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Electronic and phonon properties of six crystalline phases of Pu metal

Duane C. Wallace
Los Alamos National Laboratory, Los Alamos, New Mexico 87545

~Received 17 July 1998!

In the light actinides Th to Np, and in the low-temperaturea phase of Pu, the 5f electrons are itinerant,
while in the five higher-temperature phases of Pu, and in the heavy actinides from Am on, the 5f electrons are
localized to varying degrees. To understand the physics of 5f localization is a current problem in electronic-
structure theory. The kind of experimental data that can help in solving this problem is not available. In this
paper, thermodynamic data for Pu metal are analyzed to extract the quantities important for electronic-structure
theory. For each of the six crystal phases, the following quantities are evaluated:~a! the static lattice potential,
which is the ground-state energy of electronic-structure calculations,~b! central moments of the phonon
distribution, which can be compared to any theoretical calculation of phonon frequencies, and~c! a measure of
combined anharmonic and electronic excitation contributions to entropy, which contains information on the
electronic density of states. Though at present we are not able to separate anharmonic and electronic excitation
effects, the last named quantity will help to do so in the future.@S0163-1829~98!00448-2#
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I. INTRODUCTION

Electronic structure, and the corresponding total poten
energy, is a foundation theory of crystalline materials. In
development and improvement of this theory, over the ye
the availability of accurate experimental data has been es
tial. For simplicity of argument here, we will limit our dis
cussion to the elements. For most elements, electro
structure calculations are currently capable of verifyi
experimental results for the lowest-lying crystal structure
function of density, i.e., for the stable structure atT50, in-
cluding cases where structural phase transitions occur u
compression.1 Such calculations are so well tested that th
are often regarded as predictive. Further, by calculating
tential energies of configurations where the nuclei are
placed from crystal-lattice sites, one determines the quasi
monic phonon frequencies.2 Here the development o
reliable electronic-structure theories has been strongly
sisted by inelastic neutron-scattering measurements
phonon-dispersion curves. We mention in passing the de
opment of pseudopotential perturbation theory for the e
tronic structure of nearly-free-electron metals, where all el
tronic and structural properties are expressed in a uni
theoretical framework.3–5

The current testing ground for electronic structure the
of the elements is the actinide metals, the last period of
Periodic Table. Recent calculations are able to reproduce
stable crystal structure and density atT50 for the light ac-
tinides Th, Pa, U, Np, and Pu.6 From Th to Pu, the 5f elec-
trons are metallic, and as the number of these bonding e
trons increases, the cohesion increases and the vo
decreases~except for a slight increase of volume from Np
Pu!. But the nature of the bonding changes dramatically w
Am, and theT50 volumes of Am, Cm, Bk, and Cf are a
enormous 37–50 % larger than that of Pu.7 In addition, as a
PRB 580163-1829/98/58~23!/15433~7!/$15.00
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function of temperature at zero pressure, Pu exhibits
stable crystal phases, and all the elevated temperature ph
~b, g, d, d8, and «! have volumes much larger than th
low-temperaturea-phase volume. Following the early sug
gestion of Zachariasen,8 it is presumed that the large-volum
actinide structures result from a localization, and correspo
ing nonbonding character, of the 5f electrons. An electronic-
structure calculation in which the 5f electrons are placeda
priori in localized states gives ground-state energies and
umes in approximate agreement with the experimental im
cations ford-Pu and Am.9 The problem facing us now is to
refine this model by includingin the Hamiltonianthe physi-
cal effects responsible for localizing the 5f electrons.

To understand the competition between localization a
delocalization of 5f electrons, Pu is the crucial elemen
since the character of the 5f electrons apparently varies from
nearly pure metallic ina-Pu, to varying degrees of localiza
tion in the elevated temperature phases. Temperat
induced phase transitions correspond to higher entropy in
higher-temperature phase, and the dominant source of
tropy in crystals is phonons. Consequently, we expec
qualitative shift toward lower phonon frequencies, from ea
Pu phase to its next-higher-temperature phase. The ex
mental data providing the most severe constraints
electronic-structure theory will be the ground-state energ
of each phase, relative to thea phase, and the phonon spe
trum of each phase. At the present time, none of these
are available. In particular, not a single phonon frequen
has been measured for any Pu phase.

In the present paper, we shall evaluate the most impor
quantities to be verified by electronic-structure calculatio
for the six crystal phases of Pu metal. To do this, we w
exploit the wide range of application of lattice dynamics pl
statistical mechanics theories. In the lattice dynamics Ham
tonian, the potential energy is just the ground-state energ
15 433 ©1998 The American Physical Society
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15 434 PRB 58DUANE C. WALLACE
a function of the nuclear positions.10 This Hamiltonian, to-
gether with phonon statistics, provides the theory for
free-energy of crystals.10 Over the years, we have extende
and refined the theory of thermodynamic functions
crystals.5,11 The complete free energy is the sum of fo
terms: the static lattice potential, the quasiharmonic pho
contribution, and small terms representing anharmoni
and thermal excitation of electrons from their ground sta
The last term includes nonadiabatic effects, in the form
electron-phonon interactions. Contrary to the widely us
Debye model, the lattice dynamics theory expresses the
energy in terms of the correct moments of the correct pho
distribution. Here we will turn around our usual theoretic
procedure, and will start with the measured thermodyna
properties, and extract the more primitive quantities rela
to the Hamiltonian.

In Sec. II, the theoretical equations for crystal thermod
namic functions are written and briefly discussed. The th
modynamic data for Pu are analyzed in Sec. III, and
results are summarized and discussed in Sec. IV

II. THEORY OF THERMODYNAMIC FUNCTIONS

Formulation of the crystal free energy was briefly outlin
in Sec. I. For a crystalline system ofN ions plus their asso
ciated electrons, occupying a volumeV, we will write the
Helmholtz free energyF in the form

F5F01FH1FAE . ~1!

HereF0(V) is the static lattice potential, i.e., the energy
the crystal with ions located at the lattice sites and electr
in their ground state, andFH(V,T) is the quasiharmonic
phonon-free-energy.FAE is the sum of two small terms,

FAE5FA1FE , ~2!

where FA(V,T) is the anharmonic free energy, due
phonon-phonon interactions, andFE(V,T) represents ther
mal excitation of electrons from their ground state, and
cludes nonadiabatic effects in the form of electron-phon
interactions.

In general, the temperature dependence ofF is dominated
by FH ~except, for example, for a metal at low temperatur
where theT2 form of FE dominates theT4 form of FH!. The
behavior ofFH is expressed in terms of a few phonon ch
acteristic temperaturesun , defined by

ln~ku0!5^ ln~\v!&BZ , ~3!

ku15 4
3 ^\v&BZ , ~4!

ku25@ 5
3 ^~\v!2&BZ#1/2, ~5!

where^¯&BZ indicates a Brillouin zone average of a fun
tion of the phonon frequenciesv. At T50, FH is just the
phonon zero-point energyFH0 ,

FH05 1
2 S\v5 9

8 Nku1 . ~6!

The leading low-temperature dependence ofFH is T4/uD
3 ,

whereuD is the Debye temperature. We shall not be int
ested in this low-temperature regime in the present pa
The high-temperature expansion ofFH is
e
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FH523NkT@ ln~T/u0!2 1
40 ~u2 /T!21¯#, ~7!

where the final term continues the power series inT22.
Keeping only the two terms written in Eq.~7!, this expansion
is sufficiently accurate for the present analysis atT*u2 , and
u2 for the Pu crystal phases is<162 K. Therefore, Eq.~7!
will be the primary equation in the present analysis. Also,u0
is the key phonon quantity in our analysis, whileu1 andu2
play secondary roles, and approximations for them will s
fice. We therefore evaluateu1 and u2 from the
approximation12

u1'u2'e1/3u0 . ~8!

The primary thermodynamic data we shall analyze for
are the entropyS and the internal energyU. The following
expressions are derived from the free energy:

S5SH1SAE , ~9!

U5F01UH1UAE . ~10!

At T50 the entropy is zero, and the internal energy isU0 ,

U05F01 9
8 Nku11UA0 , ~11!

whereUA0 is the anharmonic zero-point vibrational energ
and we have used the propertyUE50 at T50. The high-
temperature expansions are

SH53Nk@ ln~T/u0!111 1
40 ~u2 /T!21¯#, ~12!

UH53NkT@11 1
20 ~u2 /T!21¯#. ~13!

The specific heat at constant volume isCV5CH1CAE . Al-
though this function is not independent ofS, or of U, it will
be useful in our analysis because of its simple nature at h
temperatures:

CV53Nk@12 1
20 ~u2 /T!21¯#1CAE . ~14!

Now, of course, all the complications are in the anh
monic and electronic-excitation terms. But much has be
learned from previous studies of the elements, and this
provide guidance for the present work. Consider first
anharmonicity. From highly accurate analyses for 27 e
ments, anharmonic contributions to entropy and energy
found to be important in only two situations:11–13 ~a! for the
refractory metals Cr, Mo, and W, where we presume
significant anharmonicity is due to some directional~cova-
lent! character of the bonding, and~b! for Ti and Zr, where in
the vicinity of the hcp-bcc phase transition, the approach
mechanical instability leads to phonon softening at tempe
tures above and below the transition temperature. While
valent bonding is presumably not present in any phase of
there are five temperature-driven solid-solid phase transit
in Pu, lying in the narrow temperature range 397.6–755.7
so that phonon softening is probably the normal state of
fairs in crystalline Pu. Hence, in Pu we expect a stric
anharmonic phonon softening with complicated temperat
dependence, superimposed on a set of quasiharmonic ph
distributions, one distribution for each phase. But the aff
on thermodynamic functions should still be relatively sma
as it is for Ti and Zr,13 and indeed for all elements so fa
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studied,11 so we expectSA and UA to be relatively small,
with complicated temperature dependence for each phas
Pu.

Let us now consider the electronic excitation free ene
FE . We assume that all phases of Pu have nonmagn
ground states, so the zero-field magnetic contribution toFE
is zero. At low temperatures, the electron-phonon interac
enhancesFE , while at temperaturesT*u2 this enhancemen
disappears, except possibly for a constant in the entro
While this point of the theory needs to be completed,14 we
will assume thatFE goes to the bare electronic free energy
T increases aboveu2 .15 This bareFE is given by an integral
over the electronic density of states, and the correspon
SE has been calculated as a function ofT andV for several
transition metals.13 For Pu, the electronic density of states
still larger than it is for the transition metals. On the oth
hand, Pu melts at 913 K, or approximately 6 m Ry, and
presume this energy is small on the scale of a major struc
in the electronic density of states. We can therefore use
leading low-temperature expression for the bare electro
free energy,

FE52GT2, ~15!

where G(V) depends onn(«F), the density of electronic
states per atom at the Fermi energy,

G5 1
6 p2Nk2n~«F!. ~16!

The corresponding entropySE and internal energyUE are

SE52GT, ~17!

UE5GT2. ~18!

In analyzing the thermodynamic data for Pu, it will not b
possible to separate the anharmonic and electronic cont
tions. We will, therefore, keep these contributions combin
in the free-energy termFAE @Eq. ~1!#, and will use the em-
pirical form, which turns out to be consistent with the ava
able data,

FAE52DT2, ~19!

whereD5D(V). For each of the six crystal phases of P
the quantityD can then be interpreted in view of the prece
ing discussion of anharmonicity and electronic excitation

III. ANALYSIS OF EXPERIMENTAL DATA

Our study is made possible by the availability of he
capacity measurements for242Pu from 4 to 300 K by Gordon
et al.,16 and for an isotope mixture close to 239 from 330
700 K by Oetting and Adams.17 The latter authors extende
their data set to 1000 K by selecting values from publish
sources.18 The data tables of Ref. 17 include measur
phase-transition temperatures, and enthalpies of transitio

The theoretical quantitiesF0 , u0 , andD are all functions
of volume for each phase. But our primary thermodynam
data, S(V,T) and U(V,T) at zero pressure, correspond
varying volumeV for each phase, due to thermal expansi
For an accurate determination of the theoretical quantit
we need to remove the thermal expansion contribution to
primary thermodynamic data. To do this, we choose a re
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ence volumeV0 for each phase, and make a small correct
of the primary data to obtainS(V0 ,T) and U(V0 ,T) at the
fixed volumeV0 for each phase. We chooseV0 for the a
phase to be the volume atT50, and for each remaining
phase to be the volume at the lower temperature of
phase-stability range. With this choiceV0 is not universal,
but varies from phase to phase, and the thermal expan
corrections are kept small for each phase.

Volume corrections are derived from the Taylor serie
and standard thermodynamic manipulations.5 At a fixed tem-
perature, the zero-pressure volume isV, and we define

h5
V2V0

V
. ~20!

ThenS(V0) andU(V0) can be evaluated from the followin
expressions, correct to second order inh,

S~V0!5S~V!2bVBTh2 1
2 aVBTh2, ~21!

U~V0!5U~V!2TbVBTh1 1
2 VBT~12aT!h2, ~22!

whereb is the thermal-expansion coefficient,BT is the iso-
thermal bulk modulus, and where

a5
] ln BT

]T U
P

1b
]BT

]P U
T

. ~23!

The coefficients ofh andh2 in Eqs.~21! and~22! are evalu-
ated atV, i.e., at zero pressure.

To evaluate the volume corrections for each of the six
phases, a considerable collection of thermodynamic dat
required. The available set of thermodynamic data for Pu
among the least reliable of all the elements. The reasons
this include that Pu is scarce, is difficult to handle, and
constantly undergoing damage and heating from s
irradiation. In the following paragraph we describe our da
evaluation and selection.

The density of each solid phase is taken from Table 3.1
Ref. 19. Thermal expansion data for each solid phase
taken from Ref. 20. Note that the negative expansion at
temperatures, shown in Fig. 3.1 of Ref. 19, is apparen
incorrect. For the adiabatic bulk modulusBS , we use the
results of Calder, Draney, and Wilcox21 for thea phase, and
for the d phase we use the results of Calder, Draney, a
Wilcox21 for d-stabilized Pu-1 wt % Ga. Even though th
experimental technique of Calder, Draney, and Wilc
is unconventional, their room-temperature valueBS
550.6 GPa impliesBT545.4 GPa, in reasonable agreeme
with the diamond-cell measurementBT542.2 GPa of
Roof.22 Also for thed-stabilized alloy, the room-temperatur
value of Calder, Draney, and Wilcox,BS532.4 GPa, is close
to the ultrasonic valueBS529.9 GPa of Ledbetter and
Moment.23 In comparison with the results of Calder, Drane
and Wilcox, the values ofBT for the a phase listed in Table
4.2 of the Ref. 19 are quite inaccurate below room tempe
ture, but are within 10% above room temperature. We the
fore takeBT for b andg phases from Table 4.2 of Ref. 19
No compressibility data were found ford8 and « phases.-
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TABLE I. Experimental data needed to make volume corrections for entropy and internal energy, a
volume-corrected resultsS(V0) andU(V0). Parentheses indicate estimated values.

T ~K! V ~cm3/mol! b (1024/K) BS ~GPa!

Cp

Nk g

S~V0!

Nk

U~V0!

Nk
~K!

a phase
0 11.712 0 ~61.5! 0 0 0

220 11.92 1.27 ~54.1! 3.434 ~2.87! 5.301 525.8
240 11.95 1.31 ~53.2! 3.515 ~2.85! 5.579 589.1
260 11.98 1.35 ~52.4! 3.596 ~2.83! 5.834 652.8
280 12.01 1.38 ~51.5! 3.678 ~2.79! 6.079 717.9
300 12.05 1.41 50.6 3.797 2.72 6.309 783.
320 12.08 1.44 49.7 3.905 2.66 6.528 850.
340 12.12 1.47 48.9 4.013 2.61 6.740 919.
360 12.15 1.49 48.0 4.121 2.54 6.945 989.
380 12.19 1.51 47.1 4.229 2.47 7.144 1061.
397.6 12.22 1.53 46.3 4.323 2.41 7.314 1126.

b phase
397.6 13.40 1.12 35.6a 3.922 1.64 8.835 1679.2
420 13.44 1.12 33.3a 3.957 1.52 9.034 1760.3
440 13.47 1.12 31.4a 3.989 1.43 9.208 1834.7
460 13.50 1.12 29.4a 4.020 1.33 9.377 1910.0
487.9 13.54 1.12 26.5a 4.064 1.19 9.605 2016.9

g phase
487.9 13.91 1.04 24.9a 3.996 1.08 9.769 2097.2
520 13.96 1.04 23.9a 4.085 1.02 10.013 2219.5
540 13.99 1.04 23.3a 4.140 0.99 10.160 2297.3
560 14.02 1.04 22.8a 4.195 0.95 10.304 2375.9
593.1 14.07 1.04 21.8a 4.287 0.90 10.536 2508.3

d phase
593.1 15.01 20.26 25.0 4.196 20.28 10.722 2618.6
620 15.00 20.26 24.5 4.231 20.27 10.908 2731.5
660 14.99 20.26 23.7 4.283 20.26 11.174 2901.3
700 14.97 20.26 23.0 4.335 20.25 11.425 3072.6
736.0 14.96 20.26 22.6 4.382 20.24 11.644 3228.9

d8phase
736.0 14.94 20.48 ~23! 4.277 20.46 11.66 3242
755.7 14.92 20.48 ~23! 4.277 20.46 11.77 3324

« phase
755.7 14.47 1.10 ~23! 4.056 1.09 12.07 3547
780 14.51 1.10 ~23! 4.056 1.09 12.18 3637
820 14.57 1.10 ~23! 4.056 1.09 12.37 3785
860 14.64 1.10 ~23! 4.056 1.10 12.54 3930
900 14.70 1.10 ~23! 4.056 1.10 12.71 4076
913.0 14.72 1.10 ~23! 4.056 1.10 12.76 4123

aBS was calculated from the experimentalBT .
-
o

ro

e

y a
ex-

. To

for
However, the graph ofBS vs density for the other four crys
tal phases, and the liquid also, presents a reasonably sm
curve, and by interpolation yields the valueBS523 GPa for
d8 and « phases. Specific heat data for all phases are f
Refs. 16 and 17.

In the above comparisons of data, the conversion betw
BS andBT is done by the relationBS5(11Tbg)BT , where
g is the Grüneisen parameterg5VbBS /CP . Likewise the
conversion betweenCP and CV is given by CP5(1
1Tbg)CV . To make the volume corrections in Eqs.~21!
oth

m

en

and~22!, only the term linear inh is significant for all phases
except a. This is because each phase endures for onl
narrow temperature range, across which the total thermal
pansion is small, so thath is always very small. For thea
phase,h is not so small, and the term inh2 becomes barely
significant at the highest temperatures, say above 300 K
evaluate the functiona, Eq. ~23!, we take (]BT /]P)T as
constant at the value 10.5 given by Roof,22 and we find
(] ln BT /]T)P is constant at the value20.0012 K21 from 200
to 400 K. The data needed for volume corrections and
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TABLE II. Results of the thermodynamic analysis for Pu metal.

Phase Structure V0 ~cm3/mol! u0 ~K! u2 ~K!

F0

Nk
~K!

2D

Nk
~1023/K!

a simple monoclinic 11.712 116 162 2196 1.5
b bc orthorhombic 13.40 71.3 99.5 347 1.7
g fc monoclinic 13.91 67.4 94.1 428 1.7
d fcc 15.01 66.1 92.2 500 1.92
d8 bct 14.94 60.8 84.9 599 1.6
« bcc 14.47 45.2 63.1 1045 0.82
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BS2BT conversions, and the final values of entropy and
ternal energy corrected to the reference volumes, are liste
Table I.

We now describe our procedure for fitting theoretical e
pressions to the experimental data for each Pu phase.
expression we use for the constant-volume specific hea
high temperatures is

CV53Nk@12 1
20 ~u2 /T!2#12DT, ~24!

where the last term is our empirical approximation for co
bined anharmonic and electronic excitation contributio
from Eq. ~19!. The first term can be evaluated accurately
T*u2 , with only an approximate value ofu2 , so the experi-
mentalCV gives a direct measure of the unknown quant
D(V). In practice, however, because of a compounding
errors, this relation is not so helpful as it would appear. Fi
there is error in the measuredCP ~note in Table I that only a
constantCP is tabulated ford8 and« phases!, and then there
is error in the correction toCV . The result forCV is still at
the varying zero-pressure volumeV, and we are not able to
evaluate the correction to the fixed volumeV0 with even
qualitative reliability. In contrast, bothS(V,T) andU(V,T)
are accurate functions, being evaluated as integrals of
measuredCP(V,T) data, and we can make accurate volum
corrections forS(V,T) and U(V,T). The complete expres
sions we use for entropy and internal energy at high temp
tures are, from Sec. II,

S~V0 ,T!53Nk@ ln~T/u0!111 1
40 ~u2 /T!2#12DT,

~25!

U~V0 ,T!5F013NkT@11 1
20 ~u2 /T!2#1DT2, ~26!

where the unknown parametersu0 , F0 , andD are evaluated
at V0 , and where we use the approximation~8! for u2 . We
start by using Eq.~24! to find an estimate forD, then we
solve Eq.~25! for u0 and Eq.~26! for F0 , and finally we
make small changes inD until u0 andF0 have no sensible
temperature dependence. The final value ofD is always
within 7% of the initial estimate. The fitting is done fo
S(V0 ,T) at T*220 K, and forU(V0 ,T) at T*260 K, for
a-Pu, and at all temperatures for the remaining five phas
-
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IV. RESULTS AND DISCUSSION

A. General thermodynamic properties

For each of the six crystalline phases of Pu, the crys
structure, the reference volumeV0 , and the fitted parameter
u0 , F0 , and D are listed in Table II. These parameter
together with Eqs.~25! and~26!, reproduce the experimenta
data to an accuracy well within experimental error, havi
mean-fitted error around 1 part in 5000 for entropy atT
*220 K, and of around 1 part in 1000 for internal energy
T*260 K. Hence, we have achieved, at the very least,
accurate analytic representation of the thermodynamic fu
tions of Pu at the temperatures cited.

The most obvious physical property emerging from o
analysis is that the anharmonic and electronic-excitation c
tributions to thermodynamic functions are small compared
the quasiharmonic contributions. Hence, in first approxim
tion, each crystalline phase of Pu is an ordinary quasih
monic crystal. To make this notion quantitative, it suffices
look at the entropy, and to define the relative combined
harmonic and electronic excitation contributionSAE /S. For
the six phases of Pu, and atT*220 K, this quantity is
6–12 %. This is larger than the range&2% for nearly-free-
electron elements,12 and is in the same range as the transiti
metals.13 Hence, for Pu, as for all other elements we ha
studied, and in agreement with the discussion of Sec. II,
thermal free-energy is dominated byFH .

B. Static lattice potentials

The values ofF0 in Table II increase monotonically
from each phase to the next-higher-temperature phase. W
this behavior is notrequiredby theory, it is generally to be
expected, since otherwise the free-energy curves for
phases have multiple crossings. The sixF0 are very close
together, and pose an enormous challenge to electro
structure theory. TheF0 should be accurate to around 10%
Estimated error limits for all the fitted parameters are lis
in Table III.

The zero of energy is thea-phase energy at zero temper
ture and pressure. From Eq.~11! for U0 , we have F0
1 9

8 Nku11UA050 for a-Pu at the volumeV0 , and we ex-
pectUA0 to be quite small. In units of temperature,F0 /Nk
52196 K from Table II, and withu15e1/3u0 , we find
9
8 u15182 K. These results implyUA0 /Nk514 K, with total
error estimates around630 K. The nearly complete cance
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lation betweenF0 and 9
8 Nku1 constitutes an independen

confirmation of our data analysis fora-Pu.

C. Phonon characteristic temperatures

Any of the central moments of the phonon distributio
i.e., the 0, 1, and 2 moments, provides a measure of
overall magnitude of the phonon frequencies, hence a m
sure of the strength of the interionic forces. These mome
are related by Eqs.~3!–~5! to the characteristic temperature
u0 , u1 , andu2 . The second moment is the simplest to c
culate theoretically, since it is a trace over all dynami
matrices, and hence can be reduced to a sum over inter
forces.5 Theu0 values are expected to be quite accurate~see
Table III!, and in the absence of direct measurements
phonon dispersion curves can provide checks for electro
structure calculations of phonon frequencies.

The u0 in Table II decrease monotonically, from eac
phase to the next-higher-temperature phase. This confi
the qualitative shift to lower-phonon frequencies, with ea
entropy-driven phase transition, as anticipated in Sec. I.

In order to compare among elements the strength of i
rionic forces, one must compare the dynamical matrix eig
values Mv2, or equivalently, one must compareAMu0 ,
whereM is the atomic weight. This latter quantity is listed
Table IV for the six Pu crystal phases, and also for seve
other heavy metals, whoseu0 are determined from inelasti
neutron-scattering experiments.12 Apparently, the severa
crystal phases of Pu possess interionic forces with ma
tudes resembling those of several different metals. For
ample,AMu0 for a-Pu is close to Au, and is significantl
less than gold’s neighbor Pt, and significantly more than
actinide metal Th.AMu0 for b, g, d, andd8 phases of Pu
decreases uniformly through a narrow range, and at the lo
end of the range,AMu0 is essentially the same as for Hg an
Pb. The Pu phase with weakest interionic forces is«-Pu, for
which AMu0 is roughly the same as for Ba. The value
AMu0 for Cs is estimated from experimental values for t
lighter alkali metals, and shows that the forces in these m
als are much weaker than for any phase of Pu. Aside fr
Pu, each metal listed in Table IV exhibits a single-crys
structure, fromT50 to melting, and each has no significa
anharmonicity in its thermodynamic functions, and no s
nificant phonon softening. Hence, in the strength of inte
onic forces, each Pu crystal phase is comparable to a w
behaved representative of the periodic table.

TABLE III. Estimated percentage error limits in the fitted p
rameters for Pu metal.

Phase F0 u0 D

a 11 3 10
b 10 4 10
g 8 4 8
d 10 4 8
d8 9 4 18
« 10 6 29
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D. Anharmonicity and electronic excitations

The bare electronic entropy is 2GT, whereG is given by
Eq. ~16! in terms of the density of states at the Fermi ener
At the low temperaturesT!u2 , this is renormalized to
2G(11l)T, wherel is the electron-phonon enhanceme
Specific heat measurements for239Pu below 8 K give
2G/Nk52.77(1023/K).16 Our determination of the com
bined anharmonic and electronic entropy 2DT gives
2D/Nk51.5(1023/K) for a-Pu atT.u2 . If this is all elec-
tronic, thenD5G, and the electron-phonon enhancemen
l50.85. This value is in line with estimates ofl for other
metals.24–28

The electronic density of states has been calculated
a-Pu at the room-temperature volume of 12.04 cm3/mol,
with the result n(«F)53.5 states/atom eV.29 The corre-
sponding bare electronic entropy coefficient is 2G/Nk
50.99(1023/K), and this has two implications. First, ou
combined anharmonic and electronic entropy coeffici
2D/Nk would have the contribution 0.99(1023/K) from
electronic excitations, and the remaining 0.51(1023/K) from
anharmonicity. This is a large anharmonicity, but is s
within the range of anharmonicities exhibited by the tran
tion metals.13 Second, the electron-phonon enhancem
would now have the unusually large valuel51.80.

Obviously, the present state of affairs is inconclusive. T
quantityD, listed in Table II, will help in eventually sorting
out anharmonicity and electronic excitations in Pu metal.

E. Notes on estimated errors

The primary experimental data areCP , plus the transition
temperatures and transition enthalpies.CV , S, andU are de-
rived from these primary data. For each crystal phase,
temperature range of the fit of theory to experiment is sm
so it is mainly the magnitude ofCV , S, and U that deter-
mines, respectively, the quantityD, u0 , andF0 . We have,
therefore, tried to estimate magnitude errors, but not sl
errors, inCV(V,T), S(V0 ,T), and U(V0 ,T). The interde-
pendence of errors inD, u0 , andF0 is, therefore, contained
in the interdependence of errors inCV , S, andU. We have
assumed that the errors in the experimentalCP , the experi-
mental transition enthalpies, and the computedCP-CV cor-
rection or volume corrections, are statistically independe
The results are listed in Table III.

TABLE IV. Quantity AMu0 , in units of amu1/2 K, for the six
crystal phases of Pu, and for several other heavy metals.

Metal AMu0 Metal AMu0

a-Pu 1793 Pt 2284
b-Pu 1102 Au 1747
g-Pu 1042 Th 1517
d-Pu 1022 Pb 923
d8-Pu 940 Hg 916
«-Pu 699 Ba 779

Cs ~380!
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