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Strong coupling effects in„Nb-Al-AlO x…2-Nb stacked Josephson junctions

E. Goldobin,* M. Yu. Kupriyanov,† I. P. Nevirkovets,‡ A. V. Ustinov,§ M. G. Blamire,i and J. E. Evettsi
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Stacked (Nb-Al-AlOx)2-Nb long Josephson junctions with very thin intermediate Nb-Al superconducting
layer are investigated experimentally and theoretically. Stable coherent in-phase zero-field steps~ZFS’s! are
observed; both the critical current and the maximum ZFS current dependence on magnetic field are measured
to prove the in-phase nature of this mode. The dependences are in good agreement with the inductive coupling
model. The Swihart velocities for in-phase (c̄1) and antiphase (c̄2) modes are measured for different lengths
of the stacks. In order to make a proper interpretation of the experimental results, an extension of the existing
model is developed, taking into account the fact that the middle electrode consists of two different supercon-
ductors~Nb and proximized Al!. A comparison of a new model with the conventional model and experimental
data is made. The extended model gives thec̄1 / c̄2 ratio as 30% different from what the conventional model
predicts. For thin Nb and Al layers the correction factor depends only on the ratio of the magnetic field
penetration depths in Nb and proximized Al.@S0163-1829~98!04746-8#
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I. INTRODUCTION

Stacked long Josephson junctions~LJJ’s! have recently
received much attention. They show a variety of new phy
cal phenomena1–4 in comparison to that found in single junc
tions and have potential for applications.5–8 In addition, the
naturally layered high-Tc superconductors~HTS’s! can be
described as intrinsic stacks of Josephson junctions.9

The dimensionless coupling constantS (21,S,0)
which defines the strength of the inductive interaction
tween the junctions depends on the thicknessd of their com-
mon superconducting electrode and its London penetra
depthsl. For the case of a symmetric twofold stack,Scan be
calculated using the following expression:10

S5
sm

d8
, ~1!

where

sm5
2lm

sinh~dm /lm!
, ~2!

and

d85lmcoth~dm /lm!1l cothS d

l D ~3!

are the constants which characterize the relative thicknes
the middle electrode and the effective magnetic thickne
respectively. Hereda,b,m andla,b,m are the thicknesses an
the London penetration depths of the top, bottom, and mid
superconducting layers, respectively. Equation~1! assumes
that the stack is symmetric, i.e.,da5db5d andla5lb5l.
A more general expression for the asymmetric case can
found in Ref. 11. The coupling increases with decreasing
the thicknessdm of the middle electrode.

For the high-Tc intrinsic stacks, the couplingS between
JJ’s is very strong due to small thicknessd of the supercon-
PRB 580163-1829/98/58~22!/15078~10!/$15.00
i-

-

n

of
s,

le

be
f

ducting Cu-O layers which is of atomic scale,9 much smaller
than the London penetration depthl. In contrast, for artifi-
cially prepared low-Tc ~Nb-Al-AlO x)N-Nb stacks studied so
far,1–4,12the coupling was weak or moderate since the thi
ness of common superconducting electrodes was typicall
the order ofl. Thus, in order to bridge our understandin
from low-Tc stacks to their high-Tc counterparts it is rathe
interesting to study low-Tc stacks with the thickness of su
perconducting layers of the order of the coherence lengtj
which is much smaller thanl. This condition is possible to
realize in the artificially prepared~Nb-Al-AlO x)N-Nb stacks.
As a model system to study strong coupling effects, we
~Nb-Al-AlO x)2-Nb stacks with the thickness of the interm
diate layerdm being much smaller than its London penetr
tion depthlm . This limit allows us to check the relevance o
the inductive coupling model10 used so far to describe intrin
sic multilayers. Other coupling mechanisms, if any, may
revealed from such a comparison.

One of the important features ofN-fold stacked long JJ’s
is the presence ofN modes of electromagnetic plasma wav
and, accordingly,N characteristic~Swihart! velocities. The
Swihart velocity13 in single long JJ is defined as a minimu
phase velocity of linear plasma waves in the system,c̄0
5min@v(k)/k# for all k, and can be calculated as

c̄05 lim
k→`

v~k!

k
. ~4!

Two coupled LJJ’s have two Swihart velocities denoted
c̄1 and c̄2 and defined as in Eq.~4! but with dispersion
relationsv1(k) and v2(k) corresponding to two differen
branches: in-phase one and out-of-phase one.3,14

For a symmetric twofold stack, the characteristic velo
ties c̄1 and c̄2 can be expressed via the Swihart velocity
a single junctionc̄0 with the same parameters as

c̄65
c̄0

A16S
. ~5!
15 078 ©1998 The American Physical Society
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PRB 58 15 079STRONG COUPLING EFFECTS IN~Nb-Al-AlO x)2-Nb . . .
Sakai et al.10 considered theoretically the static and d
namic properties of fluxons. When one fluxon is trapped
each junction of the twofold stack, two distinct fluxon mod
were found: the ‘‘symmetric’’ and the ‘‘coherent’’~in-phase!
mode. These modes were calculated as stable dynamic s
which account for the so-called zero-field steps~ZFS’s! on
the I -V characteristic~IVC! of the stack. For the coheren
mode, which has the Swihart velocityc̄1 , there is no phase
shift between the fluxons. In spite of an early prediction
Sakai et al.,10 the in-phase fluxon mode was found to
unstable in most of the experiments reported so far, and
mained practically not investigated experimentally. At t
same time, this mode is apparently the most interesting
applications due to coherent phase oscillations in two LJ

Monaco et al.15 observed ZFS’s in a double-junctio
stack and interpreted one of the steps as the in-phase
However, no experimental data about the dependence o
height of this step on the length and on applied magn
field were obtained. In addition, the measured values of
velocities c̄1 and c̄2 were not in agreement with th
theory.10

Strong coupling between JJ’s may improve the stability
the in-phase fluxon state, i.e., when two fluxons~one in each
JJ! move synchronously and have the same coordinate
speed. Since the middle electrode is thin, its inductanc
rather high and it is more favorable energetically to hav
fluxon configuration in which the screening currents of flu
ons in the middle electrode cancel each other~in-phase
state!. Gro”nbech-Jensenet al.16 showed analytically that in
spite of repulsion between two fluxons in statics, the
phase state becomes stable at high velocity.

In this paper we prove this prediction experimentally. W
present experimental evidence of the in-phase ZFS mod
very strongly coupled double-barrier~Nb-Al-AlO x)2-Nb
stacks consisting of high-quality Josephson tunnel juncti
with nearly identical critical current densities. Numeric
simulations of the dependence of the ZFS maximum cur
on magnetic field are performed and compared with the
perimental data. The ratioc̄1 / c̄2 is measured experimen
tally from the voltage spacing of in-phase ZFS’s and a
tiphase FS’s for different lengths of the stack. An extens
of the model10 is developed to account for the very th
Nb-Al bilayer in the middle electrode with suppressed e
ergy gap. The comparison of the experimentally measu
c̄1 / c̄2 ratio with the extended theory is given.

II. SAMPLES AND EXPERIMENTAL SETUP

The sample fabrication route, in general, follows that d
scribed in Ref. 17. The double-barrier (Nb-Al-AlOx)2-Nb
structures were fabricated on sapphireR-plane substrates b
a whole-wafer process in ultrahigh vacuum. Both Nb and
films were deposited using dc magnetron sputtering. T
thicknesses of the bottom, middle, and top~not including
wiring layer! Nb films are 150 nm, 7 nm, and 100 nm, r
spectively. The thickness of the Al films, as deposited,
6.5 nm. Thus, the middle electrode is a Nb-Al bilayer w
approximately equal thickness of Nb and Al. The sam
geometry is shown schematically in Fig. 1. Stacks of fo
different lengthsL520, 40, 60, and 80mm were investi-
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gated. The width of each device was aboutW'12mm. The
critical current density of the junctions wasj c'420
636 A/cm2 (68.6%). The spread was measured amo
eight JJ’s fabricated on the same substrate. The magn
field was applied in the plane of the tunnel barriers and p
pendicular to the larger dimensionL of the devices. Two
stacked junctions were always measured in series, witho
contact to the middle electrode.

III. EXPERIMENTAL RESULTS

The IVC of the stack withL540mm at T54.2 K is
shown in Fig. 2. A plot is obtained for zero applied magne
field, H50. In the regionH!Hc1 the device reveals the
current locking behavior4 manifested by switching from the
critical currentI c at zero voltage to the double-gap voltag
Vg

S5(Da1Db12Dm)/e. HereDa,b,m are the energy gaps o
the top, bottom, and middle superconducting electrodes,
spectively. The gap sum voltageVg

S54.7 mV is smaller than
in stacks with thick, high-quality Nb electrodes, where
typical value is 5.3–5.4 mV. This results from the suppres
Dm of the very thin (d;j) middle Nb-Al superconducting

FIG. 1. Schematic view of the junction geometry:da,b,m are the
thicknesses of the top, bottom, and middle electrodes:dn,s are the
thicknesses of the Al and Nb films in the middle superconduct
electrode, respectively.

FIG. 2. IVC of the device with L3W540312mm2 at
T54.2 K.
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15 080 PRB 58E. GOLDOBIN et al.
layer. Choosing the proper dc offset, we were able to obse
a current step~not shown in Fig. 2! at the voltageV
'2.3 mV which corresponds to the gap voltage of one
Vg

a,b5(Da,b1Dm)/e. The critical currents of the JJ’s wer
almost identical and their difference was less than 6%. H
subgap resistance was provided by a good quality tun
barrier. Very similar IVC’s were found for other measure
stacks with L520, 60, and 80mm. Thus, all measured
samples were high-quality stacked JJ’s with almost eq
critical currents and suppressed energy gapDm of the middle
Nb-Al electrode.

We have not observed any ZFS’s atT54.2 K. For all
stacks, by increasing the temperature, we were able to
serve a set of large and stable steps on the IVC. Exam
are shown in Fig. 3~a! for L540mm and Fig. 3~b! for L
580mm. We investigated the magnetic field dependence
the maximum current of each step. The amplitudes of st
2, 5, 6, 7, and 8 were not sensitive to the applied magn
field H. Steps 3 and 4@step 4 is not present in Fig. 3~a!# had
the maximum amplitude atH50, while step 1 had the mini
mum amplitude atH50. Steps 7 and 8 have been discuss
above and are related to the sum of the energy gaps o
perconducting electrodes forming the JJ’s. One can see
step 7 actually consists of two different branches. The v

FIG. 3. IVC of the stack withL540mm ~a! andL580 mm ~b!.
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ages of these branches are (Da1Dm)/e and (Db1Dm)/e and
the difference between them is equal touDa2Dbu/e and re-
lated to the small difference in energy gaps of top and b
tom electrodes. Since this value is rather small (;20mV),
from now on, we assume that in our stacksDa5Db5Da,b .

Now, let us discuss steps 5 and 6. From the top of th
steps the system switches to the gap sum voltage of
whole stack~steps 5→8, 6→8, or 5→6→8); so we can
conclude that both JJ’s play a role in forming these ste
The amplitude of the steps does not depend on the magn
field and these steps most likely represent the gap differe
feature.

It is well known that if a single tunnel superconducto
insulator-superconductor~S-I-S! JJ has electrodes with dif
ferent energy gapsD1 andD2, its IVC reveals two steps a
voltagesuD12D2u/e and (D11D2)/e. In the symmetric JJ
(D15D2) only the second step is observed. Considerin
stack of two asymmetric JJ’s connected in ser
~Sb-I-Sm-I-Sa) and assuming that, at a given current, each
is in one of the above two states, one gets four poss
voltage combinations across the whole structure:

~Da2Dm!

e
1

~Db2Dm!

e
5

~Da1Db22Dm!

e
, ~6!

~Da2Dm!

e
1

~Db1Dm!

e
5

~Da1Db!

e
, ~7!

~Da1Dm!

e
1

~Db2Dm!

e
5

~Da1Db!

e
, ~8!

~Da1Dm!

e
1

~Db1Dm!

e
5

~Da1Db12Dm!

e
. ~9!

Two of them, Eqs.~7! and ~8!, coincide; so we end up with
three possible voltages for the steps. The voltage given
Eq. ~9! corresponds to the gap sum voltage of the wh
stack, i.e., step 8 in Fig. 3; the voltage given by Eq.~6!
corresponds to step 5 in Fig. 3; and the voltage given by
~7! or ~8! corresponds to step 6 in Fig. 3. To check this po
more precisely we traced steps 5, 6, and 8 on the IVC w
increasing the temperature. The result is shown in Fig
Making a comparison with Fig. 3 we see that the voltage
step 5 increases and that of steps 6 and 8 decreases
temperature until all of them become equal at some temp
tureTc

m . From Eqs.~6!–~9! it comes out that such a situatio
corresponds toDm(Tc

m)50; i.e.,Tc
m is a critical temperature

of the middle Nb-Al superconducting electrode. Step 3
Fig. 4 was present only at low temperature and disappea
with increasing the temperature.

Normally, steps corresponding to the gap difference f
ture are not so large. Theory gives a logarithmic diverge
of the step amplitude at the voltage near to the gap differe
voltage. In experiment, the amplitude of the step~in current!
is finite and depends mainly on temperature — the close
the critical temperature of one of the electrodes, the highe
the step. The gap difference feature may be very weak
even absent in junctions with substantial leakage~non tun-
nel! currents. Therefore, the large amplitude of these step
our case and the presence of hysteresis around them ar
ditional signs of the high quality of our junctions.
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Step 2 in Fig. 3 corresponds to the voltage state o
single JJ. From the top of this step the device switches to
gap sum voltage state of the individual JJ~step 7). The volt-
age of step 2 is about half of that of step 5, which giv
V25(Da,b2Dm)/e. One can see that step 2 actually consi
of two steps with a difference in voltageuDa2Dbu/e which
is similar to the splitting of step 7. Step 1 is also related
the activity of one JJ because the system switches to st
from the top of step 1. The character of theI max(H) depen-
dence of step 1 lets us assume that this is an in-phase F
step of a single JJ. We will not consider steps 1 and 2 in
further discussion because they represent single JJ beh
rather than behavior of the whole stack.

From the top of steps 3 and 4 the stack switches to the
sum voltage of the whole structure. The amplitude of th
steps depends on the magnetic field, having the maxim
value atH50. Thus, we conclude that these are synch
nized ZFS’s of both JJ’s. The dependence of the amplit
of these steps on the magnetic field is shown in Fig. 5~a! for
L580mm and Fig. 5~b! for L540mm. Similar behavior was
found for theL560mm stack. The dependences resem
the conventionalI max

ZFS(H) curve for a single long JJ. This i
expected for the in-phase mode where coupled sine-Go
equations with identical solutions in two junctions are
duced to a single sine-Gordon equation with renormali
Josephson length lJ

15lJ /A11S. The dependence
I max

ZFS2,3(H) in Fig. 5~a! cannot be traced below some thresho
current. From Fig. 3~b! it is clear that magnetic field canno
suppress ZFS2 below the quasiparticle~McCumber! branch
of the IVC, i.e., below about 0.75 mA, which exactly coi
cides with the lowest traceable current in Fig. 5~a!. ZFS3 in
Fig. 3~b! cannot be suppressed below the top of step
~which is independent onH) because they are so close
voltage that it is impossible to distinguish them at high ma
netic field H. As a result, the lowest measured curre
I max

ZFS3(H) in Fig. 5~a! is the current corresponding to the to
of step 5 in Fig. 3~b! and is about 1.25 mA, which is in goo

FIG. 4. IVC family which shows the dependence of the g
features on the temperature. At some temperatureTc

m , the voltages
of all three steps coincide, so that the SISIS junction become
SINIS one.
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agreement with Fig. 5~a!. If the voltage separation of steps
and 5 in Fig. 3~b! exceeds the noise level of the experimen
system,I max

ZFS3(H) in Fig. 5~a! could be in principle traced
down to the quasiparticle branch (0.85 mA).

The stack of the lengthL520mm showed tiny steps 1
and 3 that, nevertheless, were dependent on magnetic
H. This behavior is rather typical for a JJ of normalize
length ~in in-phasec̄1 mode!

l 15
L

lJ
1

5
L

lJ
A11S'1.1. ~10!

To calculate Eq.~10! we took the value of

lJ5A F0

2pm0 j cd8
54.060.2mm ~65%!, ~11!

with critical current density given in Sec. II andd8 calcu-
lated using Eq.~3! with lm given by Eq.~34!. The coupling
parameterS in Eq. ~10! was taken from Eq.~19!. Due to the

a

FIG. 5. The dependence of the maximum ZFS current on
magnetic field for~a! L580mm @ I max

ZFS2(H), I max
ZFS3(H), andI c(H) are

shown# and for ~b! L540mm @ I max
ZFS1(H) and I c(H) are shown#.
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fact that L520mm stack is not in the long junction limi
~especially, for in-phase mode!, we exclude it from further
consideration.

The voltage of thekth in-phase ZFS in a twofold stack i
given by the expression

Vk52F0

c̄1

L
k, k51,2,3 . . . . ~12!

The factor of 2 on the right-hand side~RHS! of the expres-
sion appears because the voltage of the synchronized ZF
measured across the whole stack. We observed one ZF
the stacks withL540,60mm and two ZFS’s forL580mm.
The voltages of the steps are summarized in Table I. N
we have to understand which step of orderk we observed for
different lengths. Expressing the Swihart velocityc̄1 from
Eq. ~12! as

c̄15
LVk

2kF0
, ~13!

we have to choose the integerk for each of the four steps in
such a way that we get~with high accuracy! the same value
of c̄1 for all three stacks. This technique givesk51 for the
L540mm stack,k52 for theL560mm stack, andk52 and
3 for the L580mm stack. The calculated Swihart veloci
for these values ofk is

c̄15~0.02760.00046!c ~14!

~relative error 62%), where c is the speed of light in
vacuum.

Up to this point, we had not proved that the observ
ZFS’s are indeed in-phasec̄1 ZFS’s. To prove that, we mea
sured the spacing between FS’s of a single JJ in the st
The measurements were performed in the voltage rangV
.uDa,b1Dmu/e at T54.2 K. This range was chosen to ma
sure that one JJ is at the gap sum voltageuDa,b1Dmu/e and
the resonances take place only in the other JJ. An exam
family of IVC’s, recorded using a digital oscilloscope whi
sweeping a magnetic field, is shown in Fig. 6 for theL
560mm stack. The applied magnetic fieldH was varied in
the range 10–35 Oe. A similar picture~though with different
voltage spacings between FS’s! was observed for the stack
with L540,80mm. The FS voltage spacings can be e
pressed as

DV5F0

c̄2

2L
. ~15!

It depends onL, therefore, to compare stacks of differe
lengths we expressc̄2 from Eq. ~15!:

TABLE I. The measured ZFS voltage spacings for differe
stack lengths.

Length ZFS1 ZFS2 ZFS3

40mm 0.855 mV
60mm 1.110 mV
80mm 0.825 mV 1.225 mV
is
for

,

d

k.

le

-

c̄25
2L DV

F0
. ~16!

The value forc̄2 calculated from the spacings of FS familie
for L540,60,80mm is

c̄25~0.004460.00018!c ~17!

~relative error64%). Swihart velocities given by Eqs.~17!

and ~14! are consistent with the fact thatc̄2 should be less
than c̄1 . The ratio is

c̄1

c̄2

56.0960.37 ~18!

~relative error66%). From Eqs.~18! and ~5! the coupling
strength is

S52
~ c̄1 / c̄2!221

~ c̄1 / c̄2!211
50.94760.001 ~60.1%!, ~19!

which is the highest known coupling strength between J
Both c̄1 / c̄2 and S are important parameters which chara
terize the inductive coupling strength. In the limit of ve
strong coupling (S&1) it is more convenient to usec̄1 / c̄2

instead ofS. Now, we have to check how well the value~18!
fits the theory10 by means of its comparison with the valu
calculated from the electrodes thicknesses.

The crucial point in the evaluation of the coupling fro
the experimental parameters is to take the right value for
London penetration depthlm of the very thin middle Nb-Al
superconducting layer. To estimate this value, we use
relation @see Eq.~A17! from Appendix A#

lm}
Ar

Dm
, ~20!

wherer is the normal resistivity of the middle superconduc
ing film aboveTc

m . Thus, both the resistivity and the energ
gap of the film can affect the London penetration depth.

t

FIG. 6. The family of the Fiske steps observed above the
voltage of a single JJ for the stack withL560mm.
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First, we evaluate the energy gapDm at a working tem-
perature from the experimental data shown in Figs. 3 an
In the calculations below, we assume that the energy ga
a superconductor depends on the temperature accordin
the empirical formula18

DS D0 ,
T

Tc
D 5D0AcosFp

2
S T

Tc
D 2G ~21!

From the position of step 6 in Fig. 3, using Eqs.~7! or ~8! we
have

2DS D0 ,
Tw

Tc
D5V6~Tw!e, ~22!

whereD051.4 meV is the energy gap of the top and botto
electrodes atT50, Tc58.6 K is their critical temperature
measured in the separate experiment, andTw is the working
temperature at which the data shown in Fig. 3 were obtain
From the position of step 8 in Fig. 3, using Eqs.~9! and~22!,
we have

V6~Tw!e12DS Dm~0!,
Tw

Tc
mD 5V8~Tw!e. ~23!

From Fig. 4 we obtain the third equation for the temperat
Tc

m at which steps 5, 6, and 8 coincide with each other:

2DS D0 ,
Tc

m

Tc
D 5V5,6,8~Tc

m!e. ~24!

Substituting

V6~Tw!52.6860.04 mV, ~25!

V8~Tw!54.2060.15 mV, ~26!

V5,6,8~Tc
m!52.3660.01 mV, ~27!

into Eqs.~22!–~24!, we solve the system of nonlinear equ
tions ~22!–~24! for Tw , Tc

m , andDm(0) and obtain the fol-
lowing solution:

Tw54.4060.36 K, ~28!

Tc
m56.0660.03 K, ~29!

Dm~0!50.7960.11 meV. ~30!

The values in Eqs.~28!–~30! were obtained by averagin
over all four stacks. Using Eq.~21! we get

Dm~Tw!50.7660.12 meV ~31!

~relative error616%). Dm(Tw) can be also found by mea
suring steps 2 and 7 in Fig. 3. These steps are at the volt
4.
of
to

d.

e

es

V25(Da,b2Dm) and V75(Da,b2Dm), respectively. From
these values we calculatedDm(Tw)'0.7 meV which coin-
cides with Eq.~31! within the experimental error range.

The resistivity of rather thick (ds.50 nm) Nb films ac-
cording to different data19 is in the range

rbulk~10 K!53.060.9 mV cm. ~32!

The resistivity of the epitaxial 7 nm Nb films grown on
sapphire substrate varies from 8.75 to 17.5mV cm.20 The Nb
film in the middle electrode of our stack is granular and gr
up on amorphous Al2O3. Thus, it would be rather realistic to
taker7 nm ~10 K!.20 mV cm.

Finally, substituting this value ofr7 nm and the value of
Dm(Tw) from Eq. ~31! into Eq. ~20! we get

lm5la,b

Da,b

Dm
Ar7 nm~10 K!

r thick~10 K!
'200660 nm. ~33!

To calculate the numerical value oflm in Eq. ~33! we took
Dm50.75 meV which is very close to the value given by E
~30!. The r7 nm(10 K)/rbulk(10 K) ratio was chosen to be
equal to 10. The exact value of this ratio is not very critic
since it enters in Eq.~33! under the square root. From Eq
~33!, the ratioc̄1 / c̄2 can be calculated. Due to the fact th
we do not know the exact value ofr7 nm(10 K) for our films,
we uselm @r7 nm(10 K)# as an adjustable parameter in th
range specified above Eq.~33! in order to explain the value
of c̄1 / c̄2 calculated from the experimental data using Sak
Bodin-Pedersen ~SBP! theory.10 This approach gives
c̄1 / c̄256.09, Eq.~18!, for

lm5220 nm, r7 nm~10 K!52863 mV cm. ~34!

Calculating the ratioc̄1 / c̄2 above, we neglected the fac
that the middle electrode is an Al-Nb bilayer and assum
that it is all Nb with suppressed gap. Since the thicknesse
Nb and Al layers are nearly equal, in the next section we w
take into account the presence of Al film and see how t
affects the result~34!.

SincedNb<jNb anddAl!jAl , the order parameter and th
energy gapDm are assumed to be constant~due to the prox-
imity effect! along thez direction in the whole Nb-Al elec-
trode. SincerAl(10 K),rNb(10 K) from Eq.~33! it follows
that the penetration depthlAl,lNb . Thus, the Al film
screens magnetic field better than the Nb film. This increa
the overall screening effect of the middle electrode a
should result in a weaker coupling, i.e., a lowerc̄1 / c̄2 ratio.
To take into account this effect, in the following section w
extend SBP theory10 for the case of twofold stacks with
middle electrode consisting of two different superconduct
with London penetration depthsln ~Al ! andls ~Nb!.

IV. EXTENSION OF THE SBP MODEL

We consider the twofold stack shown in Fig. 1. Followin
Ref. 10, we derive the equations for the superconduc
phase difference in the two coupled JJ’s, where the mid
electrode consists of two different superconductors w
London penetration depthsln ~proximized Al! andls ~Nb!.
The z axis is directed perpendicular to the plane of the jun
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tion so thatz50 corresponds to the boundary between
and Al films and the middle electrode occupies the sp
from 2ds to dn .

If we have magnetic fieldsBa andBb in top and bottom
JJ’s, the magnetic field distribution in the middle Nb-Al ele
trode can be derived from the London equations as
in
si

,

e
Bs~z!5A cosh~z/ls!1B sinh~z/ls!, ~35!

Bn~z!5A cosh~z/ln!1
ln

ls
B sinh~z/ln!, ~36!

whereBn,s(z) are local magnetic field in N~Al ! and S~Nb!
parts of the middle electrode:
rivative
A5
sinh~ds /ls!Ba1r nssinh~dn /ln!Bb

cosh~dn /ln!sinh~ds /ls!1r nssinh~dn /ln!cosh~ds /ls! , ~37!

B5
cosh~ds /ls!Ba2cosh~dn /ln!Bb

cosh~dn /ln!sinh~ds /ls!1r nssinh~dn /ln!cosh~ds /ls! . ~38!

dn,s andln,s are the thicknesses and London penetration depths of the proximized normal~Al ! and superconducting~Nb! parts
of the middle electrode, respectively;r ns5ln /ls . The coefficientsA andB are chosen to satisfy the boundary conditions

Bs~2ds!5Bb , Bn~dn!5Ba , and j s~20!5 j n~10!. ~39!

Now we have to calculate the current flowing on the top and bottom surface of the middle electrode, calculating a de
of Eqs.~35! and~36! at z52ds andz5dn , respectively. The expressions obtained for the currents we put into Eq.~4! of Ref.
10 and after long but trivial simplifications we end up with the following@compare with Eq.~13! or ~19! of Ref. 10#:

F0

2pm0

]2

]x2S fa

fbD 5Fda9 r ns
2 sm

sm db9
G S JZ

a

JZ
bD , ~40!

where

da95lacothS da

la
D1ln

tanh~dn /ln!tanh~ds /ls!1r ns

tanh~ds /ls!1r nstanh~dn /ln! , ~41!

db95lbcothS db

lb
D1ls

coth~dn /ln!coth~ds /ls!1r ns

coth~dn /ln!1r nscoth~ds /ls! , ~42!

sm5
2ls

cosh~dn /ln!sinh~ds /ls!1r nssinh~dn /ln!cosh~ds /ls! , ~43!
g

f

to
andJZ
a,b is the sum of all components of the current pass

through the top and bottom JJ’s, respectively. In the re
tively shunted junction~RSJ! model,

JZ
a,b5

F0

2pm0
Ca,bf tt

a,b1
F0

2pm0

1

Ra,b
f t

a,b1Jc
a,bsin~fa,b!.

~44!

One can easily check that ifln5ls (r ns51), Eqs.~41!–~43!
coincide with Eqs.~8a! and ~8b! from Ref. 10.

The dimensionless coupling parameterScan be defined as

S5
r nssm

Ada9db9
~45!

and is in the range21,S,0. To obtain Swihart velocities
we consider the small-amplitude liner wavesfa,b(x,t)
5Da,be2 j (kx2vt) and, neglecting the term containingf t
~damping! and linearizing the term sinfa,b'fa,b in Eq. ~44!,
obtain
g
s-

c̄1

c̄2

5Ada91db91A~da92db9!214S2da9db9

da91db92A~da92db9!214S2da9db9
, ~46!

where we used the fact that

c̄65 lim
k→`

v6~k!

k
.

As before, usingls as a free parameter and takin
rs /rn55 ~i.e., ln5ls /A5) we get c̄1 / c̄256.1 for ls
5215 nm. Expression~46! is rather sensitive to the value o
ls ; therefore, we can use it for an exact definition ofls from
the ratioc̄1 / c̄2 measured experimentally.

We can simplify the bulky expressions above taking in
account that in our casedn,s!ln,s and assumingla5lb
5l. In this limit, Eqs.~41!–~43! and ~46! become

da95l cothS da

l D1
ln

2

dn1ds
, ~47!
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db95l cothS db

l D1
ls

2

dn1ds
, ~48!

sm5
2ls

2

dn1ds
, ~49!

c̄1

c̄2

5Al~ds1dn!1ls
21ln

2

l~ds1dn!
'Als

21ln
2

ldm
. ~50!

We have to point out that in the limitln5ls (r ns51) Eqs.
~40!–~50! are identical to conventional SBP~Ref. 10! equa-
tions. In particular, Eq.~50! becomes

c̄1

c̄2

5Aldm12ls
2

ldm
'A2ls

2

ldm
. ~51!

From Eqs.~50! and~51! one may find a correction given b
the extended theory~in the limit dn,s!ln,s) in comparison
with the regular SBP case:

S c̄1

c̄2
D

SBP

Y S c̄1

c̄2
D

ESBP

5
A2

Ar ns
2 11

'1.3. ~52!

Thus, the extended SBP~ESBP! model gives a 30% correc
tion to the SBP~Ref. 10! model. It is interesting that the fina
result does not depend on the thickness of the electrodes
only on the ratior ns5ln /ls .

V. CONCLUSION

We observed stable coherent ZFS’s of the in-phase m
in strongly coupled stacked Josephson junctions. Both
critical current and the maximum ZFS current depende
on the magnetic field were measured. The dependences a
good agreement with the inductive coupling model propo
by Sakaiet al.10 The spacing of ZFS’s in thec̄1 mode and
Fiske steps in thec̄2 mode is measured for different length
of the stacks. In order to make a proper interpretation of
experimental results, an extension of the existing model10 is
developed. Our model takes into account the fact that
middle electrode consists of the two different supercondu
ors ~Nb and proximized Al!. A comparison with the conven
tional model is made. It was found that for the casedn,s
!ln,s the result obtained with our model differs by 30
from the conventional model and depends only on the r
ln /ls .
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APPENDIX A: CALCULATION OF THE LONDON
PENETRATION DEPTH OF A VERY THIN

Nb-Al ELECTRODE

In the structure under consideration the middle electr
is a proximity sandwich which consists of thin Nb and
layers. The proximity effect in this electrode leads to a s
ut

de
e
e

e in
d

e

e
t-

io

e

-

pression of the effective gap in the density of states and
increase of the London penetration depth. To estimate th
changes we will assume that both normal Al~N! and super-
conducting Nb~S! metals are in the dirty limit, and that the
thicknessesdn and ds are smaller than the correspondin
coherence lengthsjn andjs ,

dn!jn , ds!js , ~A1!

and the transparency of the SN interface is close to unity
Under these assumptions we can start with the Usa

equations, which in our case have the form

D ln
T

Tc
12pT(

v
S D

v
2

GsFs

v D50, 0,z,ds , ~A2!

Ds

2vGs

d

dzFGs
2 d

dz
FsG2Fs52D, 0,z,ds , ~A3!

Dn

2vGn

d

dzFGn
2 d

dz
FnG2Fn50, 2dn,z,0. ~A4!

HereDs,n , Gs,n5v/Av21Fs,n
2 , andFs,n are the diffusion

coefficients and normal and anomalous Green’s function
the S and N materials, respectively;D is the order paramete
of the S layer;v52pT(2n11) are Matsubara frequencie
andTc is the critical temperature of the bulk Nb. Thez axis
is oriented perpendicular to the interfaces of the structu
Equations~A2!–~A4! must be supplemented by appropria
boundary conditions matching the Green’s functions at
SN interface,

Fs~0!5Fn~0!, sn

d

dz
Fn~0!5ss

d

dz
Fs~0!, ~A5!

and at the boundaries with the insulating layers:

d

dz
Fn~2dn!50,

d

dz
Fs~ds!50. ~A6!

Under conditions~A1!, to the first approximation, we ca
neglect the nongradient terms in~A3! and ~A4! and get

Fs5Fn5A5const. ~A7!

Matching this solution with the one, which is easy to obta
in the high-frequency limit, we finally arrived at

Fs5D1~A2D!
cosh@~z2ds!/js#

cosh@ds /js#
, ~A8!

Fn5A
cosh@~z1dn!/jn#

cosh@dn /jn#
, ~A9!

where

A5D
tanh@ds /js#

tanh@ds /js#1g tanh@dn /jn#
, ~A10!

js,n5
Ds,n

2Av21A2
, ~A11!
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g5
rsjs

rnjn
. ~A12!

After substitution of the value ofFs(ds), calculated from
Eq. ~A9!, into the self-consistency equation~A2!, we get the
equation which determines the temperature dependenc
the order parameter in the SN bilayer:

ln
T

Tc
12pT (

v
S 1

v
2

12q~T!

Av21D2
„12q~T!…2

D 50,

~A13!

q~T!5g
tanh@dn /jn#

tanh@ds /js#1g tanh@dn /jn#

1

cosh@ds /js#
.

~A14!

Introducing the critical temperature of the SN sandwichTc
!

by puttingD50 in Eq. ~A13!,

ln
Tc

!

Tc
12 (

n
S 1

2n11
q~Tc

!! D50, ~A15!

we can rewrite Eq.~A13! in the form

ln
T

Tc*
12pT (

v
S 12q~Tc* !

v
2

12q~T!

Av21D2@12q~T!#2D 50.

~A16!

Equations~A13!–~A16! together with the well-known ex
pression for the London penetration depthl,

1

ls,n
2

5m0

4pT

ers,n
(
v

A2

v21A2
, ~A17!

define the dependences of the penetration depthsls ~for the
Nb part! andln ~for the Al part! on temperature and materia
constants of the SN bilayer.

APPENDIX B: SIMULATION OF I max„H …

In order to make a more complete comparison w
theory, we performed numerical simulations of ZFS’s fo
strongly coupled two-junction stack. We employed t
coupled sine-Gordon model developed by Sakaiet al.10 The
model consists of a system of partial differential equation

5
1

12S2
fxx

a 2f tt
a 2sinfa5af t

a2g1
S

12S2
fxx

b ,

1

12S2
fxx

b 2f tt
b 2sinfb5af t

b2g1
S

12S2
fxx

a ,

~B1!

with the boundary conditions
of

l

th
a
e

s

H fx
aux50,l 5h,

fx
bux50,l 5h.

~B2!

Equations~B1! are written in normalized units and, for sim
plicity, do not include the termbfxxt , associated with the
surface current losses. This so-calledb term is relevant to
the behavior of the system in the relativistic limit at tempe
tures far belowTc . Close toTc , it is considerably smalle
than thea-loss term arising from quasiparticle tunnelin
The spatial coordinatex is normalized tolJ . The time co-
ordinate is normalized to the inverse plasma frequency 1/vp .
For simulations we have usedS520.9 anda50.05, which
are close to the estimated values of the parameters in
experiments. The individual junction length was equal tol

5L/lJ55, corresponding tol 15l A11S'1.9. We simu-
lated ZFS’s by starting from one, two, or three prope
Lorenz-contracted fluxons inside each long Josephson j
tion, each fluxon moving with the same velocityu, close to,
but less thanc̄1 . A driving current is supplied to suppo
their motion. The simulatedI c(H), I max

ZFS1(H), I max
ZFS2(H), and

I max
ZFS3(H) dependences are shown in Fig. 7. One can see

similar to experiment, all curves have a maximum atH50.
In general, the dependence of the simulated step amplit
accounts well for the single-junction case with renormaliz
lengthl 1 ,21 which is expected from the renormalized jun
tion model for the coherent mode. As in experiment, ther
a threshold current which limits the minimumI max

ZFS(H) which
can be simulated. ZFS’s cannot be suppressed by a mag
field below the currentI min5VZFS/R. Thus, the experimen
tally observedI c(H) and I max

ZFS1,2,3(H) dependences are i
good agreement with inductive coupling model.10

FIG. 7. Simulated dependence of the maximum currentI max of
the steps ZFS1,2,3 on applied magnetic fieldH. a50.05,S520.9,
and l 55.
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