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Strong coupling effects in(Nb-AI-AlO ,),-Nb stacked Josephson junctions
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Stacked (Nb-AI-AlQ),-Nb long Josephson junctions with very thin intermediate Nb-Al superconducting
layer are investigated experimentally and theoretically. Stable coherent in-phase zero-fielE&psare
observed; both the critical current and the maximum ZFS current dependence on magnetic field are measured
to prove the in-phase nature of this mode. The dependences are in good agreement with the inductive coupling
model. The Swihart velocities for in-phase,() and antiphased_) modes are measured for different lengths
of the stacks. In order to make a proper interpretation of the experimental results, an extension of the existing
model is developed, taking into account the fact that the middle electrode consists of two different supercon-
ductors(Nb and proximized Al. A comparison of a new model with the conventional model and experimental
data is made. The extended model givesahéc_ ratio as 30% different from what the conventional model
predicts. For thin Nb and Al layers the correction factor depends only on the ratio of the magnetic field
penetration depths in Nb and proximized p50163-18208)04746-§

[. INTRODUCTION ducting Cu-O layers which is of atomic scélejuch smaller
than the London penetration depth In contrast, for artifi-
cially prepared lowf. (Nb-Al-AlO,)n-Nb stacks studied so
far1=*1%the couplmg was weak or moderate since the thick-
ness of common superconducting electrodes was typically of
the order ofA. Thus, in order to bridge our understanding
from low-T stacks to their high, counterparts it is rather
interesting to study lowk. stacks with the thickness of su-
perconducting layers of the order of the coherence leggth
which is much smaller thak. This condition is possible to
ealize in the artificially prepare@Nb-Al-AlO,)y-Nb stacks.

s a model system to study strong coupling effects, we use
(Nb-AI-AlO,),-Nb stacks with the thickness of the interme-
diate layerd,, being much smaller than its London penetra-
tion depth\ ,. This limit allows us to check the relevance of

S= S_m, (1) the inductive coupling mod¥ used so far to describe intrin-
d’ sic multilayers. Other coupling mechanisms, if any, may be
revealed from such a comparison.
where One of the important features dffold stacked long JJ’s
is the presence dfl modes of electromagnetic plasma waves
s = ~Am @) and, accordinglyN characteristiogSwihar) velocities. The
™ sinh(d, /Ay’ Swihart velocity® in single long JJ is defined as a minimum
phase velocity of linear plasma waves in the system,
=min[w(K)/K] for all k, and can be calculated as

— w(K)

d
d’=)\mcotr‘(dm/)\m)+)\cotl-<x) 3 Co= |,mT (4)

Stacked long Josephson junctiofislJ’'s) have recently
received much attention. They show a variety of new physi-
cal phenomenia®in comparison to that found in single junc-
tions and have potential for application$.In addition, the
naturally layered highF, superconductor§HTS’s) can be
described as intrinsic stacks of Josephson junctlons.

The dimensionless coupling constaf (—1<S<0)
which defines the strength of the inductive interaction be-
tween the junctions depends on the thicknes$ their com-
mon superconducting electrode and its London penetratio
depths\. For the case of a symmetric twofold sta8lcan be
calculated using the following expressith

and

Kk— o0

are the constants which characterize the relative thickness qfyo coupled LJJ's have two Swihart velocities denoted as
the middle electrode and the effective magnetic th|cknes% andc_ and defined as in Eq4) but with dispersion

respectively. Her@l, p y andqpm are the thicknesses and \o|4tions . (k) and w_ (k) corresponding to two different
the London penetration depths of the top, bottom, and middlg; \-hes: in-phase one and out-of-phase®dfie.

superconducting layers, respectively. Equatin assumes For a symmetric twofold stack, the characteristic veloci-

that the stack is symmetric, i@, =dy=d andis=A,=\. esc, andc_ can be expressed via the Swihart velocity of
A more general expression for the asymmetric case can be + xp Vi Wi v ity

found in Ref. 11. The coupling increases with decreasing oft Single junctiorc, with the same parameters as
the thicknesdl,,, of the middle electrode.
For the highT . intrinsic stacks, the coupling between C. = CO
. . + : 5)
JJ’s is very strong due to small thickne$sf the supercon- V1+S
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Sakaiet all° considered theoretically the static and dy- l 1 l
namic properties of fluxons. When one fluxon is trapped in
each junction of the twofold stack, two distinct fluxon modes
were found: the “symmetric” and the “coherent(in-phase
mode. These modes were calculated as stable dynamic states
which account for the so-called zero-field std@§S’s) on
the I-V characteristioIVC) of the stack. For the coherent

mode, which has the Swihart velocity; , there is no phase

shift between the fluxons. In spite of an early prediction by

Sakai et al,° the in-phase fluxon mode was found to be l 1 L l l

unstable in most of the experiments reported so far, and re- : !

mained practically not investigated experimentally. At the BN O] Al AlO,

same time, this mode is apparently the most interesting for

applications due to coherent phase oscillations in two LJJ's. FIG. 1. Schematic view of the junction geometdy;, , are the
Monaco et all® observed ZFS's in a double-junction thicknesses of the top, bottom, and middle electrodgs:are the

stack and interpreted one of the steps as the in-phase ZF4icknesses of the Al and Nb films in the middle superconducting

However, no experimental data about the dependence of tHfdectrode, respectively.

height of this step on the length and on applied magnetic

field were obtained. In addition, the measured values of thgated. The width of each device was abW#12um. The

velocities ¢, and c_ were not in agreement with the critical current density of the junctions wag.~420

theory1© +36A/cn? (+8.6%). The spread was measured among
Strong coupling between JJ’'s may improve the stability Ofgight JJ’s fab_ricajted on the same substrate. The magnetic

the in-phase fluxon state, i.e., when two fluxgose in each field was applied in the plane of the tunnel barriers and per-

JJ move synchronously and have the same coordinate arig@ndicular to the larger dimensidn of the devices. Two

speed. Since the middle electrode is thin, its inductance i§tacked junctions were always measured in series, without a

rather high and it is more favorable energetically to have &ontact to the middle electrode.

fluxon configuration in which the screening currents of flux-

ons in the middle electrode cancel each _otl(ieﬁphase lIl. EXPERIMENTAL RESULTS

statd. Grénbech-Jenseet al!® showed analytically that in

spite of repulsion between two fluxons in statics, the in- The IVC of the stack withL=40um at T=4.2K is

phase state becomes stable at high velocity. shown in Fig. 2. A plot is obtained for zero applied magnetic
In this paper we prove this prediction experimentally. Wefield, H=0. In the regionH<H_, the device reveals the

present experimental evidence of the in-phase ZFS mode ieurrent locking behavirmanifested by switching from the

very strongly coupled double-barriefNb-Al-AlO,),-Nb  critical currentl, at zero voltage to the double-gap voltage

stacks consisting of high-quality Josephson tunnel junctiont/§=(Aa+Ab+ 2A)/e. HereA, y, ,, are the energy gaps of

with nearly identical critical current densities. Numerical the top, bottom, and middle superconducting electrodes, re-

simulations of the dependence of the ZFS maximum currengpectively. The gap sum voltag%:4.7 mV is smaller than

on magnetic field are performed and compared with the exin stacks with thick, high-quality Nb electrodes, where its

perimental data. The ratio, /c_ is measured experimen- typical value is 5.3—5.4 mV. This results from the suppressed

tally from the voltage spacing of in-phase ZFS's and an-Ap, of the very thin @~ £) middle Nb-Al superconducting

tiphase FS’s for different lengths of the stack. An extension

of the model® is developed to account for the very thin 5 T

Nb-Al bilayer in the middle electrode with suppressed en-

4 -
ergy gap. The comparison of the experimentally measured g
¢, /c_ ratio with the extended theory is given. i

m

II. SAMPLES AND EXPERIMENTAL SETUP

The sample fabrication route, in general, follows that de-
scribed in Ref. 17. The double-barrier (Nb-Al-Al3-Nb
structures were fabricated on sappl@lane substrates by 2 - —
a whole-wafer process in ultrahigh vacuum. Both Nb and Al
films were deposited using dc magnetron sputtering. The i

Current (mA)
=)

thicknesses of the bottom, middle, and topt including 7] m
wiring layen Nb films are 150 nm, 7 nm, and 100 nm, re- -5 1T
spectively. The thickness of the Al films, as deposited, is 8 6 4 2 0 2 4 6 3

6.5 nm. Thus, the middle electrode is a Nb-Al bilayer with
approximately equal thickness of Nb and Al. The sample
geometry is shown schematically in Fig. 1. Stacks of four FIG. 2. IVC of the device withLXW=40x12um? at
different lengthsL =20, 40, 60, and 8@m were investi- T=4.2K.

Voltage (mV)



15080

E. GOLDOBIN et al.

L
[A+A,+24, e

1 |£=40pm

Current (mA)

3 (4, A e [

e

[4,,-4, Ve

1
g

[A+4-24 Ve  [A+A)e
0 L} I T I L} I L} I T
0 1 2 3 4 5
(@) Voltage (mV)
4 T I T I T I T T
[A+A4,+24 Ve
1 |z=80pm T
3 [4,,+4, e 7]
§ 1 zrs, . T
g ZFS
F R T
§ 4
S5 1 42 .
14 .
b X
T NAAVe  [AFA2ANe  [A+A)e
0 T I T I T I T I T
0 1 2 3 4 5
(b} Voltage (mV)

FIG. 3. IVC of the stack with. =40 um (a) andL =80 um (b).
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ages of these branches ate,(+A,,)/e and A,+A,)/e and

the difference between them is equal|to,—A,|/e and re-
lated to the small difference in energy gaps of top and bot-
tom electrodes. Since this value is rather smail20 V),
from now on, we assume that in our stackg=Ap=A, .

Now, let us discuss steps 5 and 6. From the top of these
steps the system switches to the gap sum voltage of the
whole stack(steps 5-8, 6—8, or 5-6—8); so we can
conclude that both JJ's play a role in forming these steps.
The amplitude of the steps does not depend on the magnetic
field and these steps most likely represent the gap difference
feature.

It is well known that if a single tunnel superconductor-
insulator-superconductdS-1-S) JJ has electrodes with dif-
ferent energy gapa; andA,, its IVC reveals two steps at
voltages|A;—A,|/e and (A;+Aj)/e. In the symmetric JJ
(A1=A,) only the second step is observed. Considering a
stack of two asymmetric JJ's connected in series
(Sy-1-S-1-S,) and assuming that, at a given current, each JJ
is in one of the above two states, one gets four possible
voltage combinations across the whole structure:

(Aa_Am) 4 (Ab_Am) B (Aa+Ab_2Am)

e e e ’ ©
(Aa—Ap) N (Ap+Am) _ (AatAp) , o
e e e
(AatAp) N (Ap—Aw) _(Aat Ab), ®
e e e
A +A A,+A A +A+2A
( a+ m)+( b+ m):( a+ b+ m). (9)

e e e

Two of them, Eqgs(7) and(8), coincide; so we end up with
three possible voltages for the steps. The voltage given by
Eqg. (9) corresponds to the gap sum voltage of the whole

layer. Choosing the proper dc offset, we were able to observstack, i.e., step 8 in Fig. 3; the voltage given by K6)

a current step(not shown in Fig. 2 at the voltageV

corresponds to step 5 in Fig. 3; and the voltage given by Eq.

~2.3mV which corresponds to the gap voltage of one JJ(7) or (8) corresponds to step 6 in Fig. 3. To check this point
Vg'bz(AaybﬂL A)/e. The critical currents of the JJ's were more precisely we traced steps 5, 6, and 8 on the IVC while
almost identical and their difference was less than 6%. Higtincreasing the temperature. The result is shown in Fig. 4.
subgap resistance was provided by a good quality tunné¥flaking a comparison with Fig. 3 we see that the voltage of
barrier. Very similar IVC's were found for other measured step 5 increases and that of steps 6 and 8 decreases with
stacks with L=20, 60, and 8@m. Thus, all measured temperature until all of them become equal at some tempera-
samples were high-quality stacked JJ's with almost equalureTy'. From Eqgs(6)—(9) it comes out that such a situation

critical currents and suppressed energy d4apof the middle

Nb-Al electrode.

We have not observed any ZFS’'s Bt=4.2K. For all

corresponds tad (TZ)=0; i.e., Ty is a critical temperature
of the middle Nb-Al superconducting electrode. Step 3 in
Fig. 4 was present only at low temperature and disappeared

stacks, by increasing the temperature, we were able to olwith increasing the temperature.
serve a set of large and stable steps on the IVC. Examples Normally, steps corresponding to the gap difference fea-

are shown in Fig. @) for L=40um and Fig. &) for L

ture are not so large. Theory gives a logarithmic divergence

=80um. We investigated the magnetic field dependence 06f the step amplitude at the voltage near to the gap difference
the maximum current of each step. The amplitudes of stepgoltage. In experiment, the amplitude of the stapcurren}
2,5,6,7, and 8 were not sensitive to the applied magnetics finite and depends mainly on temperature — the closer to

field H. Steps 3 and fistep 4 is not present in Fig(&] had
the maximum amplitude &t =0, while step 1 had the mini-

the critical temperature of one of the electrodes, the higher is
the step. The gap difference feature may be very weak or

mum amplitude aH =0. Steps 7 and 8 have been discussedeven absent in junctions with substantial leaké&gen tun-
above and are related to the sum of the energy gaps of smel) currents. Therefore, the large amplitude of these steps in
perconducting electrodes forming the JJ's. One can see thatur case and the presence of hysteresis around them are ad-
step 7 actually consists of two different branches. The voltditional signs of the high quality of our junctions.
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Step 2 in Fig. 3 corresponds to the voltage state of a g
single JJ. From the top of this step the device switches tothe & 1(H) at V=0
gap sum voltage state of the individual(38p 7). The volt- § T
age of step 2 is about half of that of step 5, which gives =
V,=(A,p—Ap)/e. One can see that step 2 actually consists E 0.5
of two steps with a difference in voltagd ,— A,|/e which S
is similar to the splitting of step 7. Step 1 is also related to |
the activity of one JJ because the system switches to step 2
from the top of step 1. The character of thg,(H) depen-
dence of step 1 lets us assume that this is an in-phase Fiske 0.0 — T — T
step of a single JJ. We will not consider steps 1 and 2 in the % -4 2 0 2 4 6
further discussion because they represent single JJ behavior Magnetic field (Oe)

rather than behavior of the whole stack.

From the top of steps 3 and 4 the stack switches to the gap FIG. 5. The dependence of the maximum ZFS current on the
sum voltage of the whole structure. The amplitude of thesenagnetic field for@) L=80um [1Z:54H), IZ5YH), andl ((H) are
steps depends on the magnetic field, having the maximumshowr] and for (b) L=40um [I273YH) and|,(H) are showi
value atH=0. Thus, we conclude that these are synchro-
nized ZFS’s of both JJ's. The dependence of the amplitudagreement with Fig. ®). If the voltage separation of steps 4
of these steps on the magnetic field is shown in Fig) for and 5in Fig 8b) exceeds the noise level of the experimental
L=80um and Fig. Bb) for L=40um. Similar behavior was system,|?"3(H) in Fig. 5a) could bein principle traced

found for theL= 60,um stack. The dependences resemblegown to {nﬁé quasiparticle branch (0.85mA).

the conventional axJ(H) curve for a single long JJ. This is The stack of the lengtih =20um showed tiny steps 1
expected for the in-phase mode where coupled sine-Gordoghd 3 that, nevertheless, were dependent on magnetic field

equations with identical solutions in two junctions are re-y. This behavior is rather typical for a JJ of normalized
duced to a single sine-Gordon equation with renormahzeqength (in in- phasec mode
+

Josephson length\j =\;/{1+S. The dependences

i’;%’*(H) in Fig. 5(@) cannot be traced below some threshold

current. From Fig. ®) it is clear that magnetic field cannot / _)\_: T V1+S~1.1 (10
suppress ZFShelow the quasiparticléMcCumbej branch J

of the IVC, i.e., below about 0.75 mA, which exactly coin- To calculate Eq(10) we took the value of

cides with the lowest traceable current in Figa)5ZFS; in

Fig. 3(b) cannot be suppressed below the top of step 5 ,

(which is independent oil) because they are so close in M=\ —=4.0£02um (£5%), (1))
voltage that it is impossible to distinguish them at high mag- 27 o) d

”ZeFt'SS field H. As a result, the lowest measured currentyith critical current density given in Sec. Il ardl calcu-
I e (H) in Fig. 5@ is the current corresponding to the top lated using Eq(3) with \,, given by Eq.(34). The coupling

of step 5 in Fig. 8) and is about 1.25 mA, which is in good parametelSin Eq. (10) was taken from Eq(19). Due to the
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TABLE I. The measured ZFS voltage spacings for different 1T v T 7 T ]
stack lengths PRy

Length zZFs1 ZFSs2 ZFs3 135 H T
40 um 0.855 mV
60 4m 1.110 mv 2
80um 0.825 mvV 1.225 mV S 10
g 10
[
5
O

fact thatL=20um stack is not in the long junction limit
(especially, for in-phase mogewe exclude it from further
consideration. 0.5 —{e=®

The voltage of théth in-phase ZFS in a twofold stack is
given by the expression

C 22 24 2.6 2.8 3.0
Vim20ok k=123... . (12) Voltage (V)
The factor of 2 on the right-hand sidRHS) of the expres- FIG. 6. The family of the Fiske steps observed above the gap

sion appears because the voltage of the synchronized ZFSvisltage of a single JJ for the stack with=60 um.

measured across the whole stack. We observed one ZFS for

the stacks with.=40,60um and two ZFS’s fol. =80 um. _ 2LAV

The voltages of the steps are summarized in Table I. Now, =g (16)
we have to understand which step of orldeve observed for 0

different lengths. Expressing the Swihart velocity from  The value forc_ calculated from the spacings of FS families

Eqg. (12) as for L=40,60,80um is
< LV 13 c_=(0.0044+0.00018¢ (17
T2k’ (relative error=4%). Swihart velocities given by Eq$17)

we have to choose the integefor each of the four steps in and(14) are consistent with the fact that should be less
such a way that we gétith high accuracythe same value thanc, . The ratio is

of ¢, for all three stacks. This technique givies 1 for the _

L=40um stackk=2 for theL =60 um stack, ank=2 and Cy

3 for the L=80um stack. The calculated Swihart velocity ?——6.09t 0.37 (18)
for these values ok is

- (relative error=6%). From Egs.(18) and (5) the coupling
c,=(0.027+0.00046¢ (14)  strengthis

(relative error =2%), where ¢ is the speed of light in (c,lc_)?2—1
vacuum. S=— —=—=-—=0.947£0.001 (+0.1%), (19

Up to this point, we had not proved that the observed (cy/c_)™+1
ZFS’s are indeed in—phaz?er ZFS's. To prove that, we mea- which is the highest known coupling strength between JJ’s.
sured the spacing between FS’s of a single JJ in the stacBoth ¢, /c_ and S are important parameters which charac-
The measurements were performed in the voltage rahge terize the inductive coupling strength. In the limit of very
>|Aapt+Apl/e atT=4.2K. This range was chosen to make strong coupling =<1) it is more convenient to use, /c_
sure that one JJ is at the gap sum voltalig, + Apl/e and  jastead ofS. Now, we have to check how well the val(8)
the resonances take place only in the other JJ. An exampigs tne theory® by means of its comparison with the value
family of IVC’s, recorded using a digital oscilloscope while g culated from the electrodes thicknesses.
sweeping a magnetic field, is shown in Fig. 6 for the The crucial point in the evaluation of the coupling from
=60um stack. The applied magnetic fieldl was varied in  the experimental parameters is to take the right value for the
the range 10—35 Oe. A similar pictufgough with different | gngon penetration deptky, of the very thin middle Nb-Al
voltage spacings between F5igas observed for the stacks gyperconducting layer. To estimate this value, we use the
with L=40,80um. The FS voltage spacings can be eX-relation[see Eq(A17) from Appendix A
pressed as

- 7

C_ )\mO( A (20)
AV=Doo (15) Am
_ wherep is the normal resistivity of the middle superconduct-
It depends orL, therefore, to compare stacks of different ing film aboveT'. Thus, both the resistivity and the energy
lengths we express_ from Eq. (15): gap of the film can affect the London penetration depth.
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First, we evaluate the energy gap, at a working tem-  V,=(A,,—A,) and V;=(A,p,—A), respectively. From
perature from the experimental data shown in Figs. 3 and 4hese values we calculatel,(T,,)~0.7 meV which coin-
In the calculations below, we assume that the energy gap afides with Eq.(31) within the experimental error range.

a superconductor depends on the temperature according to The resistivity of rather thickd;>50nm) Nb films ac-

the empirical formul® cording to different datd is in the range
T w T\? Pou(L0K)=3.020.9 pQ cm. (32
Al Ag, = |=Ap\/COS | = (21 o L .
Te 2\ T The resistivity of the epitaxial 7 nm Nb films grown on a

sapphire substrate varies from 8.75 to 1Z® cm?° The Nb

E;(\)/S the position of step 6 in Fig. 3, using EG8).or (8) we film in the middle electrode of our stack is granular and grew
up on amorphous AD5. Thus, it would be rather realistic to
take p7 nm (10 K)>20 p) cm.

Tw Finally, substituting this value of; ., and the value of
ZA(AO,T—C) =V4(Tye, (220 A.(T,) from Eq.(31) into Eq.(20) we get
Aap [P7 nm(10K)
whereA,=1.4meV is the energy gap of the top and bottom Am=Nab Am Y pick( 10K) 200=60nm.  (33)

electrodes aff=0, T,=8.6K is their critical temperature ] )
measured in the separate experiment, Apds the working ~ To calculate the numerical value af, in Eq. (33) we took
temperature at which the data shown in Fig. 3 were obtained®m=0.75 meV which is very close to the value given by Eq.

From the position of step 8 in Fig. 3, using E¢®@) and(22),  (30). The p7 1 (10K)/ppu(10K) ratio was chosen to be
we have equal to 10. The exact value of this ratio is not very critical

since it enters in Eq(33) under the square root. From Eq.
(33), the ratioc, /c_ can be calculated. Due to the fact that
we do not know the exact value p$ (10 K) for our films,
=Vg(Twe. 23 we usel, [p7 nm(10K)] as an adjustable parameter in the
range specified above EJ3) in order to explain the value
of ¢, /c_ calculated from the experimental data using Sakai-

From Fig. 4 we obtain the third equation for the temperatureBodin-Pedersen (SBP theory!® This approach gives
Ty at which steps 5, 6, and 8 coincide with each other: c. /c_=6.09, Eq.(18), for

Ve(T,)e+2A

Tw

C

m

T _ _
ZA(AO,T—C) Ve TMe. 24 Np=2201m, p; {10K) =283 uQ cm.  (34)
C

o Calculating the ratiec, /c_ above, we neglected the fact
Substituting that the middle electrode is an Al-Nb bilayer and assumed
that it is all Nb with suppressed gap. Since the thicknesses of
Nb and Al layers are nearly equal, in the next section we will
take into account the presence of Al film and see how this
affects the resul¢34).

Sincedy,=§&np anddy <€, , the order parameter and the
energy gap\,, are assumed to be constddtie to the prox-
imity effect) a/i?ng thez d’j‘rbection in the whole Nb-Al elec-

m trode. Sincep™(10K)<p™®(10K) from Eq.(33) it follows
VsdTc)=2.3610.01mV, @7 that the penetration depths<\y,. Thus, the Al film

into Eqgs.(22)—(24), we solve the system of nonlinear equa- Screens magnetic field better than the Nb film. This increases

tions (22)—(24) for T,,, T™, andA,,(0) and obtain the fol- the overall screening effect of the middle electrode and

Vg(T,)=2.68+0.04 mV, (25)

Vg(T,)=4.20+0.15mV, (26)

lowing solution: should result in a weaker coupling, i.e., a lowegr/c _ ratio.
To take into account this effect, in the following section we
Ty=4.40+0.36K, (28)  extend SBP theoly for the case of twofold stacks with a
middle electrode consisting of two different superconductors
T¢'=6.06+0.03K, (29 with London penetration depths, (Al) and\¢ (Nb).
A (0)=0.79+0.11 meV. (30

IV. EXTENSION OF THE SBP MODEL

The values in Eqs(28)—(30) were obtained by averaging

. We consider the twofold stack shown in Fig. 1. Followin
over all four stacks. Using Eq21) we get 9 9

Ref. 10, we derive the equations for the superconducting
_ " phase difference in the two coupled JJ’s, where the middle
Am(Tw)=0.76=0.12meV @D electrode consists of two different superconductors with

(relative error=16%).A,(T,) can be also found by mea- London penetration depths, (proximized A) and\¢ (Nb).
suring steps 2 and 7 in Fig. 3. These steps are at the voltag@#e z axis is directed perpendicular to the plane of the junc-
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tion so thatz=0 corresponds to the boundary between Nb By(z)=Acosiz/\g)+Bsinh(z/\), (35
and Al films and the middle electrode occupies the space
from —ds to d,.

If we have magnetic fieldB, andB,, in top and bottom

JJ's, the magnetic field distribution in the middle Nb-Al elec- whereB,, «(2) are local magnetic field in NAI) and S(Nb)
trode can be derived from the London equations as parts of the middle electrode:

N
B,(z)=Acoshz/\ )+ )\—nB sinh(z/\,), (36)
S

A sinh(dg/\g)B,+r,sinh(d,, /\,)By
~ coshd,/\,)sinh(dg/N )+ nesinh(d, /N ,)cosidg/\g) (37

B coshids/Ng)B,—coshd,/\,) B,
~ coshd,/\,)sinh(dg/Ng) +rnesinh(d, /N ;) cosh{dg/\) . (38

d, s and\,, s are the thicknesses and London penetration depths of the proximized rigipnahd superconductingNb) parts
of the middle electrode, respectively;,s=\,/\s. The coefficientsA andB are chosen to satisfy the boundary conditions

Bs(—ds)=Byp, Bn(dp)=B,, andjy(—0)=j,(+0). (39

Now we have to calculate the current flowing on the top and bottom surface of the middle electrode, calculating a derivative
of Egs.(35) and(36) atz= —dg andz=d,,, respectively. The expressions obtained for the currents we put int@Eof. Ref.
10 and after long but trivial simplifications we end up with the follow[mgmpare with Eq(13) or (19) of Ref. 10

555 22
2mpo gx2\ ¢°) L) (40

” 2
da r nSSm

n
Sm  dp

where

Y d, tani(d,/\p)tani(dg/Ng) + s
dz=Mgcoth — |+ A\,
Na tanh(dg/\g) +rndtanid,/\,), (42

, dy coth(d,/\,)coth(dg/Ng) +1 g
\p coth(d, /N )+ rhscoth(ds/Ns) (42
Sm= oS, /N y)SINN G/ Ng) + T oSN dy /N COSH A /Ng) (43

andJ2® is the sum of all components of the current passing c. d/+di+ (dI—dp) 2+ 4S2dld]
through the top and bottom JJ’s, respectively. In the resis- == — —— —, (46)
tively shunted junctior(RSJ model, c_ d2+dp— V(di—dp)?+4S2d.dp
® ® 1 where we used the fact that
a,b_ 0 a,b ya,b 0 _ = 4ab a,ba: a,b
Jz 27T,M0C Pt 2mpo RAD TSI, o = lim w=(k)
(44) T . K

One can easily check thatif,=\¢ (r,s=1), Eqs.(41)—(43 . .
coincide with Eqs(8a) and (8b) from Ref. 10. As before, using\s as a free parameter and taking

The dimensionless coupling paramegaran be defined as Ps/Pn=5 (i€, \;=\s/\5) we getc, /c_=6.1 for A
=215 nm. Expressiof46) is rather sensitive to the value of

[ S \s; therefore, we can use it for an exact definition\gffrom
S= \/W (45 the ratioc, /c_ measured experimentally.
a“b

We can simplify the bulky expressions above taking into
and is in the range- 1< S<0. To obtain Swihart velocities, account that in our case,s<\,s and assuming\;=\;
we consider the small-amplitude liner waves*®(x,t) =M In this limit, Egs.(41)—(43) and(46) become
=D, e ' “Y and, neglecting the term containing, q \2
(damping and linearizing the term sif™*~¢" in Eq. (44), dl=X\ cot?—(—a n_ (47)
obtain A d,+ds

+
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dp )\§ pression of the effective gap in the density of states and an
b=\ cotl—( T) + R (48)  increase of the London penetration depth. To estimate these
nows changes we will assume that both normal(Al) and super-
)2 conducting NK(S) metals are in the dirty limit, and that their
Sp= S (49) thicknessed,, and dg are smaller than the corresponding
dnt+ds coherence lengthg, and &,
c, \/x(ds+ dy) +AZ+22 \/x§+ A2 50 dh<é,, ds<é, (A1)
c_ A(dst+dp) Ny, and the transparency of the SN interface is close to unity.

Under these assumptions we can start with the Usadel

We have to point out that in the limik,=\ (r,s=1) Egs. equations, which in our case have the form

(40)—(50) are identical to conventional SBiRef. 10 equa-

tions. In particular, Eq(50) becomes T A G,
B A InT—+2wTZ (—— >=0, 0<z<ds, (A2)
c. Adm+2\3 2\2 ¢ ¢
Cc_ )\dm )\dm DS d ) d
— G2 =P |-P=—A, 0<z<ds, (A3)
; i i 20GgdZz ~*°d
From Egs.(50) and(51) one may find a correction given by wls A7 z
the extended theorin the limit d, <<\, ) in comparison D. d d
with the regular SBP case: n HYl~2*- & — _
200G, dZ G“dzq)n ®n=0, dh=<2<0. (A4)

c, 2
_—*) =2L~1.3. (52)
C—/esgp VMastl

HereDs,,, Ggn=w/\w?+®Z, andd , are the diffusion
coefficients and normal and anomalous Green'’s functions of
the S and N materials, respectively;is the order parameter

tion to the SBRRef. 10 model. It is interesting that the final of the S layerw=27T(2n+1) are Matsubara frequencies;

result does not depend on the thickness of the electrodes b%Pngiér:?etge g:'tg:r?cljit:ur?;etrgtmg (i)r:t:ahr(faatggékc,)\lﬂbt.hTe-hsterL:(S:ture
only on the ratior ,c=\,/\s. perp '

Equations(A2)—(A4) must be supplemented by appropriate
boundary conditions matching the Green’s functions at the
SN interface,

We observed stable coherent ZFS’s of the in-phase mode
in strongly coupled stacked Josephson junctions. Both the
critical current and the maximum ZFS current dependence
on the magnetic field were measured. The dependences are in . . . : )
good agreement with the inductive coupling model propose(‘ffmd at the boundaries with the insulating layers:

by Sakaiet all® The spacing of ZFS'’s in the, mode and

Fiske steps in the_ mode is measured for different lengths gz (7 dn) =0, - d(dy)=0. (AB)
of the stacks. In order to make a proper interpretation of the

experimental results, an extension of the existing mdds! Under conditiongA1), to the first approximation, we can

developed. Our model takes into account the fact that th@eglect the nongradient terms (A3) and (A4) and get
middle electrode consists of the two different superconduct-

ors(Nb and proximized Al. A comparison with the conven-
tional model is made. It was found that for the cabgs ) i ) ) L ]
<\, . the result obtained with our model differs by 309 Matching this solution with the one, which is easy to obtain

from the conventional model and depends only on the ratid" the high-frequency limit, we finally arrived at

./

Thus, the extended SBESBP model gives a 30% correc-

V. CONCLUSION

d d
5(0)=®p(0), on; Pa(0) =057, Ps(0),  (AS)

o ,=d,=A=const. (A7)

Aofhs. costi(z—dy)/¢;]
Pe=A+ (A=) — T (A8)
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APPENDIX A: CALCULATION OF THE LONDON
PENETRATION DEPTH OF A VERY THIN A=A tanfids/é] (A10)
Nb-Al ELECTRODE tanids/&s]+ ytantid,/€a]"
In the structure under consideration the middle electrode D
is a proximity sandwich which consists of thin Nb and Al R — L S (A11)
layers. The proximity effect in this electrode leads to a sup- T 2Jw?+A?
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y= psés
Pnén’

After substitution of the value ofb((d), calculated from
Eqg. (A9), into the self-consistency equati¢ha2), we get the

(A12)

equation which determines the temperature dependence of

the order parameter in the SN bilayer:

T 1 1-q(T)
In —+27T —— -
nTc+ T % ©  Jo?+A*(1-q(T))? ,
(A13)
- tanid, /&,] 1
0= Y tanifd, 7&,]+ y tantidy /€,] coslidy /5]
(A14)

Introducing the critical temperature of the SN sandwich
by puttingA=0 in Eq.(A13),

T .
InT_c+2 ; 2n+1q(Tc))—0, (A15)
we can rewrite Eq(A13) in the form
T 1—q(T? 1-q(T
n ot (12900 a(m) ):
TS @ w Vo +A71-q(T)]?
(A16)

Equations(A13)—(A16) together with the well-known ex-

pression for the London penetration depth
1 A4aT A? (AL7)
)\g,n Moeps,n ® w2+A?’

define the dependences of the penetration depsh$or the
Nb pard and\ , (for the Al par) on temperature and material
constants of the SN bilayer.

APPENDIX B: SIMULATION OF | ,(H)

In order to make a more complete comparison with
theory, we performed numerical simulations of ZFS’s for a

E. GOLDOBIN et al.

T T T T T
1.0 —l., -
" 1 (H) for ZFS2
= T ‘.
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¢
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g ¢
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FIG. 7. Simulated dependence of the maximum curtgpt of
the steps ZF§, ; on applied magnetic fieltd. «=0.05,S=—0.9,
and/'=5.

d’i|x:0/:hv
¢2|x:0/:h-

Equations(B1) are written in normalized units and, for sim-
plicity, do not include the ternBg¢,,,, associated with the
surface current losses. This so-call@dterm is relevant to

the behavior of the system in the relativistic limit at tempera-
tures far belowT.. Close toT., it is considerably smaller
than the «-loss term arising from quasiparticle tunneling.
The spatial coordinatg is normalized tox ;. The time co-
ordinate is normalized to the inverse plasma frequenay, 1/

For simulations we have us&F — 0.9 anda=0.05, which

are close to the estimated values of the parameters in our
experiments. The individual junction length was equa¥to
=L/\;=5, corresponding te”, =/\J1+S~1.9. We simu-
lated ZFS’s by starting from one, two, or three properly
Lorenz-contracted fluxons inside each long Josephson junc-
tion, each fluxon moving with the same velocity close to,

but less thara. A driving current is supplied to support

(B2)

; ; : ZF ZF
strongly coupled two-junction stack. We employed thetheir motion. The simulatet,(H), Imail(H)' Imaiz(H)’ and

coupled sine-Gordon model developed by Satal® The

53 . .
I o (H) dependences are shown in Fig. 7. One can see that,

model consists of a system of partial differential equations similar to experiment, all curves have a maximunHat 0.

S
1-2 1-2

1 S
b _ 4b_ o b b
- byx— dii—SiNP " =ad, — y+ s

Pax— b~ SiNg?=api— y+ bR
P2
(B1)

with the boundary conditions

In general, the dependence of the simulated step amplitudes
accounts well for the single-junction case with renormalized
length/, ,% which is expected from the renormalized junc-
tion model for the coherent mode. As in experiment, there is
a threshold current which limits the minimuiff,3(H) which

can be simulated. ZFS’s cannot be suppressed by a magnetic
field below the current,;,=Vzes/R. Thus, the experimen-
tally observedl (H) and Iﬁij-m(H) dependences are in
good agreement with inductive coupling modf&l.
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