing value ofKb . For comparison,
the results in Fig. 2~a! are also plotted by the dashed line
with squares. By comparison, between these two results
hysteretic behavior of the phonon gap is obviously obser
in the intermediateKb regime. Such hysteretic behavio
which appears suddenly only in the intermediateKb regime,
is another evidence of the first-order phase transition.

We have considered only three initial conditions cor
sponding to a periodic atomic configuration~Figs. 2–12! and
two history-dependent configurations~up and downward
sweeps ofKb) ~Fig. 13!. The pinning behavior for othe
initial conditions has not been investigated exhaustively
cause a great variety of configurations may be conside
We have found here that the hysteresis curves of pho
gaps in Fig. 13 are reproducible well when the starting va
of Kb for sweeps is set in the small or largeKb regime.
Furthermore, even when the sweep ofKb is started from the
intermediate regime, we have observed a tendency
phonon gaps change staying on one of the curves show
Fig. 13 corresponding to the increase or decrease in the v
of Kb .

FIG. 13. Squared lowest-phonon frequency vsKb for KI5Ks

51. The solid lines with circles indicate the results obtained for
sweep with~a! increasing and~b! decreasing values ofKb . For
comparison, the results in Fig. 2~a! are also plotted by the dashe
lines with squares.
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B. Sliding states

We here investigate the kinetic frictional force of the sli
ing state started from the pinned state. Figure 14 shows
kinetic frictional force as a function of the sliding velocity
where the interchain interaction is chosen asKI51. The line
with circles shows the result in the case thatKb52 andKs
51, which correspond to the valley of the maximum sta
frictional force in Fig. 3~a!. For comparison, the result for
large Kb limit ( Kb5`), where the present model corre
sponds to the FK model, is plotted in the same figure. T
frictional force calculated by the perturbation theory5,17 in
the case thatKb52 andKs51 is also plotted in this figure
It is found that the perturbation theory explains well the n
merical results when the interchain interaction is so we
that the maximum static frictional force is vanishing.17 For
Kb52 and Ks51, the velocity-strengthening and velocity
weakening features of the kinetic frictional force are reco
ered and well explained by the perturbation theory. In
case of the FK model (Kb5`), however, the velocity-
strengthening feature in the low-velocity regime is destroy
by the large maximum-static frictional force and the discre
ancy between the simulation and the perturbation theor
obvious. Therefore, it is considered that the effect of
anomalous pinning in stationary states affects the sliding
locity dependence of the kinetic frictional force especially
a low-velocity regime.

Note here that no hysteretic behavior is observed in
velocity dependence of the kinetic frictional force betwe

FIG. 14. Kinetic frictional force vs sliding velocity. Triangle
denote numerical results obtained in the case thatKb→`, Ka51,
andKI51, i.e., in a case of the FK model. Circles and dotted l
denote a numerical result and an analytic result calculated
perturbation theory, respectively, forKI51, Ka51, Kb52, and
Ks51.
g

he

e

-
k

-
e

d
-
is
e
e-

e

increasing and decreasing processes of the driving fo
when a periodic atomic configuration is employed as
initial state of no external force.

V. SUMMARY

We have investigated frictional phenomena of an inco
mensurate two-chain model. By controlling the elasticity
chains, we have found anomalous pinning behavior, whic
accompanied by a successive phase transition. The pin
states show complicated behavior against the change in
tic parameters and differ apparently from the conventio
breaking of the analyticity state due to the Aubry transiti
of the FK model. Under certain conditions on elasticity a
interchain interaction, we have confirmed that the pinn
force and the maximum-static frictional force are anom
lously reduced or vanishing. Such anomalous pinning beh
ior is quite sensitive to the elasticity of chains, and it is nev
expected for the FK model because the anomalous pinn
occurs in a characteristic regime where the elasticity of b
chains becomes important.

We have also found that the anomalous pinning eff
affects the kinetic frictional force significantly. Also, in suc
a pinned state the maximum-static frictional force is given
the vanishing velocity limit of the kinetic frictional force. In
the case that the pinning force is weakened anomalously
velocity dependence of the kinetic frictional force shows t
velocity-strengthening and velocity-weakening featu
clearly, which are very close to those of the kinetic friction
force expected in the absence of the breaking of the ana
icity state. In the present paper the overdamped sliding
namics has been investigated in connection with the kin
frictional force. For underdamped dynamics, however,
kinetic frictional force may show much more complicate
velocity dependence, compared with the overdamped ca19

It will be discussed in other reports.19,20

The detailed study of the overall phase diagram in
Kb2KI plane will be reported elsewhere. It might be inte
esting to investigate three-dimensional systems with re
ational interfaces. The breaking of analyticity is not r
stricted in one-dimensional systems and is also possibl
higher dimensions, as noticed in Refs. 6 and 18. In pract
the relationship between the pinning effect and the elasti
of lattices in higher dimensions are an intriguing subject
tribology. We may expect more complicated pinning beha
ior than that for the present one-dimensional model.21
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