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Two-component cyclotron resonance in quantum Hall systems
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Institute for Solid State Physics, University of Tokyo, 7-22-1 Roppongi, Minato-ku, Tokyo 106, Japan

~Received 9 February 1998!

Effects of electron-electron interactions on spin-split and mass-split cyclotron resonance~CR! in a quantum
Hall regime are studied by means of numerical diagonalization in finite-size systems. In the case of spin-split
CR, the spectra at low temperatures show a simple mode-repulsion behavior at low filling factors, while they
show more complicated behaviors at high filling factors including motional narrowing when the electron
density for up-spin and that for down-spin are comparable. The spectra at high temperatures can be understood
in terms of increase in the effective filling factor. The results qualitatively explain experiments in
GaAs/AlxGa12xAs heterostructures. In the case of mass-split CR, the spectra show only a mode-repulsion
behavior independent of temperatures and filling factors.@S0163-1829~98!06627-2#
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I. INTRODUCTION

Cyclotron resonance is known to provide important info
mation on electronic properties in two-dimensional syste
~2DES’s! in high magnetic fields. In a homogeneous syst
where each electron has a same cyclotron frequency,
spectra are not influenced by electron-electron interact
~Kohn’s theorem!.1 In fact, the external electric field couple
only with the center-of-mass motion unaffected by inter
forces and equivalent to a single harmonic oscillator with
cyclotron frequencyv0 . In an inhomogeneous or multicom
ponent system, however, Kohn’s theorem is no longer v
and electron-electron interactions directly modify CR sp
tra. The purpose of this paper is to study effects of electr
electron interactions on two-component CR in 2DES’s
means of numerical diagonalization of the Hamiltonian
finite-size systems.

In 1970’s the Si~001! inversion layer was studied. In thi
system, there are two different sets of subbands with dif
ent cyclotron masses. The first set is twofold degenerate
bandse0 , e1 ,... formed at two valleys in the@001# direction
and the second set is fourfold degenerate subbandse08 ,
e18 ,... formed at the other four valleys. At high temperatur
where bothe0 and e08 subbands are occupied by electron
only a single peak was observed in CR.2 A uniaxial stress
was applied in the@100# ~or @010#! direction to lower thee08
subband, but only a single peak was observed.3 Two CR
peaks were observed in later more elaborate experiments
der higher stresses and at higher electron densities.4,5

Motivated by these interesting experiments, CR in Si
version layers was studied theoretically. Landau’s Fer
liquid theory gave the result that CR spectra can be rega
as two coupled modes that repel each other in the presen
electron-electron interactions leading to a transfer of inte
ties between the modes~a mode repulsion!.6–8 The effective
coupling constant between two CR modes is determined
dimensionless Fermi-liquid parameter. A mechanism ba
on electron-electron collisions was also proposed,9 which is
present only at nonzero temperature and make each kin
electrons relax to a state with a common velocity. This fr
tion effect makes two CR peaks merge together with
increase of collisions~a motional narrowing!.
PRB 580163-1829/98/58~3!/1485~14!/$15.00
-
s

R
s

l
e

d
-
-

y
r

r-
b-

s
,

n-

-
i-
ed
of

i-

a
d

of
-
e

Since the 1980’s, CR in GaAs/AlxGa12xAs heterostruc-
tures has been intensively studied. The CR spectrum in b
GaAs systems exhibits two kinds of splittings caused by n
parabolicity effect. In fact, the cyclotron frequency for th
transition from theNth to (N11)th Landau level for as-
spin (s5↑,↓) electron haves dependence because theg
factor or the Zeeman splitting has slight ener
dependence.10 It also depends on the Landau-level indexN
due to the energy dependence of the effective mass.11 The
former is called spin orDg splitting and the latter is called
mass orDm splitting. However, no clear evidence of eith
spin or mass splitting was found in GaAs/AlxGa12xAs het-
erostructures with electron densityn;1011 cm22 in a mag-
netic fieldB;10 T.12–16

Only recently, spin splittings were observed in samples
the extreme quantum limit17–20 or in a very high magnetic
field.21 In these experiments,17–20 CR shows an intriguing
dependence on the filling factorn and temperature. Atn
,1/10, two peaks are observed and their positions are in
pendent of temperature, while only a single peak is obser
at n.1/6. A crossover between these two types of behav
occurs atn;1/9, where two peaks merge into a single pe
with decreasing temperature.

Effects of electron-electron interactions on spin-split C
were studied theoretically forn!1/10 where electrons ar
believed to form a hexagonal Wigner solid.22 It was later
supplemented by a study based on a coherent pote
approximation.23 These results seem to explain the expe
mental results qualitatively if being extrapolated up ton
;1/10.

Electron-electron interactions play an important role a
in mass-split CR.15,16,24A theoretical study in a generalize
single mode approximation24 ~GSMA! predicted some
anomaly that an effective coupling constant between two
modes corresponding to transitions fromN50 to 1 and from
N51 to 2 changes its sign when the first excited Land
level is nearly half-filled.

In this paper, we study these spin-split and mass-split
clotron resonances by numerically diagonalizing the Ham
tonian in 2DES’s consisting of a finite number of electron
It is organized as follows: In Sec. II, the models and t
method of calculations are discussed and in Sec. III GSM
1485 © 1998 The American Physical Society
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is reviewed briefly. The obtained results are presented in
IV and discussed in Sec. V. A summary and conclusion
given in Sec. VI. A preliminary account of a part this work
a very early stage has been presented.25

II. MODEL AND METHOD

A. Electrons on torus

Let us consider a 2DES with a rectangular formS5a
3b wherea andb are the linear dimension in thex and y
direction, respectively. The system containsNe electrons
with charge2e(e.0). We shall use periodic boundary co
ditions in bothx andy directions. The area of the system
not arbitrary but given by

S52p l 2Nf , ~2.1!

wherel is the magnetic length defined byl 5A\/eB andNf
is an integer that gives the number of magnetic flux qua
passing through the system. The total filling factor is defin
by

n5
Ne

Nf
. ~2.2!

In the following, we shall confine ourselves to the case
the presence of a small nonparabolicity in the conduct
band. The nonparabolicity is assumed to give rise to on
slight shift of the energy of Landau levels. Strictly speakin
a nonparabolicity leads to a mixing of different Landau le
els and spins, and therefore various transitions other t
conventional CR corresponding to those between adja
Landau levels with the same spin can be induced such a
electric-dipole induced spin resonance. Usually this nonp
bolicity effect on electron wave functions is much smal
than that on energy levels except in the case of a str
nonparabolicity.

In a Landau gaugeA(r )5(0,Bx), the wave function of a
single electron is given byfN j(r )xs , wherefN j(r ) is the
spatial wave function andxs is the spinor ofs-spin state.
The spatial wave functionfN j(r ) is written explicitly as
c.
e

ta
d

f
n
a
,
-
an
nt
an
a-
r
g

fN j~r !5S 1

2NN!Apbl
D 1/2

3 (
m52`

`

HNS Xj1ma2x

l D
3expF2 i

~Xj1ma!y

l 2 2
~Xj1ma2x!2

2l 2 G ,
~2.3!

whereHN is the Hermite polynomial andXj is thex coordi-
nate of the guiding center, which takes discreteNf values

Xj5
2p l 2

b
j , ~ j 50,1, . . . ,Nf21!. ~2.4!

The Hamiltonian is written as

H5(
j

eNscj
†cj1

1

2S

3 (
qÞ0

(
j1j2j3j4

e2

2euqu
ds1s4

ds2s3
~N1 j 1ue2 iq–ruN4 j 4!

3~N2 j 2ueiq–ruN3 j 3!cj1

† cj2

† cj3
cj4

, ~2.5!

where q is the reciprocal wave vector given b
q5(2pnx /a,2pny /b) with nx andny being integers andcj

†

andcj are the creation and destruction operator, respectiv
for the state with indexj5(N, j ,s). The nonparabolicity
appears only ineNs , which is slightly different from (N
1 1

2 )\v01( 1
2 )gmBBs depending onN ands, wherev0 is

the cyclotron frequency given byv05eB/m with an effec-
tive massm, mB is the Bohr magneton, andg is theg factor.
The matrix element is given by

~N j ueiq–ruN8 j 8!5E
0

a

dxE
0

b

dyfN j* ~r !eiq–rfN8 j 8~r !

5e2uqu2l 2/4ANN8~q!Bj j 8~q!, ~2.6!

with
ANN8~q!55A
N8!

N! F ~ iqx1qy!l

&
GN2N8

LN8
N2N8S uqu2l 2

2 D ~N>N8!,

AN!

N8! F ~ iqx2qy!l

&
GN82N

LN
N82NS uqu2l 2

2 D ~N,N8!

, ~2.7!
,

and

Bj j 8~q!5E
0

a

dxE
0

b

dyfN j* ~r !eiq–RfN, j 8~r !

5dny , j 82 j
8 expF ip

Nf
nx~ j 1 j 8!G , ~2.8!
where Ln
m is an associated Laguerre polynomial,R

5@ i l 2(]/]y),y2 i l 2(]/]x)# is the guiding center coordinate
andd j , j 8

8 is defined by

d j , j 8
8 5 H1 ~ j [ j 8 mod Nf!,

0 ~otherwise!. ~2.9!

The total current operator is written as
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Ns

ANs
6 , ~2.10!

with

ANs
1 5AN11 (

j 50

Nf21

cN11,j ,s
† cN, j ,s ,

~2.11!

ANs
2 5AN11 (

j 50

Nf21

cN, j ,s
† cN11,j ,s .

The strength of the Coulomb interaction is characteriz
by the effective Coulomb energyEC defined by

EC5
e2

4pe l
, ~2.12!

wheree is the static dielectric constant. In the following w
shall consider the strong-field limit,EC!\v0 , in which
mixing between different Landau levels due to the Coulo
interaction can be neglected. We assume also thatkBT
!\v0 , whereT is the temperature andkB is the Boltzmann
constant.

The many-body states written as

cj1

† cj2

†
¯cjNe

† uvac& ~2.13!

form a complete set of normalized orthogonal basis, wh
uvac& is the vacuum state. Diagonalization of the Hamiltoni
matrix represented by these basis gives us all eigenene
and eigenstates in the finite-size system. It is known that
numerical diagonalization method is very useful to stu
low-energy excitations of fractional quantum Ha
effect.26–28

Although the periodic boundary conditions break the co
tinuous translational symmetry, a discrete translational s
metry still survives in the Hamiltonian~2.5!. Using this sym-
metry, the Hamiltonian can be block diagonalized and e
block is indexed by Haldane’s wave vector.29 This wave vec-
tor is conserved in the optical transitions because the cur
operator commutes with the magnetic translation operato

B. Spin-split cyclotron resonance

The model of spin-split CR is shown in Fig. 1~a!. In this
case, there are up-spin~↑! and down-spin~↓! electrons in the
lowest Landau level (N50). They have a cyclotron fre
quency slightly different from each other, i.e.,

FIG. 1. A schematic illustration of the~a! spin- and~b! mass-
split cyclotron resonance. Up-spin electrons have a larger cyclo
frequency than down-spin electrons in~a! and the energy betwee
the lowest and the first excited Landau level is larger than
between the first and the second excited Landau level in~b!.
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v↑5v01
D

2
,

~2.14!

v↓5v02
D

2
,

whereD!v0 . The dimensionless coupling parameter is d
fined by

a5
EC

\D
. ~2.15!

In the initial states, the lowest Landau level is partially fille
by N↑ up-spin electrons andN↓ down-spin electrons. In the
final states, a single up- or down-spin electron is excited i
the first excited Landau level. The filling factor of electro
with spin s is defined by

ns5
Ns

Nf
. ~2.16!

The CR spectra for circularly polarized light are dete
mined by the real part of a dynamical conductivity,

s~v!5sxx~v!1 isxy~v!.

Using the Kubo formula, the normalized CR spectrum
calculated in the leading order ofD/v0 , EC /\v0 , and
kBT/\v0 as

P~ṽ ![
Re@s~v!#

s0

5(
i , f

1

NeZ
expS 2

Ei

kBTD u^ f u~A0↑
1 1A0↓

1 !u i &u2

3dS ṽ2
Ef2Ei2\v0

\D D , ~2.17!

whereṽ5(v2v0)/D, Z is the partition function,u i & andEi
are the initial states and their energies, respectively,u f & and
Ef are the final states and their energies, respectively, ands0
is defined by

s05
ne2

\
•

v0

2D
. ~2.18!

We can see thatP(ṽ) satisfies the following sum rules:

I tot5E
2`

1`

P~ṽ !dṽ51, ~2.19!

and

ṽm5E
2`

1`

ṽP~ṽ !dṽ5
p

2
, ~2.20!

wherep is defined by

p5
n↑2n↓

n
, ~2.21!

which is proportional to thez component of the total spin.

n

t
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The relative occupation of different spins is determin
by the condition of the minimum free energy and varies a
function of the temperature, theg factor or the Zeeman en
ergy, and the strength of the Coulomb interaction.30,31 In the
following, however, we shall treatn↑ and n↓ as parameters
independent of others as we are interested in the globa
havior of CR spectra as a function of these parameters. F
ing an equilibrium spin configuration can be a separate pr
lem.

C. Mass-split cyclotron resonance

The model of mass-split CR is shown in Fig. 1~b!. In this
case, we neglect electron spins and consider a spinless
tem. The cyclotron frequencies corresponding to transiti
from N50 to N51 and fromN51 to N52 have different
valuesv10 andv21, respectively;

v105v01
D

2
,

~2.22!

v215v02
D

2
,

whereD!\v0 . In the initial states, the lowest Landau lev
is completely filled and the first excited Landau level is p
tially filled by Np electrons. In the final states, a single ele
tron in the lowest or the first-excited Landau level is excit
into the first or the second excited Landau level, respectiv
The filling factor of the first excited Landau level of ele
trons and holes are defined by

np5
Np

Nf
~2.23!

and

nh5
Nh

Nf
512np , ~2.24!

respectively, whereNh5Nf2Np is the number of holes in
the first excited Landau level.

In the leading order ofD/v0 , EC /\v0 , and kBT/\v0 ,
the normalized dynamical conductivity is written as

P~ṽ ![
Re@s~v!#

s0

5(
i , f

1

NeZ
expS 2

Ei

kBTD u^ f u~A0
11A1

1!u i &u2

3dS ṽ2
Ef2Ei2\v0

\D D . ~2.25!

We can also see thatP(ṽ) satisfies sum rules~2.19! and
~2.20!, if p is redefined as

p5
nh22np

n
. ~2.26!
a

e-
d-
b-

ys-
s

-
-

y.

III. SINGLE MODE APPROXIMATION

A. Spin-split cyclotron resonance

In a generalized single-mode approximation~GSMA!,
two-component CR at absolute zero temperature is rega
as two coupled harmonic oscillators. The absorption spe
are calculated from a 232 effective Hamiltonian, which is
determined by an effective coupling constant calculated
ing the guiding-center structure factor in the ground sta
The spectra consist of twod functions and show a mode
repulsion behavior.

In the case of spin-split CR, it is assumed that thef -sum
rule ~2.19! is exhausted by only two final states which a
written as linear combinations of two collectively excite
states

u↑&5
1

AN↑
A0↑

1 uf0&,

~3.1!

u↓&5
1

AN↓
A0↓

1 uf0&,

where uf0& is the ground state with energyE0 and A0s
1 is

defined by Eq.~2.11!. The 232 effective Hamiltonian is
given by

Heff5S ^↑uHu↑&2E0 ^↑uHu↓&
^↓uHu↑& ^↓uHu↓&2E0

D

5S \v↑1
n↓
n

aeff\D 2
An↑n↓

n
aeff\D

2
An↑n↓

n
aeff\D \v↓1

n↑
n

aeff\D
D . ~3.2!

The effective coupling constantaeff is defined as

aeff

a
52

n

n↑n↓

1

Nf
(

q
S↑↓~q!

uqu l
2

expS 2
uqu2l 2

2 D ,

~3.3!

with the guiding-center structure factor between up- a
down-spin electrons in the lowest Landau level given by

S↑↓~q!5
1

Nf
^f0ur↑

00~q!r↓
00~2q!uf0&, ~3.4!

wherers
00(q) is the Fourier component of the guiding-cent

density operator of electrons with spins in the lowest Lan-
dau level given by

rs
00~q!5(

j j 8
Bj j 8~q!c0,j ,s

† c0,j 8,s . ~3.5!

The coupling parameteraeff has been shown to be positiv
definite.32

Diagonalizing this effective Hamiltonian, we obtain th
CR spectrum as

P~ṽ !5I 1d~ṽ2ṽ1!1I 2d~ṽ2ṽ2!, ~3.6!

where the peak positionsṽ6 and the intensitiesI 6 are de-
fined by
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ṽ65 1
2 ~aeff6A122paeff1aeff

2 !, ~3.7!

and

I 656
ṽm2ṽ7

ṽ12ṽ2
. ~3.8!

In infinite systems (a,b→`), the structure factor has th
particle-hole symmetry

S↑↓~q,n↑ ,n↓!5S↑↓~q,12n↑,12n↓!. ~3.9!

In finite systems, this symmetry is broken because
guiding-center coordinateX is discretized and the electro
density distribution is still inhomogeneous when the Land
level is completely filled. However, this finite-size effect
negligible in sufficiently large systems such asNf*4. The
symmetrized effective coupling constant is defined by

asym5
n↑n↓aeff

n
5

n~12p2!aeff

4
, ~3.10!

which has the particle hole symmetry in the sufficiently lar
systems:

asym~n↑ ,n↓!5asym~12n↑,12n↓!. ~3.11!

The effective coupling constant has also a symmetry w
respect to the exchange of up and down spins, i.e.,

aeff~n↑ ,n↓!5aeff~n↓ ,n↑!,
~3.12!

asym~n↑ ,n↓!5asym~n↓ ,n↑!,

becauseS↑↓(q) is invariant under this operation.
When the up-spin Landau level is completely occupi

i.e., n↑51, the structure factorS↑↓(q) vanishes. More gen
erally, we haveS↑↓}(12n↑) for n↑;1. This leads to the
conclusion that the CR spectrum is not influenced
electron-electron interactions in GSMA forn↑51 and n↓
,1 at all. The same is true in the case thatn↓51 andn↑
,1, although this case is somewhat unrealistic.

At n51,1
3 , 1

5 ,..., theground state is believed to be full
spin polarized anda is independent ofp, which is propor-
tional to thez component of total electron spin, if the sp
Zeeman energy is completely neglected. Atn51, in particu-
lar, the value ofaeff can be calculated analytically as

aeff

a
5Ap

8
50.6266 . . . , ~3.13!

because the spatial wave function of the ground state ca
written as a single determinant at this filling factor as sho
in Appendix A. On the other hand, in the extremely lo
filling factors such asn!1/10, it is expected that the syste
forms a hexagonal Wigner solid andaeff can also be calcu
lated analytically as22,33

aeff

a
5

1

2 S)n

4p D 3/2

(
1Þ0

u1u2350.2823̄ 3n3/2, ~3.14!

where15(n1m/2,)m/2) with n andm being an integer as
shown in Appendix B. In other cases, the structure facto
calculated for the ground state obtained by exact diago
e

u

h

,

y

be
n

is
l-

ization for finite-size systems. The calculatedasym/a in the
casen↑5n↓ obtained for 2<Ne<10 are shown in Fig. 2
together with the analytic results given above. The symm
trized coupling constantasym/a increases rapidly withn and
reaches a maximum atn51.

B. Mass-split cyclotron resonance

In the case of mass-split CR,24 two collectively excited
states corresponding to Eq.~3.1! are written as

u10&5
1

ANh

A0
1uf0&,

~3.15!

u21&5
1

A2Np

A1
1uf0&,

whereuf0& is the ground state of the system with energyE0

andAN
1 is defined by Eq.~2.11!. The 232 effective Hamil-

tonian is given by

Heff5S ^10uHu10&2E0 ^10uHu21&

^21uHu10& ^21uHu21&2E0
D

5S \v101
2np

n
aeff\D 2

A2npnh

n
aeff\D

2
A2npnh

n
aeff\D \v211

nh

n
aeff\D

D .

~3.16!

The effective coupling constantaeff is defined by

FIG. 2. Calculatedn dependence of effective coupling consta
asym. They are calculated in 2–10 electron~or hole! systems under
the conditionp50 (N↑5N↓). The analytically calculated values a
n51 andn!1 are also shown.
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aeff

a
52

n

npnh

1

Nf
(

q
Sph~q!

uqu l
2

3F12
~ uqu l !2

4 GexpS 2
uqu2l 2

2 D , ~3.17!

with Sph(q) being the the guiding-center structure factor b
tween electrons and holes in the first excited Landau le
given by

Sph~q!5
1

Nf
^f0urp

11~q!rh
11~2q!uf0&, ~3.18!

whererp
11(q) andrh

11(q) are the Fourier components of th
guiding-center density operator of electrons and holes,
spectively, in the first excited Landau level, given by

rp
11~q!5(

j j 8
Bj j 8~q!c1,j

† c1,j 8 , ~3.19!

and

rh
11~q!5(

j j 8
Bj j 8~q!c1,j 8c1,j

† . ~3.20!

Diagonalizing this effective Hamiltonian, we obtain the C
spectrum in the same form as Eqs.~3.6!–~3.8!. Similarly to
the case of spin-split CR, the structure factor is calcula
using the ground stateuf0& obtained by an exact diagona
ization for finite-size systems.

In both finite and infinite size systems,Sph(q) have a
particle-hole symmetry. Thus, we can introduce a symm
trized coupling constant as

asym5
aeff

n
, ~3.21!

which has the particle-hole symmetry

asym~np!5asym~12np!. ~3.22!

In the Hartree-Fock approximation,asym is independent of
np and calculated asasym

HF /a5Ap/12850.1566 . . . .24

Figure 3 gives calculatedasym/a for 2<Np<10. It stays
positive for all values ofnp and depends onnp only weakly.
In fact, it is close toasym

HF /a obtained in the Hartree-Foc
approximation. In Ref. 24, the effective coupling parame
asym has been calculated with the use of a Jastraw-type
wave function and a hypernetted chain method. Accordin
their results, it changes its sign from positive to negative a
therefore CR spectra change their behavior from a ‘‘po
tive’’ mode repulsion to a ‘‘negative’’ mode repulsio
aroundnp;1/2. Such an anomaly does not appear in
present results.

IV. NUMERICAL RESULTS

A. Spin-split cyclotron resonance„T50…

Numerical calculations are performed under the condit
2<N0<8, whereN05Min(Ne,2Nf2Ne) means the numbe
of electrons forn<1 and of holes forn.1. We choose
a/b5N0/4 according to previous calculations.26 The ob-
tained CR spectra show little dependence onN0 anda/b if
-
el

e-

d

-

r
al
to
d
i-

e

n

N0>4 anda/b;1. The calculated results are shown by t
histograms with widthD/100 and spectra broadened by
Lorentzian with half-widthD/5. At zero temperature, the
spectra calculated in GSMA and those obtained by a con
lution with a Lorentzian with half-widthD/5 are also shown.
Figure 4 givesn↑ and n↓ values where the calculations a
performed. The parameters are summarized in Table I.

Figure 5 shows the dependence of CR spectra on the
pling constanta5EC /\D at the low filling factorn5 1

4 and
at zero temperature. The CR spectra consist essentiall
two d functions and show a ‘‘positive’’ mode-repulsion be
havior, i.e., when the electron-electron interactions are

FIG. 3. Thenp dependence of effective coupling constantasym.
They are calculated in 2–10 electron~or hole! systems. The broken
line shows the value calculated in the Hartree-Fock approximat
The result of Ref. 24 is shown by the solid line.

FIG. 4. The value of (n↑ ,n↓) where calculations are performed
White circles, crosses, and squares mean that the dependence
T50 spectra ona5(e2/4pe l )/\D show a positive mode repul
sion, a motional narrowing, and a negative mode repulsion, res
tively. Black circles show the points where the spectra are indep
dent of electron-electron interactions.



a
t

b

an
n

a
a

T
re

-
ed
ad-

he
in-

e
he
w-

in
the
er-

the
a

r
o-

hen
p-

nsi-
in
ng
res
in

n
-

rge
w-

o

th
t-

d-

PRB 58 1491TWO-COMPONENT CYCLOTRON RESONANCE IN . . .
creased, the higher frequency peak is pushed away tow
the higher-frequency side and its intensity is transferred
the lower-frequency peak. They are reproduced well
GSMA.

Figure 6 shows thea dependence of CR spectra at
intermediate filling factorn51 and at zero temperature. I
this case, the spectra consist of manyd functions, in particu-
lar, for 1&a&2. However, the spectra broadened by
Lorentzian still have essentially two-peak structures and m
be categorized as a positive mode-repulsion behavior.
deviation from GSMA results becomes significant in the
gion n↑@n↓ .

TABLE I. The values of parameters used in the calculations
spin-split CR for the results explicitly shown in the figures.

n n↑ n↓ p N↑ N↓ N0 Nf

3
16

1
16

1
2 3 1 4 16

1
4

1
8

1
8 0 2 2 4 16

1
16

3
16 2

1
2 1 3 4 16

3
4

1
4

1
2 6 2 8 8

1 1
2

1
2 0 4 4 8 8

1
4

3
4 2

1
2 2 6 8 8

1 1
5

2
3 5 1 4 5

6
5

3
5

3
5 0 3 3 4 5

1
5 1 2

2
3 1 5 4 5

1 1
2

1
3 10 5 5 10

3
2

3
4

3
4 0 6 6 4 8

1
2 1 2

1
3 4 8 4 8

1 3
4

1
7 8 6 2 8

7
4

7
8

7
8 0 7 7 2 8

3
4 1 2

1
7 6 8 2 8

FIG. 5. The dependence of spin-split CR ona at T50 for n
5

1
4 in four electron systems. The thin dotted lines represent

histogram with widthD/100, the solid lines broadened by a Loren
zian with half-widthD/5, and the broken lines GSMA results broa

ened by the same Lorentzian.~a! (n↑ ,n↓)5( 3
16 , 1

16), ~b! ( 1
8 , 1

8 ), and

~c! ( 1
16 , 3

16).
rd
o
y

y
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Figure 7 shows the results forn5 6
5 , Fig. 8 forn5 3

2 , and
Fig. 9 forn5 7

4 . Although the spectra consist of a large num
ber of CR peaks, their behavior can effectively be regard
as two coupled CR modes in the presence of a large bro
ening. However, the deviation of the spectrum from t
GSMA result becomes more and more significant with
creasingn.

When the up-spin Landau level is completely filled (n↑
51), i.e., in Figs. 7~a!, 8~a!, and 9~a!, the CR spectra can b
categorized as a ‘‘negative’’ mode repulsion, in which t
peak in the low-frequency side is shifted toward the lo
frequency side and its intensity is transferred to the peak
the high-frequency side. This result is quite in contrast to
GSMA result that shows no effect of electron-electron int
actions because of the vanishing coupling constantaeff as
mentioned in Sec. III A.

When the number of up- and down-spin electrons is
same (n↑5n↓), the CR spectra change their features from
positive mode repulsion to a ‘‘motional narrowing’’ behavio
with increasingn. In the latter case, two peaks merge t
gether into a single peak as in Fig. 8~b! or a new central peak
appears and becomes dominant as in Fig. 9~b!, with the in-
crease of the strength of electron-electron interactions. W
the down-spin Landau level is completely filled and the u
spin level is partially occupied~n↓51 andn↓,1!, the posi-
tive mode repulsion behavior forn5 6

5 shown in Fig. 7~c!
gradually turns into a motional narrowing behavior forn
5 7

4 shown in Fig. 9~c! with the increase ofn.
In summary, the CR spectra change their features se

tively as a function of the filling factor of up- and down-sp
electrons and exhibit complicated behaviors at high filli
factors. Figure 4 summarizes the characteristic CR featu
in the (n↑ ,n↓) plane. The positive mode repulsion appears
the regionn,1 or in n↑&1/2. The negative mode-repulsio
appears in the regionn↑;1 and the motional narrowing ap
pears in the region given by the conditionsn.1 and 1/2
,n↑,1.

B. Spin-split cyclotron resonance„TÞ0…

The obtained spectra consist of a tremendously la
number ofd functions especially at high temperatures. Ho

f

e

FIG. 6. Thea dependence of spin-split CR spectra atT50 for

n51 in eight electron systems.~a! (n↑ ,n↓)5( 3
4 , 1

4 ), ~b! ( 1
2 , 1

2 ), and

~c! ( 1
4 , 3

4 ).
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FIG. 7. Thea dependence of spin-split CR spectra atT50 for

n5
6
5 in four hole systems.~a! (n↑ ,n↓)5(1,1

5 ), ~b! ( 3
5 , 3

5 ), and~c!

( 1
5 ,1).

FIG. 8. Thea dependence of spin-split CR spectra atT50 for

n5
3
2 in four or five hole systems.~a! (n↑ ,n↓)5(1,1

2 ), ~b! ( 3
4 , 3

4 ),

and ~c! ( 1
2 ,1).

FIG. 9. Thea dependence of spin-split CR spectra atT50 for

n5
7
4 in two hole systems.~a! (n↑ ,n↓)5(1,3

4 ), ~b! ( 7
8 , 7

8 ), and ~c!

( 3
4 ,1).
ever, they usually have two-peak structures when a su
ciently large broadening is introduced.

Figure 10 shows the dependence of CR spectra on
coupling constanta5EC /\D for n↑5n↓5

1
8 (n5 1

4 ) at three
different temperatures,kBT/EC50.1, 0.2, and̀ . In this low
filling-factor region, qualitative behaviors of CR spectra a
insensitive to temperatures and show essentially a pos
mode repulsion even at high temperatures, although a si
ture of a motional narrowing behavior appears in their s
peak structures and in the enhancement of broadening.

Figure 11 shows corresponding results for (n↑ ,n↓)

5( 1
2,

1
2)(n51). With the increase of the temperature, the sp

tra change their behavior from a positive mode repulsion t
motional narrowing continuously. Figure 12 shows resu

for (n↑ ,n↓)5( 3
4 , 1

4 )(n51). In this case, the spectra chan
their features from a positive mode repulsion to a nega
mode repulsion. A crossover occurs at aroundkBT/EC
;0.2, where they show a motional narrowing. Figure
shows results for (n↑ ,n↓)5( 1

4 , 3
4 )(n51), which exhibit a

mode-repulsion behavior independent of temperatures
though the shifts are suppressed at high temperatures.

This complicated temperature dependence can be un
stood qualitatively from Fig. 4. With increasing temperatu

FIG. 11. Thea dependence of spin-split CR spectra atn↑5n↓
5

1
2 for finite temperatures.~a! kBT/EC50.1, ~b! 0.2, and~c! `.

FIG. 10. Thea dependence of spin-split CR spectra atn↑5n↓
5

1
8 for finite temperatures.~a! kBT/EC50.1, ~b! 0.2, and~c! `.
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overlapping of wave functions of up- and down-spin ele
trons becomes appreciable. This means that the temper
increase corresponds roughly to increase in the effec
electron concentration at zero temperature, i.e., increasen
with a fixedn↑ /n↓ . In fact, forn↑5n↓5

1
2 , for example, Fig.

4 predicts that the spectra change their behavior from a p
tive mode repulsion to motional narrowing with increasingn
under the conditionn↑5n↓ . This qualitatively agrees with
the change in the behavior due to the temperature show
Fig. 11. The same is applicable to the change from a pos

to negative mode repulsion in the case (n↑ ,n↓)5( 3
4 , 1

4 )

shown in Fig. 12 and to no change in the case (1
4 , 3

4 ) shown
in Fig. 13.

Figure 14 shows the CR spectra in the high-tempera
limit ( T→`) for the case of a high-filling factorn5 3

2

@(n↑ ,n↓)5(1,1
2 ) in ~a!, ( 3

4 , 3
4 ) in ~b!, and (12 ,1) in ~c!#. The

corresponding results at zero temperature are given in Fi
In this case, the characteristic behavior of CR remains es
tially independent of temperature, which again agrees q
well with then dependence of the zero-temperature CR sp
tra given in Fig. 4.

FIG. 12. Thea dependence of spin-split CR spectra atn↑5
3
4

andn↓5
1
4 for finite temperatures.~a! kBT/EC50.1, ~b! 0.2, and~c!

`.

FIG. 13. Thea dependence of spin-split CR spectra atn↑5
1
4

andn↓5
3
4 for finite temperatures.~a! kBT/EC50.1, ~b! 0.2, and~c!
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C. Mass-split cyclotron resonance

The calculations are performed under the condition
<N0<7 anda/b51 with N05Min(Np ,Nh). The obtained
CR spectra are weakly dependent onN0 and a/b if N0>4
and a/b;1. The calculated results are shown by the his
grams and those obtained by a convolution with a Lorentz
with half-width D/5. At absolute zero temperature, the r
sults of GSMA calculation broadened by Lorentzian w
width D/5 are also shown. The parameters are listed in Ta
II.

Figure 15 shows thea dependence of the spectra at ze
temperature fornp5 1

5 , 1
3 , and 3

4 . When a sufficiently large
broadening is introduced, the spectra exhibit two peak str
tures and their behavior can be regarded as a ‘‘positiv
mode repulsion. However, they consist of manyd functions
in the region 1&a&10, showing some deviation from th
GSMA results. This deviation from the GSMA result b
comes quite appreciable for small values ofnp but does not
for largenp .

Figure 16 shows thea dependence of the spectra in th
high-temperature limitT→`. The spectra consists of a larg
number ofd functions but have two-peak structures when
sufficiently large broadening is introduced. Contrary to t
case of spin-split CR, the broadened spectra always sho
positive mode-repulsion behavior and the effective splitt
even seems to increase slightly with temperature.

V. DISCUSSIONS

A. Spin-split cyclotron resonance

The spin-split CR spectra show very rich behaviors d
pending on filling factors and temperatures. In the limit

FIG. 14. Thea dependence of spin-split CR spectra atn5
3
2 in

the high-temperature limitT→`. ~a! (n↑ ,n↓)5(1,1
2 ), ~b! ( 3

4 , 3
4 ),

and ~c! ( 1
2 ,1).

TABLE II. The values of parameters used in the calculations
mass-split CR for the results explicitly shown in the figures.

np p Np Nh N0 Nf

1
5

1
3 3 12 3 15

1
3 0 5 10 5 15
3
4 2

5
7 12 4 4 16
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low filling factors n!1/10 and low temperatures, guidin
centers of electrons are mutually separated and transit
from N50 to N51 can be well approximated as excitatio
localized around the minimum points of an effective pote
tial formed by electrons with the other spin. This tends
enhance effective cyclotron frequencies of two CR mo
and can be regarded as the origin of the positive mode re
sion.

There are many inter-Landau-level excitations other th
two optically active collective modes given by Eq.~3.1!.
However, their coupling with two active modes can be n
glected at low filling factors, which is the reason that CR c
be reproduced quite well in GSMA. This fact is demo
strated in Appendix B with the use of the theory of Coop
and Chalker.22

When the filling factorn is increased, the overlappin
between the wave functions of up- and down-spin electr
becomes appreciable and various excitations other than t
described by Eq.~3.1! start to contribute to the spectra. F
n&1, where a Coulomb hole of size; l can still be formed,
these excitations give rise to broadening of the peak only
the spectra still show a positive mode repulsion. At high
filling factors n*1, however, this overlapping starts
change even the basic behavior of the spectra.

FIG. 15. Thea dependence of mass-split CR spectra atT50.
~a! np5

1
5 , ~b! 1

3 , and~c! 3
4 .

FIG. 16. Thea dependence of mass-split CR spectra atT5`.
~a! np5

1
5 , ~b! 1

3 , and~c! 3
4 .
ns

-
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Effects of the overlapping of the wave functions can
demonstrated clearly if we pick up contributions of certa
excited states to the dynamical conductivity at low fillin
factors. We consider the case thatn↑5n↓5

1
2 (Ne5Nf58)

for which the spectra exhibit a positive mode-repulsion b
havior in the ground state. Figure 17~b! gives the results for
the highest;300 excited states@(E2E0)/EC>2.9, whereE
is the energy andE0 is the ground-state energy#. These spec-
tra show a behavior regarded as a negative mode repuls
This can be understood because CR excitations tend to
localized around ‘‘maximum’’ points of an effective poten
tial created by electrons with other spin and their frequenc
tend to be lowered. Figure 17~a! gives the results for;300
excited states lying in the middle of the whole spectra@1.5
<(E2E0)/EC<1.6#. They exhibit a motional narrowing
behavior that is considered as a certain average of the p
tive and negative mode-repulsion because a large numbe
excitations are coupled with each other in a complicated w
with various coupling constants both positive and negativ

The behavior in the regionn↑;1 andn.1 or n↑;1 and
n.1 is exceptional and can be regarded as a mode repuls
This is presumably because the way of coupling among
modes is strongly restricted in such cases. Let us consid
situation in which the lowest up-spin Landau level is almo
completely filled (n↑;1), for example. Figure 18 illustrate
processes in which a cyclotron transition is coupled w
inter-Landau-level excitations through electron-electron
teractions.

The process~a! in which an optically excited up-spin
electron decays into down-spin inter-Landau-level exc
tions is severely limited because of the small number
empty states in the lowest up-spin level. Note that int
Landau-level transitions between states with a common g
ing center, i.e.,q50, are prohibited in the case of electro
electron interactions. On the other hand, the process~b! for
optically excited down-spin electrons becomes more a
more important with the increase ofn↑ . Consequently, in the
casen↓!1, CR peaks corresponding to down-spin electro
are repelled to the low-frequency side and their intensity
transferred to that of transitions corresponding to up-s
electrons, leading to a negative mode-repulsion behavior

FIG. 17. The spin-split CR for excited states.~a! States with
energy 1.5<(E2E0)/EC<1.6; ~b! states with energy (E
2E0)/EC.2.9.
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Note that the process~b! involves states in which sam
guiding-center coordinates are occupied by electrons in b
N50 and 1 Landau levels. These states are completely
glected in GSMA because GSMA considers states in wh
an electron is excited from theN50 level to N51 with a

FIG. 18. A schematic illustration of processes in which a cyc
tron transition decays into inter-Landau-level excitations for sp
split CR in the casen↑;1 and n↓,1. ~a! The up-spin electron
excited optically into theN51 Landau level recombines with
hole in theN50 Landau level by exciting a down-spin electron in
N51 Landau level through electron-electron interactions. This p
cess is limited by the number of holes in theN50 up-spin Landau
level and becomes negligible in the limitn↑→1. ~b! The down-spin
electron excited optically recombines with a hole by exciting
up-spin electron intoN51 Landau level through interactions. Th
process remains significant even forn↑→1.
ld

g

ie
ve

ed
e

th
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common guiding center. This is the main reason that GSM
breaks down in this case. The tendency that GSMA beco
worse forn↑;1 can be seen also whenn51 in Fig. 6~a!. In
principle, GSMA is not valid forn↓;1 andn51, but the
deviation is not so apparent because the intensity of the h
frequency peak is too small as shown in Fig. 6~c!.

B. Mass-split cyclotron resonance

In the case of mass-split CR, the spectra show onl
positive mode-repulsion behavior independent of tempe
tures and filling factors. The transitions fromN50 to N
51 occur at the position of a guiding center not occupied
electrons in theN51 Landau level, while the transition
from N51 to N52 occur at a guiding center occupied b
electrons. This situation corresponds to spin-split CR fon
51 atT50, which shows only a positive mode repulsion.
fact, in the ground state atn51, up- and down-spin electron
occupy states with different guiding centers because
wave function is given by a single Slater determinant~see
Appendix A!, and CR transitions for up-spin~down-spin!
electrons occur at a guiding center not occupied by dow
spin ~up-spin! electrons. The relatively large deviation from
GSMA at np!1 (nh;1) has the same reason for that
spin-split CR atn51 andn↑;1 as discussed above.

C. Relation to experiments

Using parameters of bulk GaAs, characteristic scale v
ues are roughly estimated as follows:10

-
-

-

Cyclotron energy: \v0 @meV#;1.731013~B@T#/10!.

Couloumb energy: EC @meV#;1.431013AB@T#/10.

Zeeman splitting: gmBB @meV#;2.5310213~B@T#/10!.

The difference of cyclotron energy:\D @meV#;5.8310223~B@T#/10!2.

Temperature: kBT @meV#;8.6310223~T@K# !.
y
wn
ti-

-
er-

ion

y
CR
Under the conditions of usual experiments in magnetic fie
B;10 T,17–20the coupling parametera5EC /\D has a very
large value of the order of 102 in GaAs/AlxGa12xAs hetero-
structures.

This means that under the usual conditions only a sin
peak can be observed atṽ;ṽm5p/2 in GaAs/AlxGa12xAs
systems even if both up- and down-spin levels are occup
because of strong electron-electron interactions. Howe
temperature dependence of the CR position gives some
formation on the spin polarization of the ground state.31 In
fact, the first moment is expected to decrease fromv↑
to (v↑1v↓)/2 with the increase of the temperature atn
51, 1

3 , 1
5 ,..., where the ground state is a fully spin-polariz

state and the spin polarization decreases with the temp
ture. On the other hand, atn5 2

3 , the ground state is spin
s

le

d
r,

in-

ra-

unpolarized forg&0.4 and the first moment stays atv
;(v↑1v↓)/2 at low temperatures.

At low filling factors, CR spectra are well described b
those obtained in GSMA. Using the numerical results sho
in Fig. 2, the effective coupling parameter is roughly es
mated asaeff;1 around atn;1/10. Thus, the filling factors
n5 1

12 , 1
9 , and 1

6 correspond to weak (aeff,1), intermediate
(aeff;1), and strong (aeff.1) coupling regimes, respec
tively. This is the main reason that CR spectra exhibit int
esting behaviors only in such a narrow range ofn in
GaAs/AlxGa12xAs heterostructures.

At such low electron concentrations, the spin polarizat
p is roughly estimated asp;tanh(gmBB/kBT). Further, the
effective coupling constantaeff is expected to depend onl
weakly onp. Under such assumptions, we can calculate
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spectra as a function of temperature. This gives exactly
same result reported previously22 and can qualitatively ex-
plain experiments. In fact, CR spectra in the weak-coupl
regime (aeff,1) consist of two peaks whose position
weakly dependent on electron-electron interactions, w
only a single peak is obtained atṽ;ṽm in the strong cou-
pling regime (aeff.1). At low temperatures wherep→0, we
have ṽ12ṽ2→u12aeffu as shown in Eq.~3.7!, which
means that two peaks come closer together with the decr
of the temperature foraeff;1.

In order to observe characteristic dependence of the
clotron resonance on the filling factor in the quantum H
regime predicted in the present work, it is desirable to
able to control effective interaction strength. A bilayer tw
dimensional system may be ideal for such purposes.32,34–37

In this system, the effective interaction strength can
changed freely by the distance between the layer, the di
ence of the CR frequency due to nonparabolicity can
modified by the layer thickness, and the relative elect
concentration can be controlled by an applied voltage fo
gated structure.

VI. SUMMARY AND CONCLUSION

We have numerically studied effects of electron-elect
interactions on spin-split and mass-split cyclotron resonan
In the case of spin-split cyclotron resonance, the spe
show very rich behaviors depending on the filling factor
up- and down-spin electrons and on the temperature, i.e
positive and negative mode-repulsion and motional narr
ing behaviors. The results are understood in terms of
characteristic change in the overlapping of wave functions
electrons and the restriction of the available phase space
function of the filling factor. In the case of mass-split cycl
tron resonance, the spectra show only a positive mo
repulsion behavior independent of temperatures and fil
factors.
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APPENDIX A: aeff FOR FULLY SPIN-POLARIZED
GROUND STATES

At n51,1
3 , 1

5 ,..., it is believed that the ground state for
given p is a fully spin-polarized state, i.e.,
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~Stot!2uf0~p!&5
Ne

2 S Ne

2
11D\2uf0~p!&,

~A1!

Sz
totuf0~p!&5

pNe

2
\uf0~p!&,

whereStot is the total spin operator andSz
tot is its z compo-

nent. The ground state forp51,uf0(1)&, can be expanded in
the form

uf0~1!&5 (
X1,X2,¯,XNe

FX1X2
¯XNe

3c0,X1 ,↑
† c0,X2 ,↑

†
¯c0,XNe

,↑
† uvac&. ~A2!

Multiplying N↓ times the ladder operatorS2
tot5Sx

tot2iSy
tot , we

obtain the ground state for a givenp as

uf0~p!&5
1

ANe
CN↑

(
X1,X2,¯,XNe

(
s1s2¯sNe

dMN↓

3FX1X2
¯XNe

c0,X1 ,s1

† c0,X2 ,s2

†
¯c0,XNe

,sNe

† uvac&,

~A3!

whereM5( ids i↓
. Using the formula

S (
s1¯sNe

dMN↓^vacu)
i

c0,Xi ,s i D c0,X,↓
† c0,X8,↑

† c0,X9,↑c0,X-,↓

3S (
s̄1¯s̄Ne

d M̄N↓)i
c

0,X̄i ,s̄ i

† uvac& D
5Ne22CN↑21S ^vacu)

i
c0,Xi ,↑D

3c0,X,↑
† c0,X8,↑

† c0,X9,↑c0,X-,↑S)
i

c
0,X̄i ,↑
† uvac& D , ~A4!

~X1,X2,¯,XNe
and X̄1,X̄2,¯,X̄Ne

!,

the projected structure factor between up- and down-s
electron is calculated as

S↑↓~q!5
1

Nf
^f0~p!ur↑

00~q!r↓
00~2q!uf0~p!&

5
Ne22CN↑21

Ne
CN↑

S0~q!5
N↑N↓

Ne~Ne21!
S0~q! , ~A5!

whereS0(q) is defined by

S0~q!5
1

Nf
@^f0~1!ur↑

00~q!r↑
00~2q!uf0~1!&2Ne#.

~A6!

Thus,aeff is independent ofp and written as

aeff52
1

Nf
(

q

Nf

Ne21
S0~q!

uqu l
2

expS 2
uqu2l 2

2 D .

~A7!
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At n51 (m50), in particular, S0(q) can be calculated
analytically38 as

S0~q!5Nedq821, ~A8!

and we getaeff5Ap/8 in the limit Ne→` andNf→`.

APPENDIX B: RELATIONSHIP BETWEEN COOPER
AND CHALKERS’ THEORY AND GSMA

In the extreme quantum limit characterized byn!1/10,
the ground state is a Wigner solid stateuf0&. Because ex-
change interaction is very small, electrons can be regarde
distinguishable particles. The inter-Landau-level transit
operator fori th electron is defined by

ai
†5

1

& l
~ui

x1 iui
y!, ~B1!

using the relative coordinateui5r i2Ri . In Ref. 22, the
equation of motion forai

† is expanded with respect tol /d,
whered is the lattice constant of the Wigner solid. This lea
to

@H,ai
†#5\vs i

ai
†1

EC

2 S l

dD 3

(
j

M i j aj
† , ~B2!

whereMi j is defined by

Mi j 5H (
kÞ i

S d

uRi2Rku
D 3

~ i 5 j !,

2S d

uRi2Rj u
D 3

~ iÞ j !.

~B3!

Noting that

A0s
1 uf0&5 (

i ~s i5s!
ai

†uf0&, ~B4!
u

om

he
cs

W
on

sc
as
n

we obtain

@H,A0s
1 #uf0&5\vsA0s

1 uf0&

1
EC

2 S l

dD 3F2 (
i ~s i5s!

(
j ~s jÞs!

Mi j ai
†

1 (
i ~s i5s!

(
j ~s jÞs!

Mi j aj
†G uf0&. ~B5!

Because up-spin and down-spin electrons are rando
placed,

(
i ~s i5s!

(
j ~s jÞs!

Mi j ai
†uf0&;

1

Ns
(

i ~s i5s!
(

j ~s jÞs!
Mi j A0s

1 uf0&

;
n↑n↓
nens

lA0s
1 uf0&,

(
i ~s i5s!

(
j ~s jÞs!

Mi j aj
†uf0&;

1

Ns̄
(

i ~s i5s!
(

j ~s jÞs!
Mi j A0s̄

1 uf0&

;
n↑n↓
nens̄

lA0s̄
1 uf0&, ~B6!

wheres̄ is the reversed spin state ofs and l is a constant
defined by

l5(
lÞ0

u lu23, ~B7!

with l5(n1m/2,)m/2) ~n, m: integer!. Consequently, two
CR modes defined by Eq.~3.1! are coupled only with each
other and decoupled with other inter-Landau-level exc
tions. The spectra are well reproduced by GSMA and cal
lated from the effective Hamiltonian~3.2!. The effective cou-
pling constant can be calculated as Eq.~3.14!.
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