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Spin fluctuation induced dx22y2-wave superconductivity in the three-band Hubbard model:
A self-consistent fluctuation-exchange-approximation approach

F. Scha¨fer, J. Schmalian,* and K. H. Bennemann
Institut für Theoretische Physik, Freie Universita¨t Berlin, Arnimallee 14, 14195 Berlin, Germany

~Received 13 May 1998!

Using the fluctuation exchange approximation of the three-band Hubbard Hamiltonian we find spin fluctua-
tion induceddx22y2-wave superconductivity with correct order of magnitude of the superconducting transition
temperature. This result is obtained for model parameters and for an effective Coulomb interaction which
yields normal state scattering rates in agreement with experiments. The chosen parameters of our model give
results for the low energy excitations which are similar to those obtained within the effective one-band
Hubbard Hamiltonian. We present results for thek dependence of the anomalous self-energy, the spectral
density, and for the reduced quasiparticle scattering rate in the superconducting state, where both the copper
and oxygen states contribute to superconductivity. Our results are a further strong support for spin fluctuation
induced superconductivity and confirm previous effective one-band calculations.@S0163-1829~98!06142-6#
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There is by now a large consensus about the importa
of strong electronic correlations in high temperature Cu2

superconductors.1 A favorite theory which includes the pro
nounced short ranged antiferromagnetic correlations cau
by strong electronic interactions is the spin fluctuati
model.2–4 In this model the dynamical spin susceptibili
which is peaked near the antiferromagnetic wave vectoQ
5(p,p) and which is deduced from NMR experiments5,6 or
determined self-consistently within the fluctuation exchan
approximation7 ~FLEX! causes a pairing interaction for sin
glet Cooper pairs withdx22y2 symmetry. Interestingly, thes
strong coupling Eliashberg-type calculations yield critic
temperaturesTc in good agreement with experiment.6,8,9Fur-
thermore, these theories are also able to describe prope
variety of further experimental observations in the norma
well as in the superconducting state. It should be noted
these studies are performed within an effective single b
description of the low energetical charge carriers. As sho
by Zhang and Rice the charge carrier states of the highTc

superconductors are composed of hybridized copper~Cu!
and oxygen~O! states.10 Hence, it has been argued that t
explicit consideration of these Cu and O states might
essential for a proper description of the short range spin
namics of the cuprates.11–14

Consequently a variety of investigations of the three-ba
Hubbard model taking Cu 3dx22y2 and O 2px,y states
into account have been performed.15–24 Using quantum
Monte Carlo ~QMC! techniques intensive investigation
find superconductivity in this model has bee
performed.16–18,20,24–26However, no conclusive results ind
cating superconductivity in terms of off-diagonal long ran
order were obtained. This might be due to the limitations
this method to rather high temperatures such that impor
characteristics of the spin fluctuations responsible for
pairing state are not yet visible by analyzing the high te
perature pairing vertex.27

Therefore, it is of great interest to investigate the occ
rence of superconductivity in the three-band Hubbard Ham
tonian within the FLEX approximation by extending o
PRB 580163-1829/98/58~22!/15177~6!/$15.00
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one-band calculations for the normal state as well as
superconducting pairing state and by using model parame
corresponding to those used so far for the one-band mo
This could provide a further support for the spin fluctuati
pairing mechanism in the highTc superconductors.

To fulfill the requirement of a charge transfer gap o
served in optical measurements28 at half filling a set of pa-
rameters for the local Coulomb repulsionUd

056tpd and the
charge transfer energyDpd5ep2ed54tpd was obtained us-
ing QMC.20 In the following these parameters are referred
as thebareparameters. Putzet al.23 investigated the spectra
density within the three-band Hubbard model using
above bare parameters and the FLEX approximation. T
found in the whole Brillouin zone~BZ! maxima of the spec-
tral density at low excitation energies (v,0.25 eV). This
was interpreted in terms of the experimentally observed29,30

flat quasiparticle bands.31

Most importantly we find in the analysis presented her
dx22y2 pairing symmetry and a superconducting transiti
temperatureTc of the correct order of magnitude. These r
sults could only be obtained by usingDpd54 eV, Ud
'(1 to 2)tpd and hence by using an effective value for t
Coulomb interactionUd,Ud

0 . Note, only the reduced Cou
lomb interaction properly yields the normal state scatter
rate of the cuprates.Ud is different from the bare interaction
since the present theory focuses on the low energy degre
freedom which are expected to interact with a renormaliz
coupling strength. In addition to finding observedTc values
we find that both Cu and O states contribute to the superc
ducting condensate. The dependence of the single par
excitations, quasiparticlelike versus incoherent excitations
Ud , is discussed. This supports the use of our model par
eters. Note that the parameters we use for the three-b
calculation, namely, Ud /W'1/2, tpd'1 eV, and Ud
'(1– 2)tpd , correspond to those commonly used in FLE
calculations of the effective one-band model (U/W'1/2, t
'0.25 eV, andU'4t!. Here, in both casesW is theU50
bandwidth of the band crossing the Fermi level.

The three-band Hubbard model is given by
15 177 ©1998 The American Physical Society
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H5(
is

~ed2m!dis
† dis1(

j sa
~ep2m!pj s

a†pj s
a

1tpd(
i j sa

gi j
a~pj s

a†dis1H.c.!

1tpp(
l j s

g̃l j ~pls
x†pj s

y 1H.c.!1Ud
0(

j
dj↑

† dj↑dj↓
† dj↓ .

~1!

Here,dis
† creates a hole with spins in the Cu 3dx22y2 orbital

at a Cu sitei . Correspondingly,pj s
a† creates a O 2pa hole at

an O sitej with spin s andaP$x,y%. tpd and tpp describe
the p-d hybridization and p-p hybridization between
nearest-neighbor Cu-O and O-O sites, respectively.gi j

a and

g̃l j are the corresponding phase factors reflecting the orb
symmetry of the CuO2 planes.10 The local orbital energy
levels are given byed andep and the charge transfer energ
is Dpd5ep2ed . In the following we useDpd54 eV, and
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tpd51 eV, tpp50 for the hopping integrals. Finally,Ud
0 is

the bare repulsive Coulomb interaction for two Cu holes
the same site andm is the chemical potential. For simplicity
we neglect the Coulomb repulsion in the O 2px,y orbital and
the interaction between Cu 3dx22y2 and O 2px,y orbitals.32

To investigate superconductivity we use the Namb
Eliashberg treatment, based on the six component sp
Ck

†5(dk↑
† ,pk↑

†x ,pk↑
†y ,d2k↓ ,p2k↓

x ,p2k↓
y ). Thus, one finds the

matrix Green’s function

Ĝk~v!5^^Ck ;Ck
†&&v5S Sk~v! Tk~v!

Tk~v! S̃k~v!
D 21

, ~2!

with

Tk~v!5S 2Fk~v! 0 0

0 0 0

0 0 0
D , ~3!
Sk~v!5S vZk~v!2e0
d1m2Xk~v! ekx

pd eky
pd

2ekx
pd v2e0

p1m 2ek
pp

2ekx
pd 2ek

pp v2e0
p1m

D , ~4!

S̃k~v!5S vZk~v!1e0
d2m1Xk~v! 2e2kx

pd 2e2ky
pd

e2kx
pd v1e0

p2m ek
pp

e2kx
pd ek

pp v1e0
p2m

D , ~5!
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with ekx
pd52 i2tpd sin(kx/2), eky

pd5 i2tpd sin(ky/2), and ek
pp

524tpp sin(kx/2)sin(ky/2). Here,v@12Zk(v)# and Xk(v)
are the self-energy matrix elements, also present in the
mal state above the superconducting transition tempera
Tc , although they will be strongly affected by the pairin
state belowTc . Furthermore, the anomalous self-ener
Fk(v)5Dk(v)Zk(v) with the superconducting gap func
tion Dk(v) determines the occurrence and symmetry of
superconducting state. In the normal state the usual s
energy is given bySk(v)5v@12Zk(v)#1Xk(v), which
determines the normal state scattering ratetk

21(v)5
2Im Sk(v) as well as the scattering rate of the superc
ducting state. Within the FLEX approximationvZk(v),
Xk(v), andFk(v) are determined by a self-consistent su
mation of particle-hole ladder and bubble diagrams.8 For the
rather large doping concentration discussed in this paper
vertex corrections neglected within FLEX were shown to
of minor importance,33 although they are expected to becom
relevant for underdoped systems.34 Note, in contrast to the
effective one-band model in our calculation the specific
and O Green’s functions are taken into account. Howe
due to our restriction to consider only the Coulomb inter
tion at the Cu sites all self-energy diagrams involve only
Cu Green’s function.

The spin fluctuations generate a pairing interaction an
dx22y2 pairing state.6 The tendency for the Cooper-pair fo
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mation is reduced by the inelastic scattering of t
quasiparticles.9,35 Thus, the excitations are affected by th
pronounced spin fluctuations in two different ways. The
terplay of the pairing interaction and the quasiparticle li
time is determined by the details of the Fermi surface top
ogy and the magnitude of the effective Coulomb interact
Ud . The effective Coulomb interactionUd for the low-lying
excitations of the system is expected to be smaller than
bare interactionUd

0 , since particle-particle excitations lead
particle-hole vertex renormalization. Note, this reduction
Ud is not included in the FLEX diagrams. The reduction
any repulsive bare interaction by particle-particle excitatio
to a smaller value, relevant for the low energy degrees
freedom, is a very general phenomenon for systems with
nesting of the Fermi surface, which certainly applies to o
case if the doping concentration is not too small.36

In the following we considerUd as a purely phenomeno
logical parameter of our model Hamiltonian and which
fixed by the value of the quasiparticle relaxation ratetk

215

22 Im Sk(0). Here, our aim is to reproducetk
21

5(1.0– 2.0)T estimated from the dynamical conductivity37

and dc conductivity,38 whereT is the temperature. As will be
discussed below, this requiresUd5(1.0– 1.2)tpd . In the fol-
lowing we useUd51.2tpd . Note, the calculation of the
charge transfer gap as a high energy phenomena is be
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the scope of the present theory. The actual calculations
performed on a (64364) square lattice in momentum spa
and have a low energy resolution of 6.131023 tpd'6 meV
around the Fermi energy. The method of Schmalianet al.39

is used to obtain the results directly on the real freque
axis.

In Fig. 1 we show the density of states~DOS! at the Cu
and O sites for a hole doping ofxh50.18 and for various
temperatures. For lower temperatures the superconduc
gap is clearly visible and vanishes for temperatures ab
T570 K. The opening of the superconducting gap in t
DOS behaves similarly for the Cu and O states. This sho
that both 3dx22y2 and 2px,y orbitals contribute to the super
conducting state. From these results we obtain a valuD
523 meV for the superconducting gap and estimate 2D/Tc
57.63 by assuming thatD does not change considerab
below T550 K. This is the lowest temperature we cou
reach numerically. Furthermore, we estimatedTc'70 K.
The fact that the states at the Fermi surface are domina
Cu states is not in disagreement with the observation o
charge transfer system at half filling with an oxyge
dominated band on the hole side of the spectrum. The
served transfer of spectral weight from high to lo
energies40 is expected to generate a much larger amoun
Cu states near the Fermi energy upon doping.41,42

In order to demonstrate that the pairing state is indeed
dx22y2 symmetry, one has to investigate the anomalous s
energyFk(v). In Fig. 2 we present our results for thek
dependence ofFk(v50), which within the BZ vanishes
along the diagonal and changes its sign forkx↔ky reflecting

FIG. 1. The density of states at Cu and O sites for differ
temperatures and forUd51.2tpd and dopingx50.18. The simulta-
neous opening of the superconducting gap for both orbital state
clearly visible. The superconducting transition temperature is
cated around 70 K.
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the dx22y2 symmetry. Hence, in agreement with results o
tained for the one-band Hubbard Hamiltonian,8,9 the three-
band Hubbard Hamiltonian with Cu 3dx22y2 and O 2px,y
orbitals yields a spin fluctuation induced pairing state w
dx22y2 symmetry. The ratio betweenFk(v50) andDk for
k5(p,0) can basically be understood in terms of the effe
tive mass ratiom* /m5Zk(v50)55.4 at T550 K. At T
575 K we findm* /m54.

The quasiparticle scattering rate below the supercond
ing transition temperature of the cuprates exhibits new
anomalous features characteristic of spin fluctuation indu
Cooper pairing. In Fig. 3 we show the spectral densityrk(v)
and the quasiparticle scattering ratetk

21(v) for different
temperatures. These results are similar to those obta
within the effective one-band Hubbard model FLEX calc
lations. Due to the opening of the gap in the spectral den
and simultaneously in the spin excitation spectrum, the q
siparticle scattering ratetk

21(v) is suppressed foruvu
,2.5D as observed experimentally.43 Furthermore, foruvu

t

is
-

FIG. 2. Anomalous self-energyFk(v50) at T550 K below
Tc'70 K within the first quadrant of the BZ.Fk(v50) vanishes
along the diagonal BZ and changes sign forkx↔ky , reflecting the
dx22y2 symmetry of the superconducting order parameter.

FIG. 3. Spectral densityrk(v) and the scattering ratetk
21(v) in

the superconducting (T550 K) and normal state (T570 K) for
different momenta. The opening of the gapD523 meV and in par-
ticular the suppression of the scattering rate foruvu,2.5D at the FS
are shown.
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.2.5D the scattering rate increases in the superconduc
state, whereD523 meV is the gap amplitude. This has be
observed in the corresponding scattering rate of optical m
surements, which is expected to behave similarly to
single particle scattering rate discussed here.44 This phenom-
enon was shown to be responsible for the observed dip s
tures in the spectral densityrk(v) within one-band mode
calculations9 and which we also find in the spectral dens
of the present treatment.

It is important to state that all our results are obtained
an effective Coulomb interactionUd51.2tpd , which is con-
siderably smaller than the valueUd56tpd used
previously.23,45 In order to demonstrate that our choice ofUd
is the reasonable one for our FLEX treatment of the thr
band Hubbard model, we have investigated theUd depen-
dence of the quasiparticle scattering ratetk

21(v). Results are
shown in Fig. 4. Obviously, the experimentally observed
der of magnitude of the scattering rate37,38 is obtained if we
useUd5(1.0– 1.2)tpd , but not forUd56tpd . Since the di-
rect oxygen-oxygen hoppingtpp is expected to decrease th
scattering rate, we show our results fortpp520.6tpd . Even
in this case, values such asUd56tpd generate much too
large scattering rates. Thus, on the average we
Im Sk(v50)520.06 eV for T5400 K. In contrast, using
Ud56tpd the scattering rate is approximately 50 times t
large.

This rapidly increasing scattering rate has a drastic in
ence on the Cooper pairing, since it reduces the lifetime
the quasiparticles and therefore the possibility of coher
Cooper pair formation. Hence, we will now discuss theU
dependency of the superconducting state and make a con

FIG. 4. Normal state spectral densityrk(v) and scattering rate
tk

21(v) for k5(p,0) near the FS and fork5(0,0) for different
values of the Coulomb repulsionUd . Note the huge scattering rate
for larger values ofUd which totally destroy the coherent charact
of states away from the FS. The resulting weak maxima ak
5(0,0) for v2m50.25 eV are only of incoherent character inhi
iting superconductivity for larger values ofUd due to scattering
processes.
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tion to the recent paper by Esirgen and Bickers.46 They pre-
sented results for FLEX calculations within the three-ba
model and founddx22y2 superconductivity forU58.0tpd

(tpd51.3 eV) by calculating the singlet pair eigenvalues
the particle-particle channel. If this eigenvalue reaches u
this indicates a superconducting phase transition and
determinesTc and the symmetry of the order paramete
Within a self-consistent theory such as FLEX the crossing
unity by the eigenvalue corresponds to getting a finite va
of the anomalous self-energy. Using FLEX and the thr
band model we also get a finite value forF~k,v! with U/tpd

up to 6.0~see Fig. 5! in fair agreement with the results o
Esirgen and Bickers. However, in the DOS a significant
perconducting gap opens up only forU/tpd of the order 1.2
to 2.0. Note,F~k,v! as a function ofU is, in our calculation
largest for intermediate values of aboutU/tpd'3.0. As can
also be seen from Fig. 5 the gap functionD(k,v)
5F(k,v)/Z(k,v) itself is strongly affected by the drast
cally increasing scattering rates for larger values of the C
lomb repulsion. Therefore, the largest gap amplitude is
tained for smaller values ofU.

It is also of interest to note in Fig. 5 thatDk
05ReD(k,v

5Dk
0) only has solutions forU/tpd<2.0 and that only then

the superconducting state is expected to be stable ag
phase fluctuations of the order parameter.47 In accordance
with our one-band calculations we expect that we get for
three-band model from the requirementF(k,v)50 for all v
a transition temperatureTc* reflecting only an onset of phase
disordered Cooper pairing and yielding furthermore no ma
mal Tc* as a function of doping. A phase coherent Coop
pair state is only obtained atTc resulting fromDk

0 having a

FIG. 5. Results for ReF(k,v) and ReD(k,v) of the supercon-
ducting gap function at the pointk5(0,p) as a function of fre-
quency for various values of the Coulomb repulsionU. Note, even
though there is a finite value of the anomalous self-energyF(k,v)
for all shown values ofU, a finite solution ofDk

05ReD(k,v
5Dk

0) exists only for small values of the Coulomb repulsion.
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finite value.47 Note that only for this can one get a maxim
Tc for optimal doping in the one-band case.

It is interesting that we obtain for our reduced value
Ud51.2tpd corresponding to the usually taken valueU54t
of the one-band FLEX calculations8 similar results for
Im Sk(v50)/W. Here,W is the uncorrelated bandwidth o
the band crossing the Fermi energy andU and t are the
effective Coulomb repulsion and nearest-neighbor hopp
element of the one-band model, respectively.

Finally, we discuss the dispersion and the structure of
spectral density and compare it with the results obtained
U56tpd in Ref. 23. Using these large values of the Coulom
interaction, we also find that the maximum of the spec
density is shifted considerably to lower binding energ
compared to the uncorrelated case. Furthermore, we find
statesk5(p,0) at the Fermi surface~FS! that largeUd val-
ues (Ud'6tpd) drastically reduce the quasiparticle weig
due to the too large scattering rate, but not their energy
sitions. Hence, one still has a quasiparticle, i.e., a solutionEk
of Ek5ek(Ek)1ReSk(Ek), but with reduced weight. Here
in the case of the three-band modelek(v) is given by

ek~v!5e0
d1gk~v!, ~6!

with

gk~v!52
~v2e0

p!~ekx
pd21eky

pd2!1ekx
pdeky

pdek
pp

~v2e0
p!22ek

pp2 . ~7!

The situation is different for states far away from the F
For example, fork5(0,0) one still finds a drastically re
duced spectral weight forUd56tpd , but additionally the
now only weakly formed maxima in the spectral density a
shifted by'0.6 eV towards the Fermi energy. As a cons
quence we analyze for the spectral density atk5(0,0)
strongly incoherent states for the largeUd values. This fol-
lows from the determination of the energy position of t
quasiparticle pole of the single particle Green’s functi
which shifts fromv50.9 eV to v51.2 eV asUd changes
from 1 eV to 6 eV. Besides the fact that perturbation the
becomes questionable for largeUd , this demonstrates tha
one must be careful in interpreting the maxima of the sp
f
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tral density as quasiparticle peaks. However, even more
portantly than this is the above discussed extremely la
scattering rate occurring for largeUd , overestimating the
incoherency of the system dramatically and being incon
tent with the normal state properties of the cuprates.

In summary, by choosing input parameters correspond
to the ones used for the effective one-band model we ob
for the three-band Hubbard model using FLEX theo
normal-state properties of highTc superconductors in goo
agreement with experiments. Moreover, we get spin fluc
tion induced superconductivity at high temperaturesTc
'70 K) and ad-wave symmetry order parameter. Our r
sults are in fair agreement with those obtained previou
within FLEX theory for the effective one-band Hubba
model.

Note the recently discussed suppression of the mean-
transition temperature of the Eliashberg theory in und
doped systems due a drastic reduction of the super
density47 is expected to be of less importance for the dop
concentration investigated in this paper. Of course, furt
calculations within the three-band model are necessar
show the observed doping dependence of various prope
and in particular ofTc . Extensions of our theory shoul
properly yield for underdoped cuprates the tendency for
spin-singlet state of Cu and O states and site specific
susceptibilities. Also, extensions of the theory are neede
understand the interplay of spin and charge fluctuations
of low and high energy excitations. In view of the rece
discussion that certain sum rules related to the Pauli princ
are not fulfilled within FLEX,48 it is worth noticing that in
the case of the one-band model and for the doping va
investigated in this paper these sum rules are quantitati
fulfilled to rather high precision~5% for x50.16!. There is
certainly a need to develop new theoretical methods wh
are as self-consistent as FLEX~essential to study the supe
conducting state! and which are elaborated more as far
two-particle excitations are concerned.48 This will help to
better understand the limitations of FLEX and the differe
results obtained by various other studies.25,45
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useful discussions.
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