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Previous experimental work on a two-dimensional~2D! electron gas in a Si-on-sapphire device led to the
conclusion that both conductivity and phonon drag thermopowerSg are affected to the same relative extent by
weak localization. The present paper presents further experimental and theoretical results on these transport
coefficients for two very low-mobility 2D electron gases ind-doped GaAs/GaxAl12xAs quantum wells. The
experiments were carried out in the temperature range 3–7 K, where phonon drag dominates the thermopower
and, in contrast to the previous work, the changes observed in the thermopower due to weak localization were
found to be an order of magnitude less than those in the conductivity. A theoretical framework for phonon drag
thermopower in 2D and 3D semiconductors is presented that accounts for this insensitivity ofSg to weak
localization. It also provides transparent physical explanations of many previous experimental and theoretical
results.@S0163-1829~98!01144-8#
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I. INTRODUCTION

Weak localization~WL! refers to the quantum correctio
to the conductivity that arises because the phase of the e
tronic wave function is not randomized during elastic co
sions. Through interference effects, this leads to a decr
in the longitudinal conductivitysxx , which can be restored
either by raising the temperature, thus increasing the
quency of phase-disrupting inelastic collisions, or by app
ing a low magnetic field, which destroys the phase cohere
of the electronic paths. WL has been thorough
investigated1 over the past two decades but the effect
other transport coefficients has received much less atten
It was predicted2 that the electrical conductivitysxx and the
electronic thermal conductivitylxx

e would be related by the
Wiedemann-Franz relation in the usual way for elastic el
tronic scattering, and the available experimental data3 on the
longitudinal components in a quasi-2D system are in acc
with this prediction.@We take the 2D electron gas~2DEG! to
be in thexy plane and, unless otherwise stated, the magn
field B alongz.]

The interpretation of thermopower data is complicated

the fact that there are two contributions, diffusionSJd and

phonon dragSJg. There is theoretical consensus that the lo
gitudinal diffusion thermopowerSxx

d should be modified by
WL,4–7 the result being equivalent to the well-known Mo
relation betweenSxx

d andsxx for elastic electronic scattering
However, in 2DEG’s, which are the focus of the prese
paper,Sxx

g is very large at low temperatures so thatSxx
d is

difficult to observe. This situation is quite different from th
PRB 580163-1829/98/58~19!/13181~10!/$15.00
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encountered in 3D systems. Introducing impurities into a
lattice to reduce the elastic mean free pathl e of the electrons
~so that WL is observable insxx) inevitably leads to a strong
reduction of phonon drag because of the scattering
phonons by the same impurities. In the 2D case,l e is reduced
by placing impurities into or near the 2DEG, but under no
mal circumstances these impurities have no effect on
phonons in the substrate and so drag is not thereby redu

As far as we aware, there is only one theoretical pap8

concerned with WL and phonon drag. This dealt withSxx
g but

gave a result only for the range of magnetic fieldB where the
localization term insxx is quadratic inB, which is appropri-
ate only at very lowB, and the situation at arbitrary field
remained unclear.

Experimental data for a 2DEG in a Si-on-sapphire dev
were published by Syme and co-workers9 which indicated
that Sxx

g and sxx are affected equally by WL. The signifi
cance of this result is most conveniently discussed, as did
authors of that work, in terms of the phenomenological eq
tion relating the electric current densityJ to the gradient of
the electrochemical potentialE85E1¹m/e, whereE is the
electric field andm the chemical potential, and the temper
ture gradient¹T, i.e.,

J5sJE82 eJ¹T ~1!

whereeJ is a thermoelectric tensor. The thermopowerSJ is the
experimental quantity which gives access toeJ and is defined

by E5SJ¹T ~the chemical part¹m/e is not observed in ex-
13 181 ©1998 The American Physical Society



o
i

-

n

th
n
el

is
ow
g

e

e

th
e

ic
n
tiv
o

an
o
w

m
nt
ie
te

ev

o
-

ie

of

sed
re-

s by
ho-

llel
oid
the
to
k.

shed
w

ra-
ir of
gh
gne-
f
was
er
ture
ink

t to
rate
ge

d

11

s
a
w-
S1
en-
to
en
had
s

her-

tact

1

nd
ata
us

13 182 PRB 58A. MIELE et al.
perimental situations, e.g. see Gurevichet al.10! measured
under the conditionJ50. The coefficienteJ has two additive

contributions, diffusioneJd and phonon drageJg, which are

responsible for the two corresponding componentsSdJ and

SJg.
Sxx

g varies rapidly with temperature and it is difficult t
observe deviations that might be due to localization. It
therefore necessary to measureSxx as a function of perpen
dicular magnetic fieldB. From Eq.~1! with ¹Ty50 we have
Sxx5rxxexx1ryxexy , whererJ5sJ21. The very low mobility
of the previous~and present! samples means that it is a
excellent approximation to writeSxx5exx /sxx . If we denote
the relatively small changes due toB asnsxx , etc., then we
have

nSxx
g

Sxx
g

5
nexx

g

exx
g

2
nsxx

sxx
~2!

and the previous data are consistent with the first term on
right-hand side being zero. Indeed, in a further publicatio11

it was assumed that this was precisely so and residual fi
dependent effects at the level of,1% were analyzed in
terms of WL corrections toSxx

d .
For reasons that will be explained in detail in Sec. III, th

experimental result is unexpected. Basically, we will sh
that exx

g is proportional to the electron-impurity scatterin
rate 1/tei whereasSxx

g is not. One can view WL to be a
modification of tei due to interference effects. Thus, w
would have expected bothexx

g andsxx to be affected by WL,
but notSxx

g . This is just the opposite of that found by Sym
and co-workers9

In view of these considerations, we have reexamined
question both experimentally and theoretically. The pres
paper gives new experimental data on two samples
2DEG’s in d-doped GaAs/Ga12xAl xAs quantum wells. In
contrast to the previous results, we findnSxx

g '0 for B
<1 T, which impliesnsxx /sxx5nexx

g /exx
g ~to an accuracy

of ;10%).
For several years we have been using various phys

pictures of phonon drag thermopower to help in understa
ing experimental data on 2D and 3D systems in a qualita
way, e.g., Refs. 12 and 13. In Sec. III, we outline a theory
phonon-drag thermopower that puts these ideas on a qu
tative basis. In particular, it provides arguments to supp
the result that WL has no influence on phonon drag. Ho
ever, we also show that the theory provides a useful fra
work to understand many previously published experime
and theoretical results in a transparent physical way. A br
preliminary account of some of this work has been presen
in conference form.14

II. EXPERIMENTAL TECHNIQUES AND RESULTS

Both our samples have been well characterized in pr
ous work.15 The electron densities aren53.631016 m22 for
sample 1~S1! and n52.2131016 m22 for sample 2~S2!.
Using the 4 K values of the conductivities, each has a m
bility of m'0.12 m2 /V s. Only a single subband is occu
pied in each sample.

The thermoelectric properties of S1 have been stud
s
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previously as a function ofB over a wide temperature
range.16 At low temperatures, whereSxx for this device is
dominated by phonon drag, no variation ofSxx with B up to
about 1 T was seen to within the experimental accuracy
<2% at low fields, even though changes'5 –6% ofs oc-
curred due to localization effects.

In the present experiments a different cryostat was u
with the sample mounting and associated instrumentation
designed to increase the precision of the measurement
about an order of magnitude in the range 3–7 K where p
non drag is dominant inSxx , and also to allow the direction
of the magnetic field to be set either perpendicular or para
to the 2DEG. The low-temperature limit was chosen to av
any problems at low magnetic fields caused by
superconducting/normal transition of In, which is used
provide thermal contact between the sample and cold sin

The experimental techniques are based on those publi
previously.16 All data were taken by dc methods. Very slo
field sweeps were used forrxx , with a sample current for
which self-heating was negligible. To measure the tempe
ture and temperature gradient we used a matched pa
22 kV Philips surface mount devices that have very hi
sensitivity at these temperatures and no observable ma
toresistance~even up to 8 T!. During a measurement o
Sxx , B was held constant and the temperature gradient
repeatedly switched on and off by routing a fixed pow
either to the sample heater, which produced the tempera
gradient, or to a matched heater mounted on the cold s
close to the sample. In this way the average power inpu
the sample stage remained constant and times to equilib
were short. With temperature differences mostly in the ran
of ;100–300 mK we had a resolution for¹Tx of <0.2%.
It is important to note that¹Tx was independently measure
at each value ofB. Thermoelectric voltages of 3.5–22mV
were measured with a resolution of a few nV by an EM
nanovoltmeter. The voltages were reproducible to<0.1%
when¹Tx was switched on and off at fixedT.

During the measurement ofSxx the average sampleT was
found to increase slightly withB. The relative change wa
always largest at highestT; at 7.4 K and 1.5 T it reached
maximum of about 0.8% for S1, and 0.4% for S2. On lo
ering the field to 0.5 T, the changes dropped to 0.2% for
and 0.1% for S2. These changes are similar for both perp
dicular and parallelB. Each data point has been corrected
bring them all to the same temperature. Interestingly, wh
this is done, the results are essentially the same as if we
used the zero-field value for¹Tx and the as-measured value
for the thermoelectric voltages. This arises because the t
mal conductivity of the substrate andSxx have similarT de-
pendences. The estimated relative error ofSxx as a function
of B is typically ;0.3% and that ofrxx is ,0.1%. There is
a systematic overall uncertainty inSxx of approximately 10%
due to possible errors in thermometer and voltage con
spacing, but this should not depend onT or B.

The temperature dependence ofSxx for the two samples is
shown in Fig. 1 along withSxx

d , which was measured for S
~Ref. 16! but is estimated for S2. The increase inSxx for S2
compared with S1 is due to the lower carrier density a
somewhat higher substrate thermal conductivity. The d
for S1 are in good agreement with those of previo
measurements.16
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The upper panels of Figs. 2 and 3 show data on thB
dependence ofnSxx /Sxx5@Sxx(B)2Sxx(0)#/Sxx(0) and
nsxx /sxx5@sxx(B)2sxx(0)#/sxx(0) ~taking sxx51/rxx)
for the two samples. The plots are given in terms of lnB
because if WL is dominant we expectsxx} ln B over a rela-
tively wide field range. Althoughnsxx /sxx is about 6% and

FIG. 1. The open circles give the measured thermopowerSxx of
the two samples. The lines are the diffusion componentsSxx

d . In the
case of S1,Sxx

d 520.41 mV/K is a measured quantity taken from
Ref. 16. For S2,Sxx

d 520.67 mV/K is estimated from that of S1
assumingSxx

d }1/n.

FIG. 2. A selection of the experimental data on the field dep
dence ofsxx (s) andSxx (d) at various temperatures for S1. Th
results are averages of6B data, though any dependence on t
direction ofB is weak. The upper and lower panels give data withB
perpendicular and parallel to the 2DEG, respectively. For clarity
data have been offset vertically by multiples of 3%. The solid l
through the data forsxx in the upper panel is a theoretical fit a
cording to Eq.~4!. The dashed lines are the measured zero fi
values.
10%, respectively, for the two samples, the variation
nSxx /Sxx is roughly an order of magnitude smaller over t
same field range, though it is not zero within experimen
error. These data are contrary to those previously publish9

wherenSxx /Sxx showed essentially the same behavior a
2nsxx /sxx .

Although there seems no doubt that WL is responsible
the behavior ofsxx , we briefly outline our analysis of the
temperature and field dependence of these data to show
they do indeed behave as expected. We expect the B
mann value ofsxx ~which we write aspsNkFl e wheresN
5e2/2p2\, kF is the magnitude of the Fermi wave vect
and l e is the elastic mean free path! to be modified due to
contributions from WL,Dsxx

WL , and electron-electron inter
action,Dsxx

ee, of the form1

sxx5psNkFl e1Dsxx
WL1Dsxx

ee

5sN@pkFl e2~11g!ln~ l i / l e!# ~3!

wherel i5vFt i is the inelastic mean free path given in term
of the phase coherence timet i , and g is a measure of the
strength of the electron-electron interaction. The tempera
dependence arises froml i . If one assumesl i}1/Tp, then
sxx5p(11g)sNln T1const. Plots ofsxx versus lnT over
the range 2–9 K for both samples gave good straight li
with slopes of 1.9331025V21 for S1 and 1.8531025V21

for S2. From the analysis of theB dependence given below
we find p51.0; these results implyg50.57 for S1 and 0.51
for S2, each;610%.

Noting thatDsxx
ee is B independent for low fields, theB

dependence ofsxx was fitted to the standard results of WL1

i.e.,

sxx5sNFpkFl e2g lnS l i

l e
D1cS 1

2
1

\

2eBli l e
D

2cS 1

2
1

\

2eBle
2D G , ~4!

-

e

d

FIG. 3. The same as Fig. 2 except these data are for S2
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13 184 PRB 58A. MIELE et al.
wherec is the digamma function. Using an expression
the conductivity in this form puts a strong constraint on t
value for l e because it is required to fit simultaneous
both the Boltzmann term and the correction terms. T
usual practice has been to fit only the field-dependent pa
isolation. As shown in Figs. 2 and 3 this expression giv
excellent fits to our experimental data in the range20.05 T
,B,0.05 T, but at higher fields the fits become worse a
are no longer acceptable foruBu.0.1 T. This agrees
with expectations since the field dependence in Eq.~4! is
accurate only when 2eBle

2/\!1,17 which corresponds
to uBu!0.25 T in our case. Within experimental err
l i5a/T and l e is precisely constant~using fits in the
range20.05 T,B,0.05 T); a andl e are given in Table I,
along with kFl e . If electron-electron effects are ignored
the above (g50), the fitted parameters are changed o
weakly.

Our samples are in the dirty limit with\/te@kBT, where
kB is the Boltzmann constant andte the impurity relaxation
time. Under these conditions, Altshuler Aronov, a
Khemelnitsky18 have predicted thatl i should be given by

1

l i
5

kBT

2eFl e
ln~eFte\!, ~5!

whereeF is the Fermi energy andte is the electronic elastic
relaxation time. This expression yieldsl i551/T mm for S1
and 31/T mm for S2, which are to be compared with th
experimental values of 14/T mm and 21/T mm. The agree-
ment is certainly not as good as that obtained by Choi, T
and Alavi19 with GaAs heterojunctions, but the order of ma
nitude is correct, especially for S2. All these results confi
that our samples are dominated by WL, at least insofar as
B dependence ofsxx is concerned.

In the previous work9 data were also taken with the ma
netic field parallel to the 2DEG, where no change is expec
nor observed forsxx , and no change was seen forSxx . We
have also done this and typical data onSxx ~with Biy) are
shown in the lower panels of Figs. 2 and 3 for both samp
Any changes are now at the level 0.2%, which is within t
range of the expected uncertainties.

III. THEORY

In keeping with the experimental situation, we shall r
strict our attention to the case of a 2DEG in which the el
trons occupy a single subband and have an isotropic en
dispersion. The generalization to multiple subbands
straightforward but will not be considered in this paper. O
treatment of the transport properties is based on the semi
sical Boltzmann equation and is similar to the approac
used by Butcher’s group20 and Lyo.21 It is useful to provide

TABLE I. The various parameters for the samples.l e and l i

5a/T were obtained from the fits of the data to the field dep
dence ofsxx .

n(1016 m22) m (m2/Vs) l e ~nm! a(mm K) kFl e

S1 3.6 0.134 35 14 20
S2 2.21 0.144 42 21 13
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a brief but complete summary of the theory in order
clearly reveal the underlying approximations that are ma
In addition, our intention is to bring out various features
the theory, not immediately evident in the previous theor
ical work, which give useful physical insights into the ge
eral behavior of the phonon drag component of the th
mopower in degenerate semiconductors. A result
particular interest is the definition of an effective elect
field that accounts for the effect of a nonequilibrium flux
phonons on the electrons. Once these semiclassical re
have been established, we indicate the way in which
theory can be extended to include the effects of weak lo
ization.

In the presence of static electric and magnetic fields,
electron distribution functionf k(r ) satisfies the steady-stat
equation

vk•¹ f k2
e

\
~E1vk3B!•¹k f k5

] f k

]t U
imp

1
] f k

]t U
ph

, ~6!

where the terms on the right-hand side account for impu
and phonon scattering. The impurity scattering term is giv
by

] f k

]t U
imp

5(
k8

Wkk8@ f k8~12 f k!2 f k~12 f k8!#, ~7!

whereWkk8 is an energy conserving impurity scattering ra
Similarly, the phonon scattering term is given by20

] f k

]t U
ph

5(
k8

@ f k8~12 f k!Pk8k2 f k~12 f k8!Pkk8# ~8!

with

Pkk85
2p

\ (
Q

uM kk8~Q!u2@NQd~«k82«k2\vQ!

1~N2Q11!d~«k82«k1\vQ!#. ~9!

The variableQ represents both the three-dimensional phon
wave vectorQ with components parallel (Qi) and perpen-
dicular (Q') to the 2DEG, and polarization indexl; vQ is
the phonon frequency andNQ is the nonequilibrium phonon
occupation number. The term proportional toNQ corre-
sponds to phonon absorption whereas the (N2Q11) term
corresponds to emission. The electron-phonon matrix
ment has the propertyM kk8(Q)5M k8k

* (2Q) and is propor-
tional to dk8,Qi1k , due to momentum conservation in th
plane of the 2DEG, and to the subband matrix elem
I (Q')[*exp(iQ'z)uf(z)u2dz. The detailed form ofM kk8(Q)
depends on the nature of the interaction; the acoustic pho
deformation potential and piezoelectric interactions are
evant to the GaAs/GaxAl xAs systems studied here. Finally
should be noted that electronic screening of the electr
phonon interaction is included by dividing the bare electro
phonon matrix element by the dielectric functione(Qi) of
the 2DEG.

The solution to Eq.~6! is obtained by linearizing about
local equilibrium (le) Fermi distribution, i.e.,

-
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f k~r !5 f k
le
„T~r !,m~r !…2

] f k
0

]«k
Fk , ~10!

where T(r )5T1dT(r ) is the local temperature andm(r )
5m1dm(r ) is the local chemical potential. The thermod
namic equilibrium distribution at temperatureT and chemical
potential m will be denoted byf k

05(eb(«k2m)11)21. The
deviation from local equilibrium is written in the form show
for later convenience. Similarly, the phonon distribution
expanded as

NQ5NQ
le2

]NQ
0

]~\vq!
GQ , ~11!

whereNQ
0 5(eb\vQ21)21 is the equilibrium Bose distribu

tion at temperatureT. We shall assume that the nonequili
rium phonon distributionGQ is established by a temperatu
gradient and is insensitive to the interactions of the phon
with the electronic system. However, phonon-drag th
mopower arises directly from the interaction of the electro
with the nonequilibrium distribution of phonons.

Substituting these forms of the electron and phonon
tributions into Eq.~6!, we obtain the linearized equation~de-
tails of the derivation of the phonon scattering terms can
found in the work of Cantrell and Butcher20!

vk•¹T
] f k

0

]T
2evk•E8

] f k
0

]«k
1

e

\
vk3B•¹kFk

] f k
0

]«k

5
] f k

]t U
imp

1
] f k

]t U
ph

, ~12!

where

] f k

]t U
imp

52(
k8

Wkk8@Fk82Fk#
] f k

0

]«k
~13!

and

] f k

]t U
ph

5b (
k8,Q

$Fk82Fk%@Gkk8~Q!1Gk8k~Q!#

2b (
k8,Q

G~Q!@Gkk8~Q!2Gk8k~Q!# ~14!

with

Gkk8~Q!5
2p

\
uM kk8~Q!u2f k

0~12 f k8
0

!NQ
0 d~«k82«k2\vQ!.

~15!

The effective electric fieldE8 in Eq. ~12! is now the gradient
of the electrochemical potential,E1¹m/e. The first sum on
the right-hand side of Eq.~14!, which we call] f k /]tuph,1 ,
represents the scattering of the nonequilibrium distribution
electrons from the thermal distribution of phonons which h
the effect of equilibrating the electrons to the lattice. T
second sum,] f k /]tuph,2 , accounts for the effect of the non
equilibrium phonons in driving the electrons out of equili
rium. When considered in isolation, the first sum is resp
sible for the resistivity due to phonon scattering. Howev
for the samples of interest here, impurity scattering is
s
-
s

-

e

f
s

-
,
e

dominant scattering mechanism at low temperatures and
term can be neglected in comparison to Eq.~13!. The
equilibrium-phonon scattering term is nevertheless of int
est as will be discussed later.

We now concentrate on the nonequilibrium-phonon sc
tering term,] f k /]tuph,2 , which is responsible for phonon
drag thermopower. It depends on the nonequilibrium phon
distribution that is obtained from the phonon kinetic equat

vph~Q!•¹NQ5
]NQ

]t U
coll

[2
1

tph
~NQ2NQ

le!, ~16!

where the phonon relaxation timetph is a parameter charac
terizing boundary and impurity scattering. In principle, it is
function of Q but we will take it to be a simpleQ-
independent constant that can be obtained from the pho
thermal conductivity. With our earlier definition ofGQ , Eq.
~16! implies that

GQ52
\vQ

T
tphvph~Q!•¹T. ~17!

Within an isotropic Debye model, the phonon veloci
vph(Q)5slQ̂ has distinct values for the longitudinal an
transverse modes.

The distribution function in Eq.~17! has the property
G(Q)52G(2Q), which is the asymmetry one would ex
pect to see in the presence of a temperature gradient. U
this property, the nonequilibrium phonon scattering term
Eq. ~14! can be written in the form

] f k

]t U
ph,2

52b (
k8,Q

G~Q!@Gkk8~Q!1Gk8k~2Q!#, ~18!

and substituting Eq.~17! into Eq. ~18!, we find

] f k

]t U
ph,2

5
1

kBT2(
k8,Q

~\tphsl
2!¹T•Qi@Gkk8~Q!1Gk8k~2Q!#.

~19!

The appearance of the in-plane projectionQi in the sum
assumes that the temperature gradient is in the plane o
2DEG.

To simplify Eq. ~19! it is convenient to make use of th
following identities:

f 0~«!@12 f 0~«1\v!#N0~v!

52
1

b

] f 0

]«
@N0~v!1 f 0~«1\v!#,

f 0~«2\v!@12 f 0~«!#N0~v!

52
1

b

] f 0

]«
@N0~v!112 f 0~«2\v!#, ~20!

for the thermal factors appearing in the scattering ra
Gkk8(Q) defined in Eq.~15!. With these results, togethe
with the momentum conservation conditionQi5k82k, Eq.
~19! can be written in the form

] f k

]t U
ph,2

5
] f k

0

]«k
(
l

m* slLl

tep
l ~«!

vk•
¹T

T
, ~21!
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whereLl5sltph is the phonon mean free path andtep
l («) is

an energy-dependent electron-phonon relaxation time
fined as

1

tep
l ~«!

5
2p

\ (
k8,Q

S 12
k8

k
cosu D uM kk8~Q!u2

3$@NQ
0 1 f 0~«8!#d~«82«2\vQ!

1@NQ
0 112 f 0~«8!#d~«82«1\vQ!%. ~22!

Here,u is the scattering angle between the initial wave v
tor k and the final wave vectork8 and we have introduced
the short-hand notation«[«k and «8[«k8 . Provided that
Eq. ~17! is an accurate representation of the nonequilibr
phonon distribution, Eq.~21! is a rigorous result for the pho
non collision integral.

If we now define the effective electric field

Eph~«!5(
l

m* slLl

etep
l ~«!

¹T

T
, ~23!

Eq. ~21! can be written in the suggestive form

] f k

]t U
ph,2

5evk•Eph~«!
] f k

0

]«k
. ~24!

In the context of the original Boltzmann equation in Eq.~12!,
the electron-phonon scattering term given by Eq.~24! ~as
stated earlier, we neglect the] f k /]tuph,1 term! can be
grouped together with the term in Eq.~12! arising from the
actual electric fieldE8. In other words, the phonon-dra
field, Eph(«), proportional to the temperature gradient, h
exactly the same effect on the nonequilibrium electron d
tribution as the actual electric field. Its dependence on ene
through the electron-phonon relaxation time is only an
parent complication. Since the dominant impurity scatter
mechanism is elastic, the impurity Boltzmann equation c
be solved at a given energy« to define an energy-depende
impurity conductivitysJ («;B). The contribution to the cur-
rent density arising from the phonon-drag field can then
expressed in the form

Jph5E d«S 2
] f 0

]« DsJ~«;B!Eph~«!. ~25!

It can be shown that this result for the current density
equivalent to that given by Zianni, Butcher, and Kearne22

and therefore leads to the same results for the thermoele
tensor and phonon-drag thermopower.

Our interest here is in the low-temperature properties o
degenerate 2DEG. Since the impurity conductivity at lo
magnetic fields depends only weakly on energy, it can
taken out of the integral in Eq.~25! and we simply obtain the
energy average of the effective field,

Jph5sJ~B!^Eph&, ~26!

wheresJ (B) is the measurable conductivity appearing in E
~1!. In view of Eqs.~23! and ~26!, the thermoelectric tenso
is
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eJg~B!52(
l

m* slLl

eT K 1

tep
l L sJ~B!, ~27!

where the average lifetime is given by

K 1

tep
l L [E d«S 2

] f 0

]« D 1

tep
l ~«!

. ~28!

The phonon-drag thermopower tensor, defined asSJg(B)

5sJ 21(B) eJg(B), is therefore given bySJg(B)5Sg IJ with

Sg52(
l

m* slLl

eT K 1

tep
l L . ~29!

We see that the phonon-drag thermopower is a diagonal
sor independentof the magnetic field. This result is a direc
consequence of the thermoelectric tensor being a scalar
tiple of the conductivity. Equations~23! through~29! are the
main results of the theory.

An equation similar to Eq.~29! was first given by
Herring23 for 3D nondegenerate semiconductors, and is
plained in terms of the following physical picture. The no
equilibrium phonons preferentially flow down the temper
ture gradient ¹T carrying a crystal momentum curren
}L¹T. Scattering of electrons by phonons leads to mom
tum being transferred to the electrons at a rate proportio
to 1/tep , wheretep is the e-p momentum relaxation time
This acceleration of the electrons proceeds for a mean t
determined by thee-i momentum relaxation timetei , ~we
are assuming, as above, thattep@tei) at which point impu-
rity scattering randomizes the momentum. The mean d
velocity of the electrons established in this way gives rise
the electric current contributionJph . Thus Jph52eg¹T
}(tei /tep)L¹T. Since the thermopower is measured w
J50, a compensating drift current,Js5sE, is established.
With Jph1Js50 and s}tei , the induced electric field is
E}L¹T/tep , andSg has the form given in Eq.~29!.

Before proceeding, we would like to indicate the usef
ness of the results we have obtained so far. In the Appen
we show that the electron-phonon relaxation time appea
in Eq. ~29! is closely related to the electron-phonon transp
lifetime that arises in the context of the phonon-limited m
bility. The latter is defined bymep[e^1/t tr&

21/m* where
the transport lifetime is given in Eq.~A4! of the Appendix.
At low temperatures,̂ 1/t tr

l & and ^1/tep
l & are essentially

the same, in which case the phonon-drag thermopo
can be expressed asSg.2(l(slLl /mep

l T) with mep
l

5e^1/t tr
l &21/m* . This result has been applied to degener

2DEG’s ~e.g., see Ref. 24!, but it has been viewed as a sem
quantitative result, which indeed is the case for nondege
ate semiconductors. The fact that it is quantitatively accur
for the degenerate case~at least in the low-temperature limit!
was discovered empirically in recent experimental wor13

concerned with the thermopower of 2DEG’s and compos
fermions, and was used there to evaluatemep for these sys-
tems. The importance of this connection is that the contri
tion to the resistivity from phonon scattering can be ve
small and difficult to measure at low temperatures, even
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high mobility systems. Through Eq.~29!, the thermopower
provides an alternate way to measuremep that can be much
more accurate.

Equation ~29! shows that the longitudinal phonon-dra
thermopowerSxx

g should be independent of magnetic fiel
and that the phonon-drag contribution to the Nern
Ettingshausen coefficientSyx

g should be zero. These resul
are contained in the theoretical work of Zianni, Butcher, a
Kearney22 but were presented in a form that is not as phy
cally transparent as that given here. The field independe
of Sxx

g has been demonstrated experimentally in a numbe
2DEG systems, e.g., Refs. 16 and 25, though it is also
dent in much of the earlier work. However in contrast to t
theoretical prediction, it was found thatSyx

g is not zero for the
same systems. Butcher and Tsaousidou26 have suggested an
isotropy of the electrons and phonons as a possible re
for this discrepancy, but this explanation would also imp
some field variation ofSxx

g .
Although the above results were derived with 2DEG’s

mind, it should be emphasized that they are equally valid
three dimensions when the same physical conditions pre
In Eq. ~19!, for example, the summation overk8 is simply
interpreted as a three-dimensional sum, all electron-pho
matrix elements are evaluated using three-dimensional p
wave states andQi is replaced by the total phonon wav
vector Q. The subsequent analysis leading to the th
mopower in Eq.~29! remains unchanged. It was recent
demonstrated experimentally thatSyx

g 50 to high accuracy in
a degenerate 3D semiconductor, even whenSxx

g is com-
pletely dominant in the longitudinal case,12 and thatSxx

g is
independent of magnetic field. In this respect, the 3D sit
tion conforms even more closely to the theoretical pred
tions.

We now turn to the aspect of immediate concern in t
paper, that of WL. The weak field dependence shown by
experimental results for the thermopower is consistent w
the conclusions reached above on the basis of the semi
sical Boltzmann equation, even though the behavior of
conductivity in our samples is manifestly nonclassical. W
argue that these observations have a natural explanatio
terms of a generalized Boltzmann equation developed
Hershfield and Ambegaokar.27 These authors showed that th
effects of coherent backscattering can be included with
addition of an extra term in the semiclassical Boltzma
equation. Although their final results are derived in the a
sence of a magnetic field, they claim that their approach
be extended to include a magnetic field and that all the s
dard WL results for the magnetoresistance can be re
duced. The significance of this is that WL effects are,
principle, accessible within an otherwise semiclassical
proach.

We accept the argument that a suitable modification of
impurity scattering term in Eq.~6! can be made that, in th
absence of phonon scattering, leads to a conductivity w
WL effects included, and now consider the additional effe
of phonon scattering. This is one inelastic scattering mec
nism contributing to the phase-coherence lifetimet i appear-
ing in the WL correction, though electron-electron scatter
is usually the dominant mechanism at low temperatures
interest here are the additional effects of phonon collisi
-
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that impart momentum to the electrons and induce a n
equilibrium electron distribution.

Syme and co-workers11,28 argued that, since phonon sca
tering events are phase disrupting, and since phonon
originates in these events,exx

g will not exhibit WL effects.
We believe that this is incorrect. Within a semiclassical d
scription of the electron dynamics, we have shown that
effect of phonon collisions is equivalent to an effective ele
tric field in so far as the subsequent current response is
cerned. Whether the impulse is provided by an electric fi
or a phonon collision, the induced current is limited by im
purity scattering and is proportional to the impurity condu
tivity in either case. The same conclusion should also ap
in the WL regime whentep@tei . Once an impulse has bee
applied, an electron propagates in the presence of the im
rities and the full effects of quantum interference are ope
tive up to a time determined byt i . It is important to empha-
size that the frequency of electron-phonon scattering ev
is unchanged when the phonon distribution is displaced fr
equilibrium by the temperature gradient. This means that
frequency of phase disrupting events is unchanged and
relevant conductivity determining the current response is
one including the WL effects. Thus with the use of the ge
eralized Boltzmann equation to incorporate WL effects, o
final results for the phonon-drag thermoelectric tensor giv
in Eq. ~27! should still be valid with the simple replaceme
of the conductivity by the one including weak-localizatio
corrections.

As a final comment, we note that the above argum
used for phonon drag can also be made in the case of
diffusion thermopower. The first term on the left-hand si
of Eq. ~12! gives rise to the diffusion current

Jd5
1

eE d«S 2
] f 0

]« D ~«2m!sJ~«;B!
¹T

T
. ~30!

Using a conductivity with WL corrections in this expressio
leads to the accepted form of the diffusion thermopow
which, in contrast to the phonon-drag thermopower, d
exhibit WL corrections.4–7

To summarize, we have argued that the role of phon
drag in establishing an electric current is equivalent to
applied electric field in the impurity-dominated regime, wi
the consequence that the phonon-drag thermoelectric te
is proportional to the impurity conductivity. The WL correc
tions within the conductivity also appear in the thermoele
tric tensor, resulting in a cancellation of WL effects
phonon-drag thermopower. These results are essentiall
accord with the present experimental data.

IV. DISCUSSION

The origin of the discrepancies between the present
previous work with regard toSxx

g in a perpendicular magneti
field is not clear. The fact that the previous data were
tained on a metal-oxide-semiconductor field-effect transla
and the present data are for GaAs/Ga12xAl xAs quantum
wells should be irrelevant if WL is the cause of the fie
dependence ofSxx

g . This in itself is significant because if th
differences are real, it implies that something other th
weak localization is involved in at least one of these expe
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ments. One possibility might be that the previous samp
had kFl e;224, though WL theory is expected to be val
only for kFl e@1. The present samples havekFl e.10 ~Table
I!. Much less is known, both experimentally and theore
cally, about the situation at smallkFl e where the system is
approaching strong localization. Asheet al.29 have probed
sxx in this limit but were unable to find satisfactory agre
ment with WL, even with extensions to the theory. Ho
phonon drag might behave in this limit is unknown.

There are also some features of the experimental te
nique used in the previous work that might be cause
concern. Syme and co-wowkers9,11,28used an ac method fo
which the temperature difference could be measured o
whenB50 and it was assumed to remain unchanged at fi
B. Also, although constantan potential leads were used
minimize heat losses when thermal conductivity was m
sured, these were replaced by Cu leads forSxx . The authors
argued that this gives isothermal conditions in the direct
transverse to the applied temperature gradient. However
use of Cu leads implies a significant heat leak to the s
roundings and unknown thermal boundary conditions on
2DEG; this might be particularly important with an ac me
surement where the heat flow is continuously changing.

Although the change we see inSxx
g is much smaller than

that in sxx , nevertheless it is outside experimental err
especially for S2, and we must ask how it arises. An obvi
possibility is that it is due to diffusion. The effect of WL o
Sxx

d , sayDSxx
d , is believed to be4–7

DSxx
d

Sxx
d

'
ln~ l i / l e!

pkFl e
. ~31!

For our samples at 3 K~7 K!, ln(li /le)/pkFle50.08 (0.06) for
S1, and 0.12~0.10! for S2. From Fig. 1 we see that for S
~S2! the measurements show thatSxx

g /Sxx
d varies between ap

proximately 25 and 70~40 and 65! for the temperature rang
3–7 K. This suggests that changes due to this cause wou
;0.3% at 3 K and ;0.1% at 7 K. These estimates agr
with the observations for S1, whereDSxx /Sxx is very small,
but seem rather too low to account for the variations for
We would expect the effect to decrease as temperature
creases, thereby decreasing the relative importance ofSxx

d ,
but the experimental results are not unambiguous on
point. We also note that these effects might be much lar
and basically unknown, for the samples of Syme a
co-workers9,11 with kFl e;2 –4.

Another possibility is that we may be observing the
fects of anisotropy in the electron and phonon system. As
noted in Sec. III, Butcher and Tsaousidou26 have suggested
this as the origin of the finiteSyx

g observed in 2DEG’s. If this
is correct, it will be accompanied by a field dependence
Sxx

g , and this should be essentially independent of temp
ture, not inconsistent with the observations.

V. CONCLUSIONS

Our measurements show that the longitudinal phon
drag thermopowerSxx

g is essentially independent of magne
field, which implies that it is independent of weak localiz
tion, a result contrary to earlier work. We have given
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theory of phonon drag based on the semiclassical Boltzm
approach, which shows thatSxx

g is independent of magneti
field. Using the results of Hershfield and Ambegaokar,27 we
have argued that this result remains valid in the presenc
weak localization. Our theory also gives results that are u
ful in understanding the origin and behavior of phonon-dr
thermopower in 2D and 3D degenerate systems.
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APPENDIX A:

It is apparent that Eq.~19! bears a strong similarity to the
first phonon scattering term in Eq.~14!, which is dependent
on the nonequilibrium electron distribution. This similari
can be exploited to provide a relation between the phon
drag driving term given by Eq.~19! and the electron-phonon
momentum relaxation time that determines the phon
limited mobility. This latter quantity is obtained by solvin
the following transport equation:

evk•E
] f k

0

]«k
52b (

k8,Q
$Fk82Fk%@Gkk8~Q!1Gk8k~2Q!#,

~A1!

which describes the transport of electrons scattering ex
sively from phonons, that is, in the absence of impurities
should also be noted that we have not included a magn
field or thermal gradient in this equation. This of course
not the physical situation of interest in Eq.~12!, but rather
represents an auxiliary problem that identifies a useful tra
port property that is relevant to the phonon-drag calculati
In addition, a discussion of Eq.~A1! will allow us to make
contact with earlier work30–32on the calculation of electron
phonon mobilities.

The right-hand side of Eq.~A1! follows from Eq. ~14!
with the replacementQ→2Q in the Gk8k(Q) term. This
puts it in the same form as the corresponding term in
~19!. To proceed with the solution of Eq.~A1!, we make use
of the identities in Eq.~20!. The appearance of the Ferm
function derivatives allows the transport equation to be s
plified as

evk•E5
2p

\ (
k8,Q

$Fk82Fk%uM kk8~Q!u2

3$@NQ
0 1 f 0~«8!#d~«82«2\vQ!

1@NQ
0 112 f 0~«8!#d~«82«1\vQ!%. ~A2!

We now look for a solution to this equation that has the fo
Fk52evk•Et tr(«). We shall refer tot tr(«) as the electron-
phonon transport lifetime to distinguish it from the electro
phonon relaxation time defined in Eq.~22!. With this ansatz,
Eq. ~A2! becomes
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15
2p

\ (
k8,Q

S t tr~«!2
k8cosu

k
t tr~«8! D uM kk8~Q!u2

3$@NQ
0 1 f 0~«8!#d~«82«2\vQ!

1@NQ
0 112 f 0~«8!#d~«82«1\vQ!%. ~A3!

This is an integral equation fort tr(«) and is equivalent to
Eq. ~22! in Ref. @32#. The form of Eq.~A3! is obviously very
similar to Eq.~22!. It simplifies if we now make the quasi
elastic approximation,32 which assumes that the energies
interest are near the Fermi energy«F and\vQ!«F . We can
then replace«8 by « in the t-dependent factor in Eq.~A3!,
and we obtain the following explicit expression for the r
laxation time:

1

t tr~«!
5

2p

\ (
k8,Q

~12cosu!uM kk8~Q!u2

3$@NQ
0 1 f 0~«8!#d~«82«2\vQ!

1@NQ
0 112 f 0~«8!#d~«82«1\vQ!%. ~A4!

It can be shown that this expression fort tr(«) is identical to
Eq. ~39! in Ref. 32 where the quasielastic approximation
also invoked. The summation overQ includes the polariza-
tion indexl so that 1/t tr(«)5(l1/t tr

l («). It is clear that if
the quasielastic approximation is also made in Eq.~22!,
1/tep

l («) and 1/t tr
l («) would in fact be identical. We expec

any quantitative differences to be minimal at low temp
tures where the two relaxation times can be used in
changeably.

Finally, we can make contact with the average electr
phonon scattering rate that was derived by Stormeret al.31

on the basis of the work of Price.30 If Eq. ~A4! is averaged
over energy with respect to the weight functio
(2] f 0/]«), we obtain the result
e

v

la
.

-

f

-
r-

-

K 1

t tr
L 5

2p

\ (
k8,Q

~12cosu!uM kk8~Q!u2

3b$ f 0~«8!@12 f 0~«81\vQ!#NQ
0

1 f 0~«8!@12 f 0~«82\vQ!#~NQ
0 11!%. ~A5!

In arriving at this expression, we have again used the id
tities in Eq. ~20! as well as the identityf 0(«2\v)@1
2 f 0(«)#N0(v)5 f 0(«)@12 f 0(«2\v)#@N0(v)11#. The
result actually given by Stormeret al.31 follows from Eq.
~A5! by performing theQi sum with the understanding tha
k5k8, so thatQi52k8sin(u/2). The phonon-limited mobil-
ity defined asmep5e^1/t tr&

21/m* was used by Storme
et al.31 to interpret their observation of a transition into th
Bloch-Grüneisen regime of the mobility of a 2DEG. Equa
tion ~A5! is applicable at arbitrary temperatures, but a si
pler expression can be obtained in the limit of low tempe
tures. Since the derivative of the Fermi function is th
sharply peaked at the chemical potentialm, the average in
Eq. ~A5! may be replaced by the value at the chemical p
tential if t tr(«) is a slowly varying function of energy. In
this case we have@see Eq.~A4!#

1

t tr~m!
5

2p

\ (
Q

~12cosu!
uM ~Q!u2

sinh~b\vQ!

3$d~«k1Qi
2m2\vQ!1d~«k1Qi

2m1\vQ!%.

~A6!

In obtaining this result, we have made use of the momen
conservation conditionuM kk8(Q)u25uM (Q)u2dk8,k1Qi

to

perform the sum overk8. The magnitude ofk in Eq. ~A6! is
now restricted to the Fermi wave vector. A similar appro
mation in Eq.~28! would allow the average lifetime define
there to be replaced by Eq.~A6!.
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