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Two-component cyclotron resonance in quantum Hall systems
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Effects of electron-electron interactions on spin-split and mass-split cyclotron resdi@Rjce a quantum
Hall regime are studied by means of numerical diagonalization in finite-size systems. In the case of spin-split
CR, the spectra at low temperatures show a simple mode-repulsion behavior at low filling factors, while they
show more complicated behaviors at high filling factors including motional narrowing when the electron
density for up-spin and that for down-spin are comparable. The spectra at high temperatures can be understood
in terms of increase in the effective filling factor. The results qualitatively explain experiments in
GaAs/ALGa _,As heterostructures. In the case of mass-split CR, the spectra show only a mode-repulsion
behavior independent of temperatures and filling fac{®6163-18208)06627-2

I. INTRODUCTION Since the 1980’s, CR in GaAs/fba, _,As heterostruc-
tures has been intensively studied. The CR spectrum in bulk
Cyclotron resonance is known to provide important infor-GaAs systems exhibits two kinds of splittings caused by non-
mation on electronic properties in two-dimensional system$parabolicity effect. In fact, the cyclotron frequency for the
(2DES’9 in high magnetic fields. In a homogeneous systentransition from theNth to (N+1)th Landau level for ar-
where each electron has a same cyclotron frequency, CBpin (c=71,]) electron haves dependence because the
spectra are not influenced by electron-electron interactionfactor or the Zeeman splitting has slight energy
(Kohn’s theorem! In fact, the external electric field couples dependenc It also depends on the Landau-level indéx
only with the center-of-mass motion unaffected by internaldue to the energy dependence of the effective riagie
forces and equivalent to a single harmonic oscillator with theormer is called spin oA g splitting and the latter is called
cyclotron frequencyw,. In an inhomogeneous or multicom- mass orAm splitting. However, no clear evidence of either
ponent system, however, Kohn’s theorem is no longer valigspin or mass splitting was found in GaAs/Sla, _,As het-
and electron-electron interactions directly modify CR specerostructures with electron density-10'* cm~2 in a mag-
tra. The purpose of this paper is to study effects of electronpetic fieldB~ 10 T.12-16
electron interactions on two-component CR in 2DES’s by  Only recently, spin splittings were observed in samples in
means of numerical diagonalization of the Hamiltonian forthe extreme quantum linft2 or in a very high magnetic
finite-size systems. field?* In these experiments;?° CR shows an intriguing
In 1970’s the Si001) inversion layer was studied. In this dependence on the filling factor and temperature. Av
system, there are two different sets of subbands with differ1/10, two peaks are observed and their positions are inde-
ent cyclotron masses. The first set is twofold degenerate Su?ﬂendent of temperature, while only a single peak is observed
bandse, €;,... formed at two valleys in the001] direction  at ,>1/6. A crossover between these two types of behavior
and the second set is fourfold degenerate subbadds occurs atv~1/9, where two peaks merge into a single peak
€;,... formed at the other four valleys. At high temperatureswith decreasing temperature.
where bothe, and €| subbands are occupied by electrons, Effects of electron-electron interactions on spin-split CR
only a single peak was observed in R uniaxial stress were studied theoretically for<1/10 where electrons are
was applied in th¢100] (or [010]) direction to lower thes;,  believed to form a hexagonal Wigner soffdlt was later
subband, but only a single peak was obsef/@dvo CR  supplemented by a study based on a coherent potential
peaks were observed in later more elaborate experiments uapproximationz? These results seem to explain the experi-
der higher stresses and at higher electron denéities. mental results qualitatively if being extrapolated up ito
Motivated by these interesting experiments, CR in Si in-~1/10.
version layers was studied theoretically. Landau’s Fermi- Electron-electron interactions play an important role also
liquid theory gave the result that CR spectra can be regardeid mass-split CR>®?*A theoretical study in a generalized
as two coupled modes that repel each other in the presence sihgle mode approximatiéf (GSMA) predicted some
electron-electron interactions leading to a transfer of intensianomaly that an effective coupling constant between two CR
ties between the modéa mode repulsion? The effective  modes corresponding to transitions frove- 0 to 1 and from
coupling constant between two CR modes is determined by =1 to 2 changes its sign when the first excited Landau
dimensionless Fermi-liquid parameter. A mechanism baselkvel is nearly half-filled.
on electron-electron collisions was also proposedich is In this paper, we study these spin-split and mass-split cy-
present only at nonzero temperature and make each kind ofotron resonances by numerically diagonalizing the Hamil-
electrons relax to a state with a common velocity. This fric-tonian in 2DES’s consisting of a finite number of electrons.
tion effect makes two CR peaks merge together with thdt is organized as follows: In Sec. Il, the models and the
increase of collisionga motional narrowing method of calculations are discussed and in Sec. Ill GSMA
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is reviewed briefly. The obtained results are presented in Sec. 1 12

IV and discussed in Sec. V. A summary and conclusion are  ¢y;(r)=| —~——=—

given in Sec. VI. A preliminary account of a part this work at 2NN! /bl

a very early stage has been preserited. ® X, +ma-x
X 3y

Il. MODEL AND METHOD m= —eo
A. Electrons on torus X ex% i (Xj+may (X;+ma— X)?
- 2 - 2 '
Let us consider a 2DES with a rectangular fo8ra ' 2l

X b wherea andb are the linear dimension in theandy (2.3
direction, respectively. The system contaiNg electrons
with charge—e(e>0). We shall use periodic boundary con- " ; ;
: S . te of th ding center, which takes discritg values
ditions in bothx andy directions. The area of the system is nate ot the guiding whi ! ipvalu

not arbitrary but given by X _27T|2 i, (j=01 N,—1) 2.4
]—_b ; =U,4, ... ¢ . .

The Hamiltonian is written as

whereH) is the Hermite polynomial an¥; is thex coordi-

S=271?Ny, (2.1
wherel is the magnetic length defined by yA/eB andN

is an integer that gives the number of magnetic flux quanta sz ENUCTCg+ i
passing through the system. The total filling factor is defined £ ¢ 2S
by e?
N X = 04000 o (N1j1|€ 19T|Nyj
b= N_Z 2.2 qé:o §1§22§3§4 2elq| Co104%2 o 11l IN4ja)
X (Ngj|€'%"Naj 3)C§1022C§3,Cg4, (2.5

In the following, we shall confine ourselves to the case of
the presence of a small nonparabolicity in the conductiorwhere q is the reciprocal wave vector given by
band. The nonparabolicity is assumed to give rise to only &= (2=n,/a,2mwn,/b) with n, andn, being integers andg
slight shift of the energy of Landau levels. Strictly speaking,andc, are the creation and destruction operator, respectively,
a nonparabolicity leads to a mixing of different Landau lev-for the state with indext=(N,j,o). The nonparabolicity
els and spins, and therefore various transitions other thaappears only iney,, which is slightly different from N
conventional CR corresponding to those between adjacent 1)+ (1)gugBo depending orN and o, wherew, is
Landau levels with the same spin can be induced such as gfe cyclotron frequency given by,=eB/m with an effec-

electric-dipole induced spin resonance. Usually this nonpargiye masan, g is the Bohr magneton, arglis theg factor.
bolicity effect on electron wave functions is much smaller The matrix element is given by

than that on energy levels except in the case of a strong R b

nonparabolicity. <Nj|e““|N'j'>=f dxf Ay (r)e@ o (r)
In a Landau gaug@é(r)=(0,Bx), the wave function of a 0 0

single electron is given bypy;(r) x,, where ¢y;(r) is the

spatial wave function ang, is the spinor ofa-spin state.

The spatial wave functiorpy;(r) is written explicitly as with

=eilq|2|2/4ANN'(Q)Bjj'(Q), (2.9

N [ (ig,+qy)!
[IRERY

N—N’ 212
LNN’(|q' | ) (N=N"),

N’ 2
Ann(Q)= NN : 2.7
H _ - 212
& (Iqx qy)l LN’fN |q| I (N<N/)
VN'! V3 N 2
|
and where L' is an associated Laguerre polynomiaR
=[il%(alay),y—il?(dl 9x)] is the guiding center coordinate,
and; ;, is defined by
a b
()= * igRp , 1 (j=j’ modN,),
Bjj(a) deXLdysbN,(r)e én,jr (1) s = (=i ) 2.9

1i'7 |0 (otherwise.
i

:5,,,1’—1' exp{N—(ZS Ne(j+i") | (2.9

The total current operator is written as
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(a) (b) A
— — N=2 (,()T = (1)0+ ,
p TA N=1 2
Wa1 (214
— N=1 A
D @ 10 w;=wo~ 5,
N=0 N=o

whereA<wq. The dimensionless coupling parameter is de-
FIG. 1. A schematic illustration of théa) spin- and(b) mass-  fined by
split cyclotron resonance. Up-spin electrons have a larger cyclotron
frequency than down-spin electrons (@ and the energy between Ec
the lowest and the first excited Landau level is larger than that a= A

between the first and the second excited Landau levéb)in
In the initial states, the lowest Landau level is partially filled
by N; up-spin electrons andl; down-spin electrons. In the

(2.19

JE=3,*id,=*iv2elwg X, AR, (2.10 final states, a single up- or down-spin electron is excited into
No the first excited Landau level. The filling factor of electrons
with with spin o is defined by
qul NU
Aﬁa': VN+1 ZO CL"’l,j,O’CN,j,U" VU:N_(b. (21@
. (2.12)
Ng—1 The CR spectra for circularly polarized light are deter-
- mined by the real part of a dynamical conductivity,
Ane=VN+1 24 CN,j,oCN+ 1,0 y P y y

o(w)=0oyw(w)tioy ().
The strength of the Coulomb interaction is characterize

by the effective Coulomb enerdgc defined by qumg the Kubo formula, the normalized CR spectrum is

calculated in the leading order dt/wq, Ec/fiwg, and

e2 kBT/h(DO as
Ec=—, (2.12
€ 4mel P(B) Re o(w)]
w)=
wheree is the static dielectric constant. In the following we 0o
shall consider the strong-field limiEc<fwq, in which 1 E.
mixing between different Landau levels due to the Coulomb => exp( - _'> |<f|(A8’T+A8'l)|i>|2
interaction can be neglected. We assume also kadt 7 NeZ kgT
<hwg, WhereT is the temperature and; is the Boltzmann E—E—fo
constant. <8l m— ¥) , 2.17
The many-body states written as hA

wherem = (w— wg)/A, Z is the partition function}i) andE;
are the initial states and their energies, respectivélyand

E; are the final states and their energies, respectivelypggnd
form a complete set of normalized orthogonal basis, Wher%fdefined by g P yed

|vag is the vacuum state. Diagonalization of the Hamiltonian

matrix represented by these basis gives us all eigenenergies e wy

and eigenstates in the finite-size system. It is known that this T0="7 oA (2.18
numerical diagonalization method is very useful to study

low-energy excitations of fractional quantum Hall We can see tha®() satisfies the following sum rules:

Tt At
Ce,Ce, c§N9|vac) (2.13

effect?6-%8
Although the periodic boundary conditions break the con- [ +°°P VdH=1 21
tinuous translational symmetry, a discrete translational sym- ot | (@)do=1, (219

metry still survives in the Hamiltonia(®.5). Using this sym-
metry, the Hamiltonian can be block diagonalized and eacland
block is indexed by Haldane’s wave vectdiThis wave vec-
tor is conserved in the optical transitions because the current ~ s g P

i ) X = oP(w)do= =, (2.20
operator commutes with the magnetic translation operators. 2

B. Spin-split cyclotron resonance wherep is defined by

The model of spin-split CR is shown in Fig(al. In this vi— v,
case, there are up-spiih) and down-spir(|) electrons in the p=— (2.21
lowest Landau level N=0). They have a cyclotron fre-
guency slightly different from each other, i.e., which is proportional to the component of the total spin.
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The relative occupation of different spins is determined lll. SINGLE MODE APPROXIMATION
by the condition of the minimum free energy and varies as a
function of the temperature, ttge factor or the Zeeman en-
ergy, and the strength of the Coulomb interactid# In the In a generalized single-mode approximati¢BSMA),
following, however, we shall treat; and v, as parameters two-component CR at a_bsolu'ge zero temperature is regarded
independent of others as we are interested in the global b&s two coupled harmonic oscillators. The absorption spectra
havior of CR spectra as a function of these parameters. Findre calculated from a22 effective Hamiltonian, which is

ing an equilibrium spin configuration can be a separate probdetermined by an effective coupling constant calculated us-
lem. ing the guiding-center structure factor in the ground state.
The spectra consist of twé functions and show a mode-
repulsion behavior.
In the case of spin-split CR, it is assumed that theum
The model of mass-split CR is shown in FigbL In this  rule (2.19 is exhausted by only two final states which are
case, we neglect electron spins and consider a spinless sygritten as linear combinations of two collectively excited
tem. The cyclotron frequencies corresponding to transitionstates
from N=0 toN=1 and fromN=1 to N=2 have different

A. Spin-split cyclotron resonance

C. Mass-split cyclotron resonance

valuesw;g and w,¢, respectively;

|T> \/N_TAOT|¢O>’

. A (3.1)
W10~ WoT &,
i 2.22 1) =—= A/l b0)
- \/N—l 0] ¢0 ’
A
W21~ W0~ 5 where| o) is the ground state with enerdy, and A;, is

defined by Eq.(2.11). The 2x2 effective Hamiltonian is

whereA <fw. In the initial states, the lowest Landau level 9iven by
is completely filled and the first excited Landau level is par-

tially filled by N, electrons. In the final states, a single elec- Heg= (1M1~ Eq (11#[1)
tron in the lowest or the first-excited Landau level is excited (UH[TY  UIHID)—Eo
into the first or the second excited Landau level, respectively. Jro
The filling factor of the first excited Landau level of elec- o+ aghd  — 1 o BA
trons and holes are defined by B oy 7 v € (32
VUV 14 ' '
Np - aghA fiw + -1 it A
VpZN— (2.23) v v
¢ The effective coupling constamt. is defined as
and
agt v 1 |qll |q/?1?
" o = N, 2 S e -5,
Vh:N—:].—Vp, (2.29 (3.3
¢

with the guiding-center structure factor between up- and

respectively, wherd,=N,—N, is the number of holes in down-spin electrons in the lowest Landau level given by
the first excited Landau level.

In the leading order oA/ wq, Ec/fiwg, andkgT/fwg,

the normalized dynamical conductivity is written as @4

1
il (bol oA D PP~ o),
Wherepgo(q) is the Fourier component of the guiding-center
density operator of electrons with spinin the lowest Lan-
dau level given by

R o(w)]
0o

1
N.Z

P(w)

Ei a2
iE,f ex‘{_|<B_T)|<f|(AO+A1)|I>| Pgo(Q):Z Bjj'(Q)Cg,j,aCo,j',o- (3.9
1]
The coupling parametet .+ has been shown to be positive
definite3
Diagonalizing this effective Hamiltonian, we obtain the
CR spectrum as

X6

-~ Ei—Ei—fhwg 22
o |- (2.25
We can also see th&®(w) satisfies sum rule§2.19 and
(2.20, if p is redefined as

P(w)=1,8(o—w )+I_d(v—w_), (3.6
vp—2vp

_ (2.26 where the peak positiori®. and the intensitie$.. are de-
=" : fined by
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~ 1 [ 2 0.2 " r r
2= 5 (™ V1= 2paest aey), (3.7 ! !
...... Wigner Solid Max(Ne, 2Ny-Ne)
and B + 2
A4
D= = Exact———— ™ v 6
o=t 0——e—. (3.9
W, —w_ o8
v v
o A A o 10
In infinite systems &,b— ), the structure factor has the Re,
particle-hole symmetry %01 B =
3
Su(q,VT,Vl):Su(q,l_ vy, 1- Vl)' (3.9
v v
In finite systems, this symmetry is broken because the
- . L : % %

guiding-center coordinatX is discretized and the electron - a
density distribution is still inhomogeneous when the Landau
level is completely filled. However, this finite-size effect is A‘/" \\"A
negligible in sufficiently large systems such ldg=4. The 0.0 L M| , | , |M .

symmetrized effective coupling constant is defined by 0.0 0.5 1.0 1.5 2.0
Filling Factor (N=0

P Qe V(l_pz)aeﬁ 9 ( )
Asym= " = 4 )

(3.10

FIG. 2. Calculatedr dependence of effective coupling constant

) ) ) o agym. They are calculated in 2-10 electr@r holg systems under
which has the particle hole symmetry in the sufficiently largee conditionp=0 (N,=N,). The analytically calculated values at

systems: v=1 andv<1 are also shown.

Ay V1, V)) = Ay 1= vy, 1-v)). (3.11) o S _
The effecti i want h | ‘ it ization for finite-size systems. The calculateg,,/« in the
e effective coupling constant has also a symmetry wi — i < i
respect to the exchange of up and down spins, i.e base L obtained fo.r 2=Ne= 10- are shown in Fig. 2
1 together with the analytic results given above. The symme-
trized coupling constant,,/« increases rapidly witv and

ey, V)= eV, 1), (312  reaches a maximum at=1.

asym( VT !Vl) = a’sym( Vi 1VT)1

becauseS, | (q) is invariant under this operation. B. Mass-split cyclotron resonance
When the up-spin Landau level is completely occupied, In the case of mass-split CR,two collectively excited
i.e., v;=1, the structure facto, (q) vanishes. More gen- states corresponding to E(®.1) are written as
erally, we haveS,; «(1-w;) for v;~1. This leads to the
conclusion that the CR spectrum is not influenced by

electron-electron interactions in GSMA for,=1 and », 110 —LA+
<1 at all. The same is true in the case that=1 and v, )= \/N—h ol bo),
<1, although this case is somewhat unrealistic. (3.15
At v=13%,%,..., theground state is believed to be fully
spin polarized andv is independent op, which is propor- 1 N
tional to thez component of total electron spin, if the spin 2D)= 2N Al o),
P

Zeeman energy is completely neglected.vAt 1, in particu-

lar, the value ofa. can be calculated analytically as ) .
where| ) is the ground state of the system with enekgy

Qe \/; andA, is defined by Eq(2.11). The 2x2 effective Hamil-
o Vg~ 0.626. .., (313 tonian is given by

because the spatial wave function of the ground state can be

written as a single determinant at this filling factor as shown _[(10H[100-E,  (10/H|21)

in Appendix A. On the other hand, in the extremely low Her= (21)H|10) (21H|21) — E,

filling factors such ag<1/10, it is expected that the system
forms a hexagonal Wigner solid ang,; can also be calcu-
lated analytically &2

Yp
h(,()10+ T aeﬁﬁA -

a 1 (V3v\3? V2v,vy Vh
o222 S |173=0.2823--xv¥2, (3.14) - P2 oA oyt — aeghiA
2\ 47w 1#0 14 14
wherel=(n+m/2y3m/2) with n andm being an integer as (3.1

shown in Appendix B. In other cases, the structure factor is
calculated for the ground state obtained by exact diagonalfhe effective coupling constait.; is defined by
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0.2 — —

Qeff v 1 |l
N, 2 @

|2 2|2
SO,

with S;,(q) being the the guiding-center structure factor be-

A

tween electrons and holes in the first excited Landau level 3
iven b £ 00
g y & Max(Np,Nr)
1 11 11 - X <6
Sph(Q):N_¢<¢o|Pp(CI)Ph (=)o), (3.18 + 6
01 AT -
wherep;'(q) andpi'(q) are the Fourier components of the v 8
guiding-center density operator of electrons and holes, re- | —— MK, Theory 09
spectively, in the first excited Landau level, givenby | == Hartree-Fock 0 10
0.2 . | L ] . ] ) ] .
0.0 0.2 0.4 0.6 0.8 1.0
11 _ T
pp(@)=2 Byr(a)cicyyr, (319 Filling Factor (N=1)
ii
and FIG. 3. Thev, dependence of effective coupling constagj,.

They are calculated in 2—-10 electr@r holg systems. The broken
11, 0 - Lt line shows the value calculated in the Hartree-Fock approximation.
Ph (q)—% Bjj(@)CyyrCyj- (320 The result of Ref. 24 is shown by the solid line.

Diagonalizing this effective Hamiltonian, we obtain the CR No=4 anda/b~1. The calculated results are shown by the

spectrum in th‘? same form as E¢8.6—(3.8. S'”."'"a”y to histograms with widthA/100 and spectra broadened by a
th‘? case of spin-split CR, the structure factor is .CalCUIateq_orentzian with half-widthA/5. At zero temperature, the
iuzsaltr;gnﬂf]gr %ﬁ?erlgizséa;bi%rzztamed by an exact diagonal- spectra calculated in GSMA and those obtained by a convo-
In both finite and i)r/1finite .size systems,(q) have a lution with a Lorentzian with half-widtA/5 are also shown.
. yste Spn(d Figure 4 givesy; and v, values where the calculations are
p_artlcle-hole_ symmetry. Thus, we can introduce a Symmeben‘ormed. The parameters are summarized in Table I.
trized coupling constant as Figure 5 shows the dependence of CR spectra on the cou-

pling constantv=E. /A A at the low filling factorv=; and

Qeff ) .
asym=—e, (3.21 at zero temperature. The CR spectra consist essentially of
v two & functions and show a “positive” mode-repulsion be-
which has the particle-hole symmetry havior, i.e., when the electron-electron interactions are in-
asym( Vp) = asym( 1- Vp)- (3.22 o Positive Mode Repuision
L o Negative Mode Repulsi
In the Hartree-Fock approximatiom,, is independent of ':( Mi?i‘,nﬁN:r,jwifg“s'°”
v, and calculated as{), /o= \7/128=0.1565 . .. ** o No Effect

Figure 3 gives calculatedsy,/« for 2<N,=<10. It stays
positive for all values o, and depends on, only weakly.
In fact, it is close toagy,{« obtained in the Hartree-Fock
approximation. In Ref. 24, the effective coupling parameter
asym has been calculated with the use of a Jastraw-type trial
wave function and a hypernetted chain method. According to >
their results, it changes its sign from positive to negative and
therefore CR spectra change their behavior from a “posi-
tive” mode repulsion to a “negative” mode repulsion
around v,~1/2. Such an anomaly does not appear in the
present results.

IV. NUMERICAL RESULTS

Vi

A. Spin-split cyclotron resonance(T=0)
FIG. 4. The value of ¢, ,v|) where calculations are performed.

Numerical calculations are performed under the conditionypite circles, crosses, and squares mean that the dependence of the
2=<Ng=8, whereNy=Min(Ne,2N4—N¢) means the number -0 spectra onx=(e¥4mel)/A show a positive mode repul-
of electrons forv<1 and of holes forvr>1. We choose sjon, a motional narrowing, and a negative mode repulsion, respec-
a/b=Ny/4 according to previous calculatioA.The ob- tively. Black circles show the points where the spectra are indepen-
tained CR spectra show little dependenceNgnanda/b if dent of electron-electron interactions.
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TABLE I. The values of parameters used in the calculations of

10 — —
spin-split CR for the results explicitly shown in the figures. v4=6/8 2/8 ' ()
v4=2/8 [ 6/8 ‘} A=y |
14 vy v, 9] NT Nl No Nd’ _. 8 Ecma - 1
3 1 1 & |10 10 S
) ? ? 2 3 1 4 16 2 NEX 50/
7 H B 0 2 2 4 16 \% 30 a0
i 5 -3 1 3 4 16 § 2o 20 /i
15} N\
3 : 1 6 2 8 8 3 o 10 /RN Jt
Q “ I
1 1 z 0 4 4 8 8 o ,los 0.5/ f N
% % — % 2 6 8 8 02 A 0.2 A
0.1 0.1 N
1 z z 5 1 4 5 o Lol
©y oy [ ) Wy oy
g g % 0 3 3 4 5 Frequency (units of A)
: 1 -2 1 5 4 5 .
5 3 FIG. 6. Thea dependence of spin-split CR spectralat 0 for
11 L 10 5 5 10 v=1in eight electron system@) (v ,»))=(3.3). (0) (3.3), and
13
C)(z,7)-
R T 0 6 6 4 g O3
1 1 —1 4 8 4 8 Figure 7 shows the results for=2, Fig. 8 forv=2, and
5 L Fig. 9 for v=%. Although the spectra consist of a large num-
1 4 7 8 6 2 8 ber of CR peaks, their behavior can effectively be regarded
i z & 0 7 7 2 8 as two coupled CR modes in the presence of a large broad-
3 1 1 6 8 5 8 ening. However, the deviation of the spectrum from the
4 7

GSMA result becomes more and more significant with in-
creasing.
creased, the higher frequency peak is pushed away toward When the up-spin Landau level is completely filled, (
the higher-frequency side and its intensity is transferred to=1), i.e., in Figs. 7a), 8(a), and 9a), the CR spectra can be
the lower-frequency peak. They are reproduced well bycategorized as a “negative” mode repulsion, in which the
GSMA. peak in the low-frequency side is shifted toward the low-
Figure 6 shows thexr dependence of CR spectra at anfrequency side and its intensity is transferred to the peak in
intermediate filling factorr=1 and at zero temperature. In the high-frequency side. This result is quite in contrast to the
this case, the spectra consist of mahfginctions, in particu- GSMA result that shows no effect of electron-electron inter-
lar, for 1=a=<2. However, the spectra broadened by aactions because of the vanishing coupling constagt as
Lorentzian still have essentially two-peak structures and maynentioned in Sec. Il A.
be categorized as a positive mode-repulsion behavior. The When the number of up- and down-spin electrons is the
deviation from GSMA results becomes significant in the re-same ¢, =v,), the CR spectra change their features from a

gionv,;>v. positive mode repulsion to a “motional narrowing” behavior
o with increasingv. In the latter case, two peaks merge to-
wans 1§ @ |[z16 |Rom © |[16 N (© gether into a single peak as in FigbBor a new central peak
[ vi=1/16 e %‘j A=opox appears and becomes dominant as in Fi),9vith the in-
__ 8|Ecma = ‘ — crease of the strength of electron-electron interactions. When
E’ | 100/ 100 AN | the down-spin Landau level is completely filled and the up-
; N EN) ‘ L 50 spin level is partially occupiety, =1 andv <1), the posi-
S 0 \ 20 ‘ tive mode repulsion behavior far=2 shown in Fig. Tc)
= —'“’\J I gradually turns into a motional narrowing behavior for
£ 4o 10/ t =1 shown in Fig. 9c) with the increase of.
2 i_../.\/ 5 f In summary, the CR spectra change their features sensi-
8 , 12 /‘\/ 2 N tively as a function of the filling factor of up- and down-spin
; \/ ; electrons _and exhibit compllcated behawor_s at high filling
\/ | factors. Figure 4 summarizes the characteristic CR features
o L23 - 902 | in the (v;,»|) plane. The positive mode repulsion appears in
@ oy o o o @

the regionv<<1 or in »;=<1/2. The negative mode-repulsion

appears in the region,~1 and the motional narrowing ap-
FIG. 5. The dependence of spin-split CR anat T=0 for » pears in the region given by the conditions>1 and 1/2

=7 in four electron systems. The thin dotted lines represent the< v;<1.

histogram with widthA/100, the solid lines broadened by a Lorent-

zian with half-widthA/5, and the broken lines GSMA results broad- B. Spin-split cyclotron resonance(T #0)

ened by the same Lorentzia@) (v, ,v))=(%.15). (b) (5.5), and The obtained spectra consist of a tremendously large
(© (15.76)- number ofé functions especially at high temperatures. How-

Frequency (units of A)
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FIG. 10. Thea dependence of spin-split CR spectravat= v,
=§ for finite temperatureqa) kgT/E-=0.1, (b) 0.2, and(c) .

ever, they usually have two-peak structures when a suffi-
ciently large broadening is introduced.

Figure 10 shows the dependence of CR spectra on the
coupling constante=Ec /A A for v,=v =% (v=73) at three
different temperaturekgT/Ec=0.1, 0.2, and. In this low
filling-factor region, qualitative behaviors of CR spectra are
insensitive to temperatures and show essentially a positive
mode repulsion even at high temperatures, although a signa-
ture of a motional narrowing behavior appears in their sub-
peak structures and in the enhancement of broadening.

Figure 11 shows corresponding results for, (v))

=(3,3)(v=1). With the increase of the temperature, the spec-
tra change their behavior from a positive mode repulsion to a
motional narrowing continuously. Figure 12 shows results
for (v;,v)=(3,%)(¥=1). In this case, the spectra change
their features from a positive mode repulsion to a negative
mode repulsion. A crossover occurs at aroukgll/Ec
~0.2, where they show a motional narrowing. Figure 13
shows results for &;,v)=(3,3)(v=1), which exhibit a
mode-repulsion behavior independent of temperatures al-
though the shifts are suppressed at high temperatures.

This complicated temperature dependence can be under-
stood qualitatively from Fig. 4. With increasing temperature,

° ws b @ [las den o) |[as ¥ o
v4=4/8 keT/EG [ 4/8 ‘ 1148 A=y
AL A AT
_.c‘g) 6 20— \\__ _5_-‘L/JL ] _5_0//4}\__
3, los AN |{los ADNAN{los AN
02 /] L\/L o2 NN |oz N A
. 01\ 0.1 ot N

[
Frequency (units of A)

oY

4

FIG. 11. Thea dependence of spin-split CR spectravat= v,
=1 for finite temperaturesa) kg T/Ec=0.1, (b) 0.2, and(c) .
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C. Mass-split cyclotron resonance

FIG. 12. Thea dependence of spin-split CR spectrap@h%
and vl=% for finite temperaturega) kg T/Ec= 0.1, (b) 0.2, and(c)

CX).

overlapping of wave functions of up- and down-spin elec-
trons becomes appreciable. This means that the temperature The calculations are performed under the condition 2
increase corresponds roughly to increase in the effectivesN,<7 anda/b=1 with No=Min(N,,Ny). The obtained
electron concentration at zero temperature, i.e., increase of CR spectra are weakly dependent Np anda/b if No=4

with a fixedw, /v, . In fact, forv; = v =3, for example, Fig. anda/b~1. The calculated results are shown by the histo-
4 predicts that the spectra change their behavior from a posgrams and those obtained by a convolution with a Lorentzian
tive mode repulsion to motional narrowing with increasing with half-width A/5. At absolute zero temperature, the re-
under the conditionv; =, . This qualitatively agrees with sylts of GSMA calculation broadened by Lorentzian with
the change in the behavior due to the temperature shown iidth A/5 are also shown. The parameters are listed in Table
Fig. 11. The same is applicable to the change from a positivg.

to negative mode repulsion in the case; (v|)=(%,%)
shown in Fig. 12 and to no change in the ca%el] shown

Figure 15 shows ther dependence of the spectra at zero
temperature fow,= %, 3, and§. When a sufficiently large
in Fig. 13. broadening is introduced, the spectra exhibit two peak struc-

Figure 14 shows the CR spectra in the high-temperatur@"res and th.e" behavior can be regarded as a “positive
limit (T—o) for the case of a high-filling factow=3 mode repl_JIS|0n. However, th(_ey consist of maﬁwnctlons

N 3 3y - 1oaN in the region k=10, showing some deviation from the

[(vy,v)=(12) in @), (3,3) in (b), and ,1) in (O] The  GgiA results. This deviation from the GSMA result be-
corresponding results at zero temperature are given in Fig. 8 ymes quite appreciable for small valuesigfbut does not
In this case, the characteristic behavior of CR remains essefs, large v,,.
tially ir_wdependent of temperature, which again agrees quite Figure 16 shows the dependence of the spectra in the
well \_Nlth t_he v.dependence of the zero-temperature CR SPEChigh-temperature limiT — . The spectra consists of a large
tra given in Fig. 4. number of functions but have two-peak structures when a
sufficiently large broadening is introduced. Contrary to the
case of spin-split CR, the broadened spectra always show a

R Y I N ' R
=2/8 @ |]z8 m (b | |28 () o . ) . I~
::=e/s + e 68 fm b e/s ! Amycy positive mode-rgpulsmn bghawor gnd the effective splitting
_ 8|Egma %o even seems to increase slightly with temperature.
€ |10 N
kS] V. DISCUSSIONS
2 5.0
s 3.0 A. Spin-split cyclotron resonance
>
H EX: The spin-split CR spectra show very rich behaviors de-
S | pending on filling factors and temperatures. In the limit of
z 1.0 /A Nt
S ,Los ‘ " TABLE II. The values of parameters used in the calculations of
02 mass-split CR for the results explicitly shown in the figures.
0 0.1 Vp p Np Nh NO N‘/’
o o o o o o
Frequency (units of A) i 1 12 15
1
FIG. 13. Thea dependence of spin-split CR spectrar@F% 3 0 5 10 15
and vl=% for finite temperaturega) kg T/Ec=0.1, (b) 0.2, and(c) 3 -2 12 4 4 16

w.
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FIG. 17. The spin-split CR for excited statds) States with
energy 1.5(E—Eg)/Ec<1.6; (b) states with energy K
7E0)/Ec>2.9.

low filling factors »<<1/10 and low temperatures, guiding
centers of electrons are mutually separated and transitions Effects of the overlapping of the wave functions can be
from N=0 toN=1 can be well approximated as excitations gemonstrated clearly if we pick up contributions of certain

localized around the minimum points of an effective poten-gycited states to the dynamical conductivity at low filling
tial formed by electrons with the other spin. This tends t0f;tors. We consider the case that=v, =1 (Ne=N,=8)

enhance effective cyclotron frequencies of two CR modeg,, \hich the spectra exhibit a positive mode-repulsion be-
a_nd can be regarded as the origin of the positive mode repu 1avior in the ground state. Figure (bY gives the results for
sion. the highest- 300 excited state§ E— E,)/E-=2.9, whereE

There are many inter-Landau-level excitations other thari1S the energy antk, is the ground-state enerpyThese spec-
two optically active collective modes given by E@.1). 9y 0 9 4 P

However, their coupling with two active modes can be nefra show a behavior regarded as a negative mode repulsion.

glected at low filling factors, which is the reason that CR canl-lc-)r::';“ggg greojr?c(ij?‘ﬁg)z%t?r?’:’a:s;tgsf anc'gfi%%?ii;e;ci;ﬁ_ be

be reproduced quite well in GSMA. This fact is demon- tial created by electrons with other spin and their frequencies
strated in Appendix B with the use of the theory of Coopertenol to be lowered. Figure ( gives the results for- 300

2
and Chalker. excited states lying in the middle of the whole spe¢ttb

When the filling factorv is increased, the overlapping L ) .
between the wave functions of up- and down-spin electronET(E_ Eo)/Ec<1.6]. They exhibit a motional narrowing

becomes appreciable and various excitations other than thoQ€havior that is considered as a certain average of the posi-
described by Eq(3.1) start to contribute to the spectra. For V€ and negative mode-repulsion because a large number of

»=1. where a Coulomb hole of sizel can still be formed excitations are coupled with each other in a complicated way

these excitations give rise to broadening of the peak only anl‘j”th various coupling constants both positive and negative.

the spectra still show a positive mode repulsion. At higher Th? behavi(_)r in the region;~1 andv>1 or»;~1 and ,
filing factors »=1, however, this overlapping starts to v>1 is exceptional and can be regarded as a mode repulsion.

FIG. 15. Thea dependence of mass-split CR spectrd at0.
@ vp=%, (b) 3, and(0) §.

change even the basic behavior of the spectra.

10

,(b).

D
12/16

.(C),

This is presumably because the way of coupling among CR
modes is strongly restricted in such cases. Let us consider a
situation in which the lowest up-spin Landau level is almost

vp=315 '} 515 Mo, completely filled ¢;~1), for example. Figure 18 illustrates
A keTEo| | A=wig-apy processes in which a cyclotron transition is coupled with
~ 8 onm/ o N 1 . inter-Landau-level excitations through electron-electron in-
5 L/ ~— AN 20 teractions.
_2 o 120 1\ 10 10 The process@ in which an optically excited up-spin
5 o / \ 5.0 i 5.0 electron decays into down-spin inter-Landau-level excita-
z (. ; tions is severely limited because of the small number of
g ¢ 2 S 120 ba 20 = empty states in the lowest up-spin level. Note that inter-
T |2/ N [10 : 1.0 ] Landau-level transitions between states with a common guid-
S S \\ 05 05 " ing center, i.e.q_= 0, are prohibited in the case of electron-
05 ,\_/\ 02 02 electron interactions. On the other hand, the pro¢essor
\/ | ] optically excited down-spin electrons becomes more and
ol02 /] ol 2L | more important with the increase of . Consequently, in the
w21 ®10 w21 @10 w21 10

FIG. 16. Thea dependence of mass-split CR spectrd atw.

Frequency (units of A)

@ vp=%, (b) 3, and(0) §.

casev|; <1, CR peaks corresponding to down-spin electrons
are repelled to the low-frequency side and their intensity is
transferred to that of transitions corresponding to up-spin
electrons, leading to a negative mode-repulsion behavior.
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Spin Up Spin Down common guiding center. This is the main reason that GSMA
breaks down in this case. The tendency that GSMA becomes
(a) vl worse forv;~1 can be seen also wher=1 in Fig. §a). In
’ principle, GSMA is not valid forv,~1 andv=1, but the
——o— deviation is not so apparent because the intensity of the high-

frequency peak is too small as shown in Fi¢c)6
Spin Up Spin Down

T N=1

B. Mass-split cyclotron resonance
« Coulomb ... .
+ Interaction " In the case of mass-split CR, the spectra show only a

oo e ¢ 0000 -+—o—e—Fe—o0—b—e NI positive mode-repulsion behavior independent of tempera-
tures and filling factors. The transitions frohd=0 to N
=1 occur at the position of a guiding center not occupied by

FIG. 18. A schematic illustration of processes in which a cyclo-electrons in theN=1 Landau level, while the transitions
tron transition decays into inter-Landau-level excitations for spin-from N=1 to N=2 occur at a guiding center occupied by
split CR in the caser;~1 and v <1. () The up-spin electron electrons. This situation corresponds to spin-split CRifor
excited optically into theN=1 Landau level recombines with a =1 atT=0, which shows only a positive mode repulsion. In
hole in theN=0 Landau level by exciting a down-spin electron into fact, in the ground state at= 1, up- and down-spin electrons
N=1 Landau level through electron-electron interactions. This pro'occupy states with different guiding centers because the
cess is limited by the number of holes in the=0 up-spin Landau wave function is given by a single Slater determinésee
level and becomes negligible in the limit— 1. (b) The down-spin Appendix A, and CR transitions for up-spifdown-spin
electron excited optically recombines with a hole by exciting aNglactrons oc’cur at a guiding center not occupied by down-
up-spin eleCtrgn in.mfl Landau level through interactions. This spin (up-spin electrons. The relatively large deviation from
process remains significant even for—1. GSMA at v,<1 (v,~1) has the same reason for that in

spin-split CR atv=1 andv,~1 as discussed above.

Note that the procesth) involves states in which same
guiding-center coordinates are occupied by electrons in both
N=0 and 1 Landau levels. These states are completely ne-
glected in GSMA because GSMA considers states in which Using parameters of bulk GaAs, characteristic scale val-
an electron is excited from the=0 level toN=1 with a  ues are roughly estimated as follo¥s:

o
oo

® Occupied @ Not Occupied

C. Relation to experiments

Cyclotron energy: Zwy [meV]~1.7X 10X (B[ T]/10).
Couloumb energy: Ec [meV]~1.4x 10*X \/W)
Zeeman splitting: gugB [meV]~2.5x10 1x (B[ T]/10).
The difference of cyclotron energy:AA [meV]~5.8x10 2X (B[T]/10)2.

Temperature: kgT [meV]~8.6x 102X (T[K]).

Under the conditions of usual experiments in magnetic fieldsinpolarized forg=0.4 and the first moment stays at
B~10 T,*""*°the coupling parameter=Ec/#A has avery ~(w;+o))/2 at low temperatures.
large value of the order of £an GaAs/ALGa, _,As hetero- At low filling factors, CR spectra are well described by
structures. those obtained in GSMA. Using the numerical results shown
This means that under the usual conditions only a singlén Fig. 2, the effective coupling parameter is roughly esti-
peak can be observed at-w,,=p/2 in GaAs/AlGa _,As mated asx.4~1 around atv~1/10. Thus, the filling factors
systems even if both up- and down-spin levels are occupied=15, 5, and: correspond to weaka.z<1), intermediate
because of strong electron-electron interactions. Howeve(a.s~1), and strong &.+>1) coupling regimes, respec-
temperature dependence of the CR position gives some inively. This is the main reason that CR spectra exhibit inter-
formation on the spin polarization of the ground stitén esting behaviors only in such a narrow range ofin
fact, the first moment is expected to decrease fream GaAs/ALGa _,As heterostructures.
to (w;+w|)/2 with the increase of the temperature iat At such low electron concentrations, the spin polarization
=1, 3, %,..., where the ground state is a fully spin-polarized p is roughly estimated ap~tanh@ugB/kgT). Further, the
state and the spin polarization decreases with the tempereffective coupling constant. is expected to depend only
ture. On the other hand, at=%, the ground state is spin weakly onp. Under such assumptions, we can calculate CR
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spectra as a function of temperature. This gives exactly the Ne [ Ng

same result reported previoudyand can qualitatively ex- (82| po(p))= 2> |77l 12 do(p)),

plain experiments. In fact, CR spectra in the weak-coupling (A1)
regime (a.4<<1) consist of two peaks whose position is pN

weakly dependent on electron-electron interactions, while S po(p))= 2e il o(P)),

only a single peak is obtained @t~ ®,, in the strong cou-
pling regime @¢>1). At low temperatures wherg—0, we  whereS® is the total spin operator ar®®" is its z compo-
have @, —®_—|1— et as shown in Eq.(3.7), which  nent. The ground state fr= 1, ¢(1)), can be expanded in
means that two peaks come closer together with the decreagg form
of the temperature fotvo4~1.

In order to observe characteristic dependence of the cy-

clotron resonance on the filling factor in the quantum Hall |¢0(1)>:x1<x22--<xN Fxyx,  Xn,
regime predicted in the present work, it is desirable to be ¢
able to control effective interaction strength. A bilayer two- XCE’XMCaXZ,T'"Cg,xNe,T|VaC>- (A2)

dimensional system may be ideal for such purpdéé$:3’
In this system, the effective interaction strength can bemultiplying N, times the ladder operat@°'=S'—iS, we
changed freely by the distance between the layer, the diffefobtain the ground state for a givenas

ence of the CR frequency due to nonparabolicity can be

modified by the layer thickness, and the relative electron 1

concentration can be controlled by an applied voltage for a |¢o(p))= 2 E 5MNl

gated structure. VN ON, KXo <Xy, o100,

T t T
XF %, XNgCoX; 0, COX, 0, 'Co,xNe,aNJVaC%

VI. SUMMARY AND CONCLUSION
(A3)

We have numerically studied effects of eIectron-eIectroqN
interactions on spin-split and mass-split cyclotron resonance.
In the case of spin-split cyclotron resonance, the spectra<

hereM =%, 5%. Using the formula

show very rich behaviors depending on the filling factor of
up- and down-spin electrons and on the temperature, i.e., a
positive and negative mode-repulsion and motional narrow-
ing behaviors. The results are understood in terms of the X
characteristic change in the overlapping of wave functions of
electrons and the restriction of the available phase space as a
function of the filling factor. In the case of mass-split cyclo- _ c
tron resonance, the spectra show only a positive mode- = Nem2-N;—1
repulsion behavior independent of temperatures and filling
factors.

Tt
> 5MNL<VadH CO,Xi,<ri)CO,X,LCO,X’,TCO,X”,TCO,X”’,l
1

(7'1"'(7'Ne

> (WNLH C;;i ;i|vac>>

(% 'C"Ne

(vadH Cox, ,T)

T

+ ot
XCo,x,TCo,x',Tco,x",TCO,X"’,T(l_iI CO,Xi,T|VaC> . (A4)
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APPENDIX A: aq; FOR FULLY SPIN-POLARIZED Thus, a is independent op and written as

GROUND STATES

S s e 1T
At v=13,%,..., it is believed that the ground state for a Geft Ny G Ne—1 P 2 )
givenp is a fully spin-polarized state, i.e., (A7)
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At v=1 (m=0), in particular,Sy(q) can be calculated we obtain
analytically’® as
[H1Aa—a']| ¢0> =h wUAgU| ¢O>

So(d) =Nedg—1, (A8) E e
and we getaey=17/8 in the limit Ng— o andN ,— . + 76 (a) [— > > M
i(oj=0) j((rj#(r)

APPENDIX B: RELATIONSHIP BETWEEN COOPER

AND CHALKERS’ THEORY AND GSMA +_ E ) 2 IJ a;
i(oj=0) J(O'J-#o'

a/ || o). (B5)

In the extreme quantum limit characterized by 1/10,
the ground state is a Wigner solid stats,). Because ex-
change interaction is very small, electrons can be regarded géaced,
distinguishable particles. The inter-Landau-level transition

Because up-spin and down-spin electrons are randomly

operator forith electron is defined by | s | D Mija”¢0> D 2 My AL | o)
i(oi=0) j(oj#0) o’ i(oi=0) j(oj#0)
1
T X iy
a =— (u'+iud), (B1)
Tt EAAG| o),
e o

using the relative coordinate;=r;—R;. In Ref. 22, the
equation of motion foraiT is expanded with respect tdd,

whered is the lattice constant of the Wigner solid. This leads |<2 2 MIJ J|¢0> I(E ) ](2 MlJAﬁ bo)
to | (7' 0'|—lT o 0'
V4V
Ec(1)3 ~ LA ¢o), B6
[H,a?]zhwgiai“r?C (a > M;;a], (B2) VeV 0l Do) (B6)
i
. ) where o is the reversed spin state efand\ is a constant
whereM;; is defined by defined by
d 3
—— i: I f
gi(mi—m) (=D =3 011 (87)
M ij = 3 (Bg) 1#0
_(lRi_Rj|) (i#]). with |=(n+m/2y3m/2) (n, m: intege). Consequently, two
) CR modes defined by E@3.1) are coupled only with each
Noting that other and decoupled with other inter-Landau-level excita-
tions. The spectra are well reproduced by GSMA and calcu-
Al o) = E ai’f| bo), (B4) lated from the effective Hamiltoniaf3.2). The effective cou-
i(0j=0) pling constant can be calculated as E2j14).
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