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Kinetics of four-wave mixing for a two-dimensional magnetoplasma in strong magnetic fields
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We investigate the femtosecond kinetics of an optically excited two-dimensional magnetoplasma at inter-
mediate and high densities under a strong magnetic field perpendicular to the quantum well~QW!. We assume
an additional weak lateral confinement which lifts the degeneracy of the Landau levels partially. We calculate
the femtosecond dephasing and relaxation kinetics of the laser pulse excited magnetoplasma due to bare
Coulomb potential scattering, because screening is of minor importance under these conditions. In particular,
the time-resolved and time-integrated four-wave-mixing~FWM! signals are calculated by taking into account
three Landau subbands in both the valance and the conduction band assuming an electron-hole symmetry. The
FWM signals exhibit quantum beats mainly with twice the cyclotron frequency. Contrary to general expecta-
tions, we find no pronounced slowing down of the dephasing with increasing magnetic field. On the contrary,
one obtains a decreasing dephasing time because of the increase of the Coulomb matrix elements and the
number of states in a given Landau subband. In the situation when the loss of scattering channels exceeds these
increasing effects, one gets a slight increase at the dephasing time. However, details of the strongly modulated
scattering kinetics depend sensitively on the detuning, the plasma density, and the spectral pulse width relative
to the cyclotron frequency.@S0163-1829~98!04143-5#
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I. INTRODUCTION

Femtosecond pulse excitation in semiconductors indu
transient carrier populations, which can be studied thro
ultrashort-pulse nonlinear optics to elucidate many-body
fects, such as time-dependent Coulomb correlations. Num
ous experimental and theoretical studies have been dev
to this problem in the magnetic-field-free case in the past
years.1–3 Studies of femtosecond laser spectroscopy in
presence of a strong magnetic field are relatively rare and
mainly focused on magnetoexcitons at low excitati
densities.4–7 For a strong resonant laser pulse which exci
an electron-hole (e-h) system with a density above the Mo
ionization density, the kinetics is dominated by Coulom
scattering in the correlatede-h plasma or in the correlate
magnetoplasma if a strong magnetic field is present.7 The
femtosecond quantum kinetics and the expected four-w
mixing ~FWM! signal of the nonequilibriume-h plasma
have been treated recently by Vuet al.8 using bare Coulomb
potential for times shorter than the build-up time of scre
ing. While the density dependence of the optical spectra
quasiequilibrium two-dimensional~2D! magnetoplasma ha
been calculated,9 the kinetics of a magnetoplasma has be
studied neither experimentally nor theoretically. Moreov
the existing theory for the kinetics with a magnetic field
also not yet developed as far as in the field-free case. H
ever, as experimental studies of the relaxation and depha
kinetics in quantum wells~QW’s! and superlattices are i
progress,10 we will provide a first calculation of the femto
second FWM signal of a resonantly excited magnetoplas
in a single quantum well. We concentrate on the study
carrier-carrier scattering, while phonon and disorder scat
ing is not considered.

A strong magnetic field perpendicular to the QW pla
forces the carriers on cyclotron orbits, thus causing an a
tional quantum confinement. In a magnetic field of the or
PRB 580163-1829/98/58~19!/13060~13!/$15.00
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of more than 10 T, only a few Landau levels both in t
conduction and valence band have to be considered.
high degeneracy of these Landau levels is partially lifted
spatial inhomogeneities and by size effects. The numer
treatment of the broadening due to disorder, e.g., interf
fluctuations, would require a stochastic averaging over m
FWM signal calculations, which is beyond present-day n
merical possibilities for the complex carrier kinetics treat
here. Therefore, we lift the degeneracy partially by a we
parabolic confinement potential. The Landau levels
broadened by this confinement into Landau subbands wi
bandwidth of about 2 meV. This weak parabolic confinem
allows us to treat the single-particle Schro¨dinger equation
still exactly in the presence of the magnetic field.11 These
eigenfunctions of the 2D electron provide a convenient
pansion basis for the nonequilibrium many-body problem
strong quantum confinement—here caused by the QW
the strong magnetic field—is generally believed to slo
down the relaxation kinetics because of the reduction of
phase space for scattering processes.12 Indeed, for low-
density magnetoexcitons, an increase in dephasing time
been observed.7 However, this rule does not apply to Cou
lomb scattering, as has been shown recently for the exam
of exciton-exciton scattering in QW wires.13 For decreasing
wire width, a reduction of the dephasing time has been fou
and explained in terms of the increase of the Coulom
interaction matrix elements which overcompensated the
duction of phase space for the scattering processes. Th
fore, it is not obvious how the Coulomb intra- and inte
Landau-subband scattering will influence the result
dephasing time in a dense magnetoplasma in detail.

We present a kinetic study for a femtosecond laser-pu
excited 2D dense nonequilibrium magnetoplasma in a QW
the framework of the semiconductor Bloch equations co
bined with Coulomb scattering rates~Sec. II!. We expand the
density matrix of a two-band semiconductor in the eige
13 060 ©1998 The American Physical Society



n
fo
io
pt
da

te
im
co
e
or
m
tu
ed
ag
th

n
cti

W
on
in
to
sig
tio
s

nu
io
e
M
u
e

ce
re
ls
e
e

e
a
re
n
ls
re
an
ith
A

an
u-

ra
f
ge
iv
s

ne-
g-

e

o-
y

n-

rce

nd

the

ch
are

the

ag-

a
for
the
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functions of the 2D electron in the presence of the stro
magnetic field and the weak parabolic confinement. We
mulate the scattering terms for the population distribut
functions of the various Landau subbands and for the o
cally induced polarization components between the Lan
subbands in the conduction and valence band in the form
non-Markovian quantum kinetic scattering integrals3 and in
the form of semiclassical Boltzmann-type scattering ra
Pronounced quantum kinetic effects are expected for t
scales shorter than typical inverse frequencies. For the
sidered high magnetic fields, the cyclotron frequencies ar
large that quantum kinetic effects should be of minor imp
tance. Furthermore, we prefer the use of the simpler se
classical kinetics, because there still exist some concep
difficulties for the quantum kinetic description, connect
with the spectral electron Green functions in a strong m
netic field, as will be discussed below. We calculate
time-resolved~TR! and time-integrated~TI! FWM signals
for two 50 fs pulses by taking into account up to three La
dau subbands in both the valance band and the condu
band. The carrier frequency of the two delayed pulses
tuned slightly above the unrenormalized energy gap.
simplify the problem by assuming equal effective electr
and hole masses, as can be approximately realized in stra
QW’s. Naturally, unequally effective masses will lead
more complicated quantum beat structures in the FWM
nals and modify to some extent also the resulting relaxa
and dephasing rates. Thus our present study should be
only as a first idealized model calculation. The detailed
merical results based on the semiconductor Bloch equat
with Boltzmann-type scattering kinetics are presented in S
III for intermediate and high plasma densities. The FW
signal is calculated by an adiabatic projection techniq
which is appropriate for thin samples where propagation
fects are not important. For many conditions, pronoun
quantum beat structures with two times the cyclotron f
quency are obtained both in the TR and TI FWM signa
Furthermore, often relaxation oscillations are seen betw
the populations of two subbands, before they relax to th
stationary values. The dephasing times obtained from th
FWM signal are surprisingly short and strongly modulated
a function of the magnetic field. The unexpectedly short
sulting dephasing times between 100 and 200 fs depend
only on the field values, but also on the detuning, the pu
width, and the excited carrier densities. In spite of the
maining conceptual difficulties, we present also first qu
tum kinetic calculations and compare the FWM signals w
those obtained with Boltzmann-type kinetics in Sec. IV.
conclusion of our main results is given in Sec. V. In
Appendix we give a list of the analytically calculated Co
lomb matrix elements for the first three subbands.

II. MODEL AND KINETIC EQUATIONS

A. Model and Hamiltonian

We start our investigation of a quantum well in thex-y
plane that is further restricted by an additional weak late
confinement in thex direction, which lifts the degeneracy o
the Landau levels partially and provides a weak inhomo
neous broadening. The confinement is assumed to be g
by a harmonic-oscillator potential for the lower-lying state
g
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This model has been used with a strong additional confi
ment for the theory of the optical properties of thermal ma
netoplasmas in QW wires.11 A strong magnetic fieldB
>10 T is applied perpendicular to the well. We assum
electron-hole symmetry, i.e.,me5mh[m with me (mh) de-
noting the effective electron~hole! mass. Within the Landau
gaugeA5xBey and effective-mass approximation14 to the
lowest QW subband, the stationary 2D Schro¨dinger equation
of a single electron can be solved exactly (\5c51):

H 1

2m F2
]2

]x2 1S 1

i

]

]y
2exBD 2G1

1

2
mVx22EcnkJ cnk~x,y!

50, ~1!

with the shifted Landau eigenfunction

cnk~x,y!5
eiky

ALy

fn~x2dxk!, ~2!

where fn(x) is the eigenfunction of thenth Landau level
(n50,1, . . . ) andreads14

fn~x!5S a

Ap2nn!
D 1/2

Hn~ax!e2~1/2!a2x2
, ~3!

with Hn(x) standing for thenth-order Hermite polynomial
and a5AmVx is the inverse of the amplitude of the zer
point fluctuations.Vx is the effective oscillation frequenc
Vx5AV21vc

2, wherevc5eB/m is the cyclotron frequency
andV is the frequency of the additional confinement pote
tial. The shiftdxk52vck/(mVx

2) results from the balance
between the Lorentz force and the harmonic restoring fo
e(k/m)B5mVx

2dxk .
The single-particle energy spectrum of a conduction-ba

electron in thenth Landau level and with momentumk is
given byEcnk5Eg/21«nk with

«nk5
V2

Vx
2

k2

2m
1Vx~n1 1

2 ! ~4!

andEg standing for the energy gap. The dependence of
energy on the momentum in they direction results from the
additional confinement of the QW, which broadens ea
Landau level into a small Landau subband. The momenta
restricted to

uku<LxmVx
2/~2vc! ~5!

because the center of the cyclotron should lie within
sample widthLx .14 It is interesting to notice that whenvc
@V, the inhomogeneous broadening is the same for all m
netic fields as the increase ofk space in Eq.~5! is totally
compensated by the increase of the effective mass in Eq.~4!.

With Coulomb interaction and with the interaction with
coherent classical light field, the many-body Hamiltonian
the electrons in the conduction and valence bands is in
basis of the above given magnetic eigenfunctions,
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H5(
nnk

Ennkcink
† cink1

1

2 (
n1n2 ;nmi j;kk8q

Vni; jm~q,k,k8!

3cn1nk1q
† cn2ik82q

† cn2 jk8cn1mk1HI , ~6!

with n5c and v standing for the conduction band and t
valence band, respectively.Evnk52Ecnk is the energy spec
trum of an electron in the valence band.

The Coulomb interaction matrix elementsVni; jm(q,k,k8)
describe the scattering of an electron with momentumk from
themth Landau subband to thenth subband with momentum
k1q and an electron with momentumk8 from the j th sub-
band to thei th with momentumk82q. Due to the assumed
e-h symmetry, these four Landau subbands can be eithe
the conduction band or in the valence band. The matrix
ments are given in terms of the shifted magnetic eigenfu
tions by the following integral:

Vni; jm~q,k,k8!5(
qx

2pe2

e0Aq21qx
2 E dx dx8e2 iqx~x2x8!

3fn* ~x2dxk1dxq!f i* ~x82dxk82dxq!

3f j~x82dxk8!fm~x2dxk!, ~7!

wheree0 is the background dielectric constant. After subs
tuting x→x1dxk andx8→x81dxk8 in Eq. ~7!, one gets

Vni; jm~q,k,k8!5(
qx

2pe2/e0

Aq21qx
2 E dx dx8

3exp$2 iqx@x2x81l~k2k8!#%

3fn* ~x1dxq!f i* ~x82dxq!f j~x8!fm~x!,

~8!

with l52mvc /a2. After an approximation concerning th
momentum dependence, the integrals of Eq.~8! may be car-
ried out analytically. In the Appendix, the corresponding a
proximation and the final expressions ofVni; jm(q,k,k8) in
terms of zeroth- and first-order modified Bessel functions
given.

HI in Eq. ~6! denotes the dipole coupling with the ligh
field E(t). In the assumede-h symmetry it contains only
transitions between Landau subbands of the same order
in
e-
c-

-

-

e

HI52d(
nk

E~ t !~ccnk
† cvnk1H.c.!. ~9!

In this equation,d denotes the optical-dipole matrix elemen
The light field is further split intoE(t)5E0(t)eivt, with v
being the central frequency of the coherent pulse.E0(t) de-
scribes a Gaussian pulseE0e2t2/dt2 with dt denoting the
pulse width.

B. Kinetic equations

Following the same scheme as for the magnetic-field-f
case in Ref. 3, appropriately modified, one may build t
semiconductor Bloch equations for the QW in a strong p
pendicular magnetic fieldB on the basis of the magneti
eigenfunctions as follows:

ṙn,n,n8,n8,k5 ṙn,n,n8,n8,kucoh1 ṙn,n,n8,n8,kuscatt. ~10!

Herern,n,n8,n8,k represents the single-particle density matr
The diagonal elements describe the carrier distribution fu
tions rn,n,n,n,k5 f nnk of the nth Landau subband and th
wave vectork as diagonal elements, and the off-diagon
elements describe the interband polarization compone
e.g., rc,n,v,n,k5Pnke

2 ivt. For the assumede-h symmetry,
f enk[ f hnk[ f nk and the polarization only has componen
between subbands of the same quantum numbern in the
conduction and valence band, which simplifies the probl
considerably.

The coherent part of the equation of motion for the dis
bution function is in the rotating wave approximation give
by

ḟ nkucoh522 ImH FdE0~ t !/21(
m,q

Vnm;nm~q,k,k!

3Pmk1q~ t !GPnk* ~ t !J . ~11!

The first term describes the generation rate by the laser pu
d is the optical dipole matrix element. For the assumede-h
symmetry, transitions between different subband quan
numbers are not allowed. The second term describes the
change interaction correction of the exciting laser by thee-h
attraction, thus it can be seen as a local field correction of
time-dependent bare Rabi frequencydE0(t). The retarded
quantum kinetic scattering rates for the considered bare C
lomb potential scattering are given by3,8
ḟ nkuscatt528 (
qk8mi j

uVni; jm~q,k,k81q!u2 E
2`

t

dt8 Re„e[ 2 i ~«mk2q2«nk1« jk81q2« ik8!2G] ~ t2t8!$ f nk~ t8! f ik8~ t8!

3@12 f mk2q~ t8!#@12 f jk81q~ t8!#2 f mk2q~ t8! f jk81q~ t8!@12 f nk~ t8!#@12 f ik8~ t8!#2Pnk* ~ t8!Pmk2q~ t8!

3@ f ik8~ t8!2 f jk81q~ t8!#2Pjk81q~ t8!Pik8
* ~ t8!@ f nk~ t8!2 f mk2q~ t8!#%…. ~12!
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In the derivation of this formula, vertex corrections ha
been neglected. The scattering self-energy is evaluate
time-dependent RPA. Successively, the Coulomb potenti
taken as a bare instantaneous potential and the two t
dependent particle propagators have been expressed in
of single-time density-matrix elements and retarded~or ad-
vanced! Green functions using the generalized Kadano
Baym ansatz. For simplicity the retarded~and advanced!
Green functions have been approximated by a diagonal f
particle Wigner-Weisskopf form, i.e.,Gnk

r (t,t8)5Gnk
a* (t8,t)

52 iQ(t2t8)e[ 2 i (Eg/21«nk)2g]( t2t8). The effective damping
G in Eq. ~12! is the sum of the four imaginary parts of th
retarded electron self-energy which is assumed to be sim
the damping constantg, so thatG.4g. We will discuss later
that this approximation for the imaginary part of the retard
e
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e-self-energy leads to some unphysical features in the qu
tum kinetics of the considered magnetoplasma. For furt
progress in the quantum kinetics of a magnetoplasma,
calculations of the spectral functions have to be made m
self-consistent in order to include the retarded onset and
magnetic-field dependence of damping and the band mix
by the coherent light pulses and the mean-field Coulo
interactions. These refinements have been developed alr
for the simpler case of scattering with optical phonons wi
out magnetic field.15,18 However, for the time being, the
complexity of the Coulomb quantum kinetics in a magne
plasma prevents us from including these improvements
the present numerical evaluation.

The coherent time evolution of the interband polarizati
components is
d gap.
scribes
Ṗnkucoh52 idn~k!Pnk~ t !1 i S dE0~ t !/21(
m,q

Vnm;nm~q,k,k!Pmk1q~ t ! D @122 f nk~ t !#. ~13!

The first term gives the free evolution of the polarization components with the detuning

dn~k!52«n~k!2D022(
m,q

Vnm;nm~q,k,k! f mq~ t ! ~14!

with D05v2Eg . D0 is the detuning of the center frequency of the light pulses with respect to the unrenormalized ban
The second term in Eq.~13! describes again the excitonic correlations in the magnetoplasma, while the final factor de
the Pauli blocking.

The dephasing of the polarization components is determined by the following quantum kinetic scattering integral:

Ṗnkuscatt524 (
qk8,mi j

uVni; jm~q,k,k81q!u2E
2`

t

dt8„$e[ 2 i ~«mk2q1«nk1« jk81q2« ik82D0!2G] ~ t2t8!

3@Pnk~ t8!Nm ji~k2q,k8,q,t8!2Pmk2q~ t8!Nn ji~k,k8,q,t8!#%2@n↔m; i↔ j ;k↔k2q;k8↔k81q#…2
Pnk~ t !

T2
,

~15!

with the population factor

Nn ji~k,k8,q,t8!5@12 f nk~ t8!#@12 f jk81q~ t8!# f ik81 f nk~ t8!@12 f ik8~ t8!# f jk81q~ t8!2Pjk81q~ t8!Pik8
* ~ t8!, ~16!
vio-
so-

r
can

in
r
n

in
and the energy difference dn(k)52«n(k)2D0

22(m,qVnm;nm(q,k,k) f mq(t). D05v2Eg is the detuning
with respect to the unrenormalized band gap. HereT2 is
introduced phenomenologically to describe additional slow
scattering processes. Equations~10!–~12!, ~13!, and~15! are
the quantum kinetic Bloch equations for a magnetoplasm

In the long-time limit the quantum kinetic scatterin
integrals are transformed into Markovian Boltzmann-ty
scattering rates by pulling the slowly varying distrib
tions and polarization components outside the scatte
integrals at the upper limitt and by replacing the memor
kernels *2`

t dt8exp$@2i(«mk2q2«nk1«jk81q2«ik8)2G#(t2t8)%
in Eq. ~12! by 2pd(«mk2q2«nk1« jk81q2« ik8) and
*2`

t dt8exp$@2i(«mk2q1«nk1«jk81q2«ik82D0)2G#(t2t8)% in
Eq. ~15! by 2pd(«mk2q1«nk1« jk81q2« ik82D0) in the
limit of vanishing damping. In our calculations, for nume
cal convenience we use energy resonances with a s
r

.

g

all

Gaussian damping, which does not lead to such severe
lations of the energy conservation as the Lorentzian re
nances do.

It is noted that besides thee-h symmetry, we have furthe
assumed that Coulomb Auger scattering across the gap
be neglected.

III. NUMERICAL RESULTS BASED ON BOLTZMANN
KINETICS

We perform a numerical study of the Bloch equations
the Boltzmann limit to study TR and TI FWM signals fo
high magnetic fields (B.10 T) for two degenerate Gaussia
pulses of a width of 50 fs and a variable delay timet. The
pulses travel in the directionk1 andk2 . We use an adiabatic
projection technique in order to calculate the polarization
the FWM direction with wave vector 2k22k1 described in
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13 064 PRB 58M. W. WU AND H. HAUG
detail in Ref. 15. This technique is suitable for optically th
crystals, where the spatial dependence can be tre
adiabatically.16 To do so, we replace the single-pulse env
lope function in Eq. ~11! by two delayed pulsesE0(t)
5E0(t)1E0(t2t)eiw with the relative phasew5(k2
2k1)•x resulting from the different propagation direction
The projection technique is used with respect to this pha
We further assume a resonant excitation with a fixed exc
energy ofD0526.4 meV. The intensity of each pulse will b
given by *2`

` dE0(t)dt5xp, wherex denotes the fraction
of a p pulse defined without local field corrections. Oth
than mh which is assumed to be equal tome , all the other
material parameters are taken for bulk GaAs with an exc
Rydberg of 4.2 meV and a Bohr radius of 14 nm. For t
sake of weak confinement, the harmonic-oscillator freque
V is assumed to be 0.1vc for B57 T, corresponding toV
51.2 meV. By fitting the energyV with the energy splitting
to the two lowest subbands of a rectangular square w
3p2/(2mLx

2), we get the width in the additional confineme
direction to beLx5118 nm.11

In Fig. 1 we plot the pulse spectrum together with t
three transitions bands for two magnetic fields ofB512 T
~solid lines! and 18 T~dashed lines!. The first transition band
corresponding toP0 is due to transitions between the lowe
Landau subbandn50 in the valance band to the lowest su
bandn50 in the conduction band. This transition band sta
an effective frequencyVx above the band gap at least in th
low-density limit. Similarly, the second transition band f
the n51 Landau subbands in both valence and conduc
bands requires the excess energy 3Vx . The Hartree-Fock
terms in Eq.~14! may redshift the energy of transition for th
initial stage of excitation. From Fig. 1 we see that for hi
magnetic fields, the pulse mainly populates in the low
Landau subband.

As mentioned before, we include in our calculations th
Landau subbands in the valence and conduction band.

FIG. 1. The pulse intensity spectrumuE(v)u2 plotted in both
linear and log scale for a 50 fs pulse, together with the unrenorm
ized energy bands for the optical transitions between Landau
bandsn (50,1,2) plotted as solid lines forB512 T and as dashed
lines for B518 T.
ed
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e.
ss

n

y
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s

n

t

e
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important to include higher Landau subbands for the kine
after the excitation. In principle, it is true even in situatio
where the pulses mainly excitee’s andh’s only in the pair of
the lowest Landaun50 subbands: A certain number ofe’s
excited in then51 Landau subband can only relax to th
n50 subband, if simultaneously the same number ofe’s is
excited from then51 to the n52 subband if only three
subbands are included. On the other hand, if one include
to 5 Landau subbands, then it is possible to only scatter
electron from the second Landau subband to the fifth s
band and in the mean time to release three electrons from
second subband to the lowest subband. Therefore, a
small number of Landau subbands may change the Coul
kinetics. For this reason, we restrict ourselves to the hi
magnetic-field regime in which for the chosen detuninge’s
andh’s are excited mainly in the lowestn50 Landau sub-
bands. More Landau subbands are necessary in order to
tend the kinetics to lower magnetic fields or for larger detu
ings. However, the expansion of the number of mat
elementsVni; jm increases asN4, with N being the total num-
ber of Landau subbands considered. WithN53 in our
model, the number of form factors is already 81, while it w
be 256 withN54.

A. Intermediate-density case

We first discuss the Boltzmann kinetics for an interme
ate excitation density. To do so, we choose a pulse withx
50.1. We first show the distribution functionsf nk(t) for n
50, 1, and 2 versust andk for a one-pulse excitation in Fig
2 for B512 T. Here and hereafter, the additional transve
relaxation timeT2 is taken as 300 fs. The energy-conservi
d functions in the collision terms are replaced by Gauss
functions with a widths50.66 meV, which is much smalle
than bothvc and the inhomogeneous broadening. Note ag
thatk is limited by Eq.~5!. One sees how the carriers relax
later times in the lowerk states of the Landau subbands. W
plot the various carrier densitiesNi(t)5(kf ik(t) against
time t for the magnetic fieldsB512 T @Fig. 3~a!# and 18 T
@Fig. 3~b!#. For B512 T, one sees pronounced relaxati
oscillations of the populations of the lowest subbandsN0(t)
andN1(t) in the first 400 fs. The period of these relaxatio
oscillations ('60 fs) with successive overshoots in th
population of the Landau subbandn50 andn51 is given
by the characteristic interband Coulomb scattering rate
tween these two lowest subbands. The total carrier den
Nt5( iNi shows a slight Rabi flopping overshoot. The inc
herently summed polarizationsP(t)5( ikuPiku for the two
fields are also plotted in the same figures. Strong quan
beats with frequency 2vc are revealed in the polarization fo
lower magnetic fields up to 16 T. This effect may be me
sured by FWM. ForB.16 T, both the population oscillation
and the beating of the polarization amplitude die out@see
Fig. 3~b!#. Moreover, one sees that in the latter case
carriers are excited practically only in the lowest Land
subband.

In Fig. 4 we plot typical TR FWM signals versus timet
for B512 T @Fig. 4~a!# and 18 T@Fig. 4~b!# for two pulses
with the delay timest5120 fs ~solid curve! and 240 fs
~dashed curve!, respectively. We find strong beating fo
lower magnetic fields, whereas for higher fields the beat

l-
b-
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FIG. 2. The distribution functions of three Landau subbandsf 0 , f 1 , and f 2 are plotted as functions oft andk for a one-pulse excitation
with B512 T. The units ofk in the figures are one-tenth of the maximum allowed value ofk defined in Eq.~5!.
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becomes weaker. Only very small beats are found foB
518 T in Fig. 4~b!. The beating totally disappears forB
520 T. The beating frequency for the TR FWM signal
exactly 2vc for all magnetic fields where beating exist
From the TI FWM signal as a function of the delay timet
one can obtain the effective dephasing time. Therefore,
plot the TI FWM signals in the same figures, however p
jected on the right and top scales. Again one observes q
tum beats in the TI FWM signals for lower fields. A simila
beating effect has been obtained based on a three-
model in explaining heavy-hole–light-hole beats by L
et al.17 Moreover, the beats become weaker when the m
netic field increases because then the second subban
comes less important. ForB516 T the beating has alread
disappeared in TI FWM, which means that the polarizat
componentsP1k are negligible in comparison toP0k . This is
consistent with Fig. 3~b!, where the electron~hole! popula-
tion in the second Landau subband is extremely low and
e
-
n-

vel

g-
be-

n

e

beating structure disappears in the incoherently summed
larization. The beating frequency for the lower field is al
2vc . Note again the different scales used fort and t. The
dotted lines in both figures are the exponential fits to the
FWM signal. From the fit one gets the effective dephas
time which is plotted as a function of the magnetic fieldB in
Fig. 5. Interestingly, we find for large magnetic fields that t
dephasing time decreases with increasing field for 10 T,B
,16 T. However, there is a transition at 16 T. ForB
.16 T, the dephasing time increases with increasing fie
although much slower than it decreased before.

For a fixed pulse, several effects compete with each o
when the magnetic field increases. On one hand, the num
of Landau subbands which contribute to the Coulomb sc
tering kinetics decreases. In particular, the contributions
the dephasing from the intrasubband and intersubband s
tering of the higher Landau subbands as well as the inters
band scattering between the higher and lower subbands
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crease. For large populations in one subband the P
blocking may further reduce also the intraband scatter
rates. All these effects increase the dephasing time. On
other hand, with increasingB field the degeneracy of Landa
subbands increases and the matrix elements of the Cou
scattering of Eq.~8! become larger. How an increasing d
generacy increases the scattering rates can be seen from
~12! and ~15! in the extreme limit where the confinement
lifted. Then there is nok andk8 dependence in either distr
bution functions or polarization functions. Therefore,(k8 is
replaced bySmvc /(2p) ~S standing for the 2D area!14

which increases asB increases. Such an effect is also ke
after the weak broadening ink space is included. Thus bot
the increased degeneracy and the increased Coulomb m
elements reduce the dephasing time. Particularly, forB
>16 T the above discussed increase in the scattering rat
overcompensated by the loss of the contributions of the
tersubband scattering processes and the reduction of th
trasubband scattering due to Pauli blocking, so that a
slow increase of the dephasing time with increasing B field
obtained. For 10 T<B<16 T the increasing degeneracy a
the increasing Coulomb matrix elements dominate over

FIG. 3. Electron densities of three Landau subbandsNi and the
total densityNt and the incoherently summed polarization plott
against timet for B512 T ~a! and 18 T~b!.
uli
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reduction of intersubband scattering so that the depha
time decreases with increasingB field.

B. High-density case

In order to obtain a dense magnetoplasma with stro
carrier interaction, we choosex50.3 corresponding roughly
to ap/3 pulse, which provides a very high excitation densi
The detuning is kept to beD0526.4 meV. Note that the
local field renormalization will actually turn the optica
Bloch vector through an angle considerably larger thanp/3.
We show the distribution functionf nk(t) with n50, 1, and 2
versus t and k for one-pulse excitation in Fig. 6 forB
512 T.

From the figure one can see that the carrier distribut
function for the lowest Landau subband is close to 0.5. T
number approaches 1 whenB is around 18 T. One sees

FIG. 4. TR and TI FWM signals versus timet and delayt,
respectively, forB512 T ~a! and 18 T~b!. For TR FWM, the solid
curve is fort5120 fs and the dashed curve is for 240 fs. The dot
line is the exponential fit to the TI FWM signal. Note that the sca
of the delay timet for TI FWM signals~top frame! is different from
the time scale of the TR FWM signals~bottom frame!.
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FIG. 5. Dephasing time as a function ofB.
M

pronounced Rabi flopping in the two lowest Landau su
bands. We further plot the carrier density against timet for
two different magnetic fieldsB512 T @Fig. 7~a!# and 18 T
@Fig. 7~b!#. The incoherently summed polarizations for th
two fields are also plotted in the same figures. Differing fro
the intermediate-density case, strong quantum beats ar
vealed for both field strengths, while the population rela
ation oscillations with a period of about 100 fs are again o
well resolved for the low-magnetic-field case (B512 T).
Again, the lowest Landau subband is always excited m
strongly.

In Fig. 8 we plot again typical TR FWM signals again
time t for B512 T @Fig. 8~a!# and 18 T@Fig. 8~b!# for two
pulses with the delay timest5120 fs ~solid curve! and 240
fs ~dashed curve!, respectively. Similar to the intermediate
density case, we find quantum beating for fields as high a
T with a frequency of exactly 2vc , although for large fields
the beating become weaker. The TI FWM signals are plot
in the same figures as functions of delay timet ~upper time
scale!. Again one observes quantum beats in the TI FW
FIG. 6. Distribution functions of three Landau subbandsf 0 , f 1 , and f 2 versust andk for one-pulse excitation forB512 T. The units
of k in these figures are one-tenth of the maximum allowed value ofk defined in Eq.~5!.
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signals. Interestingly, the beating frequency is close to tha
the incoherently summed polarization and is a little
smaller than 2vc for higher fields. For example, whenB
518 T, p/vc566.5 fs, whereas from the beating
TI FWM one finds a period around 76 fs. This differen
may be understood in terms of many-body effects, such
band-gap renormalization, Pauli blocking, and excitonic
hancement. We conclude that the quantum beats in the h
density case are also caused by interferences betwee
optically induced polarizationsPn50,k andPn51,k of the two
lowest subbands.

The effective dephasing is plotted as a function of
magnetic fieldB in Fig. 9. Once more we find a gradu
overall decrease of the dephasing time with increasing fi
in the regime from 10 to 20 T. This is in agreement with o
earlier results in the intermediate-density case for 10 T,B
,16 T. The dephasing is mainly controlled in the who
range by the kinetics in the lowest two Landau subban
Compared to the intermediate-density regime, one observ
sharp dip around 15 T in the dephasing time. By investig
ing the distribution function, we find the dip around 15 T
mainly due to the function of the second pulse. WhenB is

FIG. 7. Electron density and incoherently summed polarizat
are plotted against timet for B512 T ~a! and 18 T~b!. Nn ~n50, 1,
and 2! is the carrier density in thenth Landau subband.Nt5N1

1N21N3 is the total density.
in
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smaller than 15 T, the second pulse further pumps electr
from valence band to conduction band. Due to the dens
dependent redshift of the subbands and the Pauli blocking
the optical transition in the lowest subband, the second p
increases the population of the second subband relativ
that of the first one. The ratio of the densities in the low
two subbandsN0 /N1 falls from around 5.7 after the firs
pulse to 4 after the second pulse whenB514 T, and that
number goes from 8 to 3.9 forB515 T. This means the role
of second subband becomes more important to the dep
ing. This gives rise to the sharp decrease of the depha
time. However, forB.15 T, the lowest Landau subband
already highly populated and due to the high-magnetic-fi
value, the second Landau subband is already relatively
away from the center of the pulse, so that the second p
depopulates the electrons from the first conduction subba
Although this causes again the density of the lowest subb
to be closer to the second one, the ratioN0 /N1 after the

n

FIG. 8. TR and TI FWM signals versus timet and delayt,
respectively, forB512 T ~a! and 18 T~b!. For TR FWM, the solid
curve is fort5120 fs and the dashed curve for 240 fs. The dot
line along the TI FWM signal is the exponential fit to the TI FWM
signal.
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second pulse goes from 3.9 at 15 T to 6 at 16 T. This cle
indicates the loss of the second subband to the depha
processes and explains the fast increase of the depha
time from 15 to 16 T. After 16 T, although the first puls
populates more carriers to the lowest subband with incre
ing magnetic field due to the density-dependent band-
shift, the rate of change becomes smaller as the lowest
band is nearly filled. However, the depopulation due to
second pulse becomes stronger with increasing magn
fields. This can be seen from the fact thatN0 /N1 after the
second pulse goes down from 6 forB515 T to finally 5 for
B520 T. Our results show that the decrease of Pauli blo
ing together with the increasing of the intrasubband scat
ing matrix element in the lowest subband dominate
dephasing in the high-magnetic-field range and explain
resulting decrease of dephasing time.

IV. COMPARISON WITH QUANTUM KINETIC
CALCULATION

Because the assumed pulse duration of 50 fs is alre
shorter than the period of our quantum beatsTc
52p/(2vc)5119.7 fs atB510 T, one may expect that th
memory effects of the quantum kinetic scattering integr
already may play a role. Therefore, we performed also qu
tum kinetic calculation based on Eqs.~12! and ~15!. In this
case, there is an undetermined dampingG in the memory
kernel. In principle, this term should be a function ofk,q,
the magnetic field, and the electron distributions, and sho
be determined self-consistently.18 However, the inclusion of
such effects will complicate the quantum kinetics consid
ably. Therefore, we tookG as an adjustable constant. Such
simple approximation causes the violation of energy con
vation in the long-time limit and we find that the result
particularly for the TI FWM signals and therefore th
dephasing, are highly sensitive to the actual value of
damping constant.

In Fig. 10 we plot the TR FWM signal for pulses wit
x50.3 andt5240 fs forB518 T. The solid curve is base
on quantum kinetics withG51.32 meV. The dashed curve
the prediction based on Boltzmann kinetics as shown in F
8~b!. From Fig. 10 one can see that the two theories g

FIG. 9. Dephasing time as a function ofB.
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qualitatively similar TR FWM signals, although the cohe
ence of the polarization components is clearly larger acco
ing to quantum kinetics in the first few hundred femtose
onds because of the retarded onset of the depha
processes in this theory.

However, we point out that the consistency in Fig.
depends on the choice ofG and we failed to get consisten
results for all the fields and delays withoneconstant damp-
ing G. A more detailed treatment of the damping of th
memory kernel is needed for a consistent quantum kin
theory.

V. CONCLUSION

In conclusion, we have performed theoretical studies
femtosecond kinetics of optically excited 2D magnetopl
mas for intermediate- and high-density excitations. Based
a three-subband model in both the conduction and the
lence band, our study is restricted to high magnetic fie
We calculated the intra- and inter-Landau-subband kine
by bare Coulomb potential scattering and found pronoun
relaxation oscillations to occur in the population of the tw
lowest Landau subbands for lower magnetic fields. We c
culated both TR and TI FWM signals. Both signals exhi
quantum beats with frequencies around 2vc . Surprisingly,
the resulting dephasing times are rather short and are m
lated in the strong magnetic field by about 30%. Depend
on the detuning of the laser pulses, the pulse width, the
cited densities, and the number of excited Landau subba
one gets a decrease of the dephasing time with increasinB
field because of the increase of the Coulomb matrix eleme
and the degeneracy of the Landau subbands. In reg
where the loss of scattering channels exceeds these inc
ing effects, one can also obtain a slight increase of
dephasing time with the magnetic field. It is shown that t
retarded onset of the dephasing and relaxation process
quantum kinetics results in a FWM signal which is mo
coherent in the first few hundred femtoseconds. Howeve
consistent theory of the decay of the memory kernel in
magnetoplasma is still missing. Finally, we point out th

FIG. 10. TR FWM for pulses withx50.3 and delayt
5240 fs. B518 T. Solid curve, quantum kinetic result; dash
curve, Boltzmann kinetics result.
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more Landau subbands are needed to account for the kin
in lower magnetic fields. A corresponding extension of t
theory is still under investigation and the results will be pu
lished elsewhere.
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APPENDIX

We give the analytic expressions for all the Coulomb
teraction matrix elements Eq.~8! up to the third Landau sub
bands. We first show the approximation we take in our c
culation throughV00;00. After integrating outx and x8,
V00;00 of Eq. ~8! can be written into

V00;005
e2

e0
e2~1/2!a2dxq

2
2a2l2~k2k8!2

3E
2`

` e2z2
dz

A@z2 ial~k2k8!#21q2/~2a2!
. ~A1!

Due to the factore2a2l2(k2k8)2,, V00;00 decays quickly with
increasinguk2k8u. Therefore, the main contribution to th
matrix element comes from small values ofuk2k8u. We
therefore neglect the termial(k2k8) inside the integrand
of Eq. ~A1!. The remaining integral can be carried out an
lytically. Similar approximation may be applied to other m
trix elements and, therefore, Eq.~8! may be written as
ics
e
-

-

l-

-

Vni; jm~q,k,k8!.(
qx

2pe2

Aq21qx
2

3E d~x1x2!e2 iqx~x12x2!2a2l2~k2k8!2

3fn* ~x11dxq!f i* ~x22dxq!f j~x2!fm~x1!.

~A2!

Defining two dimensionless variablesx5q2/4mVx and y
52xvc

2/Vx
2 as in Ref. 11, one can express the matrix e

ments in terms of zeroth- (K0) and first-order (K1) modified
Bessel functions. As there exist the following symmetry
lations for the matrix elements,

Vni; jm5Vjm;ni5~21!n1m1 i 1 jVin;m j

5~21!n1m1 i 1 jVm j; in , ~A3!

one only needs to calculate 27 terms. The remaining te
may be obtained from the symmetry relations. In the follo
ing we give these required 27 terms:

V00;005
e2

e0
ex2y2JK0~x!

with J5a2l2(k2k8)2,

V10;0052
e2

e0
Ayex2y2JK0~x!.

Here and hereafter the termAy strictly should beAy sgn(q),
with sgn standing for the sign function. However, due to t
fact the all the terms with the factorAy do not appear in the
Hartree-Fock terms, we therefore just simplify it asAy,
V10;105
e2

e0
ex2y2J@~y2x!K0~x!1xK1~x!#,

V11;005
e2

e0
ex2y2J@2~x1y!K0~x!1xK1~x!#,

V10;015
e2

e0
ex2y2J@~11x2y!K0~x!2xK1~x!#,

V11;015
e2

e0
ex2y2JAy@~11x1y!K0~x!2xK1~x!#,

V11;115
e2

e0
ex2y2J$@112x12x21y~y22x22!#K0~x!1x~2y2122x!K1~x!%,

V20;005
e2

&e0

ex2y2J@~x1y!K0~x!2xK1~x!#,

V12;0052
e2

e0
ex2y2JAy/2@~3x1y!K0~x!23xK1~x!#,
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V02;015
e2

e0
ex2y2JAy/2@~y2x!K0~x!1xK1~x!#,

V12;015
e2

&e0

ex2y2J@~x1y12x22y2!K0~x!22x2K1~x!#,

V02;025
e2

e0
ex2y2J@~ 1

2 y22xy1x2!K0~x!1~xy1 1
2 x2x2!K1~x!#,

V00;225
e2

e0
ex2y2J@~ 1

2 y213xy1x2!K0~x!1~ 1
2 x2x223xy!K1~x!#,

V20;215
e2

e0
ex2y2JAy@~ 1

2 y21x21x2y2xy!K0~x!1~xy2 1
2 x2x2!K1~x!#,

V10;2252
e2

e0
ex2y2JAy@~ 1

2 y223x2y1xy23x2!K0~x!1~3x22xy1 3
2 x!K1~x!#,

V22;205
&e2

e0
ex2y2J@~ 1

4 y32 1
4 xy22 1

2 x2y1x32y21 7
4 x21 1

2 x!K0~x!1~ 1
4 xy21 1

2 x2y2x32 1
4 xy2 5

4 x2!K1~x!#,

V20;015
e2

e0
ex2y2JAy

2
@~y2x22!K0~x!1xK1~x!#,

V12;105
e2

&e0

ex2y2J@~y222y22x22x2!K0~x!1~x12x2!K1~x!#,

V02;1152
e2

&e0

ex2y2J@~y222xy12x212x22y!K0~x!1~2xy22x22x!K1~x!#,

V11;215
e2

e0
ex2y2JAy

2
@~3y23x222y212xy22x2!K0~x!2~2xy22x222x!K1~x!#,

V11;2252
e2

e0
ex2y2J$@ 1

2 ~y22!~y222y22x2xy22x2!1 3
2 x212x3#K0~x!1~ 1

2 xy21x2y2 1
2 xy2x22x32 5

2 x2!K1~x!%,

V21;225
e2

e0
ex2y2JA2y@~ 1

4 y32 3
2 y213xy1 3

2 x2y2 3
4 xy21 5

2 y2 5
2 x212 5

2 x222x3!K0~x!

1~x31 3
4 y2x2 3

2 x2y2 9
4 xy1 3

2 x1 9
4 x2!K1~x!#,

V02;205
e2

e0
ex2y2J@~112x22y2xy1x21 1

2 y2!K0~x!1~xy2x22 3
2 x!K1~x!#,

V12;2052
e2

e0
ex2y2JA~y!@~112x22y2xy1x21 1

2 y2!K0~x!1~xy2x22 3
2 x!K1~x!#,

V12;215
e2

e0
ex2y2J@~113x23y25xy1 5

2 y21 9
2 x22 1

2 y312x323x2y1 3
2 xy2!K0~x!

1~2 3
2 x1 7

2 xy2 7
2 x222x32 3

2 xy213x2y!K1~x!#,

V21;215
e2

e0
ex2y2J@~ 1

2 y322y212y2 3
2 xy214xy22x13x2y2 7

2 x222x3!K0~x!

1~ 3
2 xy22 5

2 xy23x2y1x12x31 5
2 x2!K1~x!#,
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