
PHYSICAL REVIEW B 15 NOVEMBER 1998-IVOLUME 58, NUMBER 19
Carbon nanotube caps as springs: Molecular dynamics simulations

Nan Yao* and Vincenzo Lordi
Princeton Materials Institute, Princeton University, Princeton, New Jersey, 08540

~Received 13 July 1998!

We present a detailed investigation of the spring behavior of carbon nanotube caps. We show that the caps
act as harmonic springs, responding linearly to axial forces for appreciable displacements. Interestingly, we
find the spring constant to be essentially independent of diameter and number of layers, but the maximum
harmonic displacement increases with tube diameter and especially with number of layers. This spring effect is
significant when the tubes are sufficiently short so that buckling does not occur before cap compression.
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Carbon nanotubes exhibit mechanical properties that
remarkably different from other known materials and are
pected to have a great potential for ma
nanoapplications.1–5 Work is currently underway studying
the use of nanotubes as minuscule field-emission elec
guns,6,7 tiny test tubes,8 and tips for atomic force
microscopy9 ~AFM!. Ultratough composite materials usin
nanotube ‘‘fibers’’ can also be imagined. The mechani
properties of nanotubes are important since the design of
potential application depends on these properties. Nano
bending, twisting, buckling, and curvature effects we
studied.1,5,10–12Young’s modulus was estimated experime
tally using transmission electron microscopy, giving an e
ceptionally high average value ofY51.8 TPa.4 Recently, we
have shown using molecular dynamics~MD! simulations
that nanotubes are of such small dimension that variation
tube geometry can affect the Young’s modulus.13 In another
paper, we examined the elastic response of nanotube
asymmetrical radial compressive forces.14 In this paper, we
report in detail the dynamics of a nanotube under axial str
for example, if a nanotube were used for AFM. We find th
for suitably sized tubes, the tips act as Hookean springs
appreciable displacements.

MD simulations were performed with Cerius2 by Molecu-
lar Simulations, Inc., using the universal force field~UFF!
developed by Rappe´ et al.15 Force-field based simulation
are convenient since they use an explicit expression for
potential energy surface of a molecule as a function of
atomic coordinates. UFF is a purely harmonic force fie
with a potential energy expression of the form:

E5ER1Eu1Ef1Ev1EvdW1Eel . ~1!

Bond stretchingER is described by a harmonic term. Bon
angle bendingEu is described by a three-term Fourier cosi
expansion. TorsionsEf and inversionsEv are described by
cosine-Fourier expansion terms. van der Waals interact
EvdW are described by a Lennard-Jones potential. Elec
static interactionsEel are described by a Coulombic term
The functional form of each energy term is given in Eq.~2!,

ER5k~r 2r 0!2,

Eu5k~C01C1cosu1C2cos 2u!,
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C251/~4sin2u0!,

C1524C2 cosu0 ,

C05C2~2 cos2u011!,

Ef5k~16cosnf!, ~2!

Ev5k@11cos~nx2x0!#,

EvdW5«F S r *

r D 12

22S r *

r D 6G ,
Eel5

qiqj

«r i j
.

Additionally, a Wilson, or umbrella, out-of-plane term of th
form k(cosx2cosx0)

2 may be included. Definitions of the
variables in Eq.~2! can be found in Ref. 15, along with
more complete discussion of the particular forms of the
tential functions. For nanotubes, the carbon atoms have
net charge, so theEel term is always zero.

Parameters were determined for a wide range of m
ecules and cover the entire Periodic Table. Initial tests in
cated that UFF quantitatively describes aromatic organ
fairly well.15 Our own MD tests of simple graphite system
using UFF were qualitatively accurate in behavior and qu
titatively accurate in layer spacing, bond lengths, and bo
angles.16

For our study, we modeled various symmetrically capp
nanotubes with armchair helicity, composed of one or m
(n,n) concentric shells. Layers of the multiwalled tub
were constrained at the open end to not slide within e
other, simulating real tubes, which ordinarily do not ha
such freedom. The cap of the smallest tube used in our si
lations~10,10! is the hemisphere obtained by cutting C240 in
half. The other tubes have caps with identical morpholo
but pentagons spaced farther apart. The smallest tube
studied involved 1890 atoms.

Two sets of MD simulations were performed: in one e
periment, a C60 molecule was ‘‘fired’’ at the tip of the tube
along the direction of the tube axis, at 22 Å/ps,~2200 m/s!
12 649 ©1998 The American Physical Society
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while the opposite end of the tube was held fixed; in
other experiment, the tube was pushed into a fixed shee
graphite at 10 Å/ps~1000 m/s! with the tube axis perpen
dicular to the graphite plane.~See Fig. 1.! While the veloci-
ties involved in these simulations are probably exception
high, they result in collision forces on the same order
magnitude~ones to tens of nN! as is typical in AFM.9

Both simulations showed qualitatively the same behav
Upon collision, the symmetrical cap compresses into the h
low of the tube, acting as a ‘‘shock absorber.’’ Figure
shows a few frames from a collision simulation and t
shape of the tip at various times during the collision. A sc
matic of the cap deformation is given in Fig. 2. It is evide
that large bond angle strains must be incurred for such d
tic tip deformation; however, the necessary forces are
very large. In the above simulations, the force exerted on
tip of the tube is less than 10 nN. Each atom at the tip fe
only a few nN of force.

The spring behavior of the caps was calculated by tra
ing the potential energy of the tubes during compress
The results for the~10,10! tube are shown in Fig. 3, which i
a plot of the relative potential energy of the tube as a fu
tion of tip displacement. A harmonic~Hookean! region is
clearly visible for displacements of less than;1.6 Å for this
tube. For greater displacements, the potential energy app
to vary linearly with displacement. The data up to 1.6 Å we
fit to a quadratic function of the formkx2 to obtain the spring
constant k. For a Hookean springU5kx2/2. The thick
dashed line in Fig. 3 indicates the magnitude of the resto

FIG. 1. Frames from MD simulations of a capped~10,10! nano-
tube pushed onto a fixed graphite surface att5(a) 0.00,~b! 0.60,
~c! 1.55, ~d! 2.50, and~e! 4.00 ps.

FIG. 2. Schematic of tip compression process~a! initially, ~b! at
critical point, and~c! after critical point.~Scale is not proportiona
to actual tube sizes.!
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force produced by a given displacement, found fromF5
2]U/]x. It is interesting to note that a discontinuity exis
and that beyond the region where Hooke’s law is obeyed
smaller force is required to further compress the tip up t
certain distance. This arises because when the tip is
compressed, the applied force works to distort the shap
the cap, essentially pushing the cap’s walls outward
shown in Figs. 2~a! and 2~b!. After the maximum~critical!
strain is reached@Fig. 2~b!#, any further force works agains
the ‘‘springs’’ of the bonds at the perimeter of the cap th
are trying to push the tip back ‘‘down,’’ illustrated in Fig
2~c!. Bonds are no longer very strained, but instead are
ating a constant ‘‘drag’’ on the tip.

Simulations on other symmetrically capped tubes of va
ous diameter and number of layers produced similar resu
which are summarized in Table I. The spring constant
about the same for all the tubes, averaging;9.8 nN/Å,
which is related to the strength of the C-C bonds in na
tubes. The maximum~critical! displacement for harmonic
response, however, increases for larger diameter tubes. I
estingly, for tubes with more layers but identical outer dia
eter a large increase in the maximum harmonic displacem
is seen, since interlayer interactions prevent critical dist
tion from being reached until greater displacement. The in
layers create extra resistance for the external force, wh
must distort all of the layers.

The elastic response of asymmetrical tips is more diffic
to characterize since the compression is very dependen
tip geometry, which can vary from tube to tube, and also c
involve the tube walls. Asymmetrical tips would not be d
sirable for applications such as AFM, and are not conside
here, since the tip compression is complex and difficult
predict.

While the forces involved in the cap compressions are
the order of tens of nN or less, their magnitudes must be
into perspective. When a nanotube is crashed into a surf
we could imagine a force resulting in buckling of the tub
thus preventing significant local compression of the tip.
described by Euler in the 1700s, a tube or rod in axial co
pression will remain straight until a critical force is reach
when bifurcation occurs. This critical buckling force is give
by9 FEuler5p2YI/L2, whereY is the Young’s modulus,L is

FIG. 3. Plot of potential energyU vs displacementx for the
~10,10! tube pictured in Fig. 1. The thick dashed line is the restor
force F52]U/]x, 1.60310219 J51 eV.
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TABLE I. Elastic constant and critical buckling force for various nanotubes short enough to allow
compression before buckling.N5number of layers;a, b5outer, inner radii, respectively, in Å;L, length, in
Å; Y, Young’s modulus, in TPa;FEuler, buckling force, in nN;k, elastic constant, in nN/Å;xelastic, maximum
elastic compression, in Å.Y data are taken from Ref. 13.

Tube N a b L Y FEuler k xelastic

1 ~5,5! 1 5.1 1.7 96.4 1.12 6.25
2 ~10,10! 1 8.5 5.1 96.8 1.02 38.34 9.35 1.6
3 ~15,15! 1 11.9 8.5 96.5 1.00 123.5 9.10 1.7
4 ~20,20! 1 15.3 11.9 96.5 0.97 280.5 10.5 1.8
5 ~10,10!/~15,15! 2 11.9 5.1 96.5 1.01 162.9 10.6 2.2
6 ~10,10!/~15,15!/~20,20! 3 15.3 5.1 96.5 1.03 464.0 9.14 4.0
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the length, andI is the area moment of inertia of the beam
given by2 I 5*Az2dA. For a tube of annular cross sectionI
5p(a42b4)/4, with a andb specifying the outer and inne
radius, respectively. Then, the critical buckling force of
nanotube is calculated from Eq.~3!:

FEuler5p3Y~a42b4!/4L2. ~3!

Table I lists values ofFEuler for uncapped tubes of variou
radii and length. The tubes are uncapped to allow accu
calculations since Eq.~3! assumes a constant annular cro
section. Thus, the table lists a minimum value for the bu
ling force of a capped nanotube since the cap’s shape al
some, but not all, of the applied force to be transferred to
walls of the tube. The values forY listed in Table I and used
in Eq. ~3! were derived from MD simulations described
our previous report.13

We can see from Eq.~3! and Table I thatFEuler becomes
very sensitive to the tube dimensions as the size of the
gets smaller. For tubes of the size used in our simulati
~tubes 2–6!, the critical buckling force is much greater tha
the force require to push in the tube’s tip. However, for
tube of the same diameter, but ten times longer, the buck
force is so small that significant compression of the
would not occur. Therefore, such compression of a cap
nanotube tip as described above is a realistic phenome
provided the tube is of appropriate dimensions~i.e., short
enough or of great enough diameter!. Essentially, the tube
te
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-
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length determines the appearance of this effect, sin
nanoapplications ordinarily require the smallest diamet
tubes possible.

We show with this study that the tip of a symmetricall
capped nanotube can act as the world’s smallest Hooke
spring when compressed axially. This behavior is significa
when the tube is sufficiently short that buckling does n
occur before cap compression, and persists for an app
ciable range of displacements, depending on the diamete
the tube and the number of layers, with a spring constant
;9.8 nN/Å essentially independent of tube size. Constru
ing an AFM tip from a thin nanotube short enough to un
dergo tip compression from an axial force may allow a
advancement in atomic probe technology utilizing th
Hookean spring nature of the cap, which behaves as thou
attached to the end of a rigid rod. Such next generation AF
tips also would provide much higher spatial resolution tha
current tips due to their tiny diameter. We believe, additio
ally, that this study demonstrates the importance of atom
level calculations~e.g., though MD simulations! for accurate
predictions of nanotube dynamics, owing to the extreme
small size scale. At the nanoscale, significant atomic effe
are not properly accounted for by continuum calculations.
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