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Coherent versus incoherentc-axis Josephson tunneling between layered superconductors
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We calculateI c(T) andRn for both coherent and incoherent electron tunneling across ac-axis break junction
between twon5s,dx22y2-wave layered superconducting half spaces, each withc-axis bandwidth 2J. Coherent
quasiparticle tunneling only occurs for voltagesV,2J/e, leading to difficulties in measuringRn for under-
doped samples. The coherent part ofI c(0) is independent ofDn(0) for J/Dn(0)!1, and can be large. Our
results are discussed with regard to recent experiments.@S0163-1829~98!01745-7#
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It is presently possible to prepare high qualityc-axis Jo-
sephson junctions of Bi2Sr2CaCu2O81d ~BSCCO!.1–3 The
standard measure of Josephson junction quality is the p
uct I cRn of the critical current times the normal resistance
the temperatureT50, for which Ambegaokar-Baratoff~AB!
gave I cRn5pD(0)/2e, whereD(T) is the superconducting
order parameter~OP! amplitude.4 Real Josephson junction
almost never exceed this value. Early thin film atomic lay
by-layer~ALL ! molecular beam epitaxy~MBE! preparations
of trilayer junctions of BSCCO separated by a thin layer
Dy-doped BSCCO were found to haveI cRn values consis-
tently about 0.5 mV, withI c and Rn varying greatly.1 Re-
cently, they prepared a single Josephson junction withi
single unit cell of underdoped BSCCO, and reportedI cRn
'5 –10 mV.1 Also, a blunt point contact tip pressed onto
BSCCO surface often resulted in an apparentc-axis break
junction.2 Overdoped junctions typically had I cRn
'2.4 mV, well below the weak coupling@D(0)51.76Tc#
AB result of 15–20 mV forTc values of 62–83 K, whereTc
is the transition temperature. However, two underdop
break junction samples hadI cRn'15–25 mV, apparently in
excessof the weak coupling AB result. Furthermore, excee
ingly cleanc-axis break junctions were prepared by cleava
and subsequent refusion of BSCCO, with or without a tw
about thec axis.3 We expectI c(T)Rn data to be available
shortly.1–3

We consider tunneling across an untwistedc-axis break
~or single intrinsic Josephson! junction which is much less
conductive than the bulk, intrinsic junctions between neig
boring CuO2 layer pairs. For underdoped samples, stand
measurements ofRn at voltagesV.2D(0)/e can be unreli-
able, since they do not fully measure the coherent proce
that can dominate atV50. Hence, the large values ofI cRn
reported for underdoped samples could be questionable1,2

We assume ac-axis break junction between two untwiste
half spaces of cross-sectional areaA, each consisting ofN
@1 identical clean superconducting layers separated a
tances apart. We label the upper~u! and lower (l ) half
spaces bym5u,l , and index the layers in each half spa
PRB 580163-1829/98/58~21!/14203~4!/$15.00
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by j 51, . . . ,N, with j 51 being the layer in each half spac
adjacent to the break junction. We allo
cm, j ,s(k)@cm, j ,s

† (k)# to annihilate @create# a quasiparticle
with spin s561 and two-dimensional~2D! wave vectork
on the jth layer within themth layered half space. Within
each layer in themth half space, the quasiparticles propaga
with energy dispersionsjm0(k)5em0(k)2EF relative to the
Fermi energyEF @for free particles,em0(k)5k2/(2mm)#, and
interact with intralayer BCS-like pairing interactio
lm(k,k8)5lmn0wn(fk)wn(fk8), wheren5s,d, ws(fk)51
and wd(fk)5A2 cos(2fk) are the eigenfunctions fors and
dx22y2-wave intralayer pairing, respectively. We only co
sider here the purelys-wave andd-wave caseslms0Þlm8d0
50 andlmd0Þlm8s050. Between neighboring layers in th
mth half space, the quasiparticles tunnel with matrix elem
Jm/2.5 The c-axis resistivity rc(T) above Tc suggests the
limits Jm /Tc@1 andJm /Tc!1 apply to overdoped~metal-
lic! and underdoped ~poorly metallic! materials,
respectively.6

In addition, we take the single particle tunneling Ham
tonianHT across the break junction to be

HT5
1

A2 (
k,k8,s

Tk,k8cu,1,s
† ~k!c l ,1,s~k8!1H.c., ~1!

which transfers a quasiparticle from thej 51 layer in thel
half space to thej 51 layer in theu half space, and vice
versa;Tk,k85T k8,k

* . We set\5c5kB51.
For generality, we assume both coherent and incohe

break junction tunneling. Thespatially constant coheren
tunneling preserves the intralayer wave vectors,k5k8, al-
lowing for both s- and d-wave Josephson tunneling. How
ever, purespatially random incoherenttunneling assumesk
and k8 are independentof each other,4 which allows nod-
wave incoherent Josephson tunneling. Hence, to allow fo
finite ~albeit extremely small! amount ofd-wave incoherent
Josephson tunneling, we assume to second order inTk,k8 ,7,8

^Tk,k8Tk8,k9&5Adk,k9@ uT 0u2Adk,k81 f inc~k2k8!#, ~2!
14 203 ©1998 The American Physical Society
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where

f inc~k2k8!5
1

2pN2D~0!F 1

t's
1

2 cos@2~fk2fk8!#

t'd
G ,

~3!

1/t'd!1/t's , and N2D(0)5@N2Du(0)N2Dl (0)#1/2 is the
geometric mean 2D density of states; for free particl
N2D(0)5m̄/(2p), wherem̄5(muml )1/2. In Eq. ~2!, ^•••&
denotes a 2D spatial average.

For intralayer pairing in a half space with one conducti
layer per unit cell, the regular and anomalous tempera
Green’s functionsGm, j (k,v) and Fm, j (k,v), wherev rep-
resents the Matsubara frequencies, for propagation wi
layer j in the mth half space, explicitly depend uponj.9,10

However, the OPDm is independent ofj.9 Nevertheless,
Dm(fk)[Dmn(T)wn(fk) implicitly depends uponn5s,d.11

For purelys-wave incoherent tunneling between 3D s
perconductors,I cRn is independent of the properties of th
junction.4 However, in our model these quantities must
evaluated separately.Rn is found from the quasiparticle cur
rent I qp to leading order inTk,k8 ,12

I qp5
4e

A2p(
k,k8

^uTk,k8u
2&E

2`

`

de@ f ~eu!2 f ~e l !#

3Im@Gu,1~k,2 i eu!#Im@Gl ,1~k8,2 i e l !#, ~4!

where f (x) is the Fermi function,eu5e, e l 5e1eV, and
the Gm,1(k,2 i em) are obtained fromGm,1(k,v) by the ana-
lytic continuations v→2 i em . Since the tunneling take
place between thej 51 in the two half spaces, the only re
evant wave vectors are 2D. Hence, we set(k
→AN2D(0)*2`

` djm0*0
2pdfk /(2p).

We consider separately the coherent and incoherent
cesses, and separately theGm,1(k,v) as evaluated exactly fo
the layered half spaces, and asapproximatedusing the bulk
layered states. In the bulk-space treatment, we ass
Gm,1(k,v)'Gm,b(k,v)5*0

p(dz/p)/@ iv2jm02Jmcosz#, or
Gm,b(k,v)51/Rm( iv), where Rm(z)[@(z2jm0)22Jm

2 #1/2

depends uponk only throughjm0(k).5 However, when one
properly takes account of the surface at the weak br
junction,9 Gm,15*0

p(2dz/p)sin2z/@iv2jm02Jmcosz#, or
Gm,1(k,v)5Jm( iv), where

Jm~z!52/@z2jm01Rm~z!#. ~5!

Using either the bulk or half-space states and the iden
*2`

` de@ f (e)2 f (e1eV)#5eV, the incoherent quasiparticl
c-axis break junction tunneling current is Ohmic,

I qp
inc5V/Rn

inc52e2VN2D~0!/t's . ~6!

For the coherent quasiparticlec-axis break junction tun-
neling current, we only consider tunneling between identi
materials withJl 5Ju5J, etc., and obtain

I qp
coh~V!5V/Rn

coh~V!564C/~3p!gQ~12g2!Q~g!, ~7!

where C52euT 0u2N2D(0), Q(g)5(11ugu)@(11g2)E(k)
22uguK(k)#, k5(12ugu)/(11ugu), g5eV/(2J), K(z),
E(z) are standard complete elliptic integrals, andQ(z) is the
Heaviside step function. In the bulk state approximati
,

re

in

o-

e
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ty

l
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Q(g) is replaced by (3/8)K(k)/(11ugu), which leads to a
spurious, non-Ohmic lnV dependence of 1/Rn

coh asV→0.
Although I qp

coh(V) is Ohmic forV→0, it is non-Ohmic for
finite V, andvanishesfor ueVu>2J. Thus, forueVu>2J, the
only quasiparticle tunneling process allowed isincoherent.
This result arises mainly from the geometry: the half spa
are layered, each with bandwidth 2J!EF along thec axis.
For bulk ~3D! systems with large bandwidthsW;EF along
the tunneling direction, such limitations uponI qp

coh are irrel-
evant. In addition, this limitation is only exact for very clea
layers with intralayer scattering rate 1/t uu!J, as assumed
here. For 1/t uu@J, I qp

coh(V) is a Lorentzian ineV with a width
of 1/t uu .

7

Thus, the quasiparticle current consists of tw
parts, I qp(V)5I qp

inc1I qp
coh(V)5V/Rn(V). In the inset of Fig.

1, we have plotted R0 /Rn(V), where R05J/
@8p2e2N2D(0)uT 0u2#, as a function ofeV/2J, for fixed val-
ues ofJ/uT 0u2t's . Note that one requires the break junctio
conductance to be much less than the conductance ac
neighboring layers in each half space. This implies that b
1/t's anduT 0u2/J are small with respect toJ2t uu .

7 However,
this does not restrict the relative magnitudes ofI qp

coh andI qp
inc .

In the superconducting state,I c for Josephson tunneling
across the break junction between arbitrary layered h
spaces is given to lowest order inTk,k8 by7

I c~T!5
4eT

A2 (
v,k,k8

^uTk,k8u
2&Fu,1~k,v!F l ,1

† ~k8,v!, ~8!

where quite generally Fm,152Dm(fk)Im Gm /Dm ,
Gm5@exp(ik1s)2exp(ik2s)#/(iJm) and Dm[@ uDmu21v2#1/2.9

The quantities exp(ik6s) are obtained from the equatio
Jmcos(k6s)52jm0(k)6 iD m ,9 which leads to Gm
5Jm( iD m), whereJm(z) is given by Eq.~5!. In the bulk
state approximation forFm,1 , Gm is replaced byRm

21( iD m).
Note that asJm→0, the half space and bulk expressions bo
reduce to the familiar 2D form.

The incoherent part of the break junctionI c between ar-
bitrary layered superconductors withn5s,d is

FIG. 1. I c,n
coh(J,0)/I c,n

coh(0,0) andI c,n,b
coh (J,0)/I c,n,b

coh (J,0) are plotted
versus log10@J/Dn(0)# for n5s,d. Inset: Plot ofR0 /Rn(V), where
R05J/@8p2e2N2D(0)uT 0u2#, and its bulk space approximation ve
sus eV/2J. For clarity, the curves calculated with the half-spa
~bulk! states haveJ/@4p2uT 0u2t's# values of 0.1 and 0.2~0.05 and
0.15!, respectively.
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I c,n
inc~T!5

2eN2D~0!Tp

t'n
(
v

)
m5u

l E
0

2pdfkDmwn

2pDm
. ~9!

Note thatDm(fk) implicitly depends uponn. Equation~9! is
obtained using either the bulk or half-space states. Fos-
wave pairing, I c,s

inc(T)Rn
inc equals the AB result.4 For Du

5D l 5D, I c,n
inc (0)5peN2D(0)Dn(0)An /t'n , whereAs51,

and Ad50.865, so thatI c,d
inc (0)/I c,s

inc(0)50.744t's /t'd!1.
I c,s

inc(T)/I c,s
inc(0) andI c,d

inc (T)/I c,d
inc (0) are plotted in Figs. 2 and

3, respectively.
For coherentc-axis break junction Josephson tunneli

between identical materials, we drop the subscriptsm, noting
that D(fk)5Dn(T)wn(fk), etc. WritingG in F1 in integral
form as above Eq.~5!, and performing two integrals analyt
cally, we have

I c,n
coh~J,T!5

4CT

p (
v

E
0

2p

dfkuDu2E
0

p dzX~z!

D3W~z!
, ~10!

where W(z)5@11J2sin2z/D2#1/2, X(z)5sin4z2sin2z/@1
1W(z)#, and C52euT 0u2N2D(0). Using the bulk states
I c,n,b

coh (J,T) is obtained from Eq.~10! by replacingX(z) by
sin2z/8. In the limit T→0, we set a(fk)
5uJ/Dn(0)wn(fk)u, b(fk)5 1

2 (11@11a2#1/2), and
I c,n

coh(J,0)5CYn@J/Dn(0)# reduces to

FIG. 2. Plots ofI c,s
coh(J,T)/I c,s

coh(J,0) for J/Ds(0)50,2,10 and of
I c,s

inc(T)/I c,s
inc(0) ~AB! versusT/Tc , for tunneling between identica

s-wave half-space superconductors.

FIG. 3. Plots ofI c,d
coh(J,T)/I c,d

coh(J,0) for J/Dd(0)50,0.5,2,5,100
and ofI c,d

inc (T)/I c,d
inc (0) versusT/Tc , for tunneling between identica

d-wave half-space superconductors.
I c,n
coh~J,0!5

4C

p E
0

2p

dfkS 118b

24b2
2

lnb

a2 D . ~11!

For the bulk states,I c,n,b
coh (J,0) is obtained fromI c,n

coh(J,0) by
replacing the integrand by (8a)21sinh21a. In Fig. 1, we
plotted I c,n

coh(J,0)/I c,n
coh(0,0) and I c,n,b

coh (J,0)/I c,n,b
coh (0,0) versus

log10@J/Dn(0)# for s- or d-wave OP’s. The most surprisin
point is that for small J/Dn(0), Yn(0)51, so that
I c,n

coh(J,0)→C, independentof Dn(0).13

From Fig. 1,I c,d
coh(J,0) is slightly more sensitive toJ than

is I c,s
coh(J,0). Also, for J/Dn(0);1, the s- and d-wave bulk

curves closely approximate the respective half-space cu
obtained by reducingJ/Dn(0) by the constant factor 1/A2.
For J/Dn(0)@1, however, the bulk and half-space curves a
distinctly different. Whereas the correctI c,n

coh5CYn@J/
Dn(0)]→16CDn(0)Bn /(3J), where Bs51, and Bd

52A2/p, spuriously I c,n,b
coh (J,0)→CBn@Dn(0)/J# ln@2J/

DnDn(0)], whereDs51, Dd50.5203.
It is interesting to compare the coherent and incoher

results for identical half spaces. AtT50, the V50
I qp

coh(0)/I qp
inc}uT 0u2t's /J, whereas forT.Tc , J/Tc distin-

guishes overdoped from underdoped behavior.6 Since
Dn(0)'Tc , for J/Tc!1, I c,n

coh(J,0)/I c,n
inc (0)}uT 0u2t'n /Tc .

For J/Tc@1, I c,n
coh(J,0) and I c,n

inc (0) both }Dn(0), but
I c,n

coh(J,0)/I c,n
inc (0)}uT 0u2t'n /J. These results lead to the cu

rious conclusions that forJ/Tc!1, the underdoped norma
state tunneling is incoherent, theT50 quasiparticle break
junction tunneling could be either coherent or incoherent,
d-wave break junction pair tunneling would be mainly cohe
ent. On the other hand, forJ/Tc@1, the overdoped norma
state half-space tunneling would be coherent, but theT50
quasiparticle break junction tunneling and thes-wave break
junction pair tunneling could be incoherent.

In the limitsJm→0, one can evaluate theJ50, T50 limit
of the coherent part ofI c(T) from Eq. ~8! as a function of
r 5Du /D l , obtainingI c

coh(0,0)52Cr ln(r)/(r221), whereC
is given following Eq.~7!. In the limit r→1, I c

coh(0,0)→C.
For either twos-wave or twod-wave superconductors,r is
independent offk .

In Fig. 2, we plottedI c,s
coh(J,T)/I c,s

coh(J,0), as a function of
T/Tc , for tunneling between two layereds-wave supercon-
ductors. Typical curves withJ/Ds(0)50,2,10 are shown,
along with the AB curve, Eq.~9!. For J/Ds(0)5100, the
curve is almost identical to the AB curve. Using the bu
states does not change these curves very much, excep
largeJ/Ds(0). Clearly, I c,s(J,T)/I c,s(J,0) is rather indistin-
guishable from that of AB, independent of the microscop
details.

In Fig. 3, we plottedI c,d
coh(J,T)/I c,d

coh(J,0), as a function of
T/Tc . Typical curves withJ/D(0)50,0.5,2,10 are shown
along with thed-wave analog of AB,I c,d

inc (T)/I c,d
inc (0). Note

that the magnitude ofI c,d
inc (T) is very small, due to the facto

of 1/t'd . Unlike the s-wave curves in Fig. 2, the
I c,d

coh(J,T)/I c,d
coh(J,0) curves with small values ofJ/Dd(0) are

distinctly linear at lowT, and are thus distinguishable from
the AB curve in Fig. 2. However, forJ/Dd(0)@1,
I c,d

coh(J,T)/I c,d
coh(J,0) and I c,d

inc (T)/I c,d
inc (0) are nearly indistin-

guishable from the AB curve.
Summarizing our results, we have forn5s,d,
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I c,n~J,0!Rn~0!5
p@ZnDn~0!13JhYn/16#

2e@11h#
, ~12!

where Zn5Ant's /t'n , h532uT 0u2t's /(3pJ), and Yn

5I c,n
coh(J,0)/C. Since I c is measured atV50, one requires

Rn(0). Foroverdoped samples,J/Tc@1, andI c,n(J,0)Rn(0)
reduces to pDn(0)@Zn1hBn#/$2e@11h#%. For both n
5s,d, this is proportional toDn(0), andnearly independen
of the break junction properties fors-wave superconductors
For d-wave superconductors, one requires a substantialI c,d

coh

in order to obtain a non-negligibleI cRn . However, for un-
derdoped samples,J/Tc!1, the situation is far more compli
cated. First, one cannot measureRn(0) in the usual way,
since the coherent contribution, which can be large aV
50, essentially vanishes foreV/2Dn(0).1. Second,
I c,n(J,0) is dominated by coherent tunneling and indep
dent of Dn(0) for uT 0u2@pAnDn(0)/2t'n , which is espe-
cially likely for d-wave superconductors.

In conclusion, we found that forc-axis break junction
tunneling between two layered superconductors, a cross
from incoherent quasiparticle to coherent pair tunneling
occur. This greatly complicates the determination ofRn(0),
-

er
n

the coherent part of which cannot be seen from meas
ments witheV/2Dn(0).1, unlessJ@Dn(0), which corre-
sponds to overdoped samples. For underdoped samples,I cRn
values tend to be overestimated. The approximate bulk e
tronic states lead to correct incoherent, but incorrect coh
ent, tunneling results. Incoherentd-wave pair tunneling leads
only to very smallI cRn values. For coherent pair tunneling
both s-wave andd-wave pair tunneling are large in magn
tude for smallJ/Dn(0), andcross over to the AB form for
large J/Dn(0). The T dependence of coherentd-wave tun-
neling is distinctly different from that for AB for smal
J/Dn(0).Thus, accurate measurements of theT dependence
and magnitude ofI cRn in such break junctions could giv
important information regarding the questions of the ord
parameter symmetry and of the coherence of the pair tun
ing.
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