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The properties of spin-polarized liquid helium are analyzed in a density-functional framework. It is shown
that the BHN functiona]M. Barrancoet al, Phys. Rev. Bb4, 7394(1996] designed to describe the thermo-
dynamics and the response of the unpolarized liquid also reproduces reasonably well recent experimental
results at low magnetization. In particular, the present description reproduces the magnetic field data for the
weakly polarized liquid, and is also consistent with the existence of a near-metamagnetic transition at a
polarization close to 0.2. We indicate the various difficulties associated with the extension of the current
scenario to highly and fully magnetized systefi80163-182¢08)09541-1]

[. INTRODUCTION the metamagnetic behavior reported in Ref. 3 strongly relies
on an interpretation of the dynamics of the melting process,
The theoretical description of spin polarized liguiHe ~ while the magnetic field resufts'® are derived on thermo-
(Refs. 1 and Phas attracted the interest of various researctdynamic grounds and are thus model independent.
groups for almost 20 years. The properties of the liquid in  Density-functional theory has been also applied to mag-
the vicinity of solid-liquid coexistence after fusion of the netized liquid heliunt®?° Stringarf® has shown that a den-
polarized solid have been thoroughfully explofédfollow-  sity functional devised to describe the bulk propertiesHd
ing an early proposal by Castaing and Noe& Another  can account for various features of the liquid at low polar-
suggestion advanced by Lhuillier and Lafoeamely, to em- ization, and that an extension of the above model via the
ploy optical pumping techniques in order to polarize eitherincorporation of higher powers of the magnetization is also
the gas or the liquid, has been also exploited to study thable to treat several aspects of the fully polarized system. In
influence of nuclear orientation upon liquid-gas coexisténce.a similar spirit, the study of the liquid-gas phase transition in
Theoretical approaches have also encountered a prosperaggin-polarized systems has been performed, showing the ap-
field; the simplification introduced by the symmetry of the pearance of both density and magnetization instability re-
wave function of the helium atoms of the totally polarized gimes in some regions of parameter spce.
liquid in spin space made room for microscopical More recently, a density functional for liquidHe has
description&° that provide indications of the expected rangebeen proposed which, in addition to describing the equa-
of energies and densities at saturation, of the size of th&on of state of the unpolarized liquid up to the monopole and
effective mass of the spin-up particles, and of the possiblelipole Landau parameters in both the density and spin chan-
trend of energy and effective mass as functions of the demels, is capable of providing a reasonable description of the
sity. Moreover, phenomenological descriptions based omlynamical response in these channels, in good agreement
Landau’s theory of Fermi liquidS~*2have also shed light on with available experimental data. It is then interesting to ex-
various aspects of the fulland partially polarizett'?lig-  amine the extent to which the density functional of Ref. 21
uid. In particular, near-metamagnetic behavior at high presthereafter referred to as Barranco, Herdez, and Navarro
sures has been predictédn fair agreement with early ex- (BHN)] accounts for the most important features of polarized
perimental data close to melting pressuaad opposite to the liquid helium. For this sake, we investigate which experi-
predictions of both the paramagrdrand the Gutzwiller mentally determined properties of the weakly polarized sys-
model!* However, a decrease of the magnetic susceptibilittem can be pictured by the BHN functional, and discuss dif-
with growing polarization is to be expected in the frame offerent scenarios according to particular choices of the still-
the paramagnon model; experimental data on viscosity of thendetermined force parameters. The major outcome of this
magnetized liquitP*® may also favor this behavior. More analysis is the fact that the BHN functional is adequate to
recent experimental results for the induced magnetic field afescribe the magnetic behavior of the liquid at polarizations
a pressure close to 26 baRefs. 17 and 18might exclude a  below 0.3, in addition to the various thermodynamic quanti-
near-metamagnetic state, since the slope of the curve of maties. We also indicate that in order to account for observed
netization vs field appears to decrease monotonically. Thiand/or expected properties of the highly polarized system in
apparently contradicting evident€''8 poses an interesting a continuous fashion, it may be necessary to incorporate en-
challenge to be sorted by more conclusive data and makesrgy terms that depend upon noninteger powers of the mag-
room for further theoretical speculation, due to the fact thanetization. However, the appearance of two species with dif-

0163-1829/98/5@.8)/1230Q7)/$15.00 PRB 58 12 300 ©1998 The American Physical Society



PRB 58 SPIN-POLARIZED3He IN A DENSITY-FUNCTIONAL FRAME 12 301

ferent densities associated with the spin-up and spin-down 1

particles provokes increasing complexity of the effective V(1,2)=Vo5(f1—fz)+§[k’2V15(f1—f2)

force strengths, which in turn demands a large number of

new parameters. +8(r —ro)Vik?]+ k" - V,8(r —ry)k, (2.0

This paper is organized as follows. In Sec. Il we revise . , ; ; .
the foundations of the BHN density functional and derive theWIth Kronecker's delta functiord(r) and with the relative

equation of state of arbitrarily polarized helium. Section IlI momentum operatork,k” respectively acting on the right

is devoted to exploring the properties of the weakly magnef’lnd on the lefty, being

tized liquid and the different scenarios, while in Sec. IV we Vo=tottip?+UgpPS - Stuve(d-J-S-T) (2.2
discuss the limitations and perspectives of the above func-
tional as applied to the highly polarized system, and summa2"

rize the present results. Va=ta+thp+UyS Ston(J-J-S-T) (2.3

II. BHN DENSITY FUNCTIONAL forn=1,2. _The various densities appearin_g in this gxpre_ssi(_)n

as well as in the total energy are the particle, particle kinetic

The BHN density functiondt is derived from an effective energy, and particle current density and the corresponding
particle-particle(pp) interaction of the form spin ones, respectively:

{p(r),7(r),j(r),S(r),T(r),d(r)}

. Ki+K; - - Ki+K; -
=; $iB] Pij| O Ki KiOo s =5 B0 il 0l i) Ki-K( ol o] i), —— (aj| o0} [, (2.9
|
where p;; is the occupation number matrix, and the single- #2

. . 1 . .
particle wave functionsp; are plane waves normalized to E:Z om <J|_V2|'>Pij+ 5 |2 (im|V[il) apij Pim »
unity in the volumeQ. Let us recall that the combinatich b um

-J—S-T entering V, is required to guarantee Galilean (213
invariance?! where
Since in thermal equilibriunp;; = &;;n;, one has
. ) 1 1
n; N ke o5 <Jm|V|'|>A:§ Vo+gvl[(ki—k|)2+(kj_km)2]
p=2 G =p+tpP-=732, :
T 37 X830, By~ O Oy
n; 2 1
=2 k=Tt (2.6 + 7 Valki=k) - (K=K (3,0, 80,0,
whereas for species(=*) one haskFU=(6772pU)1’3 and s s )] 212
7-(,=3/5p,,k§r. Furthermore, both currenisandJ vanish in 7i7m 75

a homogeneous system while, along the polarization &xis After carrying the various summations, the total energy den-
S,=p,—p_ andT,=7,—7_. In the case of a finite polar- Ssity can be written as
ization A=S,/p, these quantities read

E(p.A) 47 1., 5
p a om (T+ T T)H 5 Vo(pt=pi—pT)
p(,zz(l-i—O'A), (2.7
Vi+3),
7 (PTmpiTipoT)
ke =ke(1+08)'s, (2.9
Vo
3 +7(p+—p_)(7'+—7'_), (2.13
TU=Epk,2:(1+0'A)5/3, (2.9

The formV; + 3V, simply corresponds to the contribution of
3 the singlet and triplet spin pairs in the unpolarized system;
_> 2 513_ (1_ A\5/ expression2.13 brings into evidence the pair-breaking ef-
= + . . A S " .
T PEL(1+4) (1-4) (2.19 fect of the polarizing field, which in addition to separating
the partial densitiep.. , 7. in the singlet-plus-triplet energy
Let us now consider the total energy introduces an extra term, proportional ¥, which repre-
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sents an alignment energy of the “equal spin pairs.” It isfunctional variation that gives rise to the effective interaction
then clear that this term vanishes ftoe=0, whereas in such does not preserve this scheme, which is nevertheless reen-
a case, the spin singlet-plus-triplet interaction energy adoptsountered in the Landau parametersAat 0. Since these

the form already obtained for the unpolarized sysfém. coefficients only depend on the combinativpt 3V, they
Moreover, only the extra term appears in the fully polarizeddo not provide any condition to determine the separate val-
case. For practical use of the density functional in the ues of the parameters , andv ,.

#0 case one requires the values of the coefficieptst; ,

u,, andv,, for n=1,2. We recall that in the case of the BHN ll. WEAKLY POLARIZED LIQUID

functional the values df, , andt; , have been determined so _ .
as to reproduce the experimental surface tension of the un- N Order to shed light on the structure of the equation of

polarized liquid®® To analyze the polarized case we need>tate OT the polariz.ed liquid Withir_] the BHN frame,.it s
some criterium to decouple the coefficients, and v ». convenient to examine the Expression of the gné?g;@ n
This subject is further discussed in Sec. Ill ' ' terms of the polarization. For this sake, we first note that

The first and second derivatives of the total energy Withthe equal spin contribution carries the factor
respect to the densify respectively yield the pressuReand 3
the inverse compressibility moduluskp/=m¢c? related to (pr—p_)ri—7_)=—=p’kZ2A[1+f(A)], (3.
the sound velocity, whereas the corresponding derivatives 10
with respect to the magnetization give the induced magnetigith f(A) an even analytical function vanishing at the origin.
field B and the inverse magnetic susceptibil®yx at zero  On the other hand, the force strength functi¢h$) are even
temperatureC being the Curie constant. The first and secondfunctions of the polarization and, consequently, the energy
functional variations of the total energy with respect to thedensity of the “equal spin pairs” depends at least quadrati-
occupation numbers respectively give the mean singlecally onA, i.e.,
particle field and the effective particle-halgh) interaction.
We leave out the corresponding expressions, as they are V,(p.—p_)(7,—7_)=A(p;ty,t5)A?
rather cumbersome, and give instead a hint on the calculation

. 4 6
of the functional variations. The general expression for the +C(piUz,v2) A"+ O(AP).

mean field is (3.2
SE %2 It becomes then clear that the energy and its derivatives of
Uizgz >m ki2+|2 {m|V[il ) apim any order with respect to density and up to third order with
i m

respect to polarization, evaluatedat 0, are independent of

1 SV the separate coefficients andv,. Among these quantities,

+ > > <nm‘ 5—‘ pl> PimPpn - (2.149  the parameteg, giving the strength of the finite-temperature
Imnp Pii A correction to the magnetic susceptibility,

In view of Egs.(2.1)—(2.4), the explicit derivative of the pp _ 22
interaction can be calculated using X(T)=x(0)[1=Bx(0)"T], (33
with y in units of the Curie constant, has been employed in
Ref. 19 as a criterium for a relationship among unknown
force coefficients of the density functional proposed there.

To test the BHN density functional, we extract an explicit

5— 16, i ki-k i ki+k i
o bid; Uiaj%ﬁL ik -+ (kit j)am

ij

+{ai|o.lo)) i+k. K i+ (kitkyg 9 expression fo, performing a Sommerfeld expansion of the
N7 el gs P aT 2 4J ' energy per particle=E/N as
a a af
(2.19 €(A,T)=€g(A) + e(A) T2
Once this explicit operation is performed as well as the sum- = eo(A) +[ €0+ €A+ O(AH)]T? (3.4

mations entering Eq2.14), one gets the final expression for
the mean field. The coefficient &f gives the effective mass from which we get the magnetic susceptibility at constant

for speciess, which turns out to be temperaturdin units of the Curie constanas
h? K% VY +3V €20x(0)
Tt et Valpe o)~ o(pa—po) X(M=x(0) 1+2=—T?, @9

vo L vi+3u, with C/x(0)=d%€,/9A%;, i.e., we have B=—2e,/
XI5 p (1A + ——5— (ps7-+p-74) [Cx(0)].
As discussed above, the coefficighis a linear function
of all force coefficients appearing i, +3)V,, in addition to
T205(ps—p- )T — 7). (216  t, andt),. The BHN density functional predictg values
ranging between 0.66 and 0.79 for densities between the
This expression reflects the scheme intrinsic to the energgaturation ongg and 1.4, which are not inconsistent with
and mean field, where an “equal spin” contribution adds upthe available experimental datagiving 8 around 0.5-0.55
to the spin singlet-plus-triplet one. However, the double-in that interval.
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TABLE I. Slopes of the relative variation of the sound velocity 200
at constant pressure in the BHN frame vs experimental figures taken
from Ref. 4.
. 150 F
P (ban BHN Experimental values
12 0.019 0.020 —_
15.6 0.015 0.016 = 00
26.2 0.006 0.005 m -
28.5 0.007 0.010
50
On the other hand, the relative variation of the sound
velocity §c/c at constant pressure has been shown to depenc
linearly uponA?2:* since the expression for these variations

depends only on derivatives of the total energy at zero 00 o1 % 03 0.4
polarization'® this quantity is a basis for a further test. We

have verified that the BHN density functionals provide very FIG. 1. The induced magnetic field calculated with the BHN2
close fits to these variations. This is shown in Table | whergarametrization at zero pressure as a function of polarization. The
the present results are compared to the experimental slopésperimental points are those of Ref. 17.

of 8c/c vs A? in Ref. 4.

We now investigate to what extent other properties of thgensjon of the above scenarios to polarizations above 0.4
known force parametets, andv,. For this sake, we explore  fy|ly magnetized liquid lies at positive energies. An explora-
the scenario that takes place in tfgA) plane forpo<p  tion of the evolution of the scenario in parameter space
=<1.5 and low magnetizations, according to three view-shows that negative values of are needed in order to ob-
points. ) tain a bound liquid in the limiA =1, with a binding energy

(1) BHNO parametrization: adjusting the experimentalcjose to that of the unpolarized system. However, in such a
Susceptlblllty dat% at the IOWeSt. polarizationé)n the left Situation, there a|WayS exist broad domains of m)
hand side of the metamagnetic ppake set the values gpace where the system is unstable, either with respect to
UzpG=—9261.08 K & and v,p5=—-11726.8 KA. In  density or to spin fluctuationé.e., the BHNO and BHN2
this case, the susceptibility is a decreasing functioldaft  choices, or to both of them. In addition, the BHN1 param-
the origin, as predicted by the paramagnon modiahd pre-  etrization predicts localizatidf in some regions where the
sents a pole slightly abov&=0.2. Examination of the total effective mass diverges. One can verify that the size of those
energy density indicates that the liquid remains bound in thenstability domains enlarges as one decreasesThis analy-
above polarization interval and in a wide range of densitiessjs leads us to conclude that the BHN density functional,
Moreover, the system remains stable against density fluctuavhich has been devised to describe the unpolarized liquid,
tions. However, although the slope of the induced magnetigan provide a reference for the weakly polarized system up
field in terms of the polarization at the origin reproduces theto a rough 30%; this is illustrated in Fig. 1, where we show
data atP =26 bars, the field remains too low as compared tathe induced magnetic field calculated with the parametriza-
experimental evidenc¥. tion BHN2 as a function of magnetization up to=0.4,

(2) BHN1 parametrization: we demand that the susceptitogether with the experimental data from Ref. 17.
bility at melting pressure adopt values compatible with the |n previous works by some of #?4~%’it has been shown
experimental dataat two different magnetizations. We set that the random phase approximati0RPA) response of
U,p5=3017.66 K & andv,p3=4030.68 K A. This proce- quantum liquids, either polarized or unpolarized, can be car-
dure gives rise to near-metamagnetic behavior of the suscepied out almost exactly in the current density-functional
tibility for 0 <A=<0.4 with a peak localized ah=0.2, in  frame, both at zero and at finite temperatures. An important
agreement with results from Fermi liqdfdand density func-  feature of these calculations, which on the other hand de-
tional theorieg? The liquid is bound and stable against den-mand a clear understanding of the properties of the effective
sity fluctuations; the induced magnetic field is compatibleph interaction in polarized mattéf,is the possibility of in-
with experimental data up tA=~0.1, but it increases very vestigating the behavior of zero sound and the paramagnon
rapidly for larger polarizations. resonance with increasing polarization, as well as the explo-

(3) BHN2 parametrization: we adjust the induced mag-ration of the existence of collective magnetic states. Al-
netic field at a pressure=26 bars(Ref. 18 for the lowest though the effective ph interaction for finite transferred mo-
magnetizations, with the values,p3=1953.25 K & and mentum enters the dynamical response in a rather
v,pe=2748.49 K A. We find that the susceptibility exhib- complicated fashiof>?” the Landau parametefs)* may
its a weak near-metamagnetic peakiat0.2. The system is indicate possible changes in the structure pattern. These pa-
bound and stable against density fluctuations; however, magameters are displayed in Fig. 2 fb=0 and 1 as functions
netic instabilities show up, in particular at the highest densiof the magnetization, computed at saturation density of the
ties where the pattern resembles the BHNO one. unpolarized system with the parametrization BHN2. We no-

A possible question concerns the capability of the BHNtice that the Landau parameters in the antisymmetric spin
density functional to deal with highly polarized liquids. Ex- channel change sign at polarizations near 0.1 andR§, 2nd
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FIG. 3. Energy per particle as a function of density for polar-

FIG. 2. The Landau parametefgi=N(0)f5], calculated with  izations zero and unity, computed according to the GHN Ansatz
the BHN2 parametrization at zero pressure as function of polarizadescribed in the text. The points are the results of Ref. 7 for the
tion, whereN(0) is the density of states of the unpolarized liquid. fully polarized liquid. p, is the equilibrium density of the unpolar-

ized liquid at zero pressure.
g, respectively; in other words, the magnetic strength be-

comes repulsive, making room for the appearance of collegansion in powers of the magnetization, with BHN being the
tive spin modes. A detailed analysis of these effects, corresecond-order approximation, is not appropriate to continu-
lating the evolution of the structure pattern to the behavior obusly describe the full range of polarizations and liquid den-
the effective interactions in the low-magnetization limit, hassities. Although one might have naively expected that most

been performed recentfy. properties of spin-polarized matter would be associated with
the spin-triplet pp interactiofi.e., i =2), this happens to be
IV. DISCUSSION AND PERSPECTIVES not true; we have encountered that a significant increase in

the number of parameters of the functional is needed. This

As we compare the BHN functional with the one intro- apparent drawback reflects the fact that spin densities are
duced by Stringari in Ref. 19, we find that the general ap-associated with a degree of freedom that was not present in
pearance of these two functionals is rather similar, the moghe original construction of the BHN functional, whose exis-
noticeable difference lying in the fact that in the BHN pic- tence introduces complexities comparable to those associated
ture, the effective mass arises from the exchange term of th&ith the mass density itself.
pp interaction. Moreover, the BHN functional has been ad- As an Ansatz, to be hereafter indicated as Gatica, Herna
justed to reproduce the monopole and dipole Landau parantez, and NavarrdGHN), one may look for modifications
eters, in addition to the equation of state of the bulk liquid.of the force strengthsV, of the form u/p*1S*®2

This gives rise to dipole Landau field$”" that depend upon +v{pP1S?#2(J2~S-T), in order to parallel the dependence
transferred momenta above the Landau limit, an importantpon the density of the form?, already proved convenient
fact for future dynamical susceptibility calculations. In the
low-polarization limit, the BHN functional yields an accurate
description of the variations of the sound velocity at constant P=26 bar
pressure, overestimated in Ref. 19. By contrast, the BHN  %¢f
predictions of the susceptibility coefficiet are 15-30%
higher than the data, whereas in Ref. 19 these data have bee
employed to extract unknown parameters of the density
functional. We have shown in this work that various choices
of the criterium to determine the free force coefficients lead < P=9 bar
to scenarios which cannot be extended to describe the fully
polarized liquid.

Up to the present day, experimental data for fully polar-  ®* o o2t bar
ized liquid helium are not available. Various microscopic
Ansaze®~? nevertheless indicate that such a system is bound
at both density and binding energy slightly below those of
the unpolarized system, with the effective mass of the *°o 100 200
spin-up particles at saturation being close to the bare one. B(T)

One might then intend to generalize the BHN density func-

tional so as to include higher dependences of the effective FIG. 4. Magnetization as a function of the induced magnetic
force strengths on spin density, spin kinetic energy densityfield at various pressures for the GHN Ansatz. The experimental
and spin current density. We have verified that a series expoints are those of Ref. 17.

P=17 bar
04
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to reproduce the Landau parameters of the liquid in the derperimental evidence, more data are requested in order to dis-
sity channel. The noninteger exponents thus control the cucern whether near-metamagnetic behavior should be ruled
vature of the energy surface as a function of density anaut as claimed by the authors in Refs. 17 and 18, especially,
polarization. We have determined the above force parameterseasurements of the induced field and the susceptibility as a
looking for the closest fit to the measured magnetic field as &inction of the polarization at various pressures.

function of polarization up taA =0.727 setting the energy of It should be also kept in mind that the present study de-
the fully polarized liquid equal te- 2.1 K at a density equal scribes a liquid at zero temperature; however, no substantial
to 0.9%,, the effective mass of the spin up species equal taepartures from the qualitative patterns should be expected
unity at that density, and choosing three experimental pointi the degenerate Fermi liquid regime. A simple Sommerfeld
for the magnetic field. We have also minimized the disper-expansion of the total energy predicts temperature correc-
sion of the microscopically calculated points of the energy oftions in the induced field of the typB(T,A)=B(0,A)(1

the fully polarized liquid as well as the dispersion of the +«aT?). This correction is not significant for the present
remaining magnetic field data. These choices are not uniqueliscussion, since the largest deviation is below 10%. We also
in fact, the exponents can vary within some moderate rangewyish to stress that the results presented in Figs. 3 and 4 are
giving very similar patterns for any calculated magnitude. Asonly exploratory in the spirit of the BHN density functional.

an illustration we select one set of the extra parameters andevertheless, a feature of these results, as well as of those
depict in Fig. 3 the energy per particle of the fully polarized arising from the BHN parametrizations, is the fact that they
liquid as a function of the density, together with the micro-do not rule out metamagnetic behavior. In this sense, the
scopic results from Ref. 7, and the energy curve for the unpresent descriptions are consistent with previous investiga-
polarized system. We appreciate that while the trend of théions of spin-polarized helium in the frame of theories of
microscopic prediction is well reproduced, the present result&ermi liquids'#1°2°

slightly underestimate the inverse compressibility. The mag- In view of the most recent experimental results regarding
netization as a function of the induced magnetic field is picthe magnetic behavior of the liquid;*®we believe that the
tured in Fig. 4 for various densities, together with the experipresent density-functional description, in particular, the
mental results of Ref. 17. We observe that in spite of thadBHN2 parametrization, can be safely adopted to describe this
good fit to the high-field data, the adjustment of the low-system up to magnetizations not higher than 30%. A detailed
polarization region is poorer that that provided by the BHNZ2investigation of the dynamical response of weakly spin-
parametrizatior{cf. Fig. 1). No clear monotonic tendency in polarized liquid helium anticipated in Ref. 28 is in progress
the slope of the field vs magnetization is evident and in parand will be presented elsewhere.

ticular, at the density 0.9%, the susceptibility presents a
singularity atA~0.65. This is consistent with the metamag-
netic behavior reported by Bonfadtt al® and theoretically
described by previous authdrs!® since for a pressure of
about 30 bars we predict a metamagnetic peak, however This work was performed under Grant Nos. PICT0155
twice as large as the experimental vafuale also note that from Agencia Nacional para la Ciencia y Tecnomgrgen-

at the lowest polarizations the magnetic susceptibility pretina), PB92-0820 from DGICYT(Spain, and a cooperation
dicted by these calculations is a decreasing functioA a6  agreement between Consejo Nacional de Investigaciones Ci-
indicated by the paramagnon motfdnd in agreement with  entficas y Tenicas (Argenting and Consejo Superior de
viscosity measurement$® In view of the scarcity of ex- Investigaciones Ciefftcas (Spain.
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