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Determination of the phase of magneto-intersubband scattering oscillations
in heterojunctions and quantum wells
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The oscillatory magnetoresistance of a two-dimensional electron system with two occupied subbands has
been studied in an Al0.3Ga0.7As/GaAs heterojunction and an Al0.3Ga0.7As/In0.15Ga0.85As/GaAs quantum well
between 4 and 100 K. As a consequence of the second populated subband, a magneto-intersubband scattering
effect is observed at low-magnetic fields in addition to the Shubnikov–de Haas effect. Due to the different
temperature damping of the two effects, the oscillatory magnetoresistance can exhibit both effects simulta-
neously at high and respectively low fields. Using the extrema positions, it is possible to clearly identify a
theoretically predicted phase difference between the Shubnikov–de Haas and the magneto-intersubband scat-
tering oscillations at temperatures higher than 4 K. This phase difference influences the power spectrum of
reciprocal-field magnetoresistance data.@S0163-1829~98!04444-0#
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I. INTRODUCTION

The Shubnikov–de Haas~SdH! effect is widely used to
characterize two-dimensional electron systems~2DES! in
semiconductor heterojunctions. When a single electric s
band is populated the SdH oscillations in the magnetore
tance have a simple mathematical form.1 For some time
Al0.3Ga0.7As/GaAs and related heterojunctions have be
grown, which have two populated subbands at 4 K or above.
Typical transport experiments on such samples can be fo
in Refs. 2 and 3.

Only recently it was discovered experimentally a
theoretically4–7 that the oscillatory magnetoresistance of
high mobility 2DES with two populated subbands contains
least three components: the SdH oscillations of the two s
bands and an oscillation due to elastic scattering between
subbands. This third component was termed the magn
intersubband scattering~MIS! effect by Raikh and
Shahbazyan.6 This dominates the oscillatory magnetores
tance upon increasing the temperature above 4 K due to its
weak-temperature damping compared to SdH oscillatio
The fundamental field of the MIS oscillations is a measure
the subband spacing in the 2DES assuming a subband
pendent effective mass.7

Below a certain field limit the SdH and MIS oscillation
are described by a cosine function multiplied by a nonos
latory damping term, which is magnetic field and tempe
ture dependent for the SdH oscillations and only field dep
dent for the MIS oscillations. The two different theoretic
approaches of Refs. 5 and 6 predict both a phase differe
of Df5p between the cosine terms of the SdH and M
oscillations.

Magnetoresistance data obtained by Leadleyet al.5 from
Al0.3Ga0.7As/GaAs heterojunctions indicateDf'p between
SdH and MIS oscillations below 4 K. A detailed pha
analysis of the thermopower8 for several Al0.3Ga0.7As/GaAs
PRB 580163-1829/98/58~20!/13856~7!/$15.00
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heterojunctions below 4 K demonstrates a more complex b
havior than the transport results.5

By studying the temperature range above 4 K, we are a
to identify the phase difference between SdH and MIS os
lations unambiguously in the magnetoresistance. The di
identification of the phase difference is possible due to
different field and temperature damping behavior of SdH a
MIS oscillations. At typically 20 K the magnetoresistance
dominated in the low-field regime by MIS and in the hig
field regime by SdH oscillations. Then the phase differen
can be deduced from the extrema positions of the oscilla
magnetoresistance. The experimental results of the
sample, a pseudomorphic AlxGa12xAs/InxGa12xAs/GaAs
modulation-doped structure, show the phase difference
unprocessed magnetoresistance data due to identical
and MIS fundamental fields. The second sample,
Al xGa12xAs/GaAs heterojunction similar to that given a
initial study above 4 K,9 corresponds to the typical cas
where the SdH and MIS fundamental fields are different.

The calculation of the power spectrum of the Four
transform is a standard tool in the analysis of experimen
SdH magnetoresistance data of 2DES’s.5,9–11 Determining
the carrier concentration from the peaks in the spectra is
great experimental importance. We show that the phase
ference introduces uncertainties into the power spectrum

II. MAGNETO-INTERSUBBAND SCATTERING
AND SHUBNIKOV de –HAAS THEORY

The effect of elastic-intersubband scattering on the S
oscillations of a two-subband 2DES has been studied th
retically, using inversion of the two-subband conductiv
tensor,4,5 and a Kubo formalism.6 The two different ap-
proaches predict an additional oscillatory component in
magnetoresistance. This MIS effect is due to increa
elastic-intersubband scattering at subband Landau-l
crossover. This crossover occurs for a parabolic subband
13 856 ©1998 The American Physical Society
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persion at magnetic fields given by

B5
E12m*

\e~ l 12 l 2!
, ~2.1!

where E125E22E1 is the subband spacing, thel i are the
Landau-level indices of the lowest (i 51) and the first-
excited ~second! subband (i 52). The indicesl i fulfill the
relation l 12 l 2.0 as thelth Landau level of the lower sub
band can never cross the corresponding Landau level o
second subband. For the experiment, it is convenient to
fine Bf ,MIS[E12m* /\e, the MIS fundamental field. Note
that Eq.~2.1! is identical to the relation between the Ferm
energyEF,i and the magnetoresistance extrema positions
to the SdH effect, when replacingE12 by EF,i5EF2Ei
( i 51,2) and the differencel 12 l 2 by the filling factor n.
Using the relation betweenEF,i and the carrier densityns,i of
each subband of the 2DES, the SdH fundamental field
defined asBf ,SdH,i5hns,i /2e.

Leadley et al. and Coleridge4,5 extended the energy
dependent conductivity tensor suggested in Ref. 1 to
subbands. After inverting this tensor and averaging with
Fermi-Dirac function, the following equation is obtaine
which is strictly applicable at low-magnetic fields and lo
temperatures:

Drxx

r0
52A1

X

sinhX
expS 2

p

vct1
D cosF2p~EF2E1!

\vc
1pG

~2.2a!

12A2

X

sinhX
expS 2

p

vct2
D cosF2p~EF2E2!

\vc
1pG

~2.2b!

12B12

2X

sinh2X
expF2

p

vc
S 1

t1
1

1

t2
D G

3cosF2p~2EF2E12E2!

\vc
G ~2.2c!

12B12expF2
p

vc
S 1

t1
1

1

t2
D GcosS 2pE12

\vc
D .

~2.2d!

The amplitude factorsA1 , A2 , andB12 are related to the
intrasubband and intersubband scattering probabilitiesPi j
( i , j 51,2) andX52p2KBT/\vc . The first two terms Eqs
~2.2a! and~2.2b! are the typical SdH terms in the presence
two subbands. The third term, Eq.~2.2c!, contains the tem-
perature damping factor 2X/sinh(2X), which leads to a tem-
perature damping much stronger than that of the SdH ter
The fourth term, Eq.~2.2d!, is the MIS term. It does no
contain the thermal damping factorX/sinh(X) and the funda-
mental field is proportional to the subband spacing,E12.

Using the relationAi.B12 ~Ref. 5! and assuming that th
amplitude factors in Eqs.~2.2! do not differ by several order
of magnitude, it can be easily verified that the different th
mal damping behavior of the SdH and MIS terms leads
three temperature regimes in the magnetoresistance. At
temperatures, the SdH terms dominate and at high temp
tures the MIS term. At intermediate temperatures the os
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latory magnetoresistance is split into a low- and high-fie
regime, the MIS term is dominant below a certain field a
the SdH terms above that field. The SdH terms Eqs.~2.2a!
and~2.2b! and the MIS term Eq.~2.2d! have a phase differ-
ence Df5p, i.e., have a different sign as the amplitud
factorsA1 , A2 , andB12 are positive. It is interesting to con
sider the caseBf ,SdH,1'Bf ,MIS in Eqs.~2.2a! and~2.2d!. At a
certain fieldBnode the amplitude of the SdH and MIS term
will be equal and due to the phase difference destruc
interference should occur. Above and belowBnode the am-
plitudes are different and therefore the extinction of the
cillation will be incomplete. Nevertheless a clear node in t
oscillation envelope is expected. ForBf ,SdH,1ÞBf ,MIS the
node will become weaker as the difference between the
fundamental fields increases.

The phase difference can be understood by simple a
ments. If the Fermi level is exactly between Landau levels
integer numbern of Landau levels is filled, corresponding t
(EF2E1)/\vc5n with n.0 and assuming spin degen
eracy. At these fields the resistance caused by elasticintra-
subbandscattering has a minimum due to a minimum in t
density of final states. This corresponds to the phasef5p in
the cosine of the SdH terms. At subband Landau-level cro
over, i.e., atE12/\vc5n, the elasticintersubbandscattering
channel opens up and the resistance has a local maxim
Therefore, the phase is zero in the cosine of the MIS ter

In a thorough theoretical treatment, Raikh a
Shahbazyan6 calculate the oscillatory magnetoconductivi
of a two-subband 2DES for the case of delta function sc
terers and a highly populated second subband. Besides
usual SdH terms for each subband, terms similar to E
~2.2c! and ~2.2d! are obtained. Additionally, a temperatur
independent prefactor of the MIS term is derived in Ref.
Unfortunately, this theory is not applicable in our experime
tal situation as the second subband is not highly populat

III. EXPERIMENTAL PROCEDURE

The transport experiments described in this paper w
performed on two samples grown by molecular-beam e
taxy at Philips ~Redhill, UK!, which were processed into
standard Hall bars by photolithography. SampleA
was a modulation-doped pseudomorphic Al0.3Ga0.7As/
In0.15Ga0.85As/GaAs heterojunction with a well width of 15
nm and a spacer width of 7.5 nm, sample B was
modulation-doped Al0.3Ga0.7As/GaAs heterojunction with a
spacer width of 2.5 nm. At 4 K, sampleA had a carrier
concentrationns51.4131012cm22 and a mobility m56
m2/V s. Sample B had ns51.1331012cm22 and m
516 m2/V s. The densities were determined fromBf ,SdH,1 of
the extrema-index plots given in Table I and the mobiliti
from the Hall effect and the zero-field resistivity. The dens
of the second subband for sampleB is about 1.0
31011cm22 and it has been neglected together with the
sulting uncertainty in the Hall factor in determiningns and
m. Prior to the measurements the samples were cooled in
dark to 4 K, briefly illuminated with infrared radiation, an
then left in the dark to reach equilibrium as monitored by t
resistance.3 Then a series of magnetoresistance traces
taken at successively higher temperatures.

Experimental magnetoresistance data are usually a co
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13 858 PRB 58SANDER, HOLMES, HARRIS, MAUDE, AND PORTAL
nation of a slowly varying background and an oscillato
component. In our samples the background resistanc
caused by parallel conduction due to the high doping lev
To facilitate the analysis of the oscillatory component,
calculate the first derivative of the experimental data as
shown in Fig. 1. We compare these data with the the
discussed above and therefore the derivatives of the the
ical expressions Eqs.~2.2a! and ~2.2d!, the SdH and MIS
terms, have to be considered. The derivative of Eq.~2.2a!

TABLE I. Comparison between the fundamental field valuesBf

determined from the power spectra and the extrema-index plot

Power spectrum Extrema-index plot
T ~K! Bf ,SdH,1 ~T! Bf ,MIS ~T! Bf ,SdH,1 ~T! Bf ,MIS ~T!

SampleA
4 29.2 29.3
20 28.0 30.7 28.9 29.2
30 27.5 31.2 27.9 28.9
50 27.5 28.9
100 29.7 28.9

SampleB
4 23.4 21.2 23.6
10 23.4 21.2 23.7 21.5
20 21.4 21.4
50 23.3
90 22.2

FIG. 1. The first derivative of the magnetoresistance of sam
A as a function of temperature. Note the nodes~arrows! and the
alignment of the minima and maxima as a function of tempera
~vertical dotted lines!. A best approximation to the data at 30
using Eqs.~2.2a! and~2.2d! is shown as the dashed line. The curv
are scaled as indicated.
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consists of three terms due to the three factorsa/Bsinh(a/B),
exp(2b/B), and cos(c/B1p), wherea52p2KBm* T/\e, b
5pm* /et1 , andc52p(EF2E1)m* /\e. As can be easily
verified the dominant term in the derivative is determined
the relative magnitude of the parametersa to c. One finds
a'T using m* 50.067me for GaAs, b'12 using t1
50.1 ps. This quantum lifetime value is a lower bound es
mated from the mobility values given above using the typi
ratio of 10 between the transport and the quantum lifetim12

One obtainsc'70 usingEF2E1520 meV as a reasonabl
lower bound for our high-carrier density samples. Theref
even at high temperatures the derivative of Eq.~2.2a! is es-
sentially (c/B2)@a/Bsinh(a/B)#exp(2b/B)sin(c/B1p). The
result for Eq.~2.2d! is similar, although without the dampin
term. As the derivatives of Eqs.~2.2a! and ~2.2d! are domi-
nated by sine terms the extrema in the first derivative
shifted by approximatelyp/2 compared to the undifferenti
ated expressions, nevertheless, the phase differenceDf5p
between MIS and SdH term is essentially preserved. T
factor 1/B2 in the first derivative enhances the oscillations
low fields and the observation of MIS oscillations is easie

We use two methods to obtain the fundamental fieldBf of
oscillatory magnetoresistance data periodic with respec
inverse field. The first uses directly the positions of the m
netoresistance extrema, in an extrema-index plot. Eq
tion ~2.1! can be rewritten asN5Bf /BN1f/p, where N
5 l 12 l 2 , BN is the magnetic field position of a resistan
maximum, andf/p is the phase in cycles. The slope of th
linear relationship is directly the value ofBf . Therefore, the
measurement of the positions of the MIS or equivalently
SdH maxima is sufficient to obtainBf from a linear fit to the
(N,1/BN) data set.13,14 A phasef was not included in Eq.
~2.1! as it is ideally zero for MIS oscillations. Now it is
nonzero asf5p/2 or 2p/2 is expected in the derivative o
MIS and SdH oscillations. Using the value ofBf determined
from the extrema-index plot it is possible to determine t
phasef in a residual-phase plot, wheref/p5N2Bf /BN is
plotted as a function of 1/BN . For the correctBf this plot
gives a constant value and the phase can be determine
extrapolation to zero. For simple sine-wave oscillations b
maxima and minima can be used to determineBf , the slope
is then 2Bf . An example of an extrema-index and a residu
phase plot using all extrema is shown in Fig. 2. The sec
method is the Fast Fourier transform algorithm15 and the
subsequent calculation of the power spectral density
shows all the harmonic content in a single curve, but
phase information is lost. Examples of power spectra can
seen in Fig. 3.

IV. RESULTS AND DISCUSSION

A. Magnetoresistance of sampleA

We will now discuss the experimental results for sam
A, the Al0.3Ga0.7As/In0.15Ga0.85As/GaAs quantum well. This
sample has only one occupied subband upon cooling in
dark as deduced from SdH oscillations. After cooling, t
carrier concentration of the sample was slowly increased
stepwise illumination until the special conditionEF,1'E12
was achieved, i.e.,Bf ,SdH,1'Bf ,MIS . Only the data set cor-
responding to this condition is discussed. It enables the id
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tification of the phase differenceDf between MIS and SdH
peaks in the magnetoresistance without further manipula
and forDf5p a strong interference node is expected in
oscillation envelope.

The first derivative of the magnetoresistance for samplA
after controlled illumination is shown in Fig. 1. The sol
lines are measured data, the dashed line is an approxim
to be discussed later. The curves at 4, 20, and 30 K are sc
with the factors given. At 4 K, SdH oscillations typical of
single subband are observed. This is not a contradictio
the conditionEF,1'E12, which is equivalent to a weakly
populated second subband at 4 K. For reference the loca
of the filling factorn55 of the lowest subband is indicate
Its position has to be between a minimum and a maximum
first derivative data are shown.

At 20 and 30 K, nodes are observed atBnode53 and 4.5
T as indicated by the arrows. To study the phase rela
between the extrema positions as a function of tempera
three vertical dotted lines, labeled 1 to 3, are drawn on
graph. The positions of all three lines are chosen to inter
a minimum of the curve at 4 K. Already at 20 K the situatio
has changed as line 1 intersects a maximum and the no
between line 1 and 2. At 30 K the node is between line 2 a
3 and they intersect a maximum and a minimum, resp
tively. At 50 K all three lines intersect a maximum. Th
number of minima between line 1 and 3 at 4 K is seven, as is
the number of maxima at 50 K between the two lines. T

FIG. 2. The extrema-index~a! and residual-phase~b! plots for
sampleA. The slope in~a!, i.e., the fundamental field, is almos
independent of temperature. Well-pronounced discontinuities o
in the plots at 20 and 30 K. The fundamental fields derived from
slopes are given in Table I. In~b! a phase shift ofp is observed
occurring at the positions of the discontinuities in~a! as indicated
by the dashed-vertical line.
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means the fundamental field is the same at 4 and 50
although the phase has changed byp. Such a phase differ-
ence and the occurrence of nodes cannot be explaine
single subband SdH oscillations.

Interpreting the data at 30 K in Fig. 1 at low fields as M
and at high fields as SdH oscillations we approximated
experimental data using the appropriate theoretical cu
which is the derivative of Eqs.~2.2a! and~2.2d! with a vari-
able phasedf'np, wheren50,1,2,. . . . This approxima-
tion is the dashed curve and it indeed reproduces the m
sured data very well. The values for the MIS term Eq.~2.2d!
dominant at low fields areBf529.0 T and df56.13,
Bf528.2 T anddf53.53 belong to the SdH term Eq.~2.2a!
dominant at high fields. The fundamental fields are close
each other and aDf56.1323.5352.60 closer top than to
zero is found in agreement with the simple analysis using
points of intersection of the lines 1 to 3.

Estimating the thermal damping of the SdH oscillatio
Eq. ~2.2a! using the parameters discussed in a Sec. III i
found that the oscillation amplitude in Fig. 1 below the nod
is far too large for the SdH effect. The movement of the no
to higher fields with increasing temperature can be explai
by the stronger temperature damping of SdH in compari
with MIS oscillations. We conclude that the oscillatory ma
netoresistance at 20 and 30 K is dominated below the n
by MIS and above the node by the SdH effect. At 4 K only
SdH and at 50 K only MIS oscillations occur in the fie
range considered.

B. Fundamental fields and phases of sampleA

To determine the fundamental fields and phases of
curves in Fig. 1, the corresponding extrema-index a
residual-phase plots are shown in Fig. 2, which does
include the extrema positions observed at the lowest
highest fields to emphasize the middle section. The data
are vertically displaced for clarity.

At 4 K all points are on a straight line as indicated by t
linear fit in Fig. 2~a! and the slope givesBf ,SdH. At 20 K the

FIG. 3. The normalized power spectra for sampleA. The verti-
cal line was added to show the relative position of the peaks, n
the double peak at 30 K. The dashed line shows a spectrum o
30 K data for a field range limited toB,4.5 T. A single peak
remains.
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data set shows a discontinuity at 1/B'0.35 T21. This dis-
continuity is not caused by the random omission of an
trema, care was taken to include all extrema of the mag
toresistance curve. The discontinuity coincides withBnode at
20 K in the magnetoresistance data in Fig. 1~since 1/0.35
52.86 T!. The regions below and above the discontinu
show linear behavior and have almost the same slope. A
we assign the low-field oscillations below the nodes to
MIS effect and therefore the slope at large 1/B is associated
with Bf ,MIS and at small 1/B with Bf ,SdH,1 . At 30 K the
behavior is similar, although slightly different fundamen
fields are observed below and above the discontinuity.
position of the discontinuity has moved to lower 1/B com-
pared to the plot at 20 K in agreement withBnode in the
curve at 30 K in Fig. 1. At 50 K, only a few extrema do n
fit onto the straight line. These extrema are outside the fi
range of Fig. 1 and the node is not visible. At 100 K
points are on a straight line. The resulting values are give
Table I.

Figure 2~b! shows the residual-phase plots between 4
50 K using theBf-values obtained in Fig. 2~a!, Bf ,SdH,1 is
used at 4 K and Bf ,MIS above that. At 4 K, the phase isf
52p/2 as expected for the first derivative of SdH oscil
tions. At 20 and 30 K, the phase jumps from2p/2 to p/2 at
the same positions, where discontinuities occur in the
trema plots as indicated by the dashed vertical lines. At 5
the valuef5p/2 is observed. This shows that there is
phase shift ofp between the oscillations at 4 and 50 K. Th
is naturally the same phase difference as observed in Fi
The magnetoresistance at 20 and 30 K shows this phase
even in a single residual-phase plot.

It is surprising that MIS oscillations occur, although on
a single subband is observed at 4 K in the SdHoscillations.
Converting the fundamental fields in Table I to energies
ing Eq. ~2.1!, EF,1&E12 is found, i.e., the Fermi level is
below although close to the second subband energy.
population of the second subband at 4 K is then very small
and cannot be measured accurately. However, at 30 K
broadening of the Fermi-Dirac distribution is an order
magnitude larger than at 4 K and a significant thermal popu
lation exists in the second subband. As a consequence
oscillations can occur. A self-consistent calculation solv
the coupled Poisson-Schro¨dinger equations using the me
suredns gives an agreement within 10% between experim
tal and theoreticalE12. The subband spacingE12 determined
from Bf ,MIS is temperature independent between 20 and
K, as it is expected for the squarelike potential of this type
heterojunction.

Figure 3 shows the normalized power spectra of
curves in Fig. 1 using the full measured data sets rang
from B50.5 to 15 T. A single peak and its harmonics a
observed at 4 K. An asymmetric peak is observed at 20 K
splits into two peaks at 30 and 50 K and again a single p
is observed at 100 K. The dotted vertical line is a guide
the eye to assess the positions of the peaks in relation to
other. The absolute peak positions are given in Table I.
fundamental-field values at 30 K are about 7% below a
above the value at 4 K. One of the fields at 30 K has to
due to the SdH oscillations observed at high fields in
magnetoresistance in Fig. 1. A power spectrum of the dat
-
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30 K including only the data points up to 4.5 T is shown
the dashed line. It has only a single peak aligned with
dotted vertical line. This shows that the split peak in t
power spectrum of the full data set is due to the two regim
in the oscillatory magnetoresistance having a similarBf with
Df'p.

C. Experimental results for sampleB

After the specific case of sampleA, we discuss data ob
tained from a standard Al0.3Ga0.7As/GaAs heterojunction
with two populated subbands at 4 K. The magnetoresista
data of sampleB can be found in Ref. 7 together with pre
liminary analysis. The SdH oscillations show clearly two o
cupied subbands after illumination at 4 K. Upon increas
the temperature the magnetoresistance shows a tempera
dependent node similar to sampleA and oscillations persis
in the magnetoresistance above 100 K.

Two linear regions with different slopes corresponding
two differentBf values are resolved at 10 K in the extrem
index plots in Fig. 4~a!. The value in the high-field range i
similar to the value observed at 4 K as can beseen in Table
I and it is associated with the SdH oscillations. The low fie
Bf is interpreted as the MIS effect. The relationBf ,MIS
,Bf ,SdH,1 corresponds toE12,EF,1 . This relation is consis-
tent with the second subband population observed in the S
effect at 4 K. At 50 and 90 K a singleBf is observed, the

FIG. 4. The extrema-index~a! and residual-phase~b! plots for
sampleB. In ~a! two fundamental fields are observed at 10 K. Fro
~b! a phase shift ofp between the oscillations at 4 and 20 K can
deduced. At 10 K the phase shift occurs between the low-
high-field oscillations as demonstrated by the phase plots for
two different fundamental fields.
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value at 50 K is very close to the SdH value at 4 K. Due
the thermal damping of the SdH effect over the ent
magnetic-field range, the oscillations at 50 K can only be
MIS effect. The relation Bf ,MIS(T550 K).Bf ,MIS(T
510 K), i.e., a temperature-dependent subband spa
E12(50 K).E12(10 K), can be explained by the thermal r
distribution of carriers in a heterojunction with an appro
mately triangular potential and two populated subbands.
Bf value at 90 K is close to the magneto phonon resona
~MPR! value in this system.16 The MPR effect is strong in
this system and it can be observed above 50 K.17 The peak
positions observed in power spectra are given in Table I
comparison.

Figure 4~b! shows the residual-phase plots for sampleB
between 4 and 20 K. At 4 K the phase is slightly undulatin
around2p/2. This is probably due to the complex nature
the magnetoresistance in the presence of a second popu
subband, where all components of Eq.~2.2! are expected to
be present. At 10 K twoBf values are observed in the lo
and high-field region,Bf ,MIS and Bf ,SdH, respectively, and
for each the corresponding phase plot is shown. These
plots are constant only in the mutually exclusive low- a
high-field region. The point of deviation from constant pha
coincides with the change in slope in Fig. 4~a! as indicated
by the dashed vertical line. The phase in the high-field reg
~low 1/B) is f52p/2 and in the low-field regionp/2. At
20 K the phase isp/2 with some deviations in the high-fiel
region. Therefore,Df5p is observed in sampleB between
the SdH at 4 K and the MIS oscillations at higher tempe
tures similar to sampleA, the only difference to sampleA is
a differentBf value of the two effects.

V. CONCLUSIONS

By studying the magnetoresistance in
Al0.3Ga0.7As/GaAs heterojunction and an Al0.3Ga0.7As/
In0.15Ga0.85As/GaAs quantum well with high carrier conce
trations at temperatures above 4 K, we have isolated un
biguously a phase differenceDf'p between SdH and MIS
oscillations in strong support of the theory. The phase diff
ence is best observed between 10 and 50 K, where the o
latory magnetoresistance shows a node separating the
oscillations at low fields from the SdH oscillations at hig
fields. This node is a consequence of the interplay betw
the temperature damping of the SdH oscillations and
phase difference between SdH and MIS oscillations. T
e

ng
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ted
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-

m-

r-
cil-
IS
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phase difference is estimated directly from the extrema p
sitions in the oscillatory magnetoresistance and from resid
phase plots. It is found that the phase difference can lead
a split peak in the power spectrum of oscillatory data. T
two samples studied correspond to the casesEF,1&E12 and
EF,1.E12 at 4 K. Nevertheless, the MIS oscillations ob
served at higher temperatures show similar behavior for b
samples due to the thermal redistribution of the carriers.

Other systems reported in the literature with two~or sev-
eral! populated subbands, which seem suitable to investig
further the MIS effect, include In0.53Ga0.47As/InP
heterojunctions,15 Al0.52In0.48As/In0.53Ga0.47As/InP quantum
wells,14,18 and Al0.71In0.29As/In0.3Ga0.7As heterojunctions.11

Our work is relevant to low-temperature magnetores
tance data published some years ago19,20and more recently.21

Nodes in the oscillatory magnetoresistance as shown in F
1 are observed in Al0.52In0.48As/InxGa12xAs quantum wells
at temperatures below 4 K. These have been attributed
zero-field spin splitting.21 From the magnetoresistance dat
given in the reference the absolute population of the seco
subband was estimated to be as high asns,2'4.5
31011cm22. From earlier work5 it is known that the MIS
effect is present at 0.55 K in an Al0.3Ga0.7As/GaAs hetero-
junction with two populated subbands and it seems possi
that the data in Ref. 21 is influenced by the MIS effect. An
effect related to spin-splitting should exhibit the same tem
perature damping and the same phase as the SdH osc
tions.

The power spectra of the oscillatory magnetoresistance
InAs/GaSb quantum wells with two subbands show cle
evidence of the MIS effect.22 The MIS effect and a finite
zero magnetic-field spin-splitting due to the spin-orb
term23,24 both lead to beating in the low-field Shubnikov–d
Haas oscillations in this material combination. The dom
nance of the spin-orbit coupling can be critical for spin
electronic devices and understanding the regime where
MIS effect can dominate the low-field magnetoresistance
important in this field of electronics.
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