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Spin-polarized 3He in a density-functional frame
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The properties of spin-polarized liquid helium are analyzed in a density-functional framework. It is shown
that the BHN functional@M. Barrancoet al., Phys. Rev. B54, 7394~1996!# designed to describe the thermo-
dynamics and the response of the unpolarized liquid also reproduces reasonably well recent experimental
results at low magnetization. In particular, the present description reproduces the magnetic field data for the
weakly polarized liquid, and is also consistent with the existence of a near-metamagnetic transition at a
polarization close to 0.2. We indicate the various difficulties associated with the extension of the current
scenario to highly and fully magnetized systems.@S0163-1829~98!09541-1#
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I. INTRODUCTION

The theoretical description of spin polarized liquid3He
~Refs. 1 and 2! has attracted the interest of various resea
groups for almost 20 years. The properties of the liquid
the vicinity of solid-liquid coexistence after fusion of th
polarized solid have been thoroughfully explored,3,4 follow-
ing an early proposal by Castaing and Nozie`res.2 Another
suggestion advanced by Lhuillier and Laloe¨,1 namely, to em-
ploy optical pumping techniques in order to polarize eith
the gas or the liquid, has been also exploited to study
influence of nuclear orientation upon liquid-gas coexistenc5

Theoretical approaches have also encountered a prosp
field; the simplification introduced by the symmetry of th
wave function of the helium atoms of the totally polariz
liquid in spin space made room for microscopic
descriptions6–9 that provide indications of the expected ran
of energies and densities at saturation, of the size of
effective mass of the spin-up particles, and of the poss
trend of energy and effective mass as functions of the d
sity. Moreover, phenomenological descriptions based
Landau’s theory of Fermi liquids10–12have also shed light on
various aspects of the fully10 and partially polarized11,12 liq-
uid. In particular, near-metamagnetic behavior at high pr
sures has been predicted12 in fair agreement with early ex
perimental data close to melting pressure3 and opposite to the
predictions of both the paramagnon13 and the Gutzwiller
model.14 However, a decrease of the magnetic susceptib
with growing polarization is to be expected in the frame
the paramagnon model; experimental data on viscosity of
magnetized liquid15,16 may also favor this behavior. Mor
recent experimental results for the induced magnetic fiel
a pressure close to 26 bars~Refs. 17 and 18! might exclude a
near-metamagnetic state, since the slope of the curve of m
netization vs field appears to decrease monotonically. T
apparently contradicting evidence3,17,18 poses an interesting
challenge to be sorted by more conclusive data and ma
room for further theoretical speculation, due to the fact t
PRB 580163-1829/98/58~18!/12300~7!/$15.00
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the metamagnetic behavior reported in Ref. 3 strongly re
on an interpretation of the dynamics of the melting proce
while the magnetic field results17,18 are derived on thermo
dynamic grounds and are thus model independent.

Density-functional theory has been also applied to m
netized liquid helium.19,20 Stringari19 has shown that a den
sity functional devised to describe the bulk properties of3He
can account for various features of the liquid at low pol
ization, and that an extension of the above model via
incorporation of higher powers of the magnetization is a
able to treat several aspects of the fully polarized system
a similar spirit, the study of the liquid-gas phase transition
spin-polarized systems has been performed, showing the
pearance of both density and magnetization instability
gimes in some regions of parameter space.20

More recently, a density functional for liquid3He has
been proposed21 which, in addition to describing the equa
tion of state of the unpolarized liquid up to the monopole a
dipole Landau parameters in both the density and spin ch
nels, is capable of providing a reasonable description of
dynamical response in these channels, in good agreem
with available experimental data. It is then interesting to e
amine the extent to which the density functional of Ref.
@hereafter referred to as Barranco, Herna´ndez, and Navarro
~BHN!# accounts for the most important features of polariz
liquid helium. For this sake, we investigate which expe
mentally determined properties of the weakly polarized s
tem can be pictured by the BHN functional, and discuss d
ferent scenarios according to particular choices of the s
undetermined force parameters. The major outcome of
analysis is the fact that the BHN functional is adequate
describe the magnetic behavior of the liquid at polarizatio
below 0.3, in addition to the various thermodynamic quan
ties. We also indicate that in order to account for observ
and/or expected properties of the highly polarized system
a continuous fashion, it may be necessary to incorporate
ergy terms that depend upon noninteger powers of the m
netization. However, the appearance of two species with
12 300 ©1998 The American Physical Society
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PRB 58 12 301SPIN-POLARIZED3He IN A DENSITY-FUNCTIONAL FRAME
ferent densities associated with the spin-up and spin-d
particles provokes increasing complexity of the effect
force strengths, which in turn demands a large numbe
new parameters.

This paper is organized as follows. In Sec. II we rev
the foundations of the BHN density functional and derive
equation of state of arbitrarily polarized helium. Section
is devoted to exploring the properties of the weakly mag
tized liquid and the different scenarios, while in Sec. IV w
discuss the limitations and perspectives of the above fu
tional as applied to the highly polarized system, and sum
rize the present results.

II. BHN DENSITY FUNCTIONAL

The BHN density functional21 is derived from an effective
particle-particle~pp! interaction of the form
le
o

n

s
-

n

of

e

-

c-
a-

V~1,2!5V0d~r12r2!1
1

2
@k82V1d~r12r2!

1d~r12r2!V1k2#1k8•V2d~r12r2!k, ~2.1!

with Kronecker’s delta functiond~r ! and with the relative
momentum operatorsk,k8 respectively acting on the righ
and on the left,Vn being

V05t01t08r
g1u0rbS•S1v0~J•J2S•T! ~2.2!

and

Vn5tn1tn8r1unS•S1vn~J•J2S•T! ~2.3!

for n51,2. The various densities appearing in this express
as well as in the total energy are the particle, particle kine
energy, and particle current density and the correspond
spin ones, respectively:
$r~r !,t~r !,j ~r !,S~r !,T~r !,J~r !%

5(
i j

f if j* r i j H ds is j
,k i•k jds is j

,
k i1k j

2
ds is j

,^s j usW us i&,k i•k j^s j usW us i&,
k i1k j

2
^s j usW us i&J , ~2.4!
en-

f
m;
f-
g

wherer i j is the occupation number matrix, and the sing
particle wave functionsf i are plane waves normalized t
unity in the volumeV. Let us recall that the combinationJ
•J2S•T entering Vn is required to guarantee Galilea
invariance.21

Since in thermal equilibriumr i j 5d i j ni , one has

r5(
i

ni

V
5r11r25

kF
3

3p2 , ~2.5!

t5(
i

ni

V
ki

25t11t2 , ~2.6!

whereas for speciess(56) one haskFs
5(6p2rs)1/3 and

ts53/5rskFs

2 . Furthermore, both currentsj andJ vanish in

a homogeneous system while, along the polarization axiẑ,
Sz5r12r2 andTz5t12t2 . In the case of a finite polar
ization D5Sz /r, these quantities read

rs5
r

2
~11sD!, ~2.7!

kFs
5kF~11sD!1/3, ~2.8!

ts5
3

10
rkF

2~11sD!5/3, ~2.9!

Tz5
3

10
rkF

2@~11D!5/32~12D!5/3#. ~2.10!

Let us now consider the total energy
-
E5(

i j

\2

2m
^ j u2¹2u i &r i j 1

1

2 (
i j lm

^ jmuVu i l &Ar i j r lm ,

~2.11!

where

^ jmuVu i l &A5
1

V H FV01
1

8
V1@~k i2k l !

21~k j2km!2#G
3~ds is j

ds lsm
2ds ism

ds js l
!

1
1

4
V2~k i2k l !•~k j2km!~ds is j

ds lsm

1ds ism
ds js l

!J . ~2.12!

After carrying the various summations, the total energy d
sity can be written as

E~r,D!

V
5

\2

2m
~t11t2!1

1

2
V0~r22r1

2 2r2
2 !

1
V113V2

4
~rt2r1t12r2t2!

1
V2

2
~r12r2!~t12t2!, ~2.13!

The formV113V2 simply corresponds to the contribution o
the singlet and triplet spin pairs in the unpolarized syste
expression~2.13! brings into evidence the pair-breaking e
fect of the polarizing field, which in addition to separatin
the partial densitiesr6 , t6 in the singlet-plus-triplet energy
introduces an extra term, proportional toV2 , which repre-
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sents an alignment energy of the ‘‘equal spin pairs.’’ It
then clear that this term vanishes forD50, whereas in such
a case, the spin singlet-plus-triplet interaction energy ado
the form already obtained for the unpolarized system21

Moreover, only the extra term appears in the fully polariz
case. For practical use of the density functional in theD
Þ0 case one requires the values of the coefficientstn , tn8 ,
un , andvn for n51,2. We recall that in the case of the BH
functional the values oft1,2 andt1,28 have been determined s
as to reproduce the experimental surface tension of the
polarized liquid.22 To analyze the polarized case we ne
some criterium to decouple the coefficientsu1,2 and v1,2.
This subject is further discussed in Sec. III.

The first and second derivatives of the total energy w
respect to the densityr respectively yield the pressureP and
the inverse compressibility modulus 1/kr5mc2 related to
the sound velocityc, whereas the corresponding derivativ
with respect to the magnetization give the induced magn
field B and the inverse magnetic susceptibilityC/x at zero
temperature,C being the Curie constant. The first and seco
functional variations of the total energy with respect to t
occupation numbers respectively give the mean sin
particle field and the effective particle-hole~ph! interaction.
We leave out the corresponding expressions, as they
rather cumbersome, and give instead a hint on the calcula
of the functional variations. The general expression for
mean field is

Ui5
dE

dr i i
5

\2

2m
ki

21(
lm

^ imuVu i l &Ar lm

1
1

2 (
lmnp

K nmU dV

dr i i
Upl L

A

r lmrpn . ~2.14!

In view of Eqs.~2.1!–~2.4!, the explicit derivative of the pp
interaction can be calculated using

d

dr i j
5f if j* H ds is jF ]

]r
1k i•k j

]

]t
1~k i1k j !a

]

] j a
G

1^s i usaus j&F ]

]sa
1k i•k j

]

]Ta
1

~k i1k j !b

2

]

]Jab
G J .

~2.15!

Once this explicit operation is performed as well as the su
mations entering Eq.~2.14!, one gets the final expression fo
the mean field. The coefficient ofki

2 gives the effective mas
for speciess, which turns out to be

\2

ms*
5

\2

m
1
V113V2

2
r2s1V2~rs2r2s!2s~r12r2!

3Fv0

2
r2~12D2!1

v113v2

2
~r1t21r2t1!

12v2~r12r2!~t12t2!G . ~2.16!

This expression reflects the scheme intrinsic to the ene
and mean field, where an ‘‘equal spin’’ contribution adds
to the spin singlet-plus-triplet one. However, the doub
ts
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functional variation that gives rise to the effective interacti
does not preserve this scheme, which is nevertheless r
countered in the Landau parameters atD50. Since these
coefficients only depend on the combinationV113V2 , they
do not provide any condition to determine the separate
ues of the parametersu1,2 andv1,2.

III. WEAKLY POLARIZED LIQUID

In order to shed light on the structure of the equation
state of the polarized liquid within the BHN frame, it i
convenient to examine the expression of the energy~2.13! in
terms of the polarizationD. For this sake, we first note tha
the equal spin contribution carries the factor

~r12r2!~t12t2!5
3

10
r2kF

2D2@11 f ~D!#, ~3.1!

with f (D) an even analytical function vanishing at the origi
On the other hand, the force strength functions~2.2! are even
functions of the polarization and, consequently, the ene
density of the ‘‘equal spin pairs’’ depends at least quadr
cally on D, i.e.,

V2~r12r2!~t12t2!5A~r;t2 ,t28!D2

1C~r;u2 ,v2!D41O~D6!.

~3.2!

It becomes then clear that the energy and its derivative
any order with respect to density and up to third order w
respect to polarization, evaluated atD50, are independent o
the separate coefficientsu2 andv2 . Among these quantities
the parameterb, giving the strength of the finite-temperatu
correction to the magnetic susceptibility,

x~T!5x~0!@12bx~0!2T2#, ~3.3!

with x in units of the Curie constant, has been employed
Ref. 19 as a criterium for a relationship among unkno
force coefficients of the density functional proposed the
To test the BHN density functional, we extract an expli
expression forb, performing a Sommerfeld expansion of th
energy per particlee5E/N as

e~D,T!5e0~D!1e2~D!T2

5e0~D!1@e201e22D
21O~D4!#T2, ~3.4!

from which we get the magnetic susceptibility at consta
temperature~in units of the Curie constant! as

x~T!5x~0!F112
e22x~0!

C
T2G , ~3.5!

with C/x(0)5]2e0 /]D2; i.e., we have b522e22/
@Cx(0)#.

As discussed above, the coefficientb is a linear function
of all force coefficients appearing inV113V2 , in addition to
t2 and t28 . The BHN density functional predictsb values
ranging between 0.66 and 0.79 for densities between
saturation oner0 and 1.4r0 , which are not inconsistent with
the available experimental data23 giving b around 0.5–0.55
in that interval.
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On the other hand, the relative variation of the sou
velocity dc/c at constant pressure has been shown to dep
linearly uponD2;4 since the expression for these variatio
depends only on derivatives of the total energy at z
polarization,19 this quantity is a basis for a further test. W
have verified that the BHN density functionals provide ve
close fits to these variations. This is shown in Table I wh
the present results are compared to the experimental sl
of dc/c vs D2 in Ref. 4.

We now investigate to what extent other properties of
weakly polarized liquid allow us a determination of the u
known force parametersu2 andv2 . For this sake, we explore
the scenario that takes place in the~r,D! plane for r0<r
<1.5r0 and low magnetizations, according to three vie
points.

~1! BHN0 parametrization: adjusting the experimen
susceptibility data3 at the lowest polarizations~on the left
hand side of the metamagnetic peak! we set the values
u2r0

2529261.08 K Å5 and v2r0
25211 726.8 K Å7. In

this case, the susceptibility is a decreasing function ofD at
the origin, as predicted by the paramagnon model,13 and pre-
sents a pole slightly aboveD50.2. Examination of the tota
energy density indicates that the liquid remains bound in
above polarization interval and in a wide range of densit
Moreover, the system remains stable against density fluc
tions. However, although the slope of the induced magn
field in terms of the polarization at the origin reproduces
data atP526 bars, the field remains too low as compared
experimental evidence.18

~2! BHN1 parametrization: we demand that the susce
bility at melting pressure adopt values compatible with
experimental data3 at two different magnetizations. We s
u2r0

253017.66 K Å5 andv2r0
254030.68 K Å7. This proce-

dure gives rise to near-metamagnetic behavior of the sus
tibility for 0 <D<0.4 with a peak localized atD50.2, in
agreement with results from Fermi liquid12 and density func-
tional theories.19 The liquid is bound and stable against de
sity fluctuations; the induced magnetic field is compati
with experimental data up toD'0.1, but it increases very
rapidly for larger polarizations.

~3! BHN2 parametrization: we adjust the induced ma
netic field at a pressureP526 bars~Ref. 18! for the lowest
magnetizations, with the valuesu2r0

251953.25 K Å5 and
v2r0

252748.49 K Å7. We find that the susceptibility exhib
its a weak near-metamagnetic peak atD'0.2. The system is
bound and stable against density fluctuations; however, m
netic instabilities show up, in particular at the highest den
ties where the pattern resembles the BHN0 one.

A possible question concerns the capability of the BH
density functional to deal with highly polarized liquids. E

TABLE I. Slopes of the relative variation of the sound veloci
at constant pressure in the BHN frame vs experimental figures ta
from Ref. 4.

P ~bar! BHN Experimental values

12 0.019 0.020
15.6 0.015 0.016
26.2 0.006 0.005
28.5 0.007 0.010
d
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tension of the above scenarios to polarizations above
rapidly lead to an unbound system, and in particular,
fully magnetized liquid lies at positive energies. An explor
tion of the evolution of the scenario in parameter spa
shows that negative values ofu2 are needed in order to ob
tain a bound liquid in the limitD51, with a binding energy
close to that of the unpolarized system. However, in suc
situation, there always exist broad domains of the~r,D!
space where the system is unstable, either with respec
density or to spin fluctuations~i.e., the BHN0 and BHN2
choices!, or to both of them. In addition, the BHN1 param
etrization predicts localization14 in some regions where th
effective mass diverges. One can verify that the size of th
instability domains enlarges as one decreasesu2 . This analy-
sis leads us to conclude that the BHN density function
which has been devised to describe the unpolarized liq
can provide a reference for the weakly polarized system
to a rough 30%; this is illustrated in Fig. 1, where we sho
the induced magnetic field calculated with the parametri
tion BHN2 as a function of magnetization up toD50.4,
together with the experimental data from Ref. 17.

In previous works by some of us21,24–27it has been shown
that the random phase approximation~RPA! response of
quantum liquids, either polarized or unpolarized, can be c
ried out almost exactly in the current density-function
frame, both at zero and at finite temperatures. An import
feature of these calculations, which on the other hand
mand a clear understanding of the properties of the effec
ph interaction in polarized matter,27 is the possibility of in-
vestigating the behavior of zero sound and the paramag
resonance with increasing polarization, as well as the ex
ration of the existence of collective magnetic states.
though the effective ph interaction for finite transferred m
mentum enters the dynamical response in a rat
complicated fashion,26,27 the Landau parametersFl

s,a may
indicate possible changes in the structure pattern. These
rameters are displayed in Fig. 2 forl 50 and 1 as functions
of the magnetization, computed at saturation density of
unpolarized system with the parametrization BHN2. We n
tice that the Landau parameters in the antisymmetric s
channel change sign at polarizations near 0.1 and 0.2~F0

s and

en

FIG. 1. The induced magnetic field calculated with the BHN
parametrization at zero pressure as a function of polarization.
experimental points are those of Ref. 17.
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F0
a , respectively!; in other words, the magnetic strength b

comes repulsive, making room for the appearance of col
tive spin modes. A detailed analysis of these effects, co
lating the evolution of the structure pattern to the behavio
the effective interactions in the low-magnetization limit, h
been performed recently.28

IV. DISCUSSION AND PERSPECTIVES

As we compare the BHN functional with the one intr
duced by Stringari in Ref. 19, we find that the general
pearance of these two functionals is rather similar, the m
noticeable difference lying in the fact that in the BHN pi
ture, the effective mass arises from the exchange term o
pp interaction. Moreover, the BHN functional has been
justed to reproduce the monopole and dipole Landau par
eters, in addition to the equation of state of the bulk liqu

This gives rise to dipole Landau fieldsf 1
ss8 that depend upon

transferred momenta above the Landau limit, an import
fact for future dynamical susceptibility calculations. In th
low-polarization limit, the BHN functional yields an accura
description of the variations of the sound velocity at const
pressure, overestimated in Ref. 19. By contrast, the B
predictions of the susceptibility coefficientb are 15–30 %
higher than the data, whereas in Ref. 19 these data have
employed to extract unknown parameters of the den
functional. We have shown in this work that various choic
of the criterium to determine the free force coefficients le
to scenarios which cannot be extended to describe the
polarized liquid.

Up to the present day, experimental data for fully pol
ized liquid helium are not available. Various microscop
Ansätze6–9 nevertheless indicate that such a system is bo
at both density and binding energy slightly below those
the unpolarized system, with the effective mass of
spin-up particles at saturation being close to the bare o
One might then intend to generalize the BHN density fu
tional so as to include higher dependences of the effec
force strengths on spin density, spin kinetic energy dens
and spin current density. We have verified that a series

FIG. 2. The Landau parametersF0,1
s,a5N(0) f 0,1

s,a , calculated with
the BHN2 parametrization at zero pressure as function of polar
tion, whereN(0) is the density of states of the unpolarized liqui
c-
e-
f

-
st

he
-

m-
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t
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d
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d
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pansion in powers of the magnetization, with BHN being t
second-order approximation, is not appropriate to conti
ously describe the full range of polarizations and liquid de
sities. Although one might have naively expected that m
properties of spin-polarized matter would be associated w
the spin-triplet pp interaction~i.e., i 52!, this happens to be
not true; we have encountered that a significant increas
the number of parameters of the functional is needed. T
apparent drawback reflects the fact that spin densities
associated with a degree of freedom that was not prese
the original construction of the BHN functional, whose ex
tence introduces complexities comparable to those assoc
with the mass density itself.

As an Ansatz, to be hereafter indicated as Gatica, Hern´n-
dez, and Navarro~GHN!, one may look for modifications
of the force strengthsVn of the form ui8r

a1S2a2

1v i8r
b1S2b2(J22S•T), in order to parallel the dependenc

upon the density of the formrg, already proved convenien

FIG. 3. Energy per particle as a function of density for pola
izations zero and unity, computed according to the GHN Ans
described in the text. The points are the results of Ref. 7 for
fully polarized liquid.r0 is the equilibrium density of the unpolar
ized liquid at zero pressure.

FIG. 4. Magnetization as a function of the induced magne
field at various pressures for the GHN Ansatz. The experime
points are those of Ref. 17.

a-
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to reproduce the Landau parameters of the liquid in the d
sity channel. The noninteger exponents thus control the
vature of the energy surface as a function of density
polarization. We have determined the above force parame
looking for the closest fit to the measured magnetic field a
function of polarization up toD50.7,17 setting the energy o
the fully polarized liquid equal to22.1 K at a density equa
to 0.95r0 , the effective mass of the spin up species equa
unity at that density, and choosing three experimental po
for the magnetic field. We have also minimized the disp
sion of the microscopically calculated points of the energy
the fully polarized liquid7 as well as the dispersion of th
remaining magnetic field data. These choices are not uni
in fact, the exponents can vary within some moderate ran
giving very similar patterns for any calculated magnitude.
an illustration we select one set of the extra parameters
depict in Fig. 3 the energy per particle of the fully polariz
liquid as a function of the density, together with the micr
scopic results from Ref. 7, and the energy curve for the
polarized system. We appreciate that while the trend of
microscopic prediction is well reproduced, the present res
slightly underestimate the inverse compressibility. The m
netization as a function of the induced magnetic field is p
tured in Fig. 4 for various densities, together with the expe
mental results of Ref. 17. We observe that in spite of
good fit to the high-field data, the adjustment of the lo
polarization region is poorer that that provided by the BH
parametrization~cf. Fig. 1!. No clear monotonic tendency i
the slope of the field vs magnetization is evident and in p
ticular, at the density 0.95r0 , the susceptibility presents
singularity atD'0.65. This is consistent with the metama
netic behavior reported by Bonfaitet al.3 and theoretically
described by previous authors,12,19 since for a pressure o
about 30 bars we predict a metamagnetic peak, howe
twice as large as the experimental value.3 We also note that
at the lowest polarizations the magnetic susceptibility p
dicted by these calculations is a decreasing function ofD as
indicated by the paramagnon model13 and in agreement with
viscosity measurements.17,18 In view of the scarcity of ex-
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perimental evidence, more data are requested in order to
cern whether near-metamagnetic behavior should be r
out as claimed by the authors in Refs. 17 and 18, especi
measurements of the induced field and the susceptibility
function of the polarization at various pressures.

It should be also kept in mind that the present study
scribes a liquid at zero temperature; however, no substa
departures from the qualitative patterns should be expe
in the degenerate Fermi liquid regime. A simple Sommerf
expansion of the total energy predicts temperature cor
tions in the induced field of the typeB(T,D)5B(0,D)(1
1aT2). This correction is not significant for the prese
discussion, since the largest deviation is below 10%. We a
wish to stress that the results presented in Figs. 3 and 4
only exploratory in the spirit of the BHN density functiona
Nevertheless, a feature of these results, as well as of th
arising from the BHN parametrizations, is the fact that th
do not rule out metamagnetic behavior. In this sense,
present descriptions are consistent with previous invest
tions of spin-polarized helium in the frame of theories
Fermi liquids.12,19,29

In view of the most recent experimental results regard
the magnetic behavior of the liquid,15–18 we believe that the
present density-functional description, in particular, t
BHN2 parametrization, can be safely adopted to describe
system up to magnetizations not higher than 30%. A deta
investigation of the dynamical response of weakly sp
polarized liquid helium anticipated in Ref. 28 is in progre
and will be presented elsewhere.
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