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Two-fluid-model analysis of low-temperature thermodynamic data for Si:P
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A detailed analysis of available low-temperatuiies(1 K) thermodynamic response-function data for Si:P
in the vicinity of the metal-insulator transition has been carried out using a two-fluid model which allows for
both localized and itinerant electron contributions. This analysis provides information on the relative concen-
tration of the two electron “fluids” as a function of the concentration through the critical region. The specific-
heat data, in both zero and nonzero magnetic fields, is successfully described in terms of this two-fluid model.
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[. INTRODUCTION tibility x may be written in the form
A large body of experimental information on the transport y m* T\ @
and thermodynamic properties of metal-insulatioll) sys- —=—+ 5(y)(_|_—) , D
tems has been obtained over the years. A variety of theoret- Yo mg
ical approaches has been developed in order to understand
and explain the observations. A recent reviegives an ac- Y m* T\«
count of these efforts with emphasis on field theory methods. —=—+ s(y)(—) , 2
For heavily doped semiconductors such as Si:P, measure- Xo my To

ments of thermodynamic response functions, including the )

magnetic susceptibility and specific heat, have been extenddf1eré 4(y) ande(y) are functions ofy=gugB/ksT, and

to lower temperatures and a wider range of magnetic field&¢ evaluated by numerical integration. The quantitg the
than previously. In a previous papere have given a pre- exponen} in the renormalized exchgngg coupling distribution
liminary account of the analysis of some of these resultd(9)~J . 7o and xo are Fermi-liquid values for the
using a two-fluid model involving localized and itinerant SPecific-heat coefficient and the magnetic susceptibility, re-
electrons. Our work has built on the approaches of Bhatt angPectively, whilem™ is the Fermi-liquid effective mass of
Le€® and Sarachilet al® for the magnetic susceptibility of the impurity itinerant electrons anah =0.34m, is the Si
insulating material, incorporating interacting spins, and theconduction-band mas3, is a parameter which depends on
later work of Paalaneet al® for the specific heat and sus- the fraction of localized moments.

ceptibility of insulating and just-metallic samples. We intro- ~ The forms of the factor$(y) ande(y) are shown in Fig.
duced an extension of the two-fluid model to finite magneticl, plotted as a function of ¢/ For this plot these terms have
fields, and also showed that these equations can explafteen evaluated numerically fat=0.6, which is a value
available experimental data in high magnetic fields. found® close to the MI transition. For large (high B/T), &

While the model is phenomenological and cannot predicénde have an asymptotic form™“, which implies that both
the proportions of localized and itinerant electrons for ay andy level off to field-dependent values ds-0 K. The
given dopant concentration near the critical concentration
n¢, it has the virtue of explaining a large number of experi- 100 e
mental observations in a consistent way. Lakeieal® have ;
also given a description of the local moment concentration in
the metallic phase. By introducing a distribution of Kondo
temperatures, they show that the Kondo effect can explain
the power-law behavior observed in the zero-field specific
heat forn~n..

In this paper we give a more detailed account of the ap-
plication of the two-fluid model to experimental results ob-
tained in high magnetic fields and at comparatively low tem-
peratures below 1 K. We also present an analysis of zero-
field specific-heat data. Information on the relative
concentrations of localized and itinerant electrons through 0.01 0.1 1 10 100

the critical region is obtained. 1ly = kBT/gMBB

3(y), e(y)

Il. THE TWO-FLUID MODEL
FIG. 1. Plot of the terms5(y) and (y) in Egs. (1) and (2)

In nonzero magnetic fieldsB# 0) the two-fluid-model versus 1y. The dashed lines show the asymptotic behavior with
equation$ for the specific-heat coefficient and the suscep- 8,e~y “.
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temperature dependence of the localized moment contribu- ' L BI 6TI

tions is then identical to that of the itinerant electrons. For 30 L =
smally (low B/T), =1, e=10.4, and Eqgs(1) and (2 — BoaT
reduce to the form given by Paalanenal® for the B=0 2 B - .
case. Referring to Eqg1l) and (2), and to Fig. 1, we can c 20 | i
summarize the asymptotic behaviors of the specific kat :’ ’ B=1T
and susceptibilityy for the localized moments as follows: L2 - .
8 B=0
C~Ti e, T[K]=10B[T], ) o o1 iy
C~(B™®)T, T[K]=0.1B[T], 4 o e 1
0 L L 1 L 1 L 1
x~T7% T[K]=3B[T], (5) 0 1 2 3 4 5
~B%  T[K]=0.28B[T]. ©) T (K)

. . . FIG. 2. Specific-heat curves produced by Ekfl), using a value
Apart from the behavior given in Eqi4), the other of @=0.65, for several magnetic field valud$,, andT ., indicate

asymptotlc forms above .h'a.ve been Obsewez‘d.m the the temperatures at which the local minimum and maximum occur.
specific-heat and susceptibility data. The form given in Eq.

(4) is tested in this paper by analyzing the specific-heat dat
in nonzero magnetic fields at sufficiently low temperatures
At higher temperatures Eql) is used to analyze available
experimental results.

It should be noted that the two-fluid-model equations
shown in Eqs(1) and(2) do not explicitly take into account . 1—a 3
the possibility of an upper bound to the exchange coupling CD=yTH+eoy) T+ BT (10
between spin pairs. If a maximum exchange coupllgds  \herey; is the itinerant electron specific-heat coefficient and
considered, then these equations are valid onlkidr<Jo BTS2 gives the phonon contribution at low temperatufgsr
andgugB<Jo. _ o silicon we have a Debye temperatui®,=640 K, corre-

The inclusion of a maximum exchange coupling into thesponding to a value 98=0.265 xJ/gk3.) As with ¢ in Eq.
model makes the localized moment contribution in Ed$.  (9), ¢ is a constant involving the paramet& which, in turn,
and(2) less convenient to work with, and also introduces ang Jinked to the number of localized moments.

extra parameted,. Our numerical analysis shows that we  The |ocalized moment contribution to the specific heat,
can ignoreJy, and use the shown two-fluid equations, when

B a good approximation and give a constant background
susceptibility on which thel-dependent localized moment
contribution is superimposed.

For the total specific heat, we may use the expression

the following conditions are satisfied: C=¢&8(y)TE e, (11)
B[T]=15Jo[K], (7)  produces a Schottky-type peak in a magnetic field, with

asymptotic behaviors given by Eq8) and(4). This is evi-

TIK]=15Jo[K]. (8)  dent from the behavior of the ter#(y) shown in Fig. 1. In

. . Fig. 2 we show examples of the curves produced by(Ed),
tS.O the ra?ge gftteanerall_tchJres over \.’éh'Ch th%wo-flu&cj eguaénd show how the specific heat evolves in a magnetic field.
lons are found to be vald can provide us with an Incication Schottky peak for noninteracting spins is described by the

of the range of magnitudes of exchange couplings betwee ; - o
the Iocalizged momgnts This maximungJ exchgng(gJ couplinggquatlonB/Tf“aXT:1'8’ whereTmaX|s the position of the peqk
however, has been q'uoﬁé_d as being sufficiently large i a mggnetu; erIOBh' The h$|ght of(a)Schttky pealf< |sh|n-
~ ) . . ependent ofB, whereas for Eq.(11) the ratio of the
i(ntelrggtl?l'ji ;t?)ata\;]vg Ssen thgeng;eugtiiaéh:stSir\r/lgr?r:é%rve: Of;jpecific—heat peak values is described by the simple formula
In applying Egs.(1) and (2) it is desirable to use the C B.\1-a
Wilson ratio (v/xo)/(y/7yo) for a range of magnetic fields _1) :<_1
and temperaturésThis ratio leads to a cancellation of a C, B2
number of quantities in the equations which cannot be cal- . .
culated reliably. However, there do not appear tcChand x vyhereCl andC, are the.peak amplitudes for the magnetic
data available for a given set of samples which would permi{'e'ds By andB,, respect]vely. For<1, we theref_ore ob-
this to be done. We therefore considerand y separately. Serve that the peak amphtude of 'ghe.specmc heat Increases as
It is convenient to write the total magnetic susceptibilitya function of the applied magnetic field, as Obsefved in Fig.
as 2. It should be noted that the above expression is, however,
only valid for valuesa>0.580. As« is reduced, the quantity
Y(T)=x*+e(y)T~@ (9) Tmin, defined in Fig. 2, decreases whilg,,, increases.
’ When a=0.580, T,in=Tmax, @and we only have a point of
where{ is a constant ang* is the diamagnetic susceptibil- inflection in the specific-heat curves. For lower valuesrof
ity of the sample plus the contribution due to itinerant elec-Eg. (11) does not have any local maxima or minima, and the
trons. The contributions tq* are temperature independent specific heat is then a strictly increasing functionTof

, (12
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T T present in the other concentrations of the Andreal? data.
n= 1_2x1018cm'3§ Equation(9) has also been successfully appliedytalata

1 obtained in higher applied magnetic fields. Our results for a
just-metallic sample have been presented previdusiyng
data obtained at temperatures down to 50 mK and in fields
up to 1 T. The asymptotic behavior described above is sub-
stantiated and the agreement between the prediction of Eq.
(9) and experiment is gratifying. In general, the model gives
a satisfactory description of the susceptibility data. A more
stringent test of the model requires the successful description
of specific-heat data, where many questions still remain un-
answered. Available experimental results are discussed be-
low.

100 |

X (107 emu/ecm®)

IV. THE SPECIFIC HEAT

The analysis and description of the specific heat of Si:P
are challenging and important aspects in describing this
ST metal-insulator system. Our analysis suggests that great care
T ] must be taken in determining the electronic contributions to

 (b)

| | | the specific heat in order to obtain consistent and satisfactory
0.1 results. We first discuss the specific heat in zero magnetic
0.001 0.01 01 1 10 fields, followed by an analysis of the specific heat in the

T (K) presence of magnetic fields. Finally, in this section we con-
sider the effects of the nuclear contribution to the specific
FIG. 3. Susceptibility datéRef. 8 for two insulating samples. N€at, which is non-negligible at sufficiently low temperatures
The curves are fits of E49), with y* =0. The arrows indicate the (T=2100 mK). This contribution is obviously present in large
predicted temperature, obtained from E5), at which the data for magnetic fields due to the nuclear Zeeman splitfitgt we
all the magnetic field values should converge and follow & also discuss the possibility of a detectable nuclear contribu-

form. tion even in zero magnetic fields.
ll. THE MAGNETIC SUSCEPTIBILITY A. The specific heat forB=0
The analysis of magnetic susceptibility data using 4. Previous attemp?s to describe the zero-field specific heat

is comparatively straightforward for insulating and just- of Si:P forn~n. at fairly low temperatures used the obser-
metallic cases. Previous work using the scaling apprbachvation that at somewhat higher temperaturés@ K) the
has suggested that the paramaigrwhich determines the specific heaC appeared to have linear and cubic terms, at-
renormalizedd distribution, decreases from values aroundtributed to the itinerant electrony(T) and phonon BT°)
0.9 for n/n,=<0.05 to a plateau value around 0.6 foin,  contributions, respectively. Figure 4 shows a representative
<1. We have carried out an analysis of the low magneticC/T versusT? plot of the total specific hektof Si:P for
field susceptibility data of Andrest al® on the insulating Nn/n.=0.45 (n;=3.52x10" cm™3),'® which exhibits this
side of the transition using E¢) and confirm this behavior behavior. The apparent linear form at higher temperatures
for a. These values of are shown in Fig. 7, together with can be noticed, with the dashed curve being a fit through
the values obtained by other researchers, and the values diiese points. The intercept and slope of this curve provide
tained from our specific-heat analysis described below. Figthe coefficientsy; and 8, respectively.
ures 3a) and 3b) show representative fits to two sets of The excess specific heatC=C— v, T—B8T?, shown in
susceptibility data. the inset of Fig. 4, is then attributed to localized moments
The curves through the data points are fits of @g. with present in the system. The dashed line indicates the power-
x* =0, since the constant background susceptibility has beelaw behavior AC~T*~%) visible up to temperatures of
subtracted from the data. For each concentration we hawabout 0.4 K. This form is predicted by the Bhatt-Lee
varied the value oB from 10 to 350 G. Surprisingly, the model>® and is contained in Eq11) for the casey=0.
curves corresponding =350 G fit all the data well on the Several problems can arise, however, when analyzing the
whole temperature range, even though this field value igero-field specific heat with the above method. Hheval-
larger than that specified for the data points. The curves withies, obtained from the intercepts of linear fits such as those
the proper field values cannot explain the observed Tow- shown in Fig. 4, have been determined as a function of the
saturation in the data below 10 mK. The reason for this disdopant concentration. Thomaset al® carried out this type
crepancy is not yet clear. The arrows in the figures indicat®f analysis and attempted to show a correspondence between
the temperature at which the curves for this range of fieldshe absolute zero conductiviyy of Si:P and the specific-
will converge together, and then follow the"* behavior. heat coefficienty;. This relationship was not established.
This temperature is obtained from E®), and the data ap- Similar results fory; have been presented by Kobayashi
pear to follow this prediction. All the above features are alscal.!* and also Lakneet al® for analysis of specific-heat data
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5 | | | | . upper bound to the true itinerant contribution. By forcing the
I L AL linear fit in Fig. 4 through the highéer-data points, we mini-

11 mize the excess specific heat, and fok€ to vanish as
rapidly as possible, as seen in the inset of Fig. 4. If the
localized moment contribution does indeed still have a sig-
nificant contribution at higher temperatures, as we suggest,
L ] the above method will certainly produce questionable results.
3 B T N To emphasize the possible uncertainty in the above pro-
' cedure, we have found that we can describe the total specific
heat in Fig. 4 solely in terms of a localized moment and
phonon contribution. The solid curve is a good fit of the
expressionC=¢T1~*+ BT3, and there is no need to intro-
duce an itinerant contribution.

F N, e 1 Based on these observations, we have analyzed the zero-
1 r ] field data differently without relying on the above method to
obtainy; andB. Instead, a direct fit of E10) was made to
I ] the specific-heat data, which f&=0 reduces to the simple
0 | | 1 | 1 | form

i

AC (uJ/gK)

C/IT (ud/gk?)

C(T)=yT+ T %+ BTS, (13

2 .2
T (K") .
wherey;, &, a, andB are temperature-independent constants

FIG. 4. Specific-heat datdRef. 6 for n=1.6x10"® cm 3ina  for a particular sample, which can be determined from a fit to
C/T versusT? plot. The dashed line represents the linear expressioiihe total specific-heat data. We note tlhatnd 8 are con-
C/T=1v,+ B(T?) fitted to the higher-temperature points, and the strained somewhat, and the fits depend primarilyypand¢.
inset shows the excess specific ha&t=C—y,T— T2 resulting  For the phonon contributioT3, it is possible to use the
from this fit. The dashed line in the inset shows the power-law formquoted Debye temperature to determijieHowever, Lakner
observed at the lower temperatures, while the solid curve is a fit ogt a|_,6 whose data we used for this analysis, state that their
the model using a maximum exchange couplinglgt3 K. The  thermometry at the higher temperatures was not very accu-
solid curve in the main figure is a fit of the expression £T1°%  rate and brought about small variations in their determination
+BT?, and gives a good descnptlo_n of the plata on the whole ranggy 0, from the data.
shown. The implications of these fits are discussed in the text. Figures %a) and 5b) show zero-field specific-heat déa,

together with fits of Eq(13). We carried out least-mean-
in nonzero and zero magnetic fields, respectively. In all casesquare fits of this expression for temperatufes200 mK.
vi was found to have a significant contribution even deeprhe parameter values were sensitive on the fitting range
into the insulating phase. It is important to establish whetheused. For several samples we found, however, that the pa-
these values are physically meaningful. rameter values varied rapidly when the lower bound of the

Further inconsistencies arise when analyzing the exced#ting range was below and around 100 mK, and were less
specific heatAC. Lakneret al® obtained the parameteras  sensitive when the lower bound was varied above 100 mK.
a function ofn, which is determined from the slope of the The observed behavior would be consistent with having a
data in a logarithmic plot oA C versusT, as in Fig. 4(inse}. small upturn in the data as the temperature is reduced below
The values forr which they found close to the Ml transition 100 mK, which can be observed in some of the data. We
are larger than those of other earlier studies. Paalanetherefore choose 200 mK as the lower bound to the fitting
et al’s® analysis of the zero-field specific-heat data producedange to avoid this possible anomaly. This slight upturn at
values ofa~0.6 forn~n,, which also corresponds well to the lowest temperatures may be an experimental artifact.
the value fora determined from susceptibility analydighe  Thermal decoupling effects have been seen on electrical con-
analysis by Lakneet al, however, produced values of  ductivity measurements at the lowest temperattites.
=0.8. Figures ©a) and b) show plots of the excess specific

The rapid decrease iMC for T=0.4 K has been heat AC=C—vT—gT? which is obtained. Figure (&)
attributed® to a cutoff of the cluster excitation energies. If showsAC for three concentrations in the insulating phase,
we do consider a maximum exchange couplihgin our  for which y;=0. The electronic specific heat has a power-
formalism, we can reproduce this rapid decrease. The solithw form over a larger temperature range than the data
curve in Fig. 4(inseb shows the theoretical prediction using shown in Fig. 4(inse). Figure &b) showsAC for concen-

a value ofJy= 3 K, which is much lower than expected. For trations just below and above the Ml transition for which we
the values 0f],=100 K mentioned in the literatufe> we  obtained nonzero itinerant contributiong; ¢ 0). These data
would, according to Eq(8), expect the power-law form for also exhibit the power-law compone#T!~* over almost
AC up to at leasfT~10 K. the whole fitting range.

We suggest that the discrepancies above arise from the For then=7.3x10'"® cm 3 data, we have no localized
use of theC/T versusT? plot to extract the itinerant contri- moment contribution preseng{0), and this is consistent
bution y; from the limited range of the higher-temperature with Fermi-liquid behavior forn/n.;=2. From the corre-
data points. They; value obtained in this way is at best an spondingy; value obtained, we calculate an effective mass
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10 ey 10 ¢

n = 0.89x10'%cm™
n=1.8x10"%cm™
n=2.8x10"%m?>

AC (ud/gK)

n=1.6x10"%m

C (uJ/gK)

n=23.6x10"%m™
n=4.5x10"%cm™®

0.1 e —
g 0.01 0.1 1 10

(b) |
01 bl

0.01 0.1 1 10 H
T(K)

FIG. 5. (a) shows zero-field specific-heat ddRef. € for three
insulating samples, whilé) shows data for two metallic samples.
The curves are fits of Eq13). No itinerant contribution ¢,=0) is
used for the fits to the insulating samples(an.

AC (ud/gK)

for the impurity electrons am*/mg=1.2, which shows a
mass enhancement over the Si conduction band mgss
This value is slightly lower than that predicted by Paalanen
etal® (m*/m#=1.3), and larger than the value of 1.06 0.1 S
quoted by Harrison and Markg. 0.01 0.1 1 10

Figures Ta)-7(c) show the results obtained for the pa- T (K)
rametersa, £, and y;, respectively, plotted against/n,.
From the values of3 obtained, we have a range of Debye
temperature® e (625, 685 K).

The values ofa obtained, shown in Fig. (@), are com-
pared to those obtained from previous susceptlblllty
analysis*®14-1® For n/n.>0.4, we obtained values of
€ (0.45,0.7) and, except possibly fofn.~0.80, the values
are close to the susceptibility values. This is in contrast to theng samples. The curves through the Harrison and Marko
larger values ofa>0.8 obtained by Lakneet al® As n data (@ and @) are fits of the expressioB=£T1 %+ BT3,
—0, we see an increase dn and a crossing ok =1, as also  with 8=0.265 uJ/gK* (6= 640 K). The fits to both sets of
observed by Lakneet al. Our formalism of the two-fluid data are satisfactory, although the valuexef 0.44 obtained
model, involving the renormalized exchange coupling befor the high concentration is lower than expected. The main
tween spins, does not allow for values=1. We do expect point, however, is the comparison between the two sets of
thata—1 asn decreases well below,, corresponding to a data for the low concentration. The value @&=0.89 ob-
system of isolated spins. This increaseaofowards 1 with  tained is very close to the susceptibility values shown in Fig.
decreasinqn is also observed in the susceptibility. We sug-7, and there is clearly no upturn as observed in the Lakner
gest that there could be a low-temperature anomaly in thet al. data, which produces a value af>1. Further experi-
specific-heat measurements which at the low concentratiomaents would be helpful in clarifying this apparent discrep-
may lead to inflated values of. Furthermore, the analysis in ancy.

Sec. IV B of the specific heat in magnetic fields points to the The localized moment contributiaf) shown in Fig. Tb),
possibility of an excess specific-heat contribution. To dem-steadily increases from zero asis increased, and near the
onstrate this possibility, we have compared the specific-hedll transition starts to decrease towards zero, vanishing at
data of Lakneret al® and Harrison and Markt’ n/n.=2. Itis expected®!’that the Si:P system should show

Figure 8 shows two sets of specific-heat data for insulatFermi-liquid behavior fom/n.=2, which appears to be the

FIG. 6. (a) shows the electronic specific he@t- BT? for three
insulating samples. The power-law for@~T!~ ¢ appears on a
largerT range than shown in Fig. dnse). (b) shows the localized
moment contributioC=C— v, T— BT° for a just-insulating and
two metallic samples. Here we again see a power-law form for
almost the whole temperature range.
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FIG. 7. (a)—(c) show the results obtained by fitting EG.3) to
zero-field specific-heat datéa) plots the parameteax versusn/n.,
and these values are compared to previeuslues obtained from
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decrease more rapidly through the MI transition, and vanish
in the insulating phase fai1/n.<0.8. Convergence between
the previous and the presemf values only occurs in the
metallic phase when the localized moment contribution van-
ishes.

It should be noted that the data for the just-insulating
sample (/n;=0.94) can also be accurately described in
terms of only a localized moment contribution, with a
slightly smaller value otx=0.43. The nonzerg; value for
this sample was produced by the fitting routine, but it is
possible thaty,=0 for all the insulating samples.

In Fig. 7(c) we have also included dafsfor the absolute
zero conductivityo, for comparison. We plotted/oq in
view of the attempt by Thomast al® to relateyi2 and o
The curve represents the expressiop=235(n/n.—1)*,
with ©=0.5 the critical exponent for Si:¥%,and even ap-
pears to describe the form of in the metallic phase. There
appears, therefore, to be a possible scaling betvqéeamd
o, as proposed by Thomaet al. More metallic phase data
are required to substantiate this relationship.

Recent analysi&?° however, has reopened the question
of the value ofu in Si:P, but we choosg = 0.5 for consis-
tency with the previous analysis based on a particular value
of n.. There is evidend&? that u~1 for just-metallic
samples with §—n.)/n.<0.1. The inset of Fig. (€) shows
a plot of yiz versus (—ng)/n., and indicates the critical
regiont® close to the MIT where it is predicted that=1. If
y? and oy do scale, then we would expect thgt~ (n/n,

susceptibility analysis(b) and (c) show the results fog andy;, ~ — 1) with u~1 in this critical region. We do not, how-
respectively. Also included ifc) is data(Ref. 18 for the absolute ~ €Vver, have sufficient data to confirm this behavior. The two
zero conductivityo, for comparison. The inset ofc) showsy?  data points outside of the critical region produce a slope of
versus 6i—n,)/n, for the metallic phase in a logarithmic scale. ~ 0.67, close to the value gf=0.64 obtained by Stupgt al'®

case here with the vanishing localized moment contribution

Overall, the behavior of is as expected.

The itinerant contribution values; shown in Fig. Tc)
are, however, different from those obtained previodsty,
which decrease gradually through the MI transitionnais
decreased, and have a significant contribution even deep in
the insulating phase. In contrast, thevalues obtained here

C (uJ/gK)

10

0.1

from their conductivity data in this region.

The major feature of our results is that fioin.<0.8 the
data do not have an itinerant contributiog; €0), and the
electronic specific heat in the insulating phase can be de-
scribed using only the Bhatt-Lee model. We also find that the
power-law formT?~ @ is present over the whole fitting range.
{:Jom Eq.(8) we can therefore estimate thi>30 K. For
n<1x10¥® cm3, the results are not as satisfactory. An ex-
planation for the anomalous behavior in the specific heat at
the lower temperatures, as observed in Fig. 8, is required.

il R
n/n, =0.088 [14]
n/n_ = 0.45 [14]
n/n, =0.097 [6]
n/n, =0.45 [6]

OOCme

B. Specific heat in a magnetic field

In the presence of finite magnetic fields, the specific heat
of Si:P develops Schottky-type pedks. Previous attempts
to describe these data used the Schottky expre€3igfor
the localized moment contribution, introducing an effective
magnetic fieldB.4 and an effective concentratiany of lo-
calized moments to fit the dafa.The total specific heat is
then modeled by the equation

C=Cqnt yiT+BTS. (14)

0.01 0.1 1
T(K)

10
The excess specific heatC=C— v, T—8T?, obtained

from these fits of Eq(14) to the total specific-heat data,

FIG. 8. Comparison of the specific-heat data from two differentca@nnot then be described by Ed.1). The excess specific
sourcesRefs. 6,13 for two insulating samples. The curves are fits heat obtained in this way is, however, not adequate in testing
of the equatiorC=£¢T™ *+ BT? to the Harrison and MarkéRef. ~ models which consider electron-electron interaction. The fit-
13) data.

ting parameters are chosen in such a way th@t matches
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be easily determined by matching the peak amplitudes of the
curves and the data. For thén.=0.45 data in Fig. &), we
cannot use Eq12) to determinea, since we only have one
well-defined peak. For these data we find that the zero-field
value ofa~0.68 gives a good description.

It should be noted that we fixed and ¢ for each concen-
tration, and only varied the magnetic fiedto generate the
family of curves in the plots. The large scattering in the
high-temperature data points could be attributed to the loss in
thermometry accuracyand could also be responsible for the
unusual high-temperatureT$& 1.5 K) deviation of theB
=1.5 T data in Fig. &). In general, the predictions of the
model give a gratifying description of the data, particularly
for the lower field valuesB<5.7 T). Clearly, much better
fits to the data can be obtained by allowiag £, and 8 to
vary for each set.

For the two lower concentrations in Figsa@and 9b),

C O B=15T N we observe for the largest fielE5.7 T) that the curve
:_(C) A B=5.7T A deviates appreciably from the data for-1 K. This devia-
C ] tion can be corrected by increasing the valuerofTo dem-
onstrate this, the dashed curve in Figh)%shows the change
in the predicted behavior whea is increased to a larger
value of «=0.9. This behavior at larger field values can be
expected. Asa—1, the system tends towards an isolated
spin system, with an increase incorresponding to a reduc-
tion in the effective exchange couplings between the local-
0 05 10 15 20 25 3.0 ized moments. A shrinkage in the localized moment wave
T (K) function caused by a large magnetic field would reduce the
exchange couplings, and could explain this increaased

FIG. 9. (a—(c) show the electronic specific hedRef. § C  value. This effect is not observed in thén,=0.45 data in
— BT? for three insulating samples)(n.=0.22,n/n.=0.25, and  Fig. 9(c). For this concentration, we have larger exchange
n/n¢=0.45, respectivelyin various magnetic fields. The curves are couplings(indicated by the smaller value af), and a no-
fits.of Eg. (11). For each concentration only the field valBeis  ticeable increase i might only become apparent at even
varied. larger fields.

The theory provides a good description of the evolution of
C.h as closely as possible. This in part explains why ourthe specific heat in a magnetic field. Notice that the peak
earlier attempts to describe this excess specific heat in ternfigight increases a8 is increased. In using the simple Eq.
of a Herring-Flicker coupled spin-pair syst€malso failed (14), it is necessary to use a field-dependent effective con-
for n/n;=0.2. Instead, our analysis proceeds to explain theentrationn to account for this peak height increase, which
total specific-heat data by comparison to the theoretical prgs then attributed to field-induced localizatibrihis is not
diction in Eqg.(10). necessary with the present model since the peak height in-

Figures 9a)—9(c) show the electronic specific he@  creases automatically &is increased, as described by Eq.
— BT% in various magnetic fields for three insulating samples(12). Just as for the Schottky expressiBg., the peak de-
n/n.,=0.22, 0.25, and 0.45, respectively. For the phonoriails alone can provide us with both the fitting parameters
contribution 8T3, we used thes values obtained from our and¢.
analysis of the corresponding zero-field specific-heat data, as The localized moment contributiorsobtained from the
described in the previous subsection. The curves are fits &+ 0 analysis for the above three concentrations are some-
Eq. (11) which describes the localized moment contributionwhat lower than those values obtained from Bre 0 analy-
to the specific heat in the two-fluid model. As for the zero-sis. If we were to fit Eq(13) to theB=0 data using th®
field specific heat, we do not need to introduce an itinerant: 0 parameter values, then we find that the apparent excess
contributiony; T to give a satisfactory description of the data specific heat in the data is similar for all three samples, and
in nonzero fields. also similar in magnitude to the anomalous upturn in the

For the two lower concentrationsifn,=0.22 and 0.2§ =0.34x10" cm 2 data shown in Fig. 8. This difference in
we determinedr from the evolution of the peak amplitude in the parameter values from tlise=0 andB+#0 data requires
the magnetic field. Using Eq12), which describes this peak further investigation. This problem does not appear to occur
amplitude evolution, we can estimate that-0.8 for both  in the higher concentration data, where we can describe both
these concentrations. This value®fs lower than the value theB=0 andB+ 0 specific-heat data using the same param-
obtained from the zero-field data, but is very close to theeter values.
values obtained from susceptibility studies, as indicated in For larger concentrations where it is necessary to intro-
Fig. 7(a). The only fitting parameter is therefogewhich can  duce a nonzero itinerant contributionT, the specific heat

C - BT° (wJ/gK)

‘ n= 0.89)$1018c“r‘n'3
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the prediction of Eq.4) in conjunction with this nuclear
contribution.

C. The nuclear contribution to the specific heat

We now consider the asymptotic loWw-behavior of the
specific heat, and also consider the anomalies that occur at
temperature§ <100 mK, attributed to the nuclear Zeeman
splitting. The two-fluid model predicts that the localized mo-
ment contribution vanishes linearly ihasT—0 K, as pro-
posed by Eq(4). Since the itinerant contribution is also lin-
ear inT, we predict for the total electronic specific heat

(15

wherey* now includes both the localized and itinerant con-

Ceec=v*T, T[K]=<O0.1B[T],

tributions. As mentioned above, verification of this behavior
is made difficult by the appearance of an anomaly at the
lowest temperatures. It is likely that tHéP nuclei, and pos-
sibly some neighboring®Si nuclei, give rise to a nuclear
Schottky term in the specific heat. We adopt the form

n = 3.6x10%cm? |
7

zﬁ’

0.01 0.1 1 10
T (K)

FIG. 10. (a) and (b) show the total specific hedRef. 6 for
just-insulating (/n,=0.94) and just-metallic f/n,=1.02)
samples. The solid curves are fits of E40), while the dashed
curves show the contribution’ T+ 8T3. For each concentration
only the field valueB is varied.

0.1 ol (16

nuc

which should be a good approximation to the nuclear specific
heat at the temperatures we are dealing witk=60 mK).

For the analysis we use the highest field data, since this
should provide the largest temperature interval over which
the prediction of Eq(15) should hold. The anomaly is also
most pronounced for higher fields.

The phonon contributioT® is subtracted from the total
can still be described by Eq10), but the determination of specific heat, and, combining Eq45) and(16), we have the
the fitting parameters is more difficult and uncertain. Equaprediction
tion (12) cannot now be used to easily obtain(and hence
&) from the peak heights, since thgT contribution has to
be determined and removed first. Also, as Fig) Tdicates,
for concentrations close to and above the MI transition, we
havea<0.580, and Eq(12) cannot be used to determiag  with y* and 7 as fitting parameters. The parametgmwill
as mentioned in Sec. II. give us an indication as to the concentration of nuclei con-

In Figs. 1@a) and 1@b) we show the total specific heat in tributing to the anomaly.
nonzero magnetic fields for a just-insulating/,=0.94) Figures 11a)—11(c) show the results for three metallic
and just-metallic §/n.~1.02) sample, respectively. The samples. For the concentration=7.3x 10'® cm~2 shown
curves are plots of Eq10), with the parameters;, ¢, «, in Fig. 11(a), Eq. (17) is expected to hold for all tempera-
and B equal to the values determined from tle=0  tures since the localized moment contribution is negligible.
specific-heat analysis. For each figure we varied only thén Figs. 11b) and 11c) the arrow indicates the temperature
magnetic fieldB, and the curves give a reasonable descripbelow which we predict Eq(17) to hold. For all three con-
tion of the data and the evolution of the specific heat in acentrations, the prediction gives a good account of the data,
magnetic field. For th@/n.;=0.94 data in Fig. 1&), we do  and supports the idea that the upturn is due to the nuclei. The
obtain better fits if we lety;=0, and, as we mentioned in the asymptotic prediction in Eq4) is also supported here. The
previous subsection, it is possible that for this just-insulatingnagnitude of# indicates a concentration of nuclei of the
sample there is no itinerant contribution. order of the dopant concentration. This is consistent with

In Fig. 9(c) we have also shown the asymptolie-0 K previous statemenftshat it is mainly the®'P nuclei that con-
behavior as specified by E@4), which predicts than\C  tribute to the specific heat, with the majority of tHéSi
vanishes linearly inT at sufficiently low temperatures, with nuclei having spin-lattice relaxation times which are so long
the slope decreasing with increasiBg This behavior can that their contribution is not seen on the time scale of the
also be observed in the curves of Figs(dd@nd 1Q@b). This  experiments.
predicted behavior appears to be present for all the concen- Results for insulating samples are not as convincing, al-
trations, but complete verification of this property is difficult. though the general behavior is consistent with the predictions
There is a pronounced upturn in the data 16100 mK, of Eqg. (17). On the insulating and just-metallic sides of the
clearly visible in Figs. 1() and 1@b), which is attributed to  transition the3!P nuclei associated with the localized elec-
the nuclear specific heat. In the next subsection we considérons may experience effects due to the hyperfine coupling as

T[K]=<0.1B[T], (17)

3!

iNe

=7*+1
T
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0 EE— FIG. 12. The electronic specific he@iRef. 6 C— BT? for two
0.01 0.1 1 10 insulating samples in a field=1.5 T, with (@ n=0.79
T (K x10® cm™2 and (b) n=1.6x10*® cm™3. The curves are fits of
( ) the Herring-Flicker spin-pair modéRef. 22, with the introduction

e 3. . of a single parametan.s/n.
FIG. 11. Specific-heat dat&ef. 6, C— 8T in a large magnetic

field for three metallic samples. The data are shown@iRversus
T plot to test the predictions of Eq17). The arrow indicates the

. . Lo _ V. THE HERRING-FLICKER COUPLED
temperature below which this expression is expected to be valid.

SPIN-PAIR MODEL REVISITED

In a previous publicatio”? we presented results on a
spin-pair model with an exchange coupling described by the
Herring-Flicker expression. The predictions of this model
were compared against specific-heat data, where the local-
ized moment contributions were obtained by the use of Eq.
14). The theoretical curves for the spin-pair specific heat

ere significantly broader than the given data, which, due to

well as an applied field. The hyperfine coupling f3P nu-
clei in Si:P has been quoted as 6.8"F3This is larger than
the highest field b6 T used in the specific-heat experiments.
Because of the exchange effects and spin-lattice relaxatio

some averaging of the hyperfine f.ield will occur on the timethe use of Eq(14), are described better by the Schottky
scale (-1 9 (Ref. § associated with the specific-heat mea-g ationC_,.. In view of the approach to extract the local-

surements. Because of polarization of triplet state spin pairgeq moment contribution given in this paper, we revisited
by the external field, hyperfine effects will raise the temperaype Herring-Flicker coupled spin-pair model, and the results
ture at which nuclear Schottky effects are seen. The lack 0fre shown in Figs. 12) and 12b).
hlgh-fleld SpeCiﬁC-hea.t data below 50 mK makes it difficult Figures 12a) and 1Zb) show electronic Specific-hea’[ data
to test these ideas in a quantitative way. (C—pBT3) for the concentrationsn/n,=0.22 and n/n,

An interesting possibility which needs to be considered is=0.45, respectively, both for a magnetic field®&1.5 T.
that hyperfine effects could play a role in the zero-field dataThe dashed curves show the predictions of the model, and in
If some of the localized moments pair with the trip(egrro-  both cases overestimate the magnitude of the data. By intro-
magnetig state as the ground state, as has been suggéstedgducing an effective concentration of spin paigg, however,
and have sulfficiently long spin-lattice relaxation timég ( we can get a better description of the data, as shown by the
>1 9 at the temperatures of interedt€ 100 mK), thenitis  solid curves. This reduction ing/n can be attributed to
quite possible that the associatétP nuclei could make a larger cluster formation, witim.;/n decreasing as the donor
contribution to the specific heat even for zero applied fieldconcentration is increased. So, by introducing a single free
Such effects could explain the anomalous zero-field specifigparameten.4/n into this model, we can indeed give a good
heat data mentioned above. Further specific-heat measurdescription of specific-heat data in the presence of a mag-
ments down to much lower temperaturds{(10 mK) would  netic field. However, this approach, which requires numeri-
help in testing this suggestion. cal calculations, does not provide the simple analytical ex-
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pressions and general predictions of the kind given by therant electron contribution, with the data being described

two-fluid model discussed above. sufficiently in terms of only localized moments. The possi-
bility remains that this is true for all insulating samples
VI. CONCLUSION (n/n,<1). The fits to a substantial body of experimental

] ] ] data which have been obtained by choosing rather few pa-
Using the two-fluid-model equations, we have analyzedameters are gratifying.

Iow-tempe_rature thermodyn_amic data for Si:P for a range of In conclusion, the two-fluid model provides a good de-
concentrations. The behavior of the extracted localiz€d ( scription of the thermodynamic data over a large range of
and itinerant ;) contributions withn/n. are of greatimpor-  gopant concentrations. Forn.<0.8, the data can be suc-

tance in giving information which may be used to test othercessfully described by using only the localized moment con-
theories. The procedures used in obtaining ghend y be- tripution. Asn/n,—0, we expect a crossover to an isolated
havior from measurements must therefore be subjected hin system, and this is contained in the model by letting

careful scrutiny and tests to ensure that they are as reliable as q Forn/n.=2, the system behaves as a Fermi liquid, and
possible. the data is then described by the itinerant contribution. For

In this paper we have introduced an analysis of specificy g<n/n_<2, both the localized and itinerant components
heat data which has produced some interesting results. Thgq required for a full description.

previous inconsistencies in the values for the renormalized \jeasurements of the Wilson ratio in large magnetic fields
exchange coupling distribution parameterobtained from \yoyid be very useful in further testing this model, and in
the susceptibility and specific-heat analysis have been someyiracting more accurate physical parameters. Specific-heat
what reduced. There is also evidence to indicate that thgeasurements down to even lower temperatufesi mK)
low-temperature specific-heat anomaly observed in the low,oy|d allow for a more detailed analysis of the nuclear con-

concentration samples may not be intrinsic to the systemyihytion, and could also provide more insight into the elec-
and that the model may be applied to even lower concentrgygnic properties.

tions.

We have shown that the two-fluid model can be success-
fully applied to describe the specific heat in both zero and
nonzero magnetic fields, and also gives a satisfactory de- We express our gratitude to Professor H. vornheysen
scription of susceptibility data. In addition to the parameterfor supplying us with specific-heat data used in this analysis,
a which describes the renormalized exchange coupling, andnd for his comments on our results. Funding for this re-
lies in a limited range, there are two other parameters in thisearch provided by the Foundation for Research Develop-
two-fluid model which essentially provide the concentrationsment and the University of the Witwatersrand is gratefully
of the fluids. Forn/n.=<0.8, we need not introduce an itin- acknowledged.
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