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Subband densities in quantum wells under in-plane magnetic fields
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The dependence of the subband densities in a potential well with tunable symmetry on a weak in-plane
magnetic field is investigated experimentally by analyzing Shubnikov–de Haas oscillations. We measure a
strong carrier redistribution between the subbands, which is explained by individual magnetic-field–dependent
density of states in different subbands rather than by the diamagnetic energy shift. The measured carrier
redistribution is quantitatively explained considering the in-plane field in second-order perturbation theory.
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I. INTRODUCTION

An electron system confined in one spatial dimens
with an additional magnetic field is a textbook example t
allows one to study the behavior of quantum-mechanical
ergy levels and wave functions in detail. If the magnetic fie
is oriented perpendicularly to the plane of the electron s
tem, the Hamiltonian can be separated with respect to
in-plane and perpendicular motion. Therefore the Land
quantum numbers and subband quantum numbers are
pendent of each other and level degeneracies occur at ce
magnetic fields.1 In the case of a parabolic confining pote
tial, the Hamiltonian can be solved analytically for any o
entation of the magnetic field.2,3 For arbitrary confining po-
tentials one relies on perturbative approaches. A lot
theoretical4–13as well as experimental work has been done
this field.14–17 In this paper we focus on the importance
second-order perturbation theory for a small—but arbitra
oriented—magnetic field. In particular we find a strong
distribution of the subband electron densities due to an
plane magnetic field, which we quantitatively explain by
subband-dependent density of states.

The in-plane field has two effects: The energy levels
diamagnetically shifted, and the dispersion relation of
in-plane electron motion is modified, which can be describ
by a magnetic-field–dependent effective mass.5,12,16Thus the
two-dimensional density of states~DOS! depends on the in
plane magnetic field.

Experimentally, the electron densitiesni of the subbandsi
in the presence of an in-plane magnetic fieldBi can be de-
termined by analyzing Shubnikov–de Haas~SdH! oscilla-
tions in a transport measurement. In the case of one occu
subband, the diamagnetic shift of the subband energy ha
influence on the measured subband density. However,
modified effective mass can be determined by measuring
temperature dependence of the SdH oscillations18,19 or by
optical experiments.16 Only if more than one subband i
populated, the diamagnetic energy shift may lead to a re
tribution of subband densities. The parallel-field depende
of ni has been measured for heterojunctions15 and for para-
bolic quantum wells.19 In Refs. 19, measurements of a par
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bolic quantum well~PQW! were compared with the analyti
cal solution of the parabolic confining potential, although t
effective potential is closer to a rectangular well. In order
compare the measuredni(Bi) with the diamagnetic energy
shift, a perturbative expression for the diamagnetic shift w
considered in Ref. 14 and 15. However, the varying DO
was not taken into account. As was pointed out in Ref. 9,
varying DOS can have a significant effect on the depopu
tion of the upper subband.

In this paper, we present measurements confirming
the influence of theBi-dependent DOS on the measured su
band densities may be dominant over the diamagnetic s
We have measuredBi dependencies of subband densities
a wide PQW with tunable electron sheet density and pot
tial symmetry. The effect of these parameters onni is studied
for small Bi . The data are compared with a perturbati
calculation of the energies to second order, using s
consistently calculated wave functions atB50 as a basis.
The first-order term determines the diamagnetic sh
whereas distortions of the Fermi sphere are due to
second-order term. As we will show, the latter effect onni is
of the same order of magnitude as the diamagnetic shif
may even dominate theBi dependence ofni in the case when
the DOS in the individual subbands differ. By applying
front-gate bias, we experimentally control the difference b
tween the subband-dependent DOS and study its influe
on the measured subband densities.

II. EXPERIMENT

The investigated samples contain a 760-Å wide and
meV-deep AlxGa12xAs/GaAs parabolic quantum well grow
by molecular beam epitaxy. The well is remotely doped w
Si on both sides. Back- and front-gate electrodes allow
controlled variation of both electron density and potent
symmetry. In order to increase the asymmetry induced by
front-gate bias, a 3-ML-thick Al0.15Ga0.85As spike is situated
in the center of the well. The detailed sample layout is d
scribed in Ref. 20. A standard Hall-bar geometry was u
for transport measurements.

The sample was mounted on a revolving stage. Meas
1436 © 1998 The American Physical Society
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ments were performed at 1.7 K. The tilt anglea between the
sample normal and the direction of the magnetic field w
determined by scaling both the Hall resistancerxy and the
Shubnikov–de Haas~SdH! minima in the magnetoresistanc
rxx to cosa ~with the sample being in the single-subba
regime!. We estimate the accuracy of the obtained anglea to
be better than 0.2°.

In the case of two occupied subbandsE0 andE1 ~densi-
ties n0 and n1), the SdH minima do not scale with cosa
anymore. In a weak perpendicular fieldB' , rxx is periodic
in 1/B' with a frequency proportional ton0. The oscillation
due to theE1 subband is weak and not observed for lo
densitiesn1 ~Fig. 1!. If the sample is tilted by an anglea, the
degeneracy of each Landau level is still determined byB' .
Analyzing theB' positions of even filling factors allows on
to determinen0 in tilted fields.

Figure 1 shows measured traces ofrxx plotted as a func-
tion of the perpendicular magnetic fieldB'5Bcosa with the
tilt angle a as a parameter. As there is no spin splitti
observed at low magnetic fields, each minimum inrxx(Bi)
corresponds to an evenE0 subband filling factorn0, which is
deduced from therxx trace ata50. The subband densit
n05en0B' /h is determined by theB' position of such a
minimum. In Fig. 2, we presentn0 as a function of the in-
plane fieldBi by usingBi5B'tana. Several filling factors
n0 between 12 and 28 and tilt anglesa between24° and
65° have been evaluated. In the case of two occupied
bands,n0 generally increases withBi , corresponding to a
depletion of the upper subband.15,21 We limit the discussion
to small magnetic fieldsBi ,B',1 T. To first order, the in-
crease ofn0 is quadratic inBi . We therefore introduce the
coefficientg5dn0 /dBi

2 , which we determine from a para
bolic fit to the measured data.

Of interest here is the variation ofg with the total density
and the symmetry of the well. For this purpose, measu
ments as presented in Fig. 2 were performed for differ
front-gate biasesVfg . The total sheet densitynS increases
with V fg and the electron distribution moves closer to t

FIG. 1. Measured magnetoresistancesrxx as a function of the
perpendicular fieldB' for different tilt anglesa between24° and
65°. Therxx values are offset for clarity. The upper part of th
figure shows a contour plot of the same data as a function ofBi and
B' . Darker regions correspond to higherrxx ~the grey scale is
indicated on the right side!.
s

b-

-
t

sample surface. Figure 3 presents the measuredg, plotted as
a function of nS . Note that the potential symmetry als
changes withnS , due to the inserted potential spike and t
boundaries of the well. Up to densities aroundnS53.0
31015 m22, g increases and reaches a maximum value
1.731014 m22 T21.

In the following section, we compare the data with a p
turbative calculation of the diamagnetic shift and the DO
and with the analytical solution for a parabolic confinin

FIG. 2. Density of the lowest subbandn0 normalized to the
densityn0(Bi50) as a function of the in-plane field, as obtaine
from measurements presented in Fig. 1. For the determination on0,
filling factors of theE0 subband between 12 and 28 and tilt ang
between24° and 65° have been evaluated.

FIG. 3. Measured change of density per magnetic fieldg
5dn0 /dBi

2 as a function of the sheet densitynS ~symbols!. Note
that nS is varied by applying a front-gate bias, and thus also
symmetry is changed with increasingnS . A maximum ofg is ob-
served nearnS53.031015 m22. The error bars indicate deviation
in g originating from evaluation with different filling factors. Th
dotted line corresponds to the first-order perturbation theory@Eq. 3#,
which is up to seven times smaller than the measured values.
full line indicates the full second-order calculations, the dashed
the first term Dn@d/21(b01b1)/4#, which neglects subband
dependent DOS.
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potential. It will be shown that theBi dependence of the
DOS results in up to five times higher values forg. Only if
this Bi dependence—obtained by the second-order term
the perturbation calculation—is included, the calculation c
quantitatively account for the measuredg.

III. COMPARISON WITH THEORY

A. First-order perturbation theory

In the following we calculate the energy spectrum of
two-dimensional electron system subjected to an in-pl
field Bi . The perpendicular field has not to be included in t
calculation, as we use small fields, where the Landau lad
is smoothed out to an approximately constant DOS. A p
turbative calculation of the effective cyclotron massm* in
tilted fields is presented in Ref. 16, where theBi dependence
of m* originates from a shift in Landau-level separation d
to the coupling Hamiltonian. The effective mass obtain
from the Landau-level spacing is equivalent to that cons
ering the dispersion modification due to an in-plane field

With the vector potentialA5(0,2Biz,0), the momentum
operatorpz in the z direction, the elementary chargee, and
electron effective massm* , the Hamiltonian of noninteract
ing electrons mobile in thex-y plane and confined in thez
direction by a potentialV(z) is found to be

~1!

The wave function is separated into plane waves along thx
andy directions~wave numberskx andky) and the solution
f i(z,ky) to H01H8 with energyEi(ky). The total energy is
given by Ei(kx ,ky)5Ei(ky)1\2(kx

21ky
2)/2m* . Nondegen-

erate perturbation theory is applied to the eigenstates ofH0

with energiesEi
0 and wave functionsf i

0 , treatingH8 as a
small perturbation~small in-plane fieldsBi). The first-order
correction to the energy results in

Ei~kx ,ky!'Ei
01

\2kx
2

2m*
1

\2~ky2k0!2

2m*

1
e2Bi

2

2m*
~^z2& i i 2^z& i i

2 !, ~2!

where^•••& i j denotes the matrix elements corresponding
the wave functionsf i

0 and f j
0 , respectively, andk0

5eBi^z& i i /\. The diamagnetic shift in energy4 is quadratic
in Bi and proportional tô z2&2^z&2. The magnitude of the
shift increases with subband numberi due to the increasing
spatial extent of higher subband wave functions. Additio
ally, the Fermi surface is displaced in thex direction byk0.
This displacement has no influence on the DOS and the
fective massm* . Thus the magnetic-field dependence of t
subband densityn05m* /p\2(EF2E0) is given by theBi
dependence ofE0 andEF . The Fermi energyEF depends on
Bi because of the rearrangement of subband densities. In
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following, we assume that two subbandsE0 andE1 are oc-
cupied (EF.E0 ,E1). With Dn5n02n1uBi50, we obtain for

g5dn0 /dBi
2

g5Dn
d

2
, ~3!

with

d5
e2

2m*
Šz22^z&2

‹112Šz22^z&2
‹00

E1
02E0

0
. ~4!

By solving the Poisson and Schro¨dinger equations for our
PQW self-consistently, we find the wave functionsf i

0 and
energiesEi

0 for different gate biases. The consistency
these values can be checked by comparing the obtainedEi

0

with the measured subband densitiesni at zero in-plane field,
divided by the DOS.1 In a previous paper we have demo
strated good agreement between calculated data and ex
mentally obtained energy levels and wave functions.20 If the
calculatedf i

0 and Ei
0 are inserted into Eq.~3!, one obtains

values forg that are up to 7 times smaller than the measu
ones~Fig. 3!.

B. Second-order term and subband-dependent DOS

We have to take into account second-order perturba
theory. Neglecting powers ofBi larger than two leads to the
following corrections toEi(kx ,ky):

Ei9~ky!52
\2ky

2

m*
b iBi

2 ~5!

with

b05
e2

m*

^z&10
2

E1
02E0

0
,

b15
e2

m*

^z&21
2

E2
02E1

0
2b0 . ~6!

This second-order term leads to a modified dispersion
lation in the y direction \2ky

2/2my* with my* 5m* /(1
22b iBi

2), whereas thex direction remains unaffected. Thi
signifies that the Fermi sphere is distorted to an ellipso
which can be accounted for by a modified, subban
dependent effective mass5,9

mi* 5Amx* my* 'm* ~11b iBi
2!. ~7!

Therefore the DOS depends onBi and on the subband inde
i :

Di5D~11b iBi
2!. ~8!

In the equations above we assumed thatb iBi
2!1, which is a

prerequisite for the applicability of perturbation theory. T
parameterb is proportional to the ratio of Landau energ
\eBi /m* and subband energy difference, as well as
^z&10

2 / l Bi

2 with the squared magnetic lengthl Bi

2 5\/eBi . Thus

both the Landau energy compared to the subband differe
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and the off-diagonalz-matrix element compared with th
magnetic length have to be small for the applicability
perturbation theory.

In the approximation used here, the subband-depen
correction to the DOS varies quadratically with the in-pla
field. In the description of the subband density, we theref
have to be careful in converting the energy levels to subb
densities. The subband densities are written asni5Di(EF
2Ei). With nS5n01n1 we obtain forg:

g5DnS d

2
1

b01b1

4 D1nS

b02b1

4
. ~9!

In the first term we recognize the first-order result of Eq.~3!,
with d replaced byd1(b01b1)/2. As we will show in the
next section, this corresponds to a doubled value in the c
of a parabolic confining potential. Because of the increas
the DOS withBi

2 , more carriers accommodate in the low
subband, which gives rise to an increase inn0 of the same
order as from the diamagnetic shift itself.

The second term being proportional to the sheet den
nS and the difference of the DOS partsb0 andb1 cancels out
in an exact parabolic potential. For arbitrary potenti
though, theBi dependence of the DOS can be quite differe
for the two subbands, leading to an additional redistribut
of the carrier densities between the two subbands. The in
ence of this term onn0(Bi) can even dominate.

If we insert the calculatedf i
0 andEi

0 into Eq.~6! and~9!,
we in fact observe strongly differentb i and the second term
of Eq. ~9! dominates the resultingg ~Fig. 3!. In contrast to
the first-order result, this calculation is in good agreem
with the experimental values, and perfectly reproduces
maximum aroundnS53.031015 m22.

C. Exact solution for a parabolic potential

In the exact solution for a parabolic quantum well wi
potentialV(z)5m* V2z2/2, the subband energy levels for a
in-plane field Bi are given by2,3 En5\(vc

21V2)1/2

FIG. 4. Calculated values for (E1
02E0

0)21 and^z&10
2 for different

sheet densitiesnS . The dominating contribution tog originating
from the second-order term is proportional to^z&10

2 /(E1
02E0

0). The
insets show the self-consistent potential, the wave functionsf i

0 and
the energy levelsEi

0 for subbandsi 50,1,2 and for two different
densitiesnS .
f

nt

e
d

se
in

ty

s
t
n
u-

t
e

(n11/2), with the cyclotron frequencyvc5eBi /m* . The
DOS is independent of the subband number and is foun
be

D~Bi!5DS 11
vc

2

V2D 1/2

. ~10!

Thus one obtains forg

g5D\V
e2

2m* 2V2
. ~11!

Considering that ^z&10
2 5\/2m* V, ^z&21

2 5\/m* V and
^z2&112^z2&005\/m* V, we recover exactly the result o
Eqs. ~6! and ~8!. It is worth noting that in the case of
parabolic potential the perturbation theory up to orderBi

2

gives the exact result. Considering Eq.~9!, we find that
(b01b1)/25d, andb02b150. Thus the second-order re
sult is exactly twice the first-order result of Eq.~3!, and the
term proportional tonS in Eq. ~9! vanishes.

IV. DISCUSSION AND CONCLUSIONS

The data presented in Fig. 3 provides evidence that
Bi-driven carrier redistribution among the two subbands
dominated by theBi-dependent DOS. We observe a max
mum in g(nS) that is due to a subband specific DOS, d
scribed by the term in Eq.~9! containingb02b1. Using Eq.
~6! one finds that

b01b1}
^z&21

2

E2
02E1

0
~12!

and

FIG. 5. Measured values ofg ~symbols! for different nS com-
pared to results from second-order perturbation theory~line! for a
sample with a weak potential spike~Al contentx50.05, width 8.5
Å! centered in the potential well. The error bars correspond
evaluations at different filling factors. The dotted line describes
diamagnetic shift only, the dashed line includes theb01b1 term.
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TABLE I. Calculated contributions to the subband carrier redistributiong for a heterostructure, a parabolic potential, a PQW without a
with spike as measured, and a double quantum well~DQW!. g is split into the diamagnetic shift partgdia ~containingd) and the DOS part
gDOS ~containingb0 andb1). In the DQW and PQW the wave functions are centered in the well.

Sample 2d b01b1 b02b1 nS n02n1 gdia gDOS

(T22) (T22) (T22) (1015 m22) (1015 m22) (1014 m22 T22) (1014 m22 T22)

Heterostructurea 0.013 0.032 20.027 4.9 4.6 0.15 0.04
parabolic potential 0.024 0.024 0 3.2-6.4 3.2 0.19 0.19
PQW 0.104 0.080 0.058 2.8 1.3 0.34 0.67
PQW1spike 0.128 0.045 0.181 2.8 0.9 0.29 1.37
DQW b 0.011 0.001 0.311 5.2 0.4 0.01 4.04

aSpacer layer 100 Å, residual acceptor concentration 2.731020 m23, donor layer 6.531015 m22.
bWell width 140 Å, barrier 28 Å, as in Ref. 17.
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b02b1}
2^z&10

2

E1
02E0

0
2

^z&21
2

E2
02E1

0
. ~13!

As an illustration, we consider the calculated wave fun
tions and energy levels for our samples. Since the most
portant contribution to the carrier redistribution is theb0

2b1 term, we present (E1
02E0

0)21 and^z&10
2 in Fig. 4, plot-

ted as a function ofn0. Both functions clearly show a maxi
mum at approximately the same value ofnS . From the self-
consistently calculated wave functions, one finds that
maximum position corresponds to a front-gate bias where
electron distribution is centered with respect to the spike
this situation, the two occupied subbands are symmetric
asymmetric states with minimum energy differenceE1

02E0
0.

At the same time, the matrix element^z&10
2 is maximum.

Generally, the inverse energy difference and the squared
diagonal matrix element respond similarly to a changing
ternal parameter.

We expect a less pronounced maximum for weaker po
tial spikes. This is confirmed in a measurement on a sim
sample with a weaker potential spike, where we find a mo
tonic increase ofg(nS) ~Fig. 5!. We want to emphasize tha
even without a potential spike, the subband carrier redis
bution is strongly influenced by the DOS contribution.

For arbitrary confining potentials, one has to compare
evant matrix elements and energy differences. In Table I,
present the calculated values for a heterostructure, a p
bolic potential, a PQW with and without spike, and a dou
quantum well~DQW!. In order to clarify the relative impor-
tance of the diamagnetic shift and the DOS, we splitg from
Eq. ~9! into the two contributionsgdia andgDOS. The weaker
the tunneling coupling between the left and the right side
n-
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f

the well, the more important theb02b1 term becomes. In
addition, this term has to be weighted by the total carr
densitynS rather than by the subband density difference. I
heterostructure,b02b1 is negative, which weakensgDOS,
such thatgdia determines the carrier redistribution. The lar
gDOS for DQW structures is a result of the well-known e
fective mass change for peanut and lense shaped F
contours.17

In conclusion, we have described theBi dependence of
the subband densityn0 by an analytical expression, derive
from second-order perturbation theory. The comparison w
measurements on PQWs gives good agreement forBi,1 T.
In contrast to earlier publications, our results are not do
nated by the diamagnetic shift, but by the influence ofBi on
the DOS of the two subbands, which leads to a redistribut
of the carrier densities among the subbands. This explana
was confirmed in measurements where the shape of the
fining potential could be controlled.

It should be worthwhile to check this effect by cyclotro
resonance experiments, where we expect a pronounced
ting of the absorption because the effective masses in
two-subband system display a differentBi dispersion.
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