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Phase fluctuations and spectral properties of underdoped cuprates

M. Franz and A. J. Millis
Department of Physics and Astronomy, Johns Hopkins University, Baltimore, Maryland 21218

~Received 29 May 1998!

We consider the effect of classical phase fluctuations on the quasiparticle spectra of underdoped high-Tc

cuprate superconductors in the pseudogap regime aboveTc . We show that photoemission and tunneling
spectroscopy data are well accounted for by a simple model in which mean-fieldd-wave quasiparticles are
semiclassically coupled to supercurrents induced by fluctuating unbound vortex-antivortex pairs. We argue that
the data imply that transverse phase fluctuations are important at temperatures aboveTc , while longitudinal
fluctuations are unimportant at all temperatures.
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I. INTRODUCTION

It is now a well established experimental fact that t
underdoped cuprate superconductors exhibit a ‘‘pseudog
behavior above the superconducting critical temperatureTc ,
which is characterized by a vanishing superfluid density
obtained by transport measurements, but persistence of a
in the quasiparticle excitation spectrum as measured by v
ous spectroscopies.1 Recent angle-resolved photoemissi
spectroscopy2–5 ~ARPES! and scanning-tunneling
spectroscopy6,7 ~STS! experiments indicate that in the unde
doped cuprates the gap evolves smoothly as the temper
is increased throughTc . Although the gap begins to fill in
and the sharp quasiparticle peaks are lost aboveTc , the po-
sition of the gap edge changes only slightly. This is in sh
contrast to the behavior of overdoped cuprates and con
tional superconductors where the gapclosesat T5Tc . It is
further found that the gapincreasesas the doping concentra
tion is reduced from its optimum value, while at the sam
time Tc decreases. This results in highly anomalous ra
2D/kBTc that were reported to attain values of 12 or more
Bi2Sr2CaCu2O81d ~BiSCCO!, compared to the weak cou
pling BCS value of 3.54. ARPES results also indicate t
the angular dependence of the gap function on the Fe
surface, which belowTc follows theDk5Dd cos(2u) shape
expected for adx22y2 order parameter, develops extend
gapless regions around the nodes aboveTc whose size in-
creases withT. Although a number of important experimen
tal issues remains to be settled, such as the temperatu
which the pseudogap closes and its possible persistenc
optimally and even overdoped cuprates suggested by th
cent STS results,6 the basic picture of a superconducting qu
siparticle gap persisting over a wide range ofT.Tc in un-
derdoped materials is well established.

Many theoretical concepts, including spin fluctuation8

condensation of preformed pairs,9 SO~5! symmetry,10 and
spin-charge separation,11 have been invoked to explain th
pseudogap behavior. In this paper we study the implicati
of a scenario put forward by Emery and Kivelson12 who,
following earlier work of Uemuraet al.,13 proposed that the
underdoped material aboveTc is in a state with a nonzero
local amplitude of superconducting pairing, but is not tru
superconducting due to thermal fluctuations in the phas
the order parameter. Within such a scenario the transitio
PRB 580163-1829/98/58~21!/14572~9!/$15.00
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Tc is of the Kosterlitz-Thouless~KT! type, slightly rounded
by the weak coupling between the copper-oxygen pla
along thec-axis. In a strictly 2D system the KT transition i
associated with proliferation of unbound vortex-antivort
pairs. Weak coupling between the planes leads to correl
motion between vortices in adjacent planes that form th
dimensional~3D! vortex loops close to the critical tempera
ture. The transition to the disordered phase is then chara
ized by the appearance of vortex loops with arbitrarily lar
radii.14

In the present paper we study the spectral properties
superconductor in the incoherent state above the ph
disordering transition but below the mean-field transition
which the local gap forms. We find that fluctuating curren
arising from unbound vortex-antivortex pairs can contribu
significantly to the ARPES and STS line-shape broaden
in the low-energy region of the spectrum. By analyzing t
experimental data we estimate the strength of these su
conducting phase fluctuations and we deduce the vortex
energy.

We model the underdoped cuprate superconductor as
of independent 2D superconducting layers, each underg
a KT transition at a temperatureTKT that we identify with the
superconducting critical temperatureTc . The weak inter-
plane coupling, which we neglect, will affect the very lon
length-scale physics~changing, e.g., the universality class
the transition from KT to 3DXY), but should not affect the
shorter length-scale fluctuations that contribute to the e
tron spectral functions of interest here. The disordered s
above TKT can be thought of as a ‘‘soup’’ of fluctuatin
vortices with positive and negative topological charges a
with total vorticity constrained to zero. Each of these vor
ces is surrounded by a circulating supercurrent which dec
as 1/r with the distance from the core. Such supercurren
within a semiclassical approximation, lead to a Doppl
shifted local quasiparticle excitation spectrum of t
form15,16

Ek5Ek
01\k•vs~r !, ~1!

where vs(r ) is the local superfluid velocity andEk
0

5Aek
21uDku2 is the usual BCS spectrum. The change in t

local excitation spectrum will affect the spectral properties
14 572 ©1998 The American Physical Society
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the superconductor in that the physically relevant spec
function must be averaged over the positions of fluctuat
vortices.

This effect will be particularly pronounced in ad-wave
superconductor since Eq.~1! implies formation of a region
on the Fermi surface withEk,0 around a nodal point fo
arbitrarily smallvs(r ). Physically this corresponds to a re
gion of gapless excitations on the Fermi surface that lead
a finite density of states~DOS! at the Fermi level. As first
discussed by Volovik,17 a similar situation arises in th
mixedstate of ad-wave superconductor where the superflo
around the field-induced vortices leads to the residual D
proportional toAH. This unusual field dependence aris
because the distance between vortices in the vortex la
dv;H21/2 and the average superfluid velocity projected o
a gap-node direction is proportional todv

21 . At low T and
high field this implies a;TAH contribution to the electronic
specific heat that was indeed observed in the measurem
on YBa2Cu3O6.95 single crystals.18,19 In the present case, in
stead of a regular Abrikosov lattice of field-induced vortice
we consider a fluctuating plasma of thermally induced vo
ces and antivortices. The essential physics however rem
the same.

II. THEORY: QUASIPARTICLE EXCITATIONS COUPLED
TO PHASE FLUCTUATIONS

We shall be interested in how the supercurrents indu
by phase fluctuations affect the spectral function of a sup
conductorA(k,v)52p21 Im G(k,v), which may be mea-
sured by ARPES and STS experiments. HereG~k,v! is the
diagonal part of the full superconducting Green’s functi
that solves the Gorkov equations for ad-wave supercon-
ductor, given in the Appendix. In the mean-field approxim
tion ~neglecting, among other things, phase fluctuations! the
diagonal Green’s function may be written as

G 0
21~k,v!5v2ek1 iG12

Dk
2

v1ek
, ~2!

where, following Ref. 5, we have added to the usual me
field solution a single-particle scattering rateG1 . Note that
this form of the scattering rate inG0 constitutes a nontrivia
assumption. It is not pair breaking, in the sense that i
ineffective at small v, ek , i.e., in the region v,Ek

;Aek
21Dk

2. By contrast, in ad-wave superconductor, a con
ventional scattering rate enters via the replacementv→v
1 iG, leading to a broadening that is effective even at lowv,
ek . As shown by Normanet al.5 the form given in Eq.~2!
agrees with the ARPES data atT,Tc . We demonstrate be
low that it also agrees with STS.

At T.Tc Norman et al.5 showed that additionalpair-
breakingscattering is needed to account for the ARPES d
which they modeled phenomenologically by introducing a
other scattering rateG0ÞG1 , making a replacementv→v
1 iG0 in the last term of Eq.~2!. They suggested thatG0
could arise from exchange of pair fluctuations; we find,
explicitly evaluating the corresponding propagator,20 that
this proposed mechanism does not account for the obse
magnitude ofG0 . This conclusion is supported by the resu
of Vilk and Tremblay.21
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We now discuss what we believe to be a more like
source of the pair-breaking scattering, namely, supercurr
induced by phase fluctuations. In order to determine howG0
is changed in the presence of superflow it is useful to re
the origin of the energy shift in Eq.~1!. This can be
derived15,16 by assuming a state ofuniform superflow with
vs5\q/m ~Ref. 22! induced by an order parameter of th
form e2iq•rDk . By solving the appropriate set o
Bogoliubov–de Gennes equations and retaining only te
to linear order inq, one finds that the energy is modified a
indicated in Eq.~1! while the coherence factors are to th
same order unchanged. This result is then semiclassic
extended to nonuniform situations by assuming slow spa
variations ofvs(r ).

One can follow this exact procedure and solve the app
priate Gorkov equations forGq in the presence of superflow
One finds~see Appendix! the following intuitively plausible
result, which is exact for uniform flow up to terms linear
q:23

Gq~k,v!5G0~k2q,v2h!, ~3!

where h[\vF(k)•q.\k•vs . Here vF(k)5(]ek /]k)k5kF

.\kF /m is the Fermi velocity and the last equality hold
when the Fermi surface is approximately isotropic. In t
following we shall assume that Eq.~3! can be applied locally
whenvs(r ) varies slowly in space. Applying the above pr
scription to Eq.~2! one finds, again to the leading order inq,

Gq
21~k,v!5v2ek1 iG12

~Dk2z!2

v1ek22h
, ~4!

where z[vD(k)•q with vD(k)5(]Dk /]k)k5kF
. One can

easily estimatevD /vF;(j0kF)21;Dd /eF , which is typi-
cally a small number in a superconductor. We therefore
pect thatz!h. A more detailed numerical analysis indee
shows that, as long asDd /eF is small compared to unity, the
effect of z on the spectral line shape is negligible compar
to that ofh, and will be dropped in the following.

A typical experimentally measured quantity, such as
ARPES or STS line shape, will provide information onGq
averagedover the phase fluctuations. Thus, we need
evaluate

Ḡq~k,v!5E dhP~h!Gq~k,v!, ~5!

whereP is the probability distribution ofh given by

P~h!5^d@h2\k•vs~r !#&. ~6!

The angular brackets indicate thermodynamic averaging o
the phase fluctuations in the ensemble specified by the
XY Hamiltonian12

HXY

kBT
5

1

2
VS 2m

\ D 2E vs
2~r !d2r , ~7!

wherevs(r ) is understood to contain both longitudinal~spin-
wave-like! and transverse ~vortexlike! excitations. V
5V0 /kBT is a dimensionless coupling constant andV0 is
related to the superfluid densityns by V05\2ns/4m. In the
nearest-neighborXY model, kBTKT.0.9V0 ;12 more gener-
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14 574 PRB 58M. FRANZ AND A. J. MILLIS
ally kBTKT5(p/2)V0(T5TKT).26 Longitudinal phase fluc-
tuations result in the spatial modulation of charge den
and will be therefore suppressed by Coulomb interaction
long wavelengths. This interaction is not explicitly include
in the XY Hamiltonian~7! but we return to it shortly.

The last term in Eq.~2! can be thought of as a superco
ducting self-energySs(v,k). Equations~4! and~5! then im-
ply that the primary effect of the phase fluctuations is
smear the functional dependence ofSs(v,k) on the energy
variable, broadening the spectral line shape. A more deta
analysis shows thath acts primarily tofill in the gap, in a
way similar to the inverse pair lifetimeG0 introduced by
phenomenological considerations in Ref. 5.G1 , on the other
hand, does not affect the line shape at low energies: no
thatG0(kF ,v50)50 for anyG1 .

We now give a quantitative description of this broaden
by explicitly evaluatingP(h) and the resulting line shapes a
a function of temperature. Making use of the identityd(x)
5(2p)21*dseisx, Eq. ~6! becomes

P~h!5
1

2p E
2`

`

dseish^e2 is\k•vs~r !&. ~8!

To the leading order in cumulant expansion one can w
^e2 is\k•vs(r )&5exp@21

2s
2\2kakb^vs

avs
b&#, where summation

over repeated indices is implied and the spatial variable
been suppressed. This statement becomes exact whe
transverse fluctuations can be represented by Gaussian
grees of freedom, as is done in the Debye-Hu¨ckel approxi-
mation employed below. Thes integral in Eq.~8! can now be
explicitly carried out, yielding a Gaussian distribution

P~h!5~2pW!21/2e2h2/2W, ~9!

with W5\2kakb^vs
avs

b&. We have thus reduced the proble
of finding the probability distributionP to evaluation of a
correlator^vs

avs
b&. For a 2D system described by the Ham

tonian ~7!, this correlator has been considered by Halpe
and Nelson.27 They found, using a Debye-Hu¨ckel approxi-
mation valid for forT well aboveTKT ,

^vs
a~p!vs

b~2p!&5
\2

2m2V Fpapb

p2 1
dab2papb /p2

11c3jc
2p2/4p2VG , ~10!

where vs(p)5*dre2 ip•rvs(r ). The first term in brackets
comes from the longitudinal and the second from the tra
verse fluctuations.c35(2Ec2p2V0)/kBT is a dimensionless
quantity related to the density of vortices,Ec is the vortex
core energy, andjc is the core cutoff.

Upon averaging over fluctuations the translational inva
ance is restored and we may evaluate the real-space
relator atr50:

^vs
a~0!vs

b~0!&5
1

~2p!2 E d2p^vs
a~p!vs

b~2p!&. ~11!

Explicit integration finally yields, foruku5kF ,

W5
p3Dd

2

8V F11
V

c3
lnS 11

c3

V D G . ~12!
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The short wavelength divergence in Eq.~11! has been cut off
at qc52p/jc and we used the BCS relationjc
5\vF /pDd . The first term in brackets comes from longitu
dinal fluctuations and would be suppressed in realistic m
els in which the Coulomb interaction is important. The se
ond term, av[(V/c3)ln(11c3 /V), comes from transverse
fluctuations due to vortices, and is always positive a
smaller then 1~this follows sincec3.0 is required by the
stability of the system!. To the extent thatEc is independent
of temperature, the ratioc3 /V, and thereforeav , is T inde-
pendent. The primaryT dependence ofW therefore comes
from V in the prefactor. After expressingV0 in terms of
TKT , W may be written as

W.3.48~11av!~T/TKT!Dd
2 . ~13!

Equations~4!, ~5!, and~9! describe the effect of classica
phase fluctuations on the spectral function of a superc
ductor. From the knowledge of such a spectral function o
can compute the respective ARPES and STS line sha
extract the parameterW, and compare it with the prediction
given by Eq.~13!. This will be done in the next section, bu
we first discuss the validity and some qualitative aspects
the results presented above.

Our results depend on three assumptions; that the elec
Green’s function may be calculated using semiclass
methods, that the phase fluctuations are quasistatic, and
there is a sufficiently wide KT temperature regime in whi
reasonably well-defined vortex-antivortex plasma exists. T
first of these assumptions applies when the coherence le
is sufficiently larger than the inter electron spacing~i.e.,
kFj@1) and is the same assumption as underlies Volov
prediction17 of a ;TAH dependence of the specific heat
the mixed state of ad-wave superconductor. As this behavi
is observed in YBa2Cu3O7 ~Refs. 18 and 19!, we believe that
this assumption is well justified. The second assumption
quasistatic phase fluctuations, has two parts. The transv
fluctuations come from vortices, so for them the essen
assumption is that vortices move slowly compared to el
trons. This is justified by Bardeen-Stephen results, wh
imply that vortex motion is overdamped and thus diffusiv
and so surely slower than the ballistic motion of the ele
trons. For longitudinal fluctuations the situation is less cle
If the hypothesis of Emery and Kivelson that they are cl
sical ~i.e., that atq;jc

21 we havevq!T) ~Ref. 12! is ac-
cepted, then Eq.~10! applies. However, as we shall see, t
data contradict this. A more likely scenario is that Coulom
interaction pushes the longitudinal fluctuations up to
plasma frequency, in which case the coupling to electron
very weak and one should simply remove the longitudi
fluctuations from the theory. We shall see that the data
consistent with this picture. If~for some as yet unknown
reason! the longitudinal fluctuations are collective mod
with a velocity of the order of the Fermi velocity, then ou
results do not apply. The final assumption, of a wide te
perature regime between the mean-field and KT transitio
is the most difficult to justify, except on empirical ground
This hypothesis was proposed in Ref. 12 and our results
consistent with it. The theoretical justification for the exi
tence of a wide intermediate regime in a clean system m
involve proximity to a Mott insulating phase, which sup
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presses the superfluid stiffness and henceTKT , but does not
suppress the pairing. A detailed theoretical treatment in
dimensions has not been given.

As mentioned above,W given by Eq.~13! describes both
longitudinal and transverse fluctuations of the phase and
be written accordingly asW5WL1WT , where

WL.3.48~T/TKT!Dd
2 , ~14!

WT.3.48av~T/TKT!Dd
2 . ~15!

The expression forWT is valid at temperatures well abov
TKT , where all pairs can be thought of as unbound and th
mal energy dominates over the intervortex interaction26

Well belowTKT , on the other hand, we expectWT50 since
the vortices appear only in tightly bound pairs that contrib
negligible supercurrent beyond the lengthscale set by the
size and the pair density is exponentially small;e22Ec /kBT.
By numerically integrating the appropriate scaling relation27

one could in fact obtainWT at all temperatures. Howeve
such level of detail is beyond the scope of this paper and
shall confine ourselves to the limiting cases stated above
note thatWT has nonsingular monotonic behavior acro
TKT .

The expression, Eq.~14!, for WL is expected to be valid
down to low temperatures, provided quantum fluctuatio
and the Coulomb interaction can be neglected. In ad-wave
superconductor the temperature dependence ofWL will be
modified by theT-linear temperature dependence of the
perfluid density28 ns;l22(T) that enters the definition ofV0
in the XY Hamiltonian ~7!. It is interesting to note that a
temperatures belowTc , say atT5Tc/2, Eq. ~14! implies
WL.Dd

2 , i.e., large broadening of the spectral function
longitudinal fluctuations. Such a large broadening, com
rable to the gap itself, would completely obliterate any s
nature of the gap in the excitation spectrum. Clearly, this
not observed experimentally.2,3,6 As shown below and in
Ref. 5, experimental data are consistent withW50 below
Tc . We must therefore conclude that longitudinal fluctu
tions are strongly suppressed by the Coulomb interactio
suggested in Ref. 29. On the same grounds we may a
that the observed linear temperature dependence of the
netic penetration depth28 is not due to phase fluctuations, a
suggested by some authors,30,31 but due to thermally excited
quasiparticles in the nodes of thed-wave gap.32 Transverse
fluctuations, on the other hand, result in no net charge
placement and are thus unaffected by Coulomb interacti

III. COMPARISON TO EXPERIMENTAL DATA

A. Photoemission

As shown by Normanet al.,3 a particularly simple rela-
tionship exists between the spectral function of a superc
ductor and asymmetrizedARPES spectrum at the Fermi su
face,

I S~v!}Ā~kF ,v!, ~16!

where I S(v)5I (v)1I (2v) and I (v) is the measured
ARPES line shape. The advantage of this symmetrized
resentation is that the thermal broadening due to the Fe
functions is automatically subtracted out. The proportiona
o
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~16! is expected to hold foruvu less than a few tens of meV
and remains valid in the presence of a symmetric ener
resolution function. We first discuss qualitative features
our predicted line shape and the experimental data, and
present results of a detailed fitting procedure.

The symmetrized experimental ARPES line shapes for
83-K underdoped BiSCCO sample of Ref. 5 for thek5kF
vector along the (0,0)→(0,p) direction at selected tempera
tures are shown in Fig. 1~a!. Below Tc we wish to model
these line shapes by the spectral function correspondin
Eq. ~2!, which for k5kF , ekF

50 becomes

I S~v!}A0~kF ,v!5
1

p

G1

~v2Dk
2/v!21G1

2 . ~17!

As noted in Ref. 5, this functional form indeed describes
data belowTc well, after it is convolved inv with a Gauss-
ian of widths513.5 meV representing the estimated expe
mental resolution. Qualitatively,Dk sets the position of the
quasiparticle peaks andG1 ~together withs! sets their width.
Note that forG15s50 the above line shape consists of tw
d functions atv56Dk . It is thus clear that fairly large
values ofG1 in Eq. ~17! are needed in order to obtain qu
siparticle peaks of the correct width. Even for largeG1 the
theoretical line shapeI (v) tends to zero foruvu larger then
severalDk , while the experimental line shape saturates t
finite value. Understanding this large-v background present
a challenge for any theory of ARPES in the cuprates an
beyond the scope of this paper. Here we focus on the l
energy region of the spectrum where we may reasona
expect the present simple model to be valid.

For s!G1 one can easily estimateI S(0)'I 0(G1s2/Dk
4)

and I S(Dk)'I 0G1
21 . The peak to valley ratio

k[
I S~Dk!

I S~0!
'

Dk
4

G1
2s2 ~18!

is independent of the unknown prefactorI 0 and can be easily
extracted from the raw data. Assuming fixedDk one can thus

FIG. 1. ~a! Symmetrized ARPES line shapesI S(v) at momen-
tum near~p,0! from Ref. 5 ~thin line! and our fits to the spectra
function ~thick line! at selected temperatures. The dashed line ill
trates fit withW50. Region of the fit isuvu,80 meV. ~b! Param-
eters of the fit as a function ofT.
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14 576 PRB 58M. FRANZ AND A. J. MILLIS
obtain reliable estimates ofG1 without performing detailed
fits. In particular, application of Eq.~18! to the data in Fig.
1~a! implies thatG1 grows by about a factor of 6 betwee
T514 K and 100 K. The above analysis also implies tha
low v the line shape depends crucially on the experime
resolutions. For instance, decreasings by a factor of 2 the
ratio k should grow by a factor of 4. Confirming this predi
tion experimentally would be a valuable test of the pres
model.

Above Tc Eq. ~17! no longer provides a good fit for th
data. The reason for this is the persistence~up to;200 K) of
a well-defined edgelike feature aroundv5Dk along with a
pronounced increase in the low-v density of states. This be
havior cannot be modeled by further increasingG1 since the
values needed to fixI (0) would rapidly smear the edge
Inclusion of the phase fluctuations, i.e., finiteW in the aver-
aged spectral function~5!, rectifies this problem. Analyti-
cally it is somewhat difficult to discuss the combined effe
of W, G1 , and s on the line shape. Qualitatively one ca
show that the primary effect of increasingW is to ‘‘fill in’’
the gap. This is precisely what is needed to describe
ARPES data aboveTc .

Figure 1~a! shows our fit to the symmetrized ARPES lin
shapes for the underdoped sample for a momentum
~0,p! ~zone face! using a numerical computation of the fu
spectral function extracted from Eq.~5!. Least-square fits in
which Dk , G1 , andW were taken as free parameters, we
performed after convolving the spectral functionĀ(kF ,v)
with experimental resolutions513.5 meV. In the low-
energy region uvu&80 meV, where the simple mode
Green’s function approach withv-independent scatterin
rate G1 is expected to be valid, the fits are excellent for
temperatures. The extracted parameters are displayed in
1~b!. Both Dk and G1 behave in the way expected for a
underdoped cuprate: the gap is approximately cons
acrossTc while the scattering rate rises sharply belowTc and
saturates at higher temperatures. In the present mode
large increase inG1 is required to wipe out the quasipartic
peaks.W also behaves as anticipated from the above con
erations. At low temperaturesW.0 indicating that belowTc
the phase fluctuations are negligible; vortices appear onl
tightly bound pairs and longitudinal fluctuations are su
pressed by the Coulomb interaction. AboveTc fluctuations
become important~pairs unbind! and W approaches the
T-linear behavior consistent with Eq.~13!. We stress here
that a good fit to the datarequires W.0 aboveTc . This is
illustrated by the dashed line in Fig. 1~a! that represents the
fit to the 100-K line shape withW50 and the gap value
restricted toDk&Dk(T50).33 We note, however, that in thi
model much of the observed low-v density arises from the
large value ofG1 in combination with the instrumental reso
lution. It is possible~and is indeed suggested by the analy
of the STS data in the next section! that the largeG1 contri-
bution is an artifact, arising from a combination of expe
mental resolution in the photoemission experiments and
adequacies of our theoretical model. We therefore regard
values ofW obtained here as underestimates.

From the slope ofW(T), assuming that transverse flu
tuations are dominant, we estimateav.0.009 implying the
vortex core energyEc /V0.360. This value is much large
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than the usual condensation energy in the vortex coreEc

.2V0 .16 Within the Debye-Hu¨ckel approximation the vor-
tex density can be estimated asrv5jc

22(p/c3)(12av)
.jc

22(T/TKT)(V/c3), for av!1 andkBTKT.V0 . This im-
plies, for the parameters extracted from ARPES data,rv

.4.331023jc
22(T/TKT). It is remarkable that such a sma

density of vortices leads to significant broadening of the l
shape. We should also remark that for such a small den
of vortices one may question the validity of Debye-Hu¨ckel
approximation at temperatures in consideration. We emp
size, however, that only our interpretation ofW and in par-
ticular the estimates ofEc andrv depend on the validity of
this approximation. Our analysis of the line shapes is qu
general, since we treatW as a free parameter of the mode

We have performed similar fits for an overdoped 82
BiSCCO sample of Ref. 5. Our results are consistent withDk
vanishing close toTc and, within statistical noise,W50 at
all temperatures. This indicates that phase fluctuations
unimportant in overdoped cuprates and the transition is
sentially mean field-like.

We now consider ARPES data at the Fermi crossing cl
to the gap node direction~p,p!. These indicate extende
regions of gapless excitations aboveTc that grow in size
with temperature.2,3,5 This is not reproduced by the simpl
model we have considered so far. The reason is that ad
the \vs•k term to the quasiparticle energy@cf. Eq. ~3!# ef-
fectively depletes the local spectral function forvs parallel to
k but enhances it by equal amount for oppositevs . Upon
averaging over all directions ofvs ~for fixed k! the net effect
is to broaden the mean-field line shapes as seen in Fig.~a!.
Phase fluctuations cause no net depletion of the spe
weight near the gap nodes.

In order to account for the ARPES data the form ofDk
must change. Since the supercurrent flowing around in
vidual vortices is pair breaking, it is in principle possible th
it will alter the internal structure of the self-consistent g
function in addition to usual suppression of the order para
eter in the core. A similar scenario has been proposed
Haaset al.35 who considered the effect of nonmagnetic im
purities on ad-wave gap function. They found that it wa
possible to construct a gap function such that with increas
disorder nodes indeed expanded into finite gapless arcs
tuitively this effect can be understood on the grounds tha
smaller gap near the nodes is more susceptible to the
breaking. In the present case pair breaking is caused by
percurrents rather than impurities, but the physics rema
the same.

In order to substantiate this idea we have solved the s
consistent gap equation for ad-wave superconductor in th
presence ofuniform superflow. We considered a model ga
function of the formDk5Dd cos(2u)1Dd8 cos(6u) with the
appropriately generalized pairing interaction.35 We found
that, for a system withDd8,0 in the absence of superflow,
transition toDd8.0 occurs when sufficiently strong supercu
rent flows in the direction close to the nodal vectorkn ; i.e.,
when uvs• k̂nu.bDd /\kF , with b.0.7 a model dependen
constant. The state withDd8.0 exhibits extended gaples
regions ~cf. Fig. 2! while that with Dd8,0 only the usual
point nodes. Extrapolating this behavior to the supercurr
flowing around the vortex we argue that a region of extend
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gapless excitations may form in the vicinity of the core. Su
a region would have the shape of a four-leaf clover~sche-
matically depicted in the inset of Fig. 2! and a spatial exten
of severaljc . A truly quantitative treatment of this effect i
complicated because it involves self-consistently solving
d-wave vortex problem, which is a highly nontrivial task.36

We note, however, that recent STS data on vortices in B
CCO ~Ref. 37! show a peculiar pseudogap behavior near
vortex core, which may be indicative of a formation of th
gapless regions around a vortex proposed above.

Assuming that this picture is correct, it is clear that in t
vortex-antivortex plasma aboveTc , upon averaging ove
fluctuations, ARPES will detect a gap function strongly su
pressed fork close to the nodes. Furthermore, with increa
ing temperature the volume fraction of gapless regions
grow ~since the vortex density grows! leading to larger gap-
less areas on the Fermi surface in agreement with experim
tal observation.

B. Tunneling

Tunneling conductance, the quantity measured by STS
related to the spectral function of the superconductor by

g~E!52E
2`

`

dv f 8~v2E!(
k

uM k~v!u2Ā~k,v!, ~19!

where f is the Fermi function andM k(v) is the tunneling
matrix element, usually approximated by a constant. Tun
ing conductance reflects the spectral function averaged
the entire Brillouin zone and broadened in the energy v
able by the Fermi function. Thus, unlike in the ARPES lin
shape functionI S(E), quasiparticle peaks ing(E) will be
broadened even in the absence of scattering and atT50. For
measurements performed on similar samples one would
expect ARPES spectra to be much sharper than STS spe
at any temperature. Figure 3~a! displaysg(E) as measured
by STS on the 83-K underdoped BiSSCO sample of Ref
Surprisingly, we observe that at lowest available tempe
tures the STS line is in factsharperthan the ARPES line. As
discussed in the previous section the broadening of
ARPES line comes exclusively from the scattering and

FIG. 2. Model gap functionD(u)5Dd cos(2u)1Dd8 cos(6u)
with t[Dd8/Dd positive ~extended nodes! and negative~point
nodes!. Inset illustrates the proposed real-space electronic struc
of the vortex in ad-wave superconductor.
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perimental resolution. Therefore, inspection of the raw d
suggests that the scattering rateG1

STS will be much smaller
than G1

ARPES. This conclusion is indeed borne out by th
detailed fitting procedure carried out below. This is a rath
surprising result that we discuss more fully in the next s
tion.

As seen from Eq.~19!, modeling of the tunneling conduc
tance requires knowledge of the band structure away fr
the Fermi surface and is therefore somewhat more invol
than that of ARPES. Nevertheless, we find that assumin
simple free-electron dispersion with cylindrical Fermi su
face andDk5Dd cos(2u), provides a reasonable fit for th
data at low temperatures, provided that one compensate
the asymmetric background conductance and assumesu-
dependent matrix elementM k(v)}ucos(2u)u. The latter as-
sumption is motivated by band-structure calculations38 that
indicate that tunneling between layers is dominated by
regions on the Fermi surface close to the~0,p! points. As
shown in Fig. 3~a!, this u dependence allows one to simult
neously account for the sharp quasiparticle peak and
wide gap in the STS line. AssumingM k(v)5const leads to
broader peaks and sharper V-shaped gap structure, inco
tent with experimental data. We further remark that o
simple model does not~and is not expected to! explain the
pronounced dip feature appearing in the spectrum at hig
energies, whose origin is at present unknown. Over the ra
T,Tc , G1

STS has similar qualitative behavior asG1
ARPES

@compare Figs. 1~b! and 3~b!#, but remains about one orde
of magnitude smaller. We have attempted to reconcile
two sets of data by considering a more realistic band str
ture andu-dependent scattering rate in Eq.~19!. However,
even under the most favorable conditionsG1

STS remains a
factor of 5–6 smaller thanG1

ARPES.
Above Tc the STS line does not have enough features

permit a meaningful three-parameter fit. In particu
thesharp gap edge completely disappears above 100
which leads to ambiguity in definingDd from the data. Based
on our previous finding~from the ARPES data! that bothDd
and G1 exhibit only weakT dependence aboveTc , we fix

re

FIG. 3. ~a! Fit to the STS data of Ref. 6 at selected tempe
tures. ~b! Parameters of the fit as a function ofT. AboveTc both
Dd andG1 are fixed to their values at 84 K.
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these two parameters at their respective values at 84 K~40
meV and 34 meV! and extract the temperature dependen
of W. This appears to us as a reasonable procedure, w
we further check by performing two-parameter fits withDd
held constant or slowly decreasing with temperature as
plied by Fig. 1~b!. W is shown in the inset to Fig. 3~b!. Its
qualitative behavior is similar to that ofWARPES but the am-
plitude is roughly factor of 10larger. The difference is
caused in part by the much smaller value ofG1 discussed
above. Part of the discrepancy betweenWARPES and WSTS

can presumably be attributed to differences in material
experimental uncertainties, as well as the failure of our fi
account for the temperature variation ofG1 , which according
to Fig. 1~b! grows by another factor of 2 between 80 K a
200 K. Nevertheless, after accounting for these factors, c
siderable discrepancy remains in place, which is not und
stood at present. We estimateav.0.097 which implies the
vortex core energyEc.22V0 and vortex densityrv.8.7
31022jc

22(T/TKT). The value ofEc /V0 is still large com-
pared to the conventional estimate of the condensation
ergy in the coreEc.2V0 ,16 but is consistent with large cor
energyEc.26V0 deduced from lower critical field measure
ments of YBa2Cu3O6.95 at T50.34 We note thatEc is a
cutoff-dependent quantity and therefore the precise num
cal value quoted here should be accepted with that in m
It is also possible that the large value of the ratioEc /V0 is
due to an unusually smallV0 rather than unusually largeEc .
Indeed, the vortex core energy is typically of the order
Fermi energy. An estimate ofV0 given in Ref. 29, 5,V0
,10 meV, impliesEc;0.1– 0.2 eV, in reasonable agre
ment with many theories of underdoped cuprates, which s
gest a Fermi energy of the order of the exchange cons
J;0.15 eV.

IV. DISCUSSION

The qualitative behavior of ARPES and STS line sha
in underdoped BiSCCO clearly establishes the existence
scattering mechanism that becomes operative atT.Tc and
that acts primarily to fill in the gap at low energies. We ha
shown that transverse phase fluctuations associated with
liferation of unbound vortex-antivortex pairs in the syste
provide a reasonable explanation for this scattering. O
analysis also indicates that longitudinal~spin-wave! fluctua-
tions are almost completely suppressed, above and be
Tc . It has been proposed30,31 that in high-Tc materials, lon-
gitudinal phase fluctuations governed by theXY Hamiltonian
~7! are important in that they significantly contribute to t
observed temperature dependence of the magnetic pen
tion depth.28 We have calculated the broadening of the sp
tral function that would be caused by these fluctuations,
found it to be much greater than the experimental data wo
permit. We therefore conclude that longitudinal fluctuatio
are suppressed, perhaps by the Coulomb interaction as
gested in Ref. 29.

Quantitatively there exists considerable discrepancy
tween the parameters describing the ARPES and STS
shapes, in particular the single-particle scattering rateG1 and
phase fluctuation broadeningW. Since the discrepancy i
apparent at low temperatures and in overdoped cuprate
are led to believe that the problem lies primarily in our la
e
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of detailed understanding of the line shapes rather than
physics of phase fluctuations aboveTc . The most disturbing
is almost an order of magnitude difference betweenG1

ARPES

andG1
STS found belowTc , which is implied directly by the

raw data. In view of the fact that both measurements per
to underdoped BiSCCO crystals with similar critical tem
peratures, it appears unreasonable to attribute such a
discrepancy to the material differences. We speculate tha
large scattering rate needed to fit the ARPES data is an
fact related to our incomplete understanding of the pho
emission process in the superconductor, which is theor
cally not completely understood even in simple metals25

Tunneling spectroscopy, on the other hand, is a techni
well established in superconductors. We therefore surm
that parameters obtained from STS more directly reflect
underlying physics. IndeedG1

STS.8 meV at 4.2 K is compa-
rable to the scattering rates deduced from transp
measurements39,40 on underdoped cuprates, andEc

STS

.22V0 , although large for a conventional superconductor
perhaps not unreasonable in cuprates.34 Consequently,
ARPES line shapes appear to reflect significant extrin
broadening of unknown origin. The puzzling aspect of th
interpretation is that the additional physics in the ARP
spectra enters as amultiplicative rather than additive facto
to the apparent scattering rate; cf.G1

ARPES.8G1
STS over the

entire temperature range belowTc , in which G1 changes by
a factor of 6. It is also possible that in the cuprates thec-axis
tunneling matrix elementM k(v) introduced in Eq.~19! is
itself anomalous. Improving the energy resolutions of
ARPES could shed some light on this issue. As noted be
Eq. ~18! the ARPES line shapes are strongly affected
experimental resolution at smallv. If the model Green’s
function~2! is correct, a factor of 2 improvement ins should
lead to considerable decrease in the measured intensi
v50 but almost no change in the width or height of t
quasiparticle peaks atuvu5Dk .

Finally we note that sizable transverse phase fluctuati
implied by this work will also affect other properties of th
underdoped systems, such as the electronic specific h
fluctuation diamagnetism, and transport. Vortices exist
aboveTc should also generate local magnetic fields that
zero on average but have a nonvanishing variance. If s
fields could be detected, e.g., by muon spin rotation exp
ment, this would constitute a direct evidence for the ph
fluctuation model of the pseudogap phase.
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APPENDIX: GORKOV EQUATIONS IN THE PRESENCE
OF SUPERFLOW

Real-space Gorkov equations41 generalized to anisotropic
superconductors read
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~v2Ĥe!G~r1 ,r2 ;v!1D̂F1~r1 ,r2 ;v!5d~r12r2!,
~A1!

~v1Ĥe* !F1~r1 ,r2 ;v!1D̂*G~r1 ,r2 ;v!50.

Here Ĥe5@ i¹2(e/c)A#2/2m2eF is the single-electron
Hamiltonian andD̂ is the gap operator for spin singlet supe
conductivity defined as

D̂F1~r1 ,r2 ;v!5E d2r 8D~r1 ,r 8!F1~r 8,r2 ;v!.

~A2!

D(r1 ,r2) is the gap function that is in general a nontrivi
function of both electron coordinates in the anisotropic
perconductor. We are interested in the state of uniform
perflow induced by the gap function of the form

D~r1 ,r2!5D0~r12r2!eiq•~r11r2! ~A3!

and A50. The easiest way to solve Eq.~A1! for G is to
perform a gauge transformation to the gauge where the o
parameter is real and independent of the center-of-mass
ordinateR5(r11r2)/2:

D~r1 ,r2!→D~r1 ,r2!e2 iq•~r11r2!,

A→A2
c

e
q,

~A4!G~r1 ,r2 ;v!→G~r1 ,r2 ;v!e2 iq•~r12r2!,

F1~r1 ,r2 ;v!→F1~r1 ,r2 ;v!eiq•~r11r2!.
J.
ki

T
i,

H
S.

no

an
-
u-
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o-

It is easy to verify that under such transformation Eqs.~A1!
remain invariant.41 In the new gauge Gorkov equations a
manifestly translationally invariant, i.e., independent ofR.
Fourier transforming in the relative coordinater5r12r2
leads to algebraic equations forG andF1 of the form

~v2ek2q!G~k,v!1DkF1~k,v!51,
~A5!

~v1ek1q!F1~k,v!1DkG~k,v!50,

whereek5k2/2m2eF . The solution forG is

Gq
21~k,v!5v2ek1q2

Dk
2

v1ek2q
. ~A6!

Expandingek6q to leading order inq we obtain

Gq
21~k,v!5~v2h!2ek2

Dk
2

~v2h!1ek
5G 0

21~k,v2h!,

~A7!

with h[vF(k)•q.k•vs . As a final step we transformG
back to the original gauge withA50. According to Eq.~A4!
this amounts to simply replacingk→k2q on the right-hand
side of Eq.~A7!. We thus obtain the desired expression~3!.
In deriving this result we have assumed for simplicity a fre
particle form of the single-electron HamiltonianĤe . Evi-
dently, the calculation remains valid for more complicat
Hamiltonians.
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